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ARITHMETICAL PROPERTIES OF REAL NUMBERS RELATED
TO BETA-EXPANSIONS

HaJiME KANEKO

Abstract: The main purpose of this paper is to study the arithmetical properties of values
Soo—o B~w(M) where f is a fixed Pisot or Salem number and w(m) (m = 0,1,...) are distinct
sequences of nonnegative integers with w(m + 1) > w(m) for any sufficiently large m. We first
introduce the algebraic independence results of such values. Our results are applicable to certain
sequences w(m) (m = 0,1,...) with lim,,— 00 w(m + 1)/w(m) = 1. For example, we prove that
two numbers

oo o0
—Le(m)] —la(m)]
>B . DB
m=1 m=3

are algebraically independent, where ¢(m) = m!°8™ and a(m) = mloglog™,

Moreover, we also give the linear independence results of real numbers. Our results are
applicable to the values > o° ,B’meJ, where (3 is a Pisot or Salem number and p is a real
number greater than 1.

Keywords: algebraic independence, power series, beta expansion, Pisot numbers, Salem num-
bers.

1. Introduction

Throughout this paper, we denote the set of nonnegative integers (resp. positive
integers) by N (resp. Z%). We write the integral and fractional parts of a real
number z by |z] and {z}, respectively. Moreover, [z] is the minimal integer not
less than . We use the Vinogradov symbols > and <, as well as the Landau
symbols O, o with their regular meanings. Finally, f ~ ¢ means that the ratio f/g
tends to 1

In what follows, we investigate the arithmetical properties of the values of
power series f(X) at algebraic points. For simplicity, we first consider the case
where f(X) has the form

f(X) = fj xwem,
m=0
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where (w(m))2_, is a sequence of nonnegative integers satisfying w(m) < w(m-+1)
for any sufficiently large m. We call f(X) a gap series if
1
m 2D

m— o0 u)(m)
We say that f(X) is a lacunary series if
(m+1)

lim inf w

> 1.
m—oo  w(m)

Note that if f(X) is a lacunary series, then there exists a positive real number §
such that
w(m) > (1+6)™

for any sufficiently large m.

In the rest of this secction, suppose that « is an algebraic number with 0 <
|a| < 1. In paper [7], Bugeaud posed a problem on the transcendence of the values
of power series f(X) as follows: If (w(m))S°_, increases sufficiently rapidly, then
S, a®(M is transcendental.

Corvaja and Zannier [8] showed that if f(X) = > oo X®“(™) is a lacunary
series, then Zﬁ:o a®(™) is transcendental. For instance, let z,y be real numbers
with £ > 0 and y > 1. Then two numbers

S o Lemd) S o™

are transcendental.
Adamczewski [1] improved the result above in the case of @ = 371, where 3 is
a Pisot or Salem number. Recall that Pisot numbers are algebraic integers greater
than 1 whose conjugates except themselves have absolute values less than 1. Note
that any rational integers greater than 1 are Pisot numbers. Salem numbers are
algebraic integers greater than 1 such that the conjugates except themselves have
moduli less than 1 and that there exists at least one conjugate with modulus 1.
Adamczewski [1] showed that if
lim inf M

> 1,
m—oo  w(m)

then Y7 B~w(m) is transcendental for any Pisot or Salem number 3.

We now introduce known results on the algebraic independence of certain lacu-
nary series at fixed algebraic points. First we consider the case where f(X) is a gap
series. Durand [10] showed that if « is a real algebraic number with 0 < a < 1,
then the continuum set

{ i lzmh)]

m=0

meR,x>O} (1.1)
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is algebraically independent. Moreover, Shiokawa [17] gave a criterion for the al-
gebraic independence of the values of certain gap series. Using his criterion, we
deduce for general algebraic number « with 0 < |a] < 1 that the set (1.1) is
algebraically independent.

Next, we consider the case where f(X) is not a gap series. Using Mahler’s
method for algebraic independence, Nishioka [15] proved that the set

{iak k:2,3,...}

m=0
is algebraically independent. Moreover, Tanaka [18] showed that if positive real

numbers w1, ..., wy, are linearly independent over Q, then the set
o0
{Zamm i=1,...,m, k:273,...}
m=0

is algebraically independent.

On the other hand, it is generally difficult to study algebraic independence in
the case where f(X) is not lacunary. In Section 2 we review known results on the
criteria for transcendence of the value Y °_ 3 —w(m) where f is a Pisot or Salem
number and (w(m))>_,, is a certain sequence of nonnegative integers with

lim 7w(m +1)

= 1.
m—00 w(m)

In Section 3 we give the main results on the algebraic independence of real numbers.
Our results are applicable to the algebraic independence of the two values

m=1 m=3

In the same section we also investigate the linear independence of real numbers
applicable to Y °_ 8~ L™"] for a real number p > 1. The main criterion for linear
independence, which is used to prove the main results, is denoted in Section 4.
For the proof of the algebraic independence and the linear independence, we need
no functional equation because our criterion is flexible. We prove the main results
in Section 5. Moreover, we show the main criterion in Section 6.

2. Transcendental results related to the numbers of nonzero digits

In this section we review criteria for the transcendence of the value Z;O:O t,87",
where (£,)52 is a bounded sequence of nonnegative integers and 3 is a Pisot or
Salem number. First we consider the case where 8 = b is an integer greater than 1.
We denote the base-b expansion of a real number 7 by

n=>>_ sPmp ",
n=0
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(b)(

where s &

n) = |n] and s3,”(n) € {0,1,...,b— 1} for any positive integer n. We
may assume that s (n) < b — 2 for infinitely many n’s. For any positive integer
N, put

Mp(n; N) := Card{n € N | n < N,s® (n) # 0},

where Card denotes the cardinality.

Borel [5] conjectured for each integral base b > 2 that any algebraic irrational
number is normal in base-b, which is still an open problem. For any real number
p>1, put

oo

Yp; X) =Y Xt

m=0

If Borel’s conjecture is true, then v(p;b~!) is transcendental because v(p; b~ 1) is
a non-normal irrational number in base-b. However, the transcendence of such
values is not known except the case of p = 2. If p = 2, then Duverney, Nishioka,
Nishioka, Shiokawa [11] and Bertrand [4] independently proved for any algebraic
number o with 0 < |a| < 1 that v(2; «) is transcendental.

Bailey, Borwein, Crandall, and Pomerance [3] gave a criterion for the transcen-
dence of real numbers, using lower bounds for the numbers of nonzero digits in the
binary expansions of algebraic irrational numbers. Let 1 be an algebraic irrational
number with degree D. Bailey, Borwein, Crandall, and Pomerance [3] showed that
there exist positive constants C1(n) and Ca(n), depending only on 7, satisfying

Xa(; N) = Cy(n)NV/P

for any integer N with N > Cs(n). Note that C;(n) is effectively computable but
C5(n) is not. For any integral base b > 2, Adamczewski, Faverjon [2] and Bugeaud
[6] gave effective versions of lower bounds for Ay(n; N) as follows: There exist
effectively computable positive constants Cs(b,n) and Cy4(b,7), depending only on
b and 7, satisfying

Ao(1; N) = Cs(b,n)NY/P (2.1)

for any integer N with N > Cy(b,n). Using (2.1), we obtain for any real number
p > 1 that y(p;b~1) is not an algebraic number of degree less than p. In fact,
v(p; b~ 1) is an irrational number satisfying

Ao (v(psb71); N) ~ NP

as N tends to infinity. Thus, (2.1) does not hold if D < p.

By (2.1), we also deduce a criterion for the transcendence of real numbers as
follows: Let 1 be a positive irrational number. Suppose for any real positive real
number ¢ that

Ao (5 N)

lﬂlglof N = 0. (2.2)
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Then 7 is a transcendental number. Note that the criterion above was essen-
tially obtained by Bailey, Borwein, Crandall, and Pomerance [3]. Note that if
S, X% is lacunary, then n = > 0c_ b~ (™) satisfies (2.2) by

Xo(n; N) = O(log N).

We give another example of transcendental numbers. For any real numbers y > 0
and R > 1, we put

¢(y; R) := exp ((log R)'*¥) = RIS ",
Moreover, we set
Ey; X) =1+ Z x Le(ym) |

m=1

Note that {(y; X) is not lacunary by

; 1

=1

We get that 1 := £(y; b~ 1) is transcendental for any integer b > 2 because 7 satisfies
(2.2).

In what follows, we consider the case where f3 is a general Pisot or Salem num-
ber. We introduce results in [14] related to the S-expansion of algebraic numbers.
For any formal power series f(X) = >,°t, X", we put

S(f) ={neN[t, # 0}
Moreover, for any nonempty set A of nonnegative integers, we set
A(A; N) := Card(AN 0, N)).
We denote the degree of a field extension L/K by [L : K].

Theorem 2.1 ([14]). Let A be a positive integer and let f(X) = > 00 t, X"
be a power series with integral coefficients. Assume that 0 < t, < A for any
nonnegative integer n and that there exist infinitely many n’s satisfying t,, # 0.
Let 3 be a Pisot or Salem number. Suppose that n = f(B~') is an algebraic
number with [Q(8,n) : Q(B)] = D. Then there exist effectively computable positive
constants Cs(A, 8,m) and Cs(A, 8,n), depending only on A, 8 and n satisfying

1/D
MS(f);N) = Cs(A, B,m) (1027]\7)

for any integer N with N > Cg(A, 8, 1).

In the rest of this section, let 8 be a Pisot or Salem number. Using Theorem 2.1,
we obtain for any real number p > 1 that

[Q(v(p; 871),8) : Q(B)] = [p]
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by
A(S(y(p: X)); N) ~ NP (2.3)

as N tends to infinity.

Note that Theorem 2.1 is applicable to the study of the nonzero digits in the
[B-expansions of algebraic numbers. We recall the definition of S-expansion defined
by Rényi [16] in 1957. Let T : [0,1) — [0,1) be the S-transformation defined by
Ts(xz) = {Bx} for x € [0,1). Then the S-expansion of a real number n € [0,1) is

denoted as -
n=>_sPmp",

n=1

where sﬁlﬁ)(n) = [ﬂTg_l(n)j for any n > 1. Note that 0 < s (n) < |B] for any
n > 1. Put
Ag(n; N) := Card{n € ZT,n < N, s (1) # 0}

for any positive integer N. Applying Theorem 2.1 with B = | 3], we deduce that
if n € [0,1) is an algebraic number with [Q(5,7) : Q(8)] = D, then

N A\ VD
1ogN)

)‘ﬁ(ﬂ;N)>><

for any sufficiently large integer V.

Using Theorem 2.1, we also deduce a criterion for the transcendence of real
numbers as follows: Let f(X) be a power series whose coefficients are bounded
nonnegative integers. Suppose that f(X) is not a polynomial and that

timing 2 EEIN)

m— o0 NeE

=0

for any positive real number . Then f(37!) is transcendental. Note that the
criterion above was already obtained in [13] and that the criterion is applicable
even if the representation ZZO:O t, 8™ does not coincide with the S-expansion of
f(B~1). In the same way as the case where 3 = b > 2 is an integer, we obtain for
any positive real number y that &(y; 371) is transcendental.

In the end of this section we introduce a corollary of Theorem 2.1, which we
need to prove our criteria for linear independence.

Corollary 2.2. Let A be a positive integer and f(X) a nonpolynomial power
series whose coefficients are bounded nonnegative integers. Assume that there exists
a positive real number & satisfying

A(S(f);R) < ROF1/A

for infinitely many integer R > 0. Then, for any Pisot or Salem number 3, we
have

[Q(f(B7),8):Q(B)] = A+1.



Arithmetical properties of real numbers related to beta-expansions 201

3. Main results

3.1. Results on algebraic independence
We use the same notation as Section 2.

Theorem 3.1. Let 8 be a Pisot or Salem number. Then the continuum set

{&y: ) |yeR, y=1} (3.1)
is algebraically independent.

Note that if 8 = b is an integer greater than 1, then the algebraic independence
of (3.1) was proved in [12]. Moreover, Theorem 1.4 in [12] implies that if y; and
yo are distinct positive real numbers, then the two values &(y1, b~ 1) and &(y2, b7 1)
are algebraically independent. However, the algebraic independence of the set

{€y;b™) |y e R, y >0}
is unknown. Next, we generalize Theorem 1.4 in [12] as follows:

Theorem 3.2. Let y; and ys be distinct positive real numbers. Then the two
values €(y1; 87Y) and &(y2; 871) are algebraically independent for any Pisot or
Salem number (5.

We now give further results on the algebraic independence of two values.

Theorem 3.3. For any Pisot or Salem number 3 the two values

i golmbEm i g-lmioses
m=1 m=3

are algebraically independent.

Many results on the algebraic independence treat the values of power series with

same types, for instances, the values of Fredholm series > ~_ X K™ for k=2,3,...

(see also Section 1). On the other hand, our results are applicable to the values of
two power series of different types. We now introduce a typical example as follows:

Theorem 3.4. Let y and x be real numbers with y > 0, > 1. Then, the two
values £(y; B71) and Y07, B=L="1 are algebraically independent for any Pisot or
Salem number (3.

3.2. Results on linear independence

Let F be the set of nonpolynomial power series g(X) with bounded nonnegative
integral coeflicients satisfying the following two assumptions:

1. For an arbitrary positive real number ¢, we have
A(S(g); R) = o(R7)

as R tends to infinity.



202 Hajime Kaneko

2. There exists a positive constant C' such that
[R,CRNS(g) # 0

for any sufficiently large R.

In this subsection, we study arithmetical properties of the values of power series
with different types. In particular, we study the linear independence of the values
F(B~Hkrg(B=1)*2 (ky,ka € N), where § is a Pisot or Salem number, f(X) =
~v(p; X) for some p > 1, and g(X) € F. In order to state our results, we give
a lemma on the zeros of certain polynomials. For any positive integer k, put

Gr(X):=(1—-X)" 4+ (k-1)X — 1.

Lemma 3.5. Suppose that k > 3. Then the following holds:

1) There exists a unique zero oy, of G(X) on the interval (0,1).

2) Let x be a real number with 0 < v < 1. Then Gi(x) < 0 (resp. Gi(z) > 0)
if and only if x < oy, (resp. x > o).

3) (ok)524 is strictly decreasing.

Proof. Observe that G} (X) = —k(1 — X)*~! 4+ k — 1 is monotone increasing on
the interval (0,1) and that G.(X) has a unique zero oy on (0,1). Thus, Gx(X)
is monotonically decreasing on (0, 0] and monotonically increasing on (0%, 1).
Hence, the first and second statements of the lemma follow from G%(0) = 0 and
Gk(l):k—2>0.

Next, we assume that k > 4. Using

Gr-1(oh-1) = (1 —op—1) '+ (k= 2)op—1 — 1 =0,
we get
Grlop_1) =1 —op_ 1)+ (k= 1)op_1 — 1= (k—2)o?_, > 0.
Hence, we obtain o < 0;_1 by the second statement of the lemma. |

Theorem 3.6. Let A be a positive integer and p a real number. Suppose that

{p>A if A <3,

3.2
p>oy'  ifA>4 (3:2)

Then, for any g(X) € F and any Pisot or Salem number 3, the set

{v(o: 87" g(B71)™ | kus s € N by < A}
is linearly independent over Q(S).

We give numerical examples of o, (n > 4) as follows:

o' =5278..., o;'=8942..., o;'=13.60....
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Corollary 3.7. Let A, p be as in Theorem 3.6.

1) For any real number y > 1 and any Pisot or Salem number (B, the set

[e%s) ko
v(p; 571 (Z ﬁ‘“””) ki, ko €N ki < A
m=0

is linearly independent over Q(8).
2) For any positive real number y and any Pisot or Salem number 3, the set

{v(p; B E(y; B2 | ki, ko € N by < A}

is linearly independent over Q(3).

Using the asymptotic behavior of the sequence (o,,)5%_5, we deduce the fol-
lowing;:

Corollary 3.8. Let € be an arbitrary positive real number. Then there exists
an effectively computable positive constant Ag(e), depending only on € satisfying
the following: Let A be an integer with A > Ag(e) and p a real number with
p > (e+1/2)A2%. Then, for any g(X) € F and any Pisot or Salem number 3, the
set

{(v(p: B~ g(B7)2 |k ke € N, Ky < A}
is linearly independent over Q(/3).

4. Main criterion for linear independence

Let k be a nonnegative integer and f(X) € Z[[X]]\Z[X]. We denote the Minkowski
sum of S(f) by

{0} (k=0),
1).

F= {{81+"'+8k|517---a5k65(f)} (k>1)

Moreover, for any (ki,...,k.) € N" and f1(X),..., f-(X) € Z[[X]\Z[X], we set

> knS(fn) = {s1+ -+ 5 | sn € knS(fn) for h=1,...,r}.
h=1

Remark 1. Suppose that 0 € S(f;) for i = 1,...,r. Then, for any (ki,...,k.) €
N" and (ki,...,k.) € N" with k; > k} for any ¢ = 1,...,7, we have

D knS(fu) DY knS(fa).
h=1 h=1
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Let A be a nonempty set of nonnegative integers and R a real number with
R > min A. Then we put

0(R; A) :==max{n € A|n < R}.

Theorem 4.1. Let A,r be integers with A > 1 and r > 2. Let f;(X) =

Yo oti(n)X"(i = 1,...,r) be nonpolynomial power series with integral coeffi-

cients satisfying
0 g tz(n) g 07

foranyi=1,...,r and n > 0, where C7 is a positive constant. We assume that
f1(X), ..., [r(X) satisfy the following three assumptions:

1. There exists a positive real number § satisfying
A(S(f1); R) = o (R75F1/4)

as R tends to infinity. Moreover, for any i = 2,...,r and any real number
€, we have

A(S(f:): R) = O()\(S(fifl); R)E)

as R tends to infinity.
2. There exist positive constants Cg,Co such that

(R, Cs RN S(fr) # 0

for any real number R with R > Cy.
3. Let ky, ..., k. be nonnegative integers. Suppose that

{kl <A-1 z.fr—2, (1)
k<A ifr>3
Then we have
r—2 R
R—0 (RQ’;khS(fh) +(1+ krl)S(fT1)> < T A S () B (4.2)

for any sufficiently large R, depending only on ky, ..., k..

Then, for any Pisot or Salem number 3, the set

{AB Y R £ (BT [k ka, . ke € Nk < A}
is linearly independent over Q(S).

Remark 2. Theorem 4.1 is a generalization of Theorem 2.1 in [12] because
it is applicable to more general linear independence results. The third assumption
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of Theorem 2.1 in [12] is essentially as follows: Let ki,...,k._1, k. be nonneg-
ative integers. Suppose that there exists a positive integer k = x(k1,...,kr—1),
depending only on ki, ..., k._1, satisfying

r—2 R
R—0 (R, };khs(fh) + IiS(fr—l)) < 1—[221 )\(S(fh)yR)kh

for any sufficiently large R, depending only on k1, ..., k._1, k.. In Theorem 4.1 we
only consider the case of Kk = 1 + k,._1 for simplicity, which is sufficient to prove
our main results.

5. Proof of main results

In this section we prove results in Section 3, using Theorem 4.1.

5.1. Proof of results on algebraic independence

Proof of Theorem 3.1. Let y;,y2,...,y, be real numbers with 1 < y; < y3 <
-+ < yr. We show that f;(X) := &(y;; X) (i = 1,...,r) fulfill the assumptions of
Theorem 4.1 for any positive integer A. Recall that we proved Theorem 1.3 in [12],
showing for any integer b > 2 that f1(b=1),..., f.(b~!) satisfy the assumptions of
Theorem 2.1 in [12]. In particular, we verified the third assumption with kK = 1 +
k-—1. In the same way, we can check that f1(X),..., f(X) fulfill the assumptions
of Theorem 4.1. |

Proof of Theorem 3.2. We can show Theorem 3.2 in the same way as the proof
of Theorem 1.4 in [12] by checking the assumptions of Theorem 4.1. |

Proof of Theorem 3.3. Put
CL(R) = exp ((log R) (log log R)) _ Rlog log R

for R > 3 and

A =14 ) xlemI o f(X) = (15 X),

m=3

Then f1(X) and f2(X) satisfy the second assumption of Theorem 4.1. We denote
the inverse function of a(R) by b(R). For simplicity, let p(R) := ¢(1; R). Note
that the inverse function of ¢(R) is

P(R) := exp ((log R)1/2> .
Then we have

(log b(R))(loglog b(R)) = log R = (log :(R))*.



206 Hajime Kaneko

Thus, we see
logh(R) 1
logR  loglogh(R)

=o(1)
as R tends to infinity, and so, for any positive real number ¢,
A(S(f1); B) ~ b(R) = o (R7). (5.1)

Moreover, using

log(R) _ (loglogh(R)\"*
log b(R) _< log b(R) ) = o1),
we get, for any e,
A(S(f2); R) ~ w(R) = 0 (b(R)") = o( A(S(f1); R)7). (5.2)

Hence, we showed that the first assumption of Theorem 4.1 is satisfied for any
positive integer A. In what follows, we verify that the third assumption of The-
orem 4.1 is fulfilled. It suffices to show the following: For any positive integer k
and any real number £ with 0 < ¢ < 1, we have

R —0(R;kS(f1)) < Rb(R)™**¢ (5.3)

for any sufficiently large R, depending only on k£ and e, where the implied constant
in the symbol < does not depend on R, but on £ and e. In fact, let k1 and k5 be
any nonnegative integers. Using (5.3) with k =1+ k; and € = 1/2, we get

—_ . _k1_1/2 =0 R
R —0(R; (1 + k1)S(f1)) < Rb(R) <Hi_1 A(S(fn); R)kh>

as R tends to infinity, where for the last inequality we use (5.1) and (5.2).
We first consider the case of k = 1. Note that

a(z)”  1+loglogx

(loga(z)) = o) .

Using the mean value theorem for log a(zx), we see for m > 3 that
a(m) < a(m+1) < a(m).

Using the mean value theorem for a(z), we get that there exists a real number p
with 0 < p < 1 satisfying
a(m+1) —a(m) = d'(m + p)

1+ loglog(m + p) a(m)
- m+p a(m+p) < (m+1)1—5'
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For any sufficiently large R, there exists an integer m > 3 such that
la(m)] < R< |a(m+1)].

Thus, we obtain

<3

(m+ D7 < Balm + D)

which implies (5.3) in the case of k = 1.

Next we assume that (5.3) holds for a fixed positive integer k and an arbitrary
positive real number €. In what follows, we verify (5.3) for k4 1 with fixed € < 1.
Put

Ro =R - Q(R, k‘S(fl))

It suffices to consider the case of

(5.4)

In fact, suppose that (5.4) does not hold. Since 0 € S(f1) by the definition of
f1(X), we have
O(R;kS(f1)) € kS(f1) C (k+1)S(f1)

by Remark 1. ThuS, we gel
’ 1 X b(R)l 1°?

which implies (5.3).
In what follows, we assume that (5.4) is satisfied. In particular, applying (5.1)
to (5.4), we see

Ry > R'~¢/4 (5.5)

for any sufficiently large R. Moreover, the inductive hypothesis implies that

Ry < (5.6)

Let
n:=0(R; kS(f1)) +6(Ro; S(f1)) € (k+1)S(f1)-

Observing that
R — n= Ry — 9(R0,S(f1)) > 0,

we see

0(R; (k+1)S(f1)) = n.
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Thus, we get
R—0(R: (k+1)S(f1)) < R—n

Ry

=Ry —0(Ro; S —_—

0 ( 0 (fl)) < b(R0)1_8/4a
where for the last inequality we apply (5.3) with & = 1 because Ry is sufficiently
large by (5.5). By (5.5) and (5.6), we obtain

R

(R)kfs/Qb(R17€/4)176/4'
Using the fact that (loga(z))/(logx) is ultimately increasing with

x =b(R) >z’ = b(R'™5/%),

R—0(R;(k+1)S(f1)) < ; (5.7)

we get

logR  loga(x) < log a(z’)
logh(R)  logz ~ loga'
_ (1 _ f) log R .
1) log b(R'—</%)
Consequently,
b <R1—5/4) > b(R)l—s/4,
and so
1 1 1
< <
b(RL-/4)1=</4 = p(R)(1—</97 = p(R)1-</2
by (1 —e/4)? > 1 —¢/2. Combining (5.7) and (5.8), we deduce that
R
—O0(R: (k+1 v
(0 <)R (Ra( + )S(fl)) < b(R)k+1_Ea
which implies (5.3). |

Proof of Theorem 3.4. Let

o0

AX) =€y X), LX) =Y X" f(X) = €2y X).

m=0
Then f1(X) and f2(X) satisfy the second assumption of Theorem 4.1. We denote
the inverse function of ¢(2y; R) by

Y(2y; R) = exp ((1Og R)l/(1+2y)) )
Then we have
A(S(f2); R) = 0 (¥(2y; R)°) = 0 (A(S(ﬁ); R)E)

as R tends to infinity. Thus, f1(X) and f>(X) satisfy the first and third assump-
tions of Theorem 4.1 because we checked in the proof of Theorem 3.2 that f1(X)
and fo(X) fulfill the same assumptions. [ |
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5.2. Proof of results on linear independence

Proof of Theorem 3.6. We show that the assumptions of Theorem 4.1 are sat-

isfied, where A is defined as in Theorem 3.6, r = 2, f1(X) = ~(p; X), and

f2(X) := g(X). The second assumption follows from the second assumption of F.
In order to check the first assumption, it suffices to show that

1 1
P <7 (5.9)

by (2.3) and the first assumption of 7. We may assume that A > 4 by (3.2).
Using

1\4 1
log(1—=) =—-A45 =4
w(1-5) —axs

we get by A > 4 that

Hence, we obtain

A
1 1 1
GA(A>:<1_A> a0

which implies (5.9) by (3.2) and the second statement of Lemma 3.5. In what
follows, we check the third assumption of Theorem 4.1. The following lemma was
inspired by the results of Daniel [9].

Lemma 5.1. Let k be a positive integer. Then
R—0(R;kS(f1)) = O (RO (5.10)

for any R > 1, where the implied constant in the symbol O does not depend on R,
but on k.

Proof. First we consider the case of Kk = 1. Using the mean value theorem, we
see that

L(m+1)7| = [m?] = (m +1)” =m” + O(1)
=0 (m™) = 0 (me] 1) (5.11)
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for any positive integer m. For any sufficiently large R, take a positive integer m
with
Im?] < R< [(m+1)”]

Then we get
R— G(R;S(fl)) <|(m+1)°] —[m?] =0 (R171/p>

by (5.11).
Next, we assume that (5.10) holds for a positive integer k. Let

Ro:=R—09(R;kS(f1)) € Z*.

The inductive hypothesis implies that

Ry=0 (R“*l/f))’“) . (5.12)
In the same way as the proof of (5.3), putting

n:=0(R;kS(f1)) + 0(Ro; S(f1)),
we see
R—0(R; (k+1)S(f1)) < R—n = Ro — 0(Ro; S(f1)).
Consequently, using (5.10) with £ = 1 and R = Ry, we obtain
0<R—0(R;(k+1)S(f)) = O (Ré*”ﬂ) -0 (R(l‘l/”)k“)
by (5.12). ]
Put logp = := (logz)/(log R). Using Lemma 5.1 with k = 1+ k;, we get

1\ 1+
logp F1(R) :== 1OgR<R —0(R; (1+ k1)5(f1))) < <1 - p) +o(1)

as R tends to infinity. Moreover, using (2.3) and the first assumption of F, we see

R k1
logg Fo(R) :=logp (Hf_l NS, R)’“z) =1- " +o(1).

Thus, we obtain
1
logp F1(R) —logg F2(R) < G, (p) +o(1)
as R tends to infinity. For the proof of (4.2), it suffices to show that

1
Giii, (p) < 0. (5.13)
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If ky = 0or k; =1, then (5.13) is clear by G1(X) = —X and G2(X) = —X(1-X).
If k; = 2, then we have G3(X) = —X(1 —3X + X?) and 03 = (3 — V5)/2. By
(5.9) and (4.1), we get

1 < 1 < 1 <

S K —— = <oy,

p A 1+k 3777
which implies (5.13) by the second statement of Lemma 3.5. Finally, suppose that
k1 > 3. Using (3.2), (4.1), and the third statement of Lemma 3.5, we obtain

— <04 g 014k

which means (5.13). Therefore, we proved Theorem 3.6. [ ]

Proof of Corollary 3.7. The first statement of Corollary 3.7 follows from The-
orem 3.6 by

& xorier
m=0

The second statement of the corollary is similarly verified by £(y; X) € F. In fact,
the first assumption of F follows from the fact that, for any real number M,

lim SD%;MR) =

R—o0

Moreover, using the mean value theorem for log ¢(y; R), we can show that

lim o(y; R+ 1)

=1
R—oo  p(y; R)

Proof of Corollary 3.8. By Theorem 3.6 and the second statement of
Lemma 3.5, it suffices to show that (¢ + 1/2)A% > ¢;*, namely,

osea((3+) ")

for any sufficiently large A, depending only on € > 0. We now fix an arbitrary
positive real number . In the proof of Corollary 3.8, the implied constant in the
symbol O does not depend on A, but on . Observe that

log (1 - @ +5) _1A2>A =A (- (; +s>_1 A7 +0 (A4)>

=— (; +5>_1A_1 +0(A7%)
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and that

<1— (;+5>_1A‘2>A = exp <— (; +e>_1A‘1+O(A‘3)>
=1- (;+g)_lA—1+; <;+8)_2A‘2+O(A‘3).

Thus, we get
1 ! 1 - !
L 2\ _(y_ (1 2
GA<<2+E> A> <1 <2+€) A)
1 o1 -t
—1+<2+€) A —<2+€> A

-2
= —¢ (;4—5) A7?+0(A%) <0

for any sufficiently large A, depending only on ¢. |
6. Proof of Theorem 4.1
Put

. ) fi(X) if £i(0) # 0,
fiX) = {1 + fi(X) if fi(0) =0.

Then f1(X),..., f-(X) satisfy the assumptions of Theorem 4.1. The second as-
sumption is easily checked. Moreover, the first and third assumptions are also seen
by

r—2
9 (R; > knS(Fa) + (14 kH)S(fH))
h=1

>0 (R; X_: knS(fn) + (1+ kr—l)s(fr—1)>
h=1

and, for h=1,...,7, o
A(S (Fn) s B) ~ A(S(fn); R)
as R tends to infinity. For the proof of Theorem 4.1, it suffices to show that

{AB Y RB Y F(Bh

kl,kQ,...,kT GN,kl <A}

is linearly independent over Q(3). In particular, rewriting f;(X) by f;(X) for
t=1,...,r, we may assume that f;(0) #0 for any : =1,...,7.
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For simplicity, put, for i =1,...,r,

&= fiB7Y),  Si=8(fi),  N(R):=A(S(fi); R).
Using Corollary 2.2 and the first assumption of Theorem 4.1, we see that

[Q(&1,8): Q(B)] = A+1

and that &, ..., &, are transcendental.

We introduce notation for the proof of Theorem 4.1. For any nonempty subset
A of N and any positive integer k, let A* denote the n-fold Cartesian product.
For convenience, set

A= {0}.
Let k€ Nand p = (p1,...,pr) € N¥. We put

0 k=0),
Ip| :=
pr+-+pe (k=1)

and, fori=1,...,r,

Il
—= o
=

ti(pr) -~ -ti(px) (k>

Moreover, for any k = (k1,...,k-) € N", let

X*= HX'“ €= Hf’“ AN = T ()
i=1 i1 .

(p) = {1 (k

We calculate ék in the same way as the proof of Theorem 2.1 in [12]. The method
was inspired by the proof of Theorem 7.1 in [3]. Let k € N"\{(0,...,0)}. Then
we have

=] > timas ™l =" g7 p(k;m), (6.1)
i m=0

where

p(k;m) = > ti(my)---t.(m,) € N.

k
miesil, . mpeskr
I 4 lmp | =m

Note that p(k;m) is positive if and only if

m € XT: knSh.
h=1
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We see that
p(k;m) < 3 < ¥l 1 4 m)lKl. (6.2)

k -
myesil, . mpeshr

Iy |+ e |=m
We give an analogue of Lemma 4.1 in [12].

Lemma 6.1. Let k € N"\{(0,...,0)} and let N € Z*. Then we have

N-1
>~ plk;m) < CFAN)E (6.3)
m=0
and
Card{m € N |m < N, p(k:m) > 0} < CIFIA(N)¥. (6.4)

Proof. We see that (6.4) follows from (6.3) because p(k;m) € N for any m. Put
S(;N):=8;N[0,N) for i =1,...,r. Then we get

N-1
Z p(k;m) = Z ti(ma) -t (m;)
m=0 myeshl L mpeshr
[my |4+ |mp| <N
k
< Y PO D DI
m1E€S(1;N)*1 moeS(2;N)k2 m,.€S(r;N)kr
= A",
which implies (6.3). |

Assume that the set {ék | k = (k1,..., k) € N",ky < A} is linearly indepen-
dent over Q(8). Then there exists P(X1,...,X,) € Z[f]|[X1,..., X:]\Z[3] such
that the degree of P(Xy,...,X,) in X; is at most A and that

P(&1,....&) = 0. (6.5)

Let D be the total degree of P(Xy,...,X,). Without loss of generality, we may
assume that X, (—1 + X,) divides P(X3,...,X,) and that if » > 3, then X, _;
divides P(X1,...,X,). Put

P(Xy,..., X,) =Y ApXF, (6.6)
kel

where A is a nonempty finite subset of N and A, € Z[B]\{0} for any k € A.
For any k = (k1,...,k,) € A, we have k,. > 1 because X, divides P(Xy,...,X,).
Moreover, if r > 3, then

krfl 2 1 (67)
because X,_; divides P(Xy,...,X,).
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The lexicographic order > on N” is defined as follows: Let k = (k1, ..., k) and
k' = (ki,...,k.) be distinct elements of N". Put ! := min{i | 1 <14 < r,k; # kl}.
Then k > k' if and only if k; > k]. The first assumption of Theorem 4.1 implies
that if k > k', then

AN =0 (AN)*) (6.8)

as N tends to infinity.
Let g = (g1,-- -, 9r) be the greatest element of A with respect to ». Without
loss of generality, we may assume that

Ag > 1. (6.9)
We see that
Gror > 1. (6.10)

In fact, (6.10) follows from (6.7) if » > 3. Suppose that r = 2. Then gy is the
degree of P(X1, X2) in X;. Thus, g; is positive because &; is transcendental.
Putting

A1 = {k = (kla .. '7kr717kr) ‘ ki = gi, - '7]‘:7“71 = grflvkr < gr}

and
Ao i={k=(k1,...,ke—1,k) | ki < g; for some i < r — 1},

we see A = {g}UA;UAs. Using the fact that &, is transcendental and that —1+4 X,
divides P(Xy,...,X,), we obtain the following lemma, applying the same method
as the proof of Lemma 4.3 in [12] with F(X,_1, X)) = 1

Lemma 6.2. Ay and Ay are not empty.

Set
€= (gla'“ agrf%_]- +gr71a1 +D)

Recall that the degree g1 of P(X71,...,X,) in X; is at most A. Thus, we can apply
the third assumption of Theorem 4.1 with k = (k1,...,k,) = e. In fact, we see

—1+q¢ ifr=2
ki = )
g1 if r > 3.

Hence, there exits a positive constant C1o satisfying the following: For any integer
R with R > C12, we have

Ar(R) 25 (6.11)

and

r—1
R—90 (Z GnSh; R) < A(};)e. (6.12)
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In what follows, we set

o(R) =0 <Z ghsh;R>
h=1

for simplicity. Using (6.11) and (6.12), we obtain the following lemma in the same

way as the proof of Lemma 4.4 in [12].

Lemma 6.3. Let M, E be real numbers with

M = Cha, E>

Then 1
M+§E <O(M+E).
Using k1 < A and the first assumption of Theorem 4.1, we get

A SRy

= OQ.

Thus, the set

E::{NEN‘ foranyngN}

LN

AN)e ™ A(n)e

is infinite. We now verify for any k = (kq,...,k,) € Ay that
A(N)* =0 (A(N)?)

as N tends to infinity. For the proof of (6.13), it suffices to check

ek

(6.13)

(6.14)

by (6.8). If g; > k; for some i < r — 2, then (6.14) holds. Suppose that g; = k; for
any ¢ <7 — 2. Then we get —1+4+¢,_1 > k,._1 and 1 + D > k, by k € A, which

implies (6.14).
Combining (6.5), (6.6), and (6.1), we get

oo

0= A =3 Axy plksm)s

keA keA m=0

For an arbitrary nonnegative integer R, multiplying 37 to the both-hand sides of

the equality above, we obtain

oo

0=> Ax > plk;m+R)B™.

keA m=—R
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Putting
YR = Z Ak, Z p(k;m + R)ﬂim
keA m=1

0

> A Y pksm+R)BT™, (6.15)

keA m=—R

we see that Yy is an algebraic integer because 3 is a Pisot or Salem number.

Lemma 6.4. There exist positive integers Ci3 and Chy4 satisfying the following:
For any integer R with R > C14, we have

Yr=0 or |YR| > R s,

Proof. Let d be the degree of 5 and let o1, 09, ..., 04 be the conjugate embeddings
of Q(B) into C such that o1(vy) =« for any v € Q(5). Set

Cy5 = max{|o;(Ak)| | i=1,...,d, k € A}
Let 2 < ¢ < d. Using (6.15) and (6.2), and |3;| < 1, we get

R

o(Yr)| = > 0i(Ax) > plk; —n + R)oi(B)"

keA n=0

R
<Y 05 Y P+ R < (R+1)PH.
keA n=0

In particular, if R > 1, then
lo(YR)| < RPT2.

Hence, if Yi # 0, then we obtain

d
1< [Ya|[[ lo(¥R)| < [YRIRP+DE=D, .
=2

In the case of = 2 and r = 1, Bailey, Borwein, Crandall, and Pomerance
estimated the numbers yy of positive Yg with R < N in order to give lower
bounds for the nonzero digits in binary expansions (Theorem 7.1 in [3]). Moreover,
if 3 =05 > 1is arational integer and r > 2, then yy is applied to prove a criterion
for algebraic independence (Theorem 2.1 in [12]).

Now, we put, for N € Z+,

YN :—Card{RGN ‘R<N,YR2

| =
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In the case where 3 is a Pisot or Salem number and r = 1, then yy is estimated to
give lower bounds for the numbers of nonzero digits in S-expansions (Theorem 2.2
in [14]). In what follows, we calculate upper and lower bounds for yy, which gives
contradiction. First, we estimate upper bounds for yy in Lemma 6.5. Next, we
give lower bounds for yn in Lemma 6.10, estimating upper bounds for R—0(R; )
in Lemma 6.9, where

Q=
{REN 3

Vi > L } . (6.16)

In what follows, we assume that N is a sufficiently large integer satisfying

1\"” p+1
(1+N> < (6.17)

Lemma 6.5. We have
YN =0 (N1’5/2)

as N tends to infinity.

Proof. Put
K :=[(1+ D)logg N1,

where loggz N = (log N)/(log 3). Then we see

N—-K-1
v <K+yv-xk=K+ Y 1<K+ Y |Ya|
0<KR<N—-K R=0

Yr=>1/8

and
N-K-1 N-K-1 00
Z [YR| < Z Z Z |Ak|B~ " p(k;m + R)
R=0 R=0 keAm=1
= |Ak|Y (k; N),
keA
where
N

K-1

Y(kiN)= Y Y 8 "p(k;m+R)

R=0 m=1

for k € A. For the proof of Lemma 6.5, it suffices to show for any k& =
(kil,k‘g,. ..,]{/‘T) € A that

Y(k;N) = o (NH/?) (6.18)
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as N tends to infinity. Observe that

m=K+1 R=0
=: SW(k; N) + S@ (k; N). (6.19)
Using (6.3), we get
K N-1 I~ N-1
SOk N) <Y 8™ Y plkiR)< Y B> p(ks R)
m=1 R=0 m=1 R=0
<) BTMCPAN)F < AN)

Thus, the first assumption of Theorem 4.1 with e = §/(2D) implies that
SO (ks N) < Ay (N)A HA —0 (NH/?) . (6.20)

Using (6.2), we see

N—-K-1

S@(k; N) Z g™ Z CP(m+ R+1)P

m=K+1

< Z ﬁ_mN(m—l—N)D
m=K+1
Note for any m € N that
m+1+N D< L D<ﬂ+1
m+ N = N
by (6.17). Hence, we obtain

2
< fEINDHTL . (6.21)
Hence, combining (6.19), (6.20), and (6.21), we deduce (6.18). [ |

SO (k;N) < BETINK +14+N)P Y g (5+ 1>m

m=0

In what follows, we estimate lower bounds for yy in the case where N € = is
sufficiently large. Recall that As is not empty by Lemma 6.2 and that 0 € .S; for
t=1,...,r. In particular, for any k € A, we have p(k;0) > 0. Put

{TeN|T<N,p(k;T)>0forsome k€ Ap} ={0=T1 <Tp <---<T;}.
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If N is sufficiently large, then (6.4) and (6.13) imply that

7<) CFAN)E <
keAs

352NV

For convenience, put 774, := N. Set

J={J=J{1<i<T}

where J(j) is an interval of R defined by J(j) = [T}, T14+,) for 1 < j < 7.
In what follows, we denote the length of a bounded interval I of R by |I|. Then

we have
> |J]=N.
Jeg
Let
16 N
= Z s (s
si={se7 | 11> 35

Jo = {J e | J C [Clg,N)}.
In the same way as the proof of Lemma 4.7 in [12], we obtain the following:
Lemma 6.6. If N € = is sufficiently large, then we have

Sy Y=

JeT JET2

Recall that A; is not empty by Lemma 6.2. Let k; be the maximal element of
A1 with respect to . Set

{ReN|R<N,p(k;R) >0 forsome ke Ay} =:{0=R; <Ry <---<R,}
and Ry, := N. Then (6.4) implies that
p< 30 OFAN)R < CrpA(N)E,
ke,

where C1g is a positive constant.
Let
T:={I=1()|1<i<p},

where I(¢) is an interval of R defined by I(i) = [R;, Ri41) for 1 <4 < p. Set

)

+

Yr

WV

yn (i) := Card {R € 1(7)

for i =1,...,u. Observe that

S I=N

1T
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and that
“w
ZyN(i) =YN- (6.22)
i=1

Set

Iy:={Ie€Z|ICJforsomeJecJ},

1 N
1| > }

I, :=<1€T _
2 { €4 12016&(N)k1

In the same way as the proof of Lemma 4.8 in [12], we obtain the following, using
(6.12) and Lemmas 6.3 and 6.6.

Lemma 6.7. For any sufficiently large N € =, we have

N N
> — > —. .
Sz oyt (6.23)
Ie1, I1€Z;

In what follows, we assume that N € = satisfies
N2 > (1+ Cy)Co. (6.24)
Let 1 < ¢ < p with I(¢) € Zy and let R € (R;, Ri1+1). We now show that
p(k;R) =0 (6.25)

for any k € Ay UAy = A\{g}. In fact, if & € Ay, then (6.25) follows from the
definition of Ry, ..., R,+1. Suppose that k € Ay. By the definition of Z,, we have
I(i) C J(j) for some j with 1 < j < 7, and so R € (Tj,T14;). Thus, we get (6.25).

Applying the first assumption of Theorem 4.1 with ¢ = §/(2D), we see by
g1 < A that

ANY* =0 (N—5/2+1>

as N € E tends to infinity. Thus, we obtain for any sufficiently large N € = that

1 N
|1(i)| > > N°/2,

We can apply the second assumption of Theorem 4.1 with

|1(3)] N9/2
R= > >C
1+Cs 7 1+Cg = °

by (6.26) and (6.24). Thus, we get that there exists V(NV,4) € S, with

Cs|1(7)]
1+ Csy '

< <
Tron S V(N,i) <

o)
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Put M = M(N,i) := R; + V(N,4). Then we have

()] Cs|I(i)|
<M <R, .

1+ Cy TG

By the definition of R;, there exists k. < —1 + g, such that

R; +

r—1
Ri €Y gnSh+ krS;.
h=1
Using Remark 1, we see
r—1
Ri€) gnSh+(~1+g,)S,.
h=1
Thus, we get
M€Y gnSn
h=1

by V(N,i) € S,.

(6.27)

(6.28)

Lemma 6.8. Let N € E be sufficiently large and let 1 < i < p with I1(i) € Is.

Then Ygr > 0 for any R with R; < R< M.

Proof. We prove Lemma 6.8 by induction on R. First we show that Y;_; > 0.

We see
Yu_1=44 Z B~ "p(g;m+ M —1)
m=1
+ Z Ap Z B~ p(k;m+ M —1)
keA\{g}  m=l1
= 5® 4 g,
By (6.28)
A 1
53 > 9 M) > =,
5mg) 3

We now estimate upper bounds for |S4|. Let m be an integer with
1<m< —1+[2Dlogg NJ.
Using (6.27) and (6.26), we get

_ GG _ @)

Rixi—M >Rt — R, =
i+1 +1 1+CS 1+CS

>m

(6.29)

(6.30)

(6.31)
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for sufficiently large N € = and
Riyy >m+M—-1>R,.

Thus, applying (6.25) with R = m + M — 1 for any m with (6.31), we obtain by
(6.2) that

SOI< > Al >0 BTp(kim+ M — 1)
keA\{g} m=[2Dlogg N
S
<Y Y AP NP
keA\{g} m=[2Dlogg N

oo

< > BT™Mm+N)P.

m=[2Dlogg N

Therefore, (6.17) implies that

|SW| « N2P ([QDlogBN] +N)D Z 8" <1+2ﬁ> =o(1)
m=0

as N tends to infinity. In particular, if N € = is sufficiently large, then

1
SW| < —. 6.32
59 < 5 (632
Combining (6.29), (6.30), and (6.32), we deduce that if N € E is sufficiently large,
then Yy,_1 > 0.
Next, we assume that Yz > 0 for some R with R; < R < M. Using (6.25), we
see

Vi = Y Augolki )+ 32 An > 5"tk + R~ 1)

kecA keA m=2

= S2plgs )+ 5 3 A S 5 ol )

B keA m=1
A
= Z2pgi 1) + Vi (6.33)

By the inductive hypothesis

A
Yro1> ?gp(g;R) > 0.

Therefore, we proved Lemma 6.8. |
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Recall that  is defined in (6.16).

Lemma 6.9. Let N € E be sufficiently large and let 1 < i < p with I(i) € Zy. Let
R be an integer with
R; +4Cl310gﬁN < R< M.

Then we have

R — G(R, Q) < 2013 10gﬁ N. (634)

Proof. Put Ry := 0(R; ). In the same way as the proof of (6.33), we see for any
integer n with R; < n < R;11 that

A 1
Y..1= —gp g;n)+ =Y,. 6.35
5 Pgin)+ g (6.35)
First, we consider the case of Yz > 1. Then (6.35) implies that
1
Yr_1 2 3

and that R — Ry = 1, which implies (6.34).
In what follows, we may assume that 0 < Yz < 1 by Lemma 6.8. Let S :=
[Ci3logs N'|. Suppose for any integer m with 0 < m < S that

p(g; R —m) = 0.
Noting M >R>R—-1>---> R— S > R;, we get by (6.35) that
1>Yp=PBYpy==BYr_s=p3"Yr_ 51 >0,

where we use Lemma 6.8 for the last inequality by R; < R— S —1 < M. So we
get
B <Yl = Yrosa| ™"

Since
R-5-1> 201310g5N > Cy

for any sufficiently large IV, we apply Lemma 6.4 as follows:
B < [Yr_s 1| P < (R—S 1) < NO=,
Thus, we obtain
[Cizlogg N[ +1=S5+1< Cizlogg N,

a contradiction.
Hence, there exists an integer m’ with 0 < m/ < S satisfying p(g; R—m') > 1.
Applying (6.35) with n = R —m/, we get by Yg_,,» > 0 that

A 1
YR i1 > ?”p(g;R— m') > 3
where for the last inequality we use (6.9). Hence, we deduce that

R— Ry <m'+1<2C13logs N. [ |
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Lemma 6.10.

li log N >0
1m sup C— .
N—oo N N

Proof. Let N € = be sufficiently large and let 1 < ¢ < p with I(i) € Zo. Note
that
[1(3)]

]\;E)noo logg N - (6.36)

by (6.26). Combining (6.27), (6.36), and Lemma 6.9, we see that there exists a
constant Cy7 such that
(3]

TogN'
Therefore, using (6.22) and (6.23), we obtain

yn (i) =

1] N

> ) > C . [ |
yn Z yn (7) Z 17logN > log N
11(%151/; IeTz

Finally, we deduce a contradiction from Lemma 6.5 and 6.10, which proves
Theorem 4.1.
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