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NUMBERS WITH INTEGER EXPANSION
IN THE NUMERATION SYSTEM WITH NEGATIVE BASE

PETR AMBROZ, DANIEL DOMBEK, ZUZANA MASAKOVA, EDITA PELANTOVA

Abstract: In this paper, we study representations of real numbers in the positional numeration
system with negative base, as introduced by Ito and Sadahiro. We focus on the set Z_g of
numbers whose representation uses only non-negative powers of —f3, the so-called (—f3)-integers.
We describe the distances between consecutive elements of Z_ g. In case that this set is non-trivial
we associate to 8 an infinite word v_g over an (in general infinite) alphabet. The self-similarity
of Z_g, i.e., the property —8Z_pz C Z_g, allows us to find a morphism under which v_g is
invariant. On the example of two cubic irrational bases 8 we demonstrate the difference between
Rauzy fractals generated by (—f)-integers and by S-integers.
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1. Introduction

In [7], Tto and Sadahiro have introduced a new numeration system, using negative
base —3 < —1 for expansion of real numbers. The method for obtaining the
(—p)-expansion is analogous to the one for positive bases introduced by Rényi [11].
During the 50 years since the publication of this paper, the S-expansions of Rényi
were extensively studied. On the other hand, analogous study of (—3)-expansions
has yet to be performed.

The Rényi expansions of real numbers x € [0, 1) with positive base 5 > 1 are
constructed using the transformation T of the unit interval. Simple adaptation
leads to the greedy algorithm which allows one to uniquely expand any positive
real number in the S-numeration system. Essential tool for determining which
digit strings are admissible in [-expansions is the Rényi expansion of 1. The
criterion for admissibility was given in [10] using the lexicographical ordering of
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strings. Frougny and Solomyak [6], and then many others have considered ques-
tions about arithmetics on -expansions. Another point of view on S-numeration
is to study combinatorial properties of the set of positive real numbers with inte-
ger [B-expansion. The so-called B-integers were considered for example by Burdik
et al. [3] as a natural counting system for coordinates of points in quasicrystal
models. The description of distances between consecutive S-integers is due to
Thurston [14]. Consequently, in case that the Rényi expansion of 1 is eventually
periodic, the sequence of S-integers can be coded by an infinite word, denoted ug,
over a finite alphabet. Fabre shows that this word is substitution invariant, see [4].
A generalization of the S-transformation T is studied from various points of view
in [8].

Ito and Sadahiro in their paper [7] show some fundamental properties of their
new numeration system with negative basis. Most of them are analogous to
[-expansions, though often more complicated. For example, the characterization
of admissible digit sequences is given using the alternate order on digit strings. Ito
and Sadahiro also provided a criterion for the (—f)-shift to be sofic, and deter-
mined explicitly the absolutely continuous invariant measure of the
(—p)-transformation T"g which is used in the expansion algorithm. Frougny and
Lai [5] have studied arithmetical aspects of the (—8)-numeration. In particular,
they have shown that for 8 Pisot, the (—3)-shift is a sofic system and addition is
realizable by a finite transducer.

Our aim is to deepen the knowledge about (—f)-expansions. We focus, in
particular, on the properties of the set Z_g of (—f)-integers which are defined in
natural analogy to the classical S-integers. We describe the bases for which this
set is non-trivial, and we show that Z_z does not have accumulation points. We
try to give an insight to admissibility and alternate ordering of finite strings in
order to describe the distances between consecutive (—f)-integers. This is achieved
for a large class of bases —3. In case that Z_g is non-trivial we associate to /3
an infinite word v_g over an infinite alphabet. The self-similarity of Z_g, i.e.,
the property —BZ_g C Z_g, allows us to find a morphism under which v_g is
invariant. If, moreover, the corresponding (—/#)-shift is sofic, then we associate
an infinite word u_g over a finite alphabet which is invariant under a primitive
morphism. The infinite word u_g is simply constructed from v_g by a letter-to-
letter projection. Similar question is studied in [12] using a different approach. For
a Pisot number 3, the set of S-integers corresponds naturally to the so-called Rauzy
fractal, see [1, 2]. Analogous fractal can be constructed using (—f)-expansions. For
two examples of cubic Pisot numbers 5 we compare the fractal tiles arising from
(—B)-expansions with the Rauzy fractal given by the classical Rényi S-expansions.

2. (B3-expansions versus (—[3)-expansions

2.1. Rényi B-expansions

Consider a real base 5 > 1 and the transformation 7 : [0,1) — [0,1) defined by
the prescription Tg(x) := Bz — | Sz]|. The representation of a number x € [0,1) of
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the form
e= 2 18
g pr B ’
where z; = LBTZ;1 (x)], is called the B-expansion of z. The coefficients x; are called
digits. We write dg(x) = x12923 -+ or & = ex1xox3---. If the string zizoxs - --

ends in suffix 0¥, i.e., infinite repetition of 0, we omit it. Since 8T3(x) € [0, 5),
the S-expansion of z is an infinite word in the alphabet {0,1,...,[8] — 1}.

The S-expansion of an arbitrary real number z > 1 can be naturally defined
in the following way: Find an exponent k € N such that = € [0,1). Using the
transformation 7z derive the S-expansion of ﬁ% of the form

— =

so that

xr
CC:.Tlﬁk_l+1‘2/Bk_2+---—i—xk,lﬂ—i—mk—i—%—i—---

The B-expansion of x does not depend on the choice of the exponent k for
which gz € [0,1), which is — of course — not given uniquely. We write
T =T1T2 " TkoTlf41Tk4+2 """ -

The digit string x1xox3--- is said to be S-admissible if there exists a number
x € [0,1) so that z = exjxox3--- is its S-expansion. The set of admissible digit
strings can be described using the Rényi expansion of 1, denoted by dg(1) =
titots - -+, where t1 = | 8] and dg(8 — |B]) = tatsts---. The Rényi expansion
of 1 may or may not be finite (i.e., ending in infinitely many 0’s which are often
omitted). The infinite Rényi expansion of 1, denoted by dj(1) is defined by

d3(1) = lim ds(1—2),

where the limit is taken over the usual product topology on {0,1,...,[8] — 1}N.
It can be shown that

d* (1) _ (tl .. ~t7n—1(t7n - 1))w if dﬂ(l) = tl ce tmow with tm ;é O,
. dg(1) otherwise.

Parry [10] has shown that the digit string z129w3--- € {0,1,...,[8] — 1}V is
(B-admissible if and only if for all 1 =1,2,3, ...

0¥ Slex TiTit1Tiv2 <lex dj(1), (1)

where <ex is the lexicographical order. The lexicographic order of admissible digit
strings corresponds to the standard order on real numbers in [0, 1), i.e., if dg(z) =
x1xoxs - -+ and dg(y) = y1y2ys - - - are S-expansions of z and y respectively, then
x <y if and only if dg(x) <iex dg(y).

Using [-admissible digit strings, one can define the set of non-negative S-
integers. According to the knowledge of the authors, the (-integers were first
defined in [3]. We have

Z;g = {arBF+ - +a1f+ag | ar---a1ag0” is a B-admissible digit string} .
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In other words, a non-negative real number = is a S-integer, if its S-expansion is
of the form =z = Zf:o a; 3%, i.e., it has no non-zero digits at the right from the
fractional point e.

The distances between consecutive S-integers are described in [14]. It is shown
that they take values in the set {A; | =0,1,2---}, where

A; = Z bivj (2)

Since Ay = 1 = FlJr
condition (1), we have

M‘M

+ 3 4 ... and the digit string totsty - - satisfies the
i<l frallz—O,l,Q

[>m

2.2. Ito-Sadahiro (—3)-expansions
Consider now the real base —3 < —1 and the transformation 7"z [5—5 ﬁ) —
[ =B

10 B +1) defined by the prescription

T_g(x) = —fx — { Bz + %J

Every number z € [ﬁ_—fl, ﬁ) can be represented in the form

I i) I3 o i— ﬁ
Sttt e w= [T @ 55] @

The representation of z in the form (3) is called the (—p)-expansion of x and
denoted

xTr =

d_g(z) = z12223 - - - or T = Qex1X0ox3 " -+

It can be easily shown that the digits z; belong to the set {0,1,...,|8]} =: Ag,
and thus the string xyx2x3--- belongs to Ag . Ito and Sadahiro have shown that

5 1 ) corresponds to the alternate order <, of their

the order of reals in [ﬁ’ st

(—0B)-expansions, i.e.,
r<y <<= dg(z)=x12223 - <ax d—p(y) = y1y2y3 - - .

Let us recall that the alternate order is defined as follows: We say that
T1T2T3 <alt Y1Y2y3 -+, if (—=1)(y; — ;) > 0 for the smallest index i satis-
fying x; # yi.

In order to describe strings that arise as (—()-expansions of some
T € [5_-;-61’ ,8+1) the so-called (—p)-admissible digit strings, we will use the no-
tation introduced in [7]. Sometimes, we abbreviate the term (—3)-admissibility
by only admissibility when no confusion can occur.
We denote lg = B;fl and rg = ﬁ+1 the left and right end-points of the domain
I of the transformation T_g, respectively. That is Ig = [ig,75). We also denote

d_p(lg) = dydads - - .
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Theorem 1 ([7]). A string zizoxs--- over the alphabet {0,1,...,|B]} is
(—PB)-admissible, if and only if for alli =1,2,3,...,

*

d—B(lﬁ) Salt TiTit1Tiq2 <qn d ,3(7'[3) )
where d* 4(rg) = El_1>%1+ d_g(rg —e).

The relation between d* 5(rg) and d_g(lg) is described in the same paper.

Theorem 2 ([7]). Let d_g(lg) = dideds---. If d_g(lg) is purely periodic with
odd period-length, i.e., d-g(lsg) = (didz---dus1)”, then d*4(rg)
= (0d1d2 c 'd2l(d2l+1 — 1))“} Otherwise, d*_ﬂ(Tg) = Od,[-}(lf}).

3. (—pB)-expansion of real numbers

Analogically to the case of Rényi [-expansions, we use for obtaining the
(—B)-expansion of an = € R a suitable exponent [ € N such that (:ET)l € [g—fl, ﬁ)
The advantage of (—f)-expansions is that one can represent both positive and
negative real numbers with the same set of digits, without using the minus sign,
whereas in the case of Rényi expansions, one can represent only non-negative reals.
The disadvantage of (—f)-expansions is that the choice of the above mentioned

exponent ! € N may influence the representation of z as a (—f)-expansion.

Remark 3. Consider z = Bﬁ—jl ¢ Ig. Since 5 = lg, we have d_p(5) =

didads ---. On the other hand, we also have (7‘%)3 = 7ﬁ(}‘3+1) € Ig. In order

to find its expansion d*ﬂ(ﬁ) = x122x3 - -- we compute the first digit

f”l[ﬁip*giﬂbiﬁgiﬂl

and we have T—ﬂ(ﬁ) =—Bhr 1= ﬁ — 1 =1g. Therefore d—B(ﬁ) =
1didads - - -. This however means that
1 d1 dg d3 dl d2 d3

A ) ) ) R v A ) E R ) A

Lemma 4. Let ajasas - be a (—B)-admissible digit string with aq # 0. For fized
k € Z, denote

Then
k—1 k1
{ﬁBH , %H} for k odd,
ZE € k41 k—1
[— %H ,—%H} for k even.
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Proof. Since the alternate order on admissible strings corresponds to the order
of real numbers, we have

B a1 az as 1
Fris St e e T T )

and 3 )
a ey an
e e Ry ) P o) RN PP I

We find the estimate of the value of zj. Consider k odd. Then multiplying the
left inequality of (4) by (—3)* = —3* we have

()

,Bk'H
B+1

>a(-B) a8+ =z

Multiplying the left inequality of (5) by (—3)*~! = k=1 we obtain

ﬂk
CB+1

Saog(—B)f 2 +az(-B) 2+ =z —ar (-8 =z —a g

which using a; > 1 implies

k k k—1
wsmptl- L sper o O P
B+1 B+1 [+1
Analogous arguments can be used to show the statement for & even. ]

Remark 5. It follows from Lemma 4 that the only real numbers which can be
represented by two different (—f)-admissible digit strings are

_(=p)*
k=1

for ke Z. (6)

We know that such z;, belongs to the interval [lg,75) if and only if k = 1 or k < —1.

We have
_ ok
d—ﬁ((ﬁ-ﬁﬁ-)l ) = {

Let us stress that even if the digit string didads - - - is (—()-admissible, the string
0dydads - - - is not. In order to keep unicity of (—f)-expansion of all real numbers,
we will prefer for numbers z of the form (6) the representation using the string

d1d2d3 cee for k = ].,
O_k_lldldgdg -oo for k< —1.

ldidads - - -, since it is natural to require that admissibility of a string w implies

admissibility of Ow. Such a convention, however, has an inconvenient consequence:
k

For bases —f, satisfying 1 = ([;f)l , the (—fB)-expansion of 1 is not equal to 1. For

example, if 8 = 1+T\/g is the golden ratio, the preferred (—f)-expansion of 1 is
equal to 110e.
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4. (—pB)-integers

In order to avoid ambiguity in defining the expansion of x, we shall define the (—f)-
integers using admissible digit strings. For a finite digit string w = agarp_1 - - a1ag
over the alphabet Ag = {0,1,...,[3]}, we call its evaluation the value

Y(w) == ap(—=B)F 4 -+ a1 (—B) + ao .
We define the evaluation of the empty string € to be y(¢) = 0.

Definition 6. A real number = is called a (—)-integer, if there exists a finite
string ay - - - ayag such that

r = ’Y(ak N alao)

and the digit string ay - - - a1a90% is (—B)-admissible. The set of all (—f)-integers
s denoted by Z_g, i.e.,

Z_g={ap(=B)* + - +ar(=B) +ao | ar - a1ap0® is (—B)-admissible} .

As explained in Remark 5, any (—0)-integer x is the evaluation of an (—p)-
admissible string with prefix 0, which is unique up to the number of prefixed zeros.

Remark 7. Note that since 0 € Iz and T_5(0) = 0, we have d_g(0) = 0. Thus
0 € Z_g for every base —f. Another trivial property which follows from Theorem 1
describing admissible digit strings is that —8Z_g C Z_g.

Example 8. Let 8 be the so-called Tribonacci number, i.e., the real root of the
polynomial 2® —2? —x—1. Then d_g(lg) = 101*. Let us find the first (in absolute
value smallest) few (—f)-integers. Denoting Z_g = {2z, | n € Z}, 20 = 0, 2z; < 211
for all 7, we have

le = 27 1lle = 2z_4
1100 = 2, 100 = 2 5
1110 = 2 11000 = 2_4
1000 = 2, 11le =2 4
1011e = 25 ™ 0=,
11000e = zg 1001e = z_¢
11001e = 27 10000 = z_~
111100 = 2 10110 = 2 5.

These points are drawn in Figure 1. The distances between consecutive
(—p)-integers take values (cf. Section 5)

1
Zi+1—Zi€{A0:1, Ay =p6-1, AQZBQ—B—lzﬁ}.
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Ay Ag A
| I I I I I I I I } I I I I |

r T T T T T T T T T T T T 1

zZ_7 Z_62—5 Z_4 Z2_3 Z_9 Z_1 0 Z1 Z9 z3 zZ4 z5 Z6 z7

Figure 1. First few (—[3)-integers for the Tribonacci number 3.

Example 9. Let 8 be the smallest Pisot number, i.e., the real root of the poly-
nomial 23 —z — 1. In this case d_g(lg) = 1001“. We show that in this case
Z_p = {0}. Since |3] = 1, the digits in admissible strings must belong to the
alphabet {0,1}. If the digit string ay - - - a1a90% # 0% was (—f)-admissible, then
according to Theorem 1 also the digit string 10 must be (—3)-admissible. How-
ever, we have 1001¢ ZA,; 10¥, which is a contradiction.

The observation from the previous example is generalized by the following state-
ment, taken from [9)].

Proposition 10 ([9]). Let 8 > 1. Then Z_p = {0} if and only if B < (14 /5).

Let us show that the condition of 8 being smaller than the golden ratio corre-
sponds to the requirement that the (—f)-expansion d_g(lg) is of a special form.
The following lemma has appeared already in [9], for illustration we give here
a proof using another argument.

Lemma 11. We have Z_g = {0} if and only if 10**1 is a prefiz of d_g(lg) for
some k > 0.

Proof. First realize that a (—3)-admissible string not equal to 0¥ exists, if and
only if the digit string 10“ is (—(3)-admissible. Since d* 43(rg) starts always with 0,
the alternate inequality 10% <,z d* 5(rﬁ) is always satisfied. It can be seen easily,
that the other inequality from Theorem 1, d_g(lg) <1, 10%, is satisfied if and only
if no prefix of d_z(lg) has the form 10%*1 for some k > 0. [ ]

5. Distances between (—3)-integers

From now on, we suppose that the set Z_g is non-trivial, i.e., 8 > %(1 +/5).

In order to describe distances between adjacent (—/f)-integers, we will study
ordering of finite digit strings in the alternate order. Denote by S(k) the set of
infinite (—f)-admissible digit strings such that erasing a prefix of length & yields
0¥, i.e., for k > 0, we have

S(k) ={ag—1aK—2--- 0% | ap—1ar—_2 - -ag0” is (—B)-admissible},

in particular S(0) = {0¥}. For a fixed k, the set S(k) is finite. Denote by Max(k)
the string ax_1ag—2 - - - ap0* which is maximal in S(k) with respect to the alternate
order and by max(k) its prefix of length k, i.e., Max(k) = max(k)0%. Similarly,
we define Min(k) and min(k). Thus,

Min(k) a7 Saix Max(k), for all digit strings r € S(k).
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Remark 12. For any ag_1ak-2---a90¥ € S(k) its suffix satisfies
aj—1G5—2 """ ap0¥ € S(]) fOI’j < k.

Let us start with a simple observation about the alternate order.

Lemma 13. Let vV, r@) be infinite strings over Ag and let w be a finite word
over Ag of length |w|. Then

2)

wr® < wrl if Jw| is even,

r < r® =
wr® = wr® if jw| is odd.

Lemma 14. Let wdr™, wer® be (=pB)-admissible strings, where the digits c,d

satisfy d > c. Then there exists a digit string r®) such that w(d — 1)r® is (=f)-

admissible and in the alternate order lies between wdr and wer®).

Proof. If ¢ = d — 1, it suffices to put 7(®) =73, If ¢ < d — 2, then
dr®M <0 (d—1)r® <0 er® .
If |w| is even, then according to Lemma 13, we obtain
wdr® <. w(d —1)r® <, wer® .
For |w| odd, we obtain
wdr® =10 w(d — 1)r® = wer®

The admissibility of strings wdr(®), wer(® implies that w(d — 1)r() is also
(—f)-admissible. Hence we can put 7(3) = (1), [ |

Lemma 15. Let v be a finite word over the alphabet Ag and let vdr® | v(d— 1)7“(2)
be (—f)-admissible strings in S(n), where n > |v|. Then the digit strings vdMin(k)
and v(d — 1)Max(k), for k =n—|v| — 1, are (—)-admissible strings and no other
string from S(n) lies in between them (with respect to the alternate order).

Proof. We verify admissibility of vdMin(k) and v(d — 1)Max(k) by showing that
for every suffix w of v the following inequalities are satisfied

d_pg(lg) Zare  wdMin(k)  <a d* 4(rp),

d_p(lp) ZSas w(d — 1)Max(k) <ax d* 5(rp) -
Since wdr™® # w(d — 1)r®) we have one of the following cases.

a) Let wdr() <, w(d — 1)r®). This implies that the length of words wd and
w(d — 1) is odd. As according to Remark 12 the strings 1), 72 belong to
S(k), we obtain

r® = Min(k) = wdr® <, wdMin(k),
7 < Max(k) = w(d—1)r® = w(d—1)Max(k).
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Now it suffices to use the transitivity of ordering and admissibility of wdr(®)
and w(d — 1)7® to conclude admissibility of vdMin(k) and v(d — 1)Max(k),

d_g(lg) Zait wdr™® <ais wdMin(k) <a1; w(d — 1)Max(k) <a w(d — 1)7‘(2)
'<alt diﬂ(’f‘ﬂ)

The latter inequality, together with Lemma 14 already implies that vdMin(k)
and v(d — 1)Max(k) are — in the alternate order — adjacent strings in S(n)
with n = [v] + 1 + k.

b) Let wdr® =, w(d —1)r®). In this case words wd and w(d — 1) are of even
length. We obtain

w(d — 1)r(2) <as w(d — 1)Max (k) <a1 wdMin(k) <a1 wdr®
and the argumentation is similar. |

The following statement is a direct consequence of Lemma 15, taking into account
that any pair of (—/f)-integers is evaluation of a pair of strings of the same length,
both starting with 0.

Proposition 16. Let x < y be two consecutive (—f3)-integers. Then there exist
a unique non-negative integer k € {0,1,2,...} and a positive digit d € Ag \ {0}
such that words w(d — 1)Max(k) and wdMin(k) are (—3)-admissible strings and

x =y(w(d — 1) max(k)) < y = y(wdmin(k)) for k even,
x = vy(wdmin(k)) < y = y(w(d — 1) max(k)) for k odd,

where w is a finite string over the alphabet Ag with prefix 0. In particular, the
distance y — x between these (—f)-integers depends only on k and equals to

Ap = ‘(—ﬁ)’“ +7(min(k)) —v(max(k))‘. (7)

From the properties of the transformation Tz it follows that the digits d; of
the expansion d_g(l3) satisfy 0 < d; < d; for all ¢. Imposing more assumptions on
the digits d; will allow us to describe explicitly the maximal and minimal strings
in S(k), and by that also the distances between consecutive (—f)-integers.

Note that explicit description of strings Max(k), Min(k) for any given f is
possible, but providing an explicit formula for the general case would require very
tedious discussion.

Lemma 17. Let d_g(lg) = didads---, where 0 < d; and dy > dg; for all i =
1,2,3,.... Then min(0) = ¢, max(0) = € and for every k > 0 we have

min(2k) = dydads - - - dog—1dak

and max(k + 1) = Omin(k) .
mm(Qk + 1) = d1d2d3 e ko(d2k+1 - ]-) ) ( ) ( )
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Proof. Assumptions on d; exclude the case that d_g(lg) is purely periodic with
odd period length. Therefore by Theorem 2 one has d* 4(rg) = 0d—s(l).

Let us show that min(2k) = dids - - dog. First we show that the digit string
dy - - - dop 0¥ is admissible. For that, we need to verify inequalities

didads -+ Zax didigy - - - d2og0” <a 0didads - - - (8)
for all i =1,...,2k. By the assumption, we have
0% >ait dogt1dogt2- -+ - 9)

For i = 2r < 2k the string da,da;11 - - - day, is of odd length, and thus

dordorq1 -+ - dag0% <are dopdori -« - dogdopt1dog+2 - - <are 0d_g(lg), (10)

where the left inequality is a consequence of (9) and the right inequality follows
from admissibility of d_g(l3). On the other hand, since da, < d1, we have directly

d—B(lﬁ) <alt d2rd2r+1 te koow .

This, together with (10) gives (8) for i = 2r.
For i = 2r+1 < 2k the string da,41 - - - doi is of even length and therefore with
the use of (9) and admissibility of d_g(lg) itself we obtain

d—g(lg) Rait dort1 - - dopdogt1dokt2 -+ <are dorg1 -+ - dog0” . (11)

Since dar41 > 0, we can claim that doy41---d2r0¥ <a 0d—pg(lg). Together
with (11), this confirms validity of (8) for ¢ = 2r + 1.

It remains to show the minimality of the digit string dj - --d2x0“ in the set
S(2k). If there exists a string s of length 2k such that dy - - - dogdog+1 -+ =ait
0% < dy - - - dor,0¥, then, from the alternate order, we derive that dy - - - dop, = s.
Thus mln(Zk) = d1d2 cee dgk.

In order to determine min(2k + 1), we first show that dids - - - dog+10% is not
admissible. As dopyo > 0, we can write that 0¥ >, dogiodakts -+, and this
implies dyds - - - dog1+10¥ <a1; d—g(l5). Let Min(2k + 1) = s0% for some digit string
s of length 2k 4+ 1. Since min(2k)0“ belongs to the set S(2k 4 1), we have

dy -+ dopdop1daks2 - - - Sare $0Y Zaie di - - - d2i0”,

which implies that s = didy - - - dogz for some digit € Ag. Moreover, the digit
z is maximal possible, so that the string s0“ be admissible. It is easy to see that
T = dgk41 — 1.

In order to describe maximal strings, realize that the assumption dy; < d;
excludes the possibility that d_g(lg) is purely periodic with odd period-length.
Therefore d* 4(rg) = 0d_g(lg). If for some digit string s the string s0* is admissi-
ble and not equal to d_g(l3) then also 0s0“ is admissible. We immediately obtain
max (k) = Omin(k — 1) for k > 1. |
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Theorem 18. Let d_g(lg) = didads---, where 0 < d; and di > dg; for all
i=1,2,3,.... Then the distances between adjacent (—3)-integers take values

Ag=1 and Ak:‘(—l)k+ZW, k=1,2,3,...
i=1

Moreover, all the distances are less than 2.

Proof. For the description of distances A according to (7) we need to evaluate
~v(max(k)) and y(min(k)). By Lemma 17 we have max(k) = Omin(k — 1) for every
k > 1, and thus v(max(k)) = y(min(k — 1)). For the calculation of ~(min(k)) we
discuss the cases of even and odd k separately.

According to Lemma 17 we have

+oo +o0
~(min(2k)) Zd B)H—i = Zldi(fﬂ)%fi _ ; dy(—B)2F— =
i= i=2k+1
— ()1 — f d2k+i‘ '
i=1 (=B)*

Similarly, we obtain

2k+1

—+00
y(min(2k + 1)) Zd 2k+17171:(76)2“11&7172%'
i=1
Therefore, from (7),
Aoy = ‘ iy Inln(Zk)) (min(2k — 1) ‘ =

‘ 815~ (- m%flzﬁﬂ_zf%g; +Zd2k )
i=1 i=1

Realizing that (—8)%* + (=B)%15 — (—B)?*~1lg = 0, we obtain the formula for
As. The same procedure leads to the description of distances with odd indices.
It remains to show that Ay < 2. This follows from the fact that Z;Of (djg; =
17 5(lg) € Ip, and thus the subtraction of two sums in the expression for Ay is
equal to the difference of two numbers in the interval Iz, which is of length 1. W

Let us mention that the distances Ay for k£ > 1 can be written in the form
Ap = [(=D)F+TF (1) = TE (1)) - (12)
Using such expression, one can describe which distances among Ay coincide, if

d_g(lg) is eventually periodic. In the following corollary, the lengths m of the
pre-period and p of the period are considered the smallest possible.
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Corllary 19. Let the digits dy,ds,ds,... of d_g(lg) satisfy the conditions of
Theorem 18. Then

o Ifd_g(lg) =di - dm(dms1)?, then Apqr = Ao for allk >1
(] If d_g(lg) = d1 tee dm(dm+1dm+2)w, then Am-‘,—k = Am+1 for all k > 1

o Ifd_g(lg) =di- - dm(dmi1 - dmip)” and p even, p > 4, then Apqpir =
Ay forallk > 1

o Ifd_p(lg) =di- dp(dms1 dmip)” and p odd, p > 3, then Ay yopiy =
Atk for all k > 1. Moreover, Apipir # Dmak, namely Apipir =
2— Aerk-

Even though the class of numbers g fulfilling the assumption of Theorem 18 is
quite large, some interesting cases are omitted; in particular 5 cannot have finite
d_ga(lg), i.e., with finitely many non-zero digits. The following theorem gives a
result with similar assumption which, moreover, allows d_g(lg) to be finite. We
omit its proof because it follows the same ideas as the proof of Lemma 17.

Lemma 20. Let d_g(lg) = dida---d,0%, where d, # 0 and m > 1. If0 < d;
and dy > dg; for alli =1,2,3,4,...,m, then

dy---dy for even k < m,
min(k) = dy -+ di_1(dg — 1)  for odd k < m,
dy - dy, 0k fork>=m
and
Omin(k — 1) fork<m
0dy - dp—1(dm — 1) for even k =m + 1,
0dy - dpm—1(dm + 1) foroddk=m+1,d, <dy —1,
max(k) = ¢ 0dy -+ dp_2(dpm—1 — 1)0 foroddk=m+1,d,, =d; — 1,
0dy - dm—1(dm + 1) min(l) for even k =m + 2,
0dy - - - d,, 0F—™=21 for odd k = m + 2,
0dy - - - dp, 0F~™=31 min(1) for even k = m + 3.

When using Lemma 20 in formula (7), we obtain the following statement de-
scribing the distances Ay, in the case of finite d_g(ig).

Theorem 21. Let d_g(lg) = dids - dm()‘*’, where dp, 0 and m > 1. If 0 < d;
and dy > do; for all i = 1,2,3,4,...,m, then the distances between adjacent
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(—0B)-integers take values

Ag=1,
Ak:’(—1)k+zw, k=1,...,m—1,
2" (=)
A, — }i— dg‘ for m even,
5 for m odd,
Ag  form even, d,, <d; —1,
Apmt1 =< A1 form even, d,, =d; — 1,
Ag  form odd,

A Ay foroddk>=m+2,
B Ay forevenk>=m+2.

Moreover, all the distances are less than 2.

6. Infinite words associated with (—/3)-integers

For a positive base f, if the Rényi expansion of unity dz(1) is eventually periodic,
i.e., B is a Parry number, the ordering of distances between consecutive non-
negative S-integers can be coded by a right-sided infinite word ug over a finite
alphabet. The word ug is a fixed point of a primitive morphism g, see [4] where
these morphisms are called canonical substitutions associated with Parry numbers.
The set of non-negative S-integers is denoted by Z?, and the set of all S-integers
is defined symmetrically as Zg = ZE U (—ZE). Note that besides the symmetry,
there is no natural reason for defining Zg in this way for 8 ¢ N. The distances
in the set of non-positive S-integers are then coded by a left-sided infinite word
which is invariant under a morphism different from the canonical substitution ¢g,
which is by a mirror image connected with ¢g.

Let us now concentrate again on the set of (—f)-integers which is non-trivial
for B greater than or equal to the golden ratio. Note that the set Z_g includes
both positive an negative numbers expressed using non-negative digits. Our aim
is to provide, analogously to the case of positive base, a morphism fixing a word
coding the set of (—f)-integers. We start by showing that this is possible for every
B > 7, irrespectively whether the corresponding (—f)-shift is sofic or not, when
using an infinite alphabet.

If the (—[)-shift is sofic, one then finds, by a suitable projection of the infinite
alphabet, a bidirectional infinite word u_g over a finite alphabet fixed by a mor-
phism. The advantage of the negative base number system is that the left and the
right side of the word u_g are invariant under the same morphism. This is not
the case for positive base system. On the other hand, unlike the case of positive
base systems, where only two types of canonical substitutions arise according to
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whether we consider a simple or a non-simple Parry number, for (—f3)-integers,
one does not obtain a unified prescription for the morphism dependently on the
coefficients d; of d_g(lg). However, we give examples of classes of numbers j
together with prescriptions for the corresponding morphisms.

Let us recall some notions needed in sequel. If B is a (finite or infinite) alphabet,
then B* denotes the set of finite words over B. Equipped with the operation of
concatenation, B* is a free monoid with the empty word e as the neutral element.
A morphism over B is a mapping ¢ : B* — B* such that ¢(vw) = ¢ (v)y(w) for
all pairs of words v, w € B*. The action of a morphism can be naturally extended
to infinite words, both one-directional and pointed bidirectional by

Y(wowiwz - -+ ) = Y(wo) Y (w1)P(wa) - -,
Y( - w_sw_g|lwowiwsy -+ ) = - P(w_g ) (w_1)[Ph(wo) Y (w1)P(w2) - - -,

respectively.

Let us assign to the set Z_ g a bidirectional infinite word v_g = (vy,)nez over the
infinite alphabet N. We show that v_z is invariant under a morphism constructed
as the second iteration of an antimorphism ®. By an antimorphism over an alpha-
bet B, we understand a mapping ¢ : B* — B* such that ¢(wv) = ¢(v)p(w) for
any w,v € B*.

At first, we define the word v_g = (v, )nez associated with (—/j)-integers. Let
(2n)nez be the strictly increasing sequence satisfying

20=0 and Z_g={z,|ne€Z}.

According to Proposition 16, for any n € Z there exist a unique integer k € N,
a word w with prefix 0, and a letter d such that

Znt1 — Zn = "y(w(d —1)max(k)) — v (wd min(k))’ . (13)

We put v, = k. Thus the n-th letter in the word v_g equals to the maximal
exponent k for which the coefficients in the (—3)-expansions of z,, and 2,41 differ.
The letters of the infinite word v_g we have just obtained take values in the infinite
alphabet N = {0,1,2,...}.

The self-similarity of the set Z_g, namely the property —8Z_g C Z_g, allows
us to find a morphism under which v_g is invariant.

Theorem 22. Let v_g be the word associated with (—f)-integers. There exists
an antimorphism ® : N* — N* such that U = ®? is a non-erasing non-identical
morphism and ¥(v_g) = v_g.

Proof. Suppose that © = 2z, < y = z,41 are two consecutive (—f)-integers.
Obviously, —8z, —fy € —BZ_3 C Z_g and —fy < —pBzx. Let us study which
(—0B)-integers lie between —fBy and —fy. Our considerations are illustrated by
Figures 2 and 3.
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_ - s
- I
- = e
/// 4
- 7
- e
/// 4
- s
_ - e
_ - s
_ - Ak+1 //
/// 7

T —Ba = y(w(d — 1)max(k)0)
2 = y(w(d — 1)max(k + 1))

Yy = y(wdmin(k + 1))
By = »(wdmin(k)0)

Figure 2. Location of points z,y and —Bz, — By from (14), and z’,y’ from (15).

Sk k+1 Ry

Figure 3. Emplacement of (—f)-integers bo, ..., bn, of (18)
and co, ..., cm, of (20) for k even.

Suppose at first that the distance 2,411 — 2z, between z and y is coded by an
even number v, = k. Then using (13), we have

z =~(w(d — 1) max(k)), and —Bz = y(w(d — 1) max(k)0),

y = v(wdmin(k)), —By = v (wd min(k)0) . (14)

Let us realize that
dMin(k) <., dMin(k + 1) <., (d — 1)Max(k + 1) <,,, (d — 1)Max(k) .
Therefore according to Proposition 16, points
y' = ~v(wdmin(k + 1)) and 2’ =y(w(d - 1) max(k + 1)) (15)

are consecutive (—/f)-integers situated between —fy and — Sz, see Figure 2. Their
distance is coded by the number k + 1 and the value of their distance is Ag1.

For the description of all (—f)-integers between —By and —pz, it suffices to
determine all digit strings s0* such that

s0“ e S(k+1) and min(k 4+ 1)0¥ =<, s0“ <,,, min(k)00* (16)
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and to determine all digit strings r such that
r0® € S(k+1) and max(k)00* <., r0¥ <, max(k + 1)0“. (17)

Note that similar considerations can be carried out in case that the distance
between (—[)-integers z,y is coded by an odd number k. In the following, we
consider both k even and odd.

Let us order the strings s0“ satisfying (16) in the alternate order starting with
the greatest one and ending with the smallest one. We evaluate y(wds) for all of
such strings s. We thus obtain a sequence of consecutive (—j)-integers, say

—By = ’y(tudmin(k)O) = by, b1, ba, ..., by, = fy(wdmin(k: + 1)) =y . (18)

This sequence is increasing if k is even and decreasing if k£ is odd. The distance
between b;_1 and b;, for all i = 1,2,...,ng, is coded by a number, say s;, in
{0,1,2,...,k}. Denote by Sk the word of length nj found as the concatenation of
51582y« -+ Sny,

Sk 1= S152" " Sn,, - (19)

Similarly, we now order the strings 0% satisfying (17) starting with the smallest
one max(k)00* and ending with max(k+1)0*. Evaluating v(w(d—1)r), we obtain
a sequence of consecutive (—f3)-integers, say

—Bz =v(w(d — 1) max(k)0) = cg, c1, ..., Cm, =7(w(d—1)max(k+1)) =2’.

(20)
This sequence is decreasing for k even and increasing for k odd. Let us denote
by r; € {0,1,2,...,k} the number coding the distance between ¢;_; and ¢; for
i=1,2,...,m; and denote the concatenation

Ry :=mrire - 1, . (21)

Let us stress that words Sy and Ry depend only on k£ which was assigned to the
distance between =z = z,, and y = 2,41 and that Sy and Ry are independent of w
and d occurring in the evaluation of 2,411 — 2, in (13). The situation for even k is
depicted at Figure 3.

Now we are in the position to define the antimorphism ¢ : N* — N*. Put for
all / € N

@(26) = Sop (2£ + 1) RQ@ and @(2[ + 1) = Rop1 (26 + 2) §2g+1 . (22)

The notation w is used for the mirror image of the word w, i.e., W = wyw;_1 . .. wow,
if w=wws...w.

The word ®(k), defined in (22), codes the distances between —fy and —pz
in case that the distance y — x between consecutive (—f)-integers z,y, x < y, is
coded by k.
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Now applying the same procedure to all pairs of consecutive (—/)-integers
occurring between —fy and —fz, we can find the word coding the sequence of
(—B)-integers between 52z and %y, as shown in Figure 4. Clearly, this word —
depending only on k — is equal to ®?(k).

T Yy
| |
///'/,‘
®k) -
—_—
=t
~By =Pz =<l
T 9(e(k)
\\ /*/h
=
0 3z By

Figure 4. Construction of the morphism ¥ = ®? from the antimorphism ®.

To conclude, the self-similarity of Z_g guarantees that v_g is a fixed point of
the morphism ¥ = ®2. The prescription (22) guarantees that ¥ = ®2 is a non-
erasing non-identical morphism. |

Theorem 22 shows that a morphism over an infinite alphabet, fixing the word
v_g, exists for every [ for which v_g can be defined. Such morphism can be
explicitly described, whenever strings min(k) and max(k) are known, so that we
can determine the words Sy and Ry of (22). In determining them, we follow the
ideas of the proof of Theorem 22.

Theorem 23. Let the string d_g(lg) = didads . .. satisfy 0 < d; and dy > dy; for

alli=1,2,3,.... Then the antimorphism from Theorem 22 is of the form
®(0) = 04711,
®(20) = 0%2e+171 (20 4 1)0%r —d2e 1 fore>1,
(20 4 1) = 0%e171(20 4 2)ph —d2er271 for £>0.

Proof. We need to determine words S; and Ry for the prescription for ®, given
in (22). For that we use the explicit form of strings min(k) and max(k) from
Lemma 17.

By (18) and (20) we have Sy = 0%~! and Ry = ¢, thus ®(0) = 0%1711. Next,
let us find the word Syy with ¢ > 1. Definition (19) of S2, requires to find all
sequences between

min(2¢)00“ and min(2¢ + 1)0“,
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or equivalently, to determine all (—f)-integers between
’y(dldg e dgeO) and ’7(d1d2 . dge(d2[+1 — 1)) .

The words dyds...d20 and dids...doe(doer1—1) differ only at the last position
which in (—#)-expansion corresponds to the power (—#3)°. Thus all distances
between these consecutive (—f)-integers are coded by 0, and therefore we have
Sop = 0%2e+1=1 Similarly, Sy = 0471 as v(min(0)0) = v(0) and ~(min(1)) =
v(di —1).

Let us determine the words Sop+1. The complete ordered list of all sequences
s0¥, satisfying (16) for k =2+ 1 is

m1n(2£ + 1)000.) = d1 dz d3 s dgg (d22+1 - 1) 0 0«
dy do dz ... doy dag41 (dp—1) 0¥
dy dy d3z ... do dapt1 (dp—2) 0¥
dy do d3z ... dop dopy1 (dy —3) o¥

min(20+2)0¥ = dy dy d3 ... dy dog+1 dogy2 (0d

Therefore we obtain the word Sy = 109 —1=d2eta,
The equality max(k) = Omin(k—1) from Lemma 17 gives us immediately Ry =
Sk—1 for all & > 1. The word Ry is empty, as max(0)0“ = max(1)0¥ = 0%. [ ]

Let us now study under which conditions one can represent (—f)-integers by
an infinite word over a restricted finite alphabet, so that it is still invariant under
a primitive morphism.

Proposition 24. Let v be an infinite word over the alphabet N, and let ¥ : N* —
N* be a morphism, such that ¥(v) = v. Let Il be a letter-to-letter morphism
II: N* — B* which satisfies

oUW =1IIoWoll. (23)

Then the infinite word u = I(v) is invariant under the morphism Il o U.

= u. We write

) (u
u =1(v) = (¥ (v))) = (Lo ¥)(v)

(1o o T)o) = (1o 9)(Tw) = (1o 9) a0

Proof. We must verify that (

and hence u = II(v) is a fixed point of the morphism IT o U. |
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Note that since the morphism V¥ fixing the infinite word v_s coding the set of
(—p)-integers is a power of an antimorphism ®, it is sufficient to check that

ITod =IlodolIl. (24)

For we have

M(v_s) = (®(D(v_3))) = (R B(v_p))))
= (S(I(P((v_p)))) = (Lo @)’ (I(v_g)) .

Thus the word w_s := II(v_g) is fixed by the morphism ¢ = ¢* = (Ilo®)?, where
@ = Il o ® is an antimorphism over the restricted alphabet B.

Let us now consider the cases of bases where the (—/f)-shift is sofic, i.e., such
that the (—j)-expansion d_g(l3) is eventually periodic. We suggest to call such
numbers [to-Sadahiro numbers.

These are the cases where the distances Ay, between consecutive (—f)-integers
take only finitely many values (cf. Corollary 19 and Theorem 21) and thus the
set Z_g can be coded by a bidirectional infinite word u_g over a finite alphabet
B C N. Corollary 19 and Theorem 21 also suggest a suitable projection of the
infinite alphabet N to the restricted alphabet B. By verifying condition (24),
one can show that uw_g is invariant under a primitive morphism. By doing so
for eventually periodic d_g(lg) = dids ... dm(dm+1 - - dpmtp)”, one finds that a
prescription in terms of coefficients d; cannot be written in one formula. Rather
it differs dependently on whether the length of period is shorter or longer, even
or odd. Similarly, it is the case for finite d_g(lg) = didsz ... d»0*. The discussion
is tedious, that is why we show the procedure on only two classes of numbers
together with the corresponding primitive morphism fixing the word w_g.

Example 25. Let d_g(lg) = dids ... dm(dm+1)*, where m € N is minimal possi-
ble, i.e., dy, # dpy1. Assume that for parameters d; the assumption of Theorem 23
is satisfied. According to Theorem 23, we have for m even

®(0) =011,

®(1) = 0 —tph—d27l
$(2) = 0B 130N B
®(3) = 0B 0B

®(m) = 0%+~ m 4 1)0B —4m
D(k) = 01 =L (k4 1)0D—dme1711 forall k > m+ 1,
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and for m odd

®(0) = 01711,

d(1) = 0d17120d17d2711’
B(2) = Od37130d17d2711’
®(3) = 0% laphht,

®(m) = 0%~ (m + 1)0h ~Hme Tl
O(k) = 0%+ 7k 4+ 1)0h 4711 forall k > m + L.

For all m € N, consider the restricted alphabet B = {0,1,2,...,m} and the
projection II : N — B defined by

II(k) =k fork=0,1,...,m and II(k) =0 for k>m+1.

It can be verified easily that our choice of IT guarantees validity of condition (24).
The antimorphism ¢ = IT o ® associated with § has the form

0

gd1—lgpd—d2—17
— ds—1g0d—da—17

0

d37140d17d4711
)

where D = (—1)"(dym+1 — dim)-

According to Corollary 19, distances Ay, for k = m+1,m+2,m~+3, ... coincide
with Ag = 1. Thus the letters projected by II to the letter 0 code the same distance
between consecutive (—f)-integers.

Example 26. Let d_g(lg) = dida-- - d, 0%, with d,,, # 0, m even, and assume
that 0 < d; and dy > dy; for all i = 1,2,3,4,...,m. One finds the prescription
for the antimorphism ® from (22). Then one considers the restricted alphabet
B={0,1,2,...,m} and projection Il : N — B

I(k)y=*k fork=0,1,...,m,
0 ifdm<d1—17
1 ifd, =d —1,

0 forodd k>m+ 2,
H<k>—{ g

1 foreven k>m-+2.



262 Petr Ambroz, Daniel Dombek, Zuzana Masakova, Edita Pelantova

Such projection satisfies (24) and yields the antimorphism
p(0) = 01711,
o(1) = 0h—lggdhi—da=1y

(2) = 0la—130h—da=1]

(3) = 0%~ taph it

3S)

2

(m) = 0h—dm=11,

Similarly as shown in Examples 25 and 26, one can find for every 8 with even-
tually periodic expansion d_g(lg), a bidirectional infinite word w_g over a finite
alphabet, and a primitive morphism fixing u_g. The word u_g is found by pro-
jection of v_g over the alphabet N. Another approach for finding u_g and the
corresponding morphism is used by Steiner in [12]. His method uses the notion of
the first return map.

7. (—PB)-integers for two cubic bases and their Rauzy fractals

In this last section we will demonstrate the results for Z_ 3 on two particular cubic
Pisot numbers 3. The first one is the well-known Tribonacci number 3, i.e., the
real root of 23 — 22 — x — 1. Note that such 3 does not fulfill the assumptions
of either Theorem 18 or 21, and thus an additional inspection of the distances in
Z_g is needed. Nevertheless this case is very interesting since it bears a striking
similarity to the classical case as demonstrated in the sets Z_g and Zg as well as
on associated Rauzy fractals.

The second case discussed is the cubic number 8 > 1, root of 23 — 222 —
x+ 1. Since 8 = 1+ 2cos 27”, it appears naturally in mathematical models of
quasicrystals with 7-fold symmetry [3]. This 3 is an example of a number covered
by Theorem 21, and, moreover, it demonstrates that the similarity of 5- and (—f)-
numeration observed in the Tribonacci case is not ubiquitous.

It is then natural to ask: what are the numbers 8 such that the Rauzy fractals
defined by 8 and —f are similar, like in the Tribonacci case? It is evident that the
first step in identifying such bases is to decide when the distances between consec-
utive (—p)-integers are bounded by 1. This question can be perhaps approached
using methods of article [13], which is focused on the study of tile-lengths of (—03)-
integers.

Since we compare the distances between consecutive S-integers with distances
between consecutive (—3)-integers, we differentiate between them by the notation
A;i' and A, respectively.

7.1. Tribonacci case

Let 3 be the Tribonacci number, i.e., the real root 3 > 1 of 3 — 22 —x — 1. Then
dg(1) = 1110“ and according to (2) the distances between consecutive S-integers
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are
+_ +_ +_1
Ay =1, AT =p-1, and A2_3'
The infinite word ug coding the set of 3-integers is invariant under the canonical
substitution

p: 001, 1+02, 20,

Let us inspect the set of (—3)-integers. According to Section 2.2 we have

o d_g(lg) = 101*, admissible digits are 0, 1,

e since d_g(lg) is not purely periodic, we have d* 4(rg) = 0101*,

o 101¥ <.t ZiTit1Tir2 <ai 0101¢ for ¢ = 1,2,3,... holds for all (—pf)-
admissible digit strings.

By Proposition 16 one can find the distances in the set Z_g by evaluating expres-
sions

|(—B)l + W(min(l)) - 7(max(l))| for 1 =0,1,2,....

From the admissibility rule we get the following min(l) and max(l): min(0) = e,
min(1) = 1, max(0) = € and for every k > 1 we have

min(2k) = 10(11)* !, .
min(2k 1 1) = 10(11)*10, and max(k) = Omin(k — 1).

Having these extremal strings, it can be shown that the distances between adjacent
(—p)-integers take values

Ay =1, AT =8-1, and Ay = 3.
Therefore in this case the distances between consecutive elements in Zg and Z_g

coincide. In order to obtain the morphism under which the infinite word u_g is
invariant, we use Theorem 22, equation (22) and the projection

II(k)y=Fk fork=0,1,2, and (k) =0 for k > 3,
since for such k, A, = A, . By this, we obtain the antimorphism
p: 001, 1—02, 2—0.

The similarity between the sets Zg and Z_g can be also observed on their
Rauzy fractals in Figures 5 and 6. The pictures represent the set

Zy={z"|z € ZLg}, respectively  Z' 5= {2 |z € Z_p},
where 2’ is the field conjugate of z € Q(B), i.e.,
if 2=a+b8+cB%, ab,ccQ, thenz =a+0bs +cB7,

where 8’ is the conjugate of 8. Since £’ is a complex number, |3’| < 1, the sets
Z’ﬁ, /i s are bounded in the complex plane. The closures of these sets are the
so-called Rauzy fractals.
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Figure 5. Rauzy fractal for Zg, Figure 6. Rauzy fractal for Z_g,
B Tribonacci number. [ Tribonacci number.

Apparently, the two Rauzy fractals coincide up to a translation in the complex
plane. The reason for this is the following. The morphism ¢? under which u_g is
invariant and the morphism @% fixing ug are conjugated. Indeed,

0~ 0201 0 — 0102
0% 1+ 001 @3 1010
2 01 2 01

and obviously
01¢*(a) = ¢3(a)01 for a € {0,1,2}.

7.2. Broot of 3 — 222 —x +1

Let 8 > 1 be the root of 3 — 222 —x + 1. Then dg(1) = 2(01)* and the distances
between consecutive S-integers are

1
Af =1, AT =p-2, and A;r:l—g,
and the infinite word wg is fixed by the canonical substitution

os: 0001, 12, 201,

The properties of (—3)-integers are simple to derive, since d_g(lg) = 210“ and
thus g fulfills the assumptions of Theorem 21 and Example 26. The distances
between adjacent (—f)-integers are

1
3
Clearly, the distances between consecutive elements in Zg and Z_g are different.

Indeed, A} = A} + 1 > 1 which cannot happen in the case of Rényi expansions.
The infinite word u_g is invariant under the morphism

Ay=1, A7=f-1, and A;=1-

©2: 0+ 02101, 1021101, 2+ 021.
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The dissimilarity of Zg and Z_g can be also observed in their Rauzy fractals
in Figures 7 and 8. The base 8 has now two real conjugates, 8/ ~ —0.8019 and
B" ~ 0.5550. We consider the sets
{(2',2") |z € Zg}, respectively  {(2',2") | x € Z_p},

where 2/, 2’ are images of x € Q(3) under the isomorphisms

' =a+bf +cf7,
' =a+bﬁ”+c,8"2,

z=a+bB+ch? r—>{

where a,b,c € Q.

Figure 8. Rauzy fractal for Z_g, 8 root of 2® = 22% + x — 1.
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