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A COMBINATORIAL-GEOMETRIC VIEWPOINT OF KNOPP’S
FORMULA FOR DEDEKIND SUMS

KAzuHITO KOZUKA

Abstract: In this paper, by means of a combinatorial-geometric method, we give a new proof of
Knopp’s formula for Dedekind sums and its generalizations to multiple Dedekind sums attached
to Dirichlet characters. The combinatorial-geometric method for studying Dedekind sums were
introduced by Beck, who proved the well-known reciprocity formula for Dedekind sums and some
of its generalizations by the method. The motive of this paper is to find a similar approch to
Knopp’s formula .
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1. Introduction

For h € Z and k € N, the classical Dedekind sum s(h, k) is defined by

o= 3 (D)),

where

r—[z] -1 ifzrdZ
0 ifx e Z.

Among many formulas for this sum, the following ones are well known:

(I) Reciprocity formula (Dedekind [5])
12hk{s(h, k) + s(k,h)} = h? — 3hk + k? + 1 (1)
for h,k € N with (h, k) = 1.
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(IT) Knopp’s formula (Knopp [6])

d—1
> s(ah + bk, dk) = o(N)s(h, k) (2)
ad=N b=0
d>0
for N € N, where o(N') = 35y 6. Note that in the case that IV is a prime
number, the formula (2) was already known to Dedekind ([5]).

Generalizations of Dedekind sums and formulas (1) and (2) have been studied
extensively with many methods. Recently, based on the works of Carlitz in [4],
Beck gave geometric proofs of (1) and some of its generalizations including mul-
tivariable cases. ([1], [2], [8]). This method is deeply connected with the theory
of lattice points in polytopes (cf. [3]). The basic idea for the proof of (1) is to
decompose the lattice points of the first quadrant in the plane R? by a certain ray.
Let us sketch the method:

Suppose that h, k € N and put

W\D‘

h
Ki={(z,y) eR’|ly> -2 >0} and K2={(x,y)€R2|0<y<Ex}-

Then, we have the following identity of formal power series:

g ulo™ + g ulo™ = g uly™

(I,m)eK1NZ? (I,m)EKNZ? 1,m>0

Both sides of this equation can be expressed by rational functions of v and v, from
which the formula (1) is deduced by some calculations.

The motive of this paper is to find a similar approch to Knopp’s formula (2)
and its generalizations. In [7], we have already obtained a generalization of (2)
by defining higher-order multiple Dedekind sums attached to Dirichlet characters
((7) of Theorem 4.1 in [7]). In this paper, we give a new proof of it by means of
the combinatorial-geometric method. Let us give a description of each section.

In Section 2, we recall some definitions and state the main result.

In Section 3, for the purpose of providing a good overview, we prove the main
result for the special case of non-multiple Dedekind sums without Dirichlet char-
acters.

In Section 4, extending the idea in the previous section, we give a complete
proof in the general case.

2. Definitions and the main result

Let B, and B,(X) be the pth Bernoulli number and polynomial, respectively,
defined by
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For any z € Q, we put {z} = z— [z] and define B, (z) = B,({x}), which is periodic
of period 1.

For any primitive Dirichlet character x, we denote by f, the conductor of x.
For any z € Q with denominator relatively prime to f,, we can define the value
x () by multiplicativity. As in [9], we define the twisted Bernoulli function B,, , (z)
by

+ j)telet+at

Z X {x}efx o z:: pl’

or equivalently

Bpade) = 170 5 e+ i)y ()

j mod fy

(cf. pp.301 of [9]). Note that B, ,(z) is also periodic of period 1.
In what follows, for integers ly,--- ,l, € Z, we denote by ged{ly,---,l,} the
greatest common divisor of Iy, -+ ,l,,. We put N = N U{0}.
Let P = (p1, -+ ,Pn,q) € N""1 H = (hy,--- ,h,) € Z" and k € N. Let
U = (x1,"* ,Xn,¥) be an (n + 1)-tuple of primitive Dirichlet characters, put
v = ([T\-, fx;) v and assume that ged{k, fo} = 1. As in [7], we define the
multiple Dedekind sums S(P, H, k, V) by

S(P,H,k, ) = Z (ﬁfg e ()) By (hmq + k + hnan> .

(e %1 ,a, mod k \t=1

For any d € N, we put Iy = {(b1, -+ ,b,) € N*|0 < by, ,b, < d—1}. For
any m, N € N, we put o, v (N) = Z&IN 0™ (x1 - Xa?) (6). In addltlon we put
s(P)=p1+ -+ pn + ¢ —n. Then the main result of this paper is the following.

Theorem. Let N € N. Then we have

NPy ) (N) YD di™")(d)S(P,aH + kB, dk, )
e

= oyp),w(N)S(P, H, k, V),

where we put aH + kB = (ahy + kby, -+ ,ah, + kb,) for B = (b1, - ,by).

3. Proof of the Theorem in a special case

In this section, we deal with the following sum:

wahk) = Y B,(%) B, (@j) .

a mod k
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for p,g € N,h € Z,k € N. For this sum, our main Theorem reduces to the
following formula:

d—1
NP7 At Ty glah+ kb, dk) =Y 67T s, (B, k). (3)
ad=N b=0 S|N
d>0

The purpose of this section is to prove (3).
We put

which is expanded at (s,t) = (0,0) as

F(h,k: s,t)

I

w
3
Q
—
B

=
~

By the periodicity of Bq(;v)7 we have
spvq(h +mk, k) = Sp,q(hv k)
for all m € Z. By virtue of this, we assume h > 0 in what follows without loss of

generality.
Modifying the set K7 in Introduction, we put

K(hk) = {(l,m) € N3|m > Zl}

and define
flhk:u,v) = Z ulo™.
(1,m)EK (h.k)
This formal power series can be expressed by a rational function as in the
following.

Lemma 3.1. We have

e I WA
Jksws) = 3 T oy

Proof. This formula is essentially the same as that for ok, (u,v) in Section 2 of
[2], and shown by a straightforward calculation as follows:

o0 9] k—1 oo 9]

L
flhk:u,v) = E ulo™ g E utkr g pl& (aFkn)l+1+m
=0 m:[%]_t,_l a=0r=0 m1=0

k—1 o) [eS)
h ) .
— uav[;a]—kli :(ukvh)v § : o™
a=0 = m1=0
k—1 . U[ko‘]+1

(1 —wbo)(1 —v)’

a=0
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Now put
u ’U ha]+1

¢ (1 —ukoh)(1 —v)’

fr(h k2 u,v)

||F1w

Since we have [ha/k] = (ha/k) — {ha/k}, this can also be expressed as

LRI

1 —ukvh (1-wv)

Mw

fr(h k :u,v)

Put u = et/ and v = e~*. Then u*v" = e and v~ = e, so that we have
folh k= eSTROE o=ty — _P(h,k - s,t). (5)

In order to proceed further, we introduce the following additive subgroup of
Z? for a,d € N and b € Z:

A(a,d :b) = (a,—b)Z + (0,d)Z
The following lemma plays an essential role in proving (3).

Lemma 3.2. Let N = ad with a,d € N and b € Z and let (I,m) € Z*. Put
dy = ged{l,N},dy = ged{l,m,N},I" = l/dy and N' = N/dy. Then, we have
(I,m) € A(a,d : b), if and only if the following three conditions hold:

(i) aldy
(i) % |da
(i) b = -4 (mod N').
Proof. Suppose that (I,m) € A(a,d : b) and write
(1, m) = (a, =B + (0, d)w = (aps, —bpu + ) (6)
with p, v € Z. Then a divides [ as well as N, so that a divides dy. We have further

m  a(—bu+dv)
dl/a - d1

= —bl' + N', (7)

which implies that d; /a divides m as well as [ and N. Hence, d; /a divides ds. In
addition, (7) means the congruence (iii). Conversely, under the conditions (i) , (ii)
and (iii), we can easily deduce equation (6). This completes the proof. |

Corollary 3.3. We have

Y OOY - Ys Y e

ad=N b=0 (1,m) € A(a,d:b) K (h,k) SIN  (1,m)€(6Z)2NK (h,k)
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Proof. We use the same notations as in Lemma 3.2. Note that ged{l’, N’} = 1.
Hence, if a € N satisfies the conditions (i) and (ii) in Lemma 3.2, the condition
(iii) shows that

d dd d
HbeZp<b<d—1.(m) € Ala.d:b)} = 1 = = = .

This shows that the coefficient of the term u!v™ appearing in the left-hand side
of (8) i X414y (dr/a)la» (d1/@). By putting 6 = di/a, this coefficient is equal to
> 5\ds §, which is just the coefficient of the term u!v™ appearing in the right-hand
side of (8). This completes the proof. |

Lemma 3.4. Let a,d € N and b € N. Let (I,m) € A(a,d : b) and write (I,m) =
(a,=b)u + (0,d)v with p,v € Z. Then, (I,m) € K(h,k) holds if and only if
(u,v) € K(ah + kb, dk).

Proof. As in the statement, let (I,m) = (ap, —bu + dv). Then, (I,m) € K(h, k)
holds if and only if —bu + dv > hau/k > 0, which is equivalent to v > (ah +
kb)u/(dk) > 0, namely (u,v) € K(ah + kb, dk). [ |

Now (3) is deduced as follows: Lemma 3.4 shows that the left-hand side of (8)
equals

d—1
> Z > u Tt = NN f(ah + kb, dk  utb 0,0,

ad=N b=0 (u,v) €K (ah+kb,dk ad=N b=0
4>0 (nv) €K (aht ) d>0

On the other hand, note that for each §|N, we have
(6Z)2 N K (h, k) = {(8L, m)| (1, m) € K (h, k)},

so that the right-hand side of (8) equals

Zé-f(h,k cud 00).

5N

Then, by Lemma 3.1, equation (8) is tranformed into

d—1
S felah+ kb dk ud 00 = "6 (b ul ). (9)
ad=N b=0 5|IN

d>0

Put u = e5t")/k and v = et as before. Then, we have u®v =0 = elalstht)/k)+bt —
e(ads-}-adht—i—bdk}t)/dk _ e(Ns+(ah+kb)dt)/(dk) and v¢ = e~ %. Note that equation (5)

yields

fr(ah + kb, dk - eNst(ahtkbldt)/(dk) o=dty — _ p(qh 4 kb, dk : Ns, dt)
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and
fr(h, ke e = —F(h,k : ds,0t).

Hence, equation (9) is transformed into

d—1
> > F(ah+kb,dk: Ns,dt) => 5-F(h,k: 6s,0t).
a(tji;(])\’ b=0 SIN

Expanding both sides at (s,t) = (0,0), we see from (4) that

d—1
NP—1da—1gp—14q—1
ST 30D spqlah+ kb, dk) -

geN ad=N b=0 o
Pa€N 9930
5p+q—28p—1tq—l

plq!

= Z Za - 5p.q(hy k)

p,qeN §|N

Comparing the coefficients, we obtain (3).

4. Proof of Theorem in the general case

In this section, we extend the method of the previous section to the general case
and prove the Theorem.

Let H = (hy, -+ ,hy) € Z™ and k € N as before. For a = (g, ,a,) € Z7,
we put H -« = hjay + -+ + hpa,(the inner product of H and «). Let Ay =
{(a1, -+ ,a,) EN"|0< oy <k—1 for 1 <i<n}and set

n i ) e(F+ii)s

F(H, kW51, ,8,,t) = Z H Z Xz ;X{197—1

a=(ai,,an)EAL \i=1 ji=0

X f”zzl v <{Hk } ) ek
j=0

efvt —1 ’

which is expanded at (s1,---,8p,t) = (0,---,0,0) as

1 — _
Pl 'S%" 1tq 1

F(H,k, U : 51, -, 5,,t) > ) S(P, H, k,¥)1 T
P=(p1, - ,pn,q) EN"+H1
(10)
By the periodicity of quw(a:), we assume that h; > 0 for 1 < i < n without loss
of generality.

We put

_ haly + -+ hol,,
R e e
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and define
f(Hak7\Ij:u1,"' ,un,v)

= Z Xl(ll)"'Xn(ln)w(hlll + o 4 hnly, fkm)ulll ~'~u£l"vm,
(l1y+ ln,m)EK (H k)

Lemma 4.1. We have
FOH R s up, - up,v)
n fxi— k h; ﬁ+"
Xi ( +]z (ugv™) ™
= (Xl : "X7L¢)(k) Z H Z ,3 kyhi )fxl

a:(ah---,an)eAk =1 7;=0

1—ofe

Proof. For each (I, - ,l,,m) € K(H,k), we have the following unique expres-
sions of l1,---,l, and m:

li:ai+kji+kinri with Ogaigk—l,ogjigfxi—l and TZ‘EN
for 1 <i<n and

hlll + -+ hnln
k

m = +(fw—j)+fwm1 with 0 <j< fy —1 and my € N.

Then, we have [; = k (% +ji + inri) for 1 <i<nand

k

H-a < ‘ H-« .
m= 20w Yl £~ {5 = gt )
=1

where we put o = (g, -+ , «,). Hence,

H -

and

n

ulll e uf’{‘vm - <H(ufvhi)(ﬁ+j’i+fxiri> v*({%}+j)+f¢)(1+m1).
i=1

Consequently we derive the required formula by a straightforward calculation. B

Let f.(H,k, ¥ : uy,-- ,u,,v) denote the rational function expressed by the
right-hand side of (11). Put u; = e(*+m/k for 1 < i < n and v = e~*. Then,
uFphi = e% and v~ = €, so that we have

fT(Ha kv \IJ : 6(81+h1t)/ka e ’e(sn+hnt)/k’ e_t)

=(=1)"(x1- - xn®)(k)F(H, k, U : 51, ,8,,t). (12)
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For a,d € N and B = (by,.. .7bn) € Zn let A(a,d : B) denote the additive
subgroup of Z"*1 generated by (a,0, —b1), (0,a,---,0,=bg), -,
(0,0,--- ,a,—b,) and (0,---,0,d). Then Lemrna 3.2 can be generalized in the
following way:

Lemma 4.2. Let N = ad with a,d € N,B = (by,...,b,) € Z"™ and let

(I1, -+ ,ln,m) € Z”“‘l. Put dy = ged{ly, -+ ,ln, N}, do = ged{ly, -+ ,l,,m, N},
Il =1/dy for1<i<n and N' = N/dy. Then, we have (l1,--- ,l,,m) € Ala,d :
B), if and only if the following three conditions hold:
(1) a|d1
(i) ©|d
(iti) f1b1 + -+ b, = =G (mod N).

Proof. Suppose that (I1,--- ,l,,m) € A(a,d : B) and write

(lla"' 7lnam)
=(a,0,--+,0,=by)p1 + -+ (0,0, ,a,—by)ptn, + (0,--- ,0,d)v. (13)

with p1,- -+, pn, v € Z. Then the conditions (i) , (ii) and (iii) follow immediately
in a similar way as in the the proof of Lemma 3.2. Conversely, under the conditions
(i), (ii) and (iii), we can easily deduce equation (13). This completes the proof. W

Recall that Iy = {(by, -+ ,bp) € N"|0 < b; <d—1 for 1 <i<n} fordeN.

Corollary 4.3. Let g(Iy,--- ,l,,m) be any function on Z"*1 with values in any
ring extension of Q. Then, we have

Z a1 Z Z g(la, - ln, m)ull1 ui{‘vm

a&l;(])\f Belg (1, ln,m)EA(a,d:B)NK (H,k)

= N"_IZ(5 Z gl Ly, m)ult - ubro™. (14)

SIN  (l1,+,ln,m)E(SZ)" 1 NK (H, k)

Proof. Let (I1,---,l,,m) € K(H, k) and suppose that a satisfies the conditions (i)
and (ii). Then the condition (iii) shows that the set of n-tuples B = (b1, ...,b,) €
Z" satistying (I1,- -+ ,l,,m) € A(a,d : B) consists of the solutions (z1,--,2,) of
the congruence

Loy + -+ le, = —Z—m (mod N').
1

Note that the map from Z" to Z defined by mapping (z1,--- ,x,) onto ljz1 +
-+ 4+ Ul x, induces a map from (Z/N'Z)" to Z/N'Z, which is surjective because
ged{l},---,I/,N'} = 1. Hence, for each y mod N’ € Z/N’Z the number of n-

tuples (z1,- - ,z,) mod N’ € (Z/N’ )" satistying {1+ -+ 1,2, =y (mod N)
is #(Z/N'Z)"/$(Z/N'Z) = N'"~". Taking y = —am/dy, we see further that

d\" v d'd,
N') TN '

n—1
H{B ey, - ,ln,m) € Ala,d: B)} = N’ ( =V "
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Hence, the coefficient of the term g(l1,--- 1, )ull1 ---ulmy™ appearing in the

left-hand side of (14) is

d"'d d

n—1 1 n—1 1

——— =N —.

>, a—, >

a|d1 (lld]
(d1/a)|d2 (d1/a)|dz

By putting 6 = d; /a, this coefficient is equal to N™~1 Z5|d 0, which is just the
coefficientof the term g(ly,--- , I, m)ull1 -~ ulmy™ appearing in the right-hand side
of (14). This completes the proof |

Lemma 4.4. Let a,d € N and B = (by,--- ,b,) € N". Let (Iy, - ,l,,m) €
A(a,d : B) be written as (13), namely

(llv"' 7ln7m) = (aM17"' 7a,u“ru_b1,u1 __bnun+dy)

with p1, - pn,v € Z. Then, (l1, -+ ,ln,m) € K(H,k) holds if and only if
(:ula"' 7,“”71/) € K(aH+kB7dk)

Proof. By (13), (I1,--- ,ln,m) € K(H, k) holds if and only if

a(hipr + -+ hptin)

3 with 1, , pin € N,

—(bipr + -+ bppin) +dv >

which is equivalent to

n

v > Z(ahi + kb)p/(dk) with puy,--- g, € N,

i=1
namely (1, , n,v) € K(aH + kB, dk). |
Now we are going to prove the Theorem. Put
gy, laym) = xa(l1) - Xn ()Y (hily + -+ Al — km).
If (13) holds, we have
hily + < hply — km =a(hipr + -+ hpvn) + k(bipr + -+ + by i, — dv)

> (ahi + kb;)p; — dkv

=1

and
ult - ulr™ = (uu Tt (yGy T )Ry d,

Hence, by Lemmas 4.1 and 4.4, equation (14) becomes

> a" M e xa)(@) Y felaH + kB, dk, W ufo e ugo ™ o)
ad=N Bely

>0
=N 60 X)) (O) fr(H kW s ud -+ ud, %), (15)
5|IN



A combinatorial-geometric viewpoint of Knopp’s formula for Dedekind sums 89

Put u; = e(sithit)/k for 1 <i < n and v = et as before. Then, we have

for 1 <

ulvl =e

a(sit+hit)/k+bit _ e(st;—&-(ahi—&-k:bi)dt)/dk
i <nand

Ud e e*dt.

Then, by (10) and (12), equation (15) is transformed into

> Do " xa)(@) D (xa e xnth) (dR)

P:(pla"' 7Pn7q)€N"+1 a‘diiév Bely

NP1t Fpn—nga—1P1—1 | opp—1lpq—1
x S(P,aH + kB, dk, ) 51 5n

p1l--palg!

=N"t Z Z‘S “Xn®) ( )( an)(k)

P=(p1, ,pn,q) EN"H+1 5| N

Pt tpatg—(ntl) P11 opn—lyq—1
% S(P, H,k, ) 51 *n

pil---pnlg!

Comparing the coefficients, we complete the proof of Theorem.
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