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LUCAS NON-WIEFERICH PRIMES IN ARITHMETIC
PROGRESSIONS

SUDHANSU SEKHAR RouT

Abstract: In this note, we define the Lucas Wieferich primes which are an analogue of the
famous Wieferich primes. Conditionally there are infinitely many non-Wieferich primes. We prove
under the assumption of the abc conjecture for the number field Q(\/Z) that for fixed positive
integer M there are at least O((log x/ log log x)(log log log )™ ) many Lucas non-Wieferich primes
p = 1(mod k) for any fixed integer k > 2.
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1. Introduction

The first case of Fermat’s last theorem (FLTI) is the statement that, for any odd
prime p, the equation zP + y? = 2P does not have integer solutions with p { zyz. In
1909, Arthur Wieferich [21] showed that if FLTI fails for an odd prime exponent,
then that prime must satisfy the congruence

2P~ =1 (mod p?). (1.1)

Subsequently, this result was extended to other primes. Specifically, Granville and
Monagan [8] proved that if FLTI fails for prime p then p? divides ¢ — ¢ for each
successive prime ¢ up to 89. A prime satisfying (1.1) is called Wieferich prime for
base 2. Until now, we know of only two Wieferich primes for the base 2, that are
1093 and 3511 found respectively by Meissner in 1913 and Beegner in 1922. For
any integer a > 2 and any prime p, if

a? ' =1 (mod p?),

then p is said to be Wieferich prime for base a. Otherwise, p is said to be non-
Wieferich prime for base a. It is unknown whether there are finitely many or
infinitely many Wieferich primes. It is not even known if there are infinitely many
non-Wieferich primes. In 1986, Granville [7] proved the infinitude of non-Wieferich
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primes for the base 2 under the assumption of a conjecture of Mollin and Walsh
on triples of powerful numbers. Silverman [16] proved under the assumption of the
abc conjecture, that given any integer a, there are infinitely many non-Wieferich
primes to the base a. In fact he proved this result by showing that for any fixed
a € Q*, a # +1 and assuming abc conjecture,

#{primes p < z: a? ' # 1 (mod p?)} >, logz as T — oo.

Dekoninck and Doyon in [5] proved the same result under a weaker assumption.
Graves and Ram Murty [9] extended this result to primes in arithmetical pro-
gression by showing that for any a > 2 and any fixed £ > 2, and assuming abc
conjecture,
. _ 1 9 log
#{primes p<z: p=1 (mod k),a’ " #Z1 (mod p*)} > —=— as z — oc.
loglog x

Recently Chen and Ding [3] studied the same question and improved the lower
bound. In particular, they proved under the assumption of the abc conjecture, that
for any positive integer M,

#{primes p< z: p=1 (mod k),a?"! # 1 (mod p?)}

log z(log log log x)M

as x — 00.
loglog x

For any integer n > 1, define the powerful part of n to be the product

k(n) = H pOTdP(”).

p:p?|n

The quotient n/k(n) is called the powerfree part of n.

2. Lucas—Wieferich primes

Let P and @Q be the nonzero fixed integers with A := P2 —4Q # 0 and
ged(P,Q) = 1. Let a and 3 be the roots of the polynomial 2 — Px + Q with
the convention that |a| > |3|. The Lucas sequences of first and second kind for the
roots a and (3 are given by

a” — 571
a—p
respectively. When P and @ are implicitly understood, we are referring the terms
of the Lucas sequence of first kind U, (P, Q) as U, and second kind V,, (P, Q) as
V... The sequence {U,} is called non-degenerate, if o/ is not a root of unity.
Further, non-degeneracy implies that Q(«) is totally real. Throughout this paper,
we assume that {U, },>0 and {V,,},,>0 are non-degenerate, and VA = (a— ) > 0.

Let p(p) denote the Legendre symbol (%). Recall that for p { A, the Legendre

U.(P,Q) = and V,(P,Q) =a" + 8", forall n=0,1,... (2.1)
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symbol (%) = 1 if A is a quadratic residue modulo p and —1 otherwise. Given

m € Z, let p be the least positive integer, if it exists, such that m | U,. This value is
called the rank of apparition of m, denoted by p(m). For fixed prime p, we simply
write p and p to denote p(p) and p(p) respectively.

Fibonacci sequence {F), },>0 is an example of Lucas sequence of first kind for
(P,Q) = (1,—1) with initial conditions Fy = 0 and F; = 1. The Lucas sequence of
second kind for (P, Q) = (1,—1), is also known as sequence of Lucas numbers and
is denoted by {Ly }n>0 with initial conditions Ly = 2 and L; = 1.

It is well-known (see [4, pp. 393-395]) that Fp_(%) is divisible by p, where p

is prime and (%) denotes the Legendre symbol. If Fp_ (2) is divisible by p?, then

p
we call p a Fibonacci—-Wieferich prime (these primes are sometimes called Wall—

Sun—Sun primes). Sun and Sun [19] proved that if the first case of Fermat’s last
theorem fails for an odd prime p, then Fpi(é) =0 (mod p?).

Returning to the general Lucas Sequencpes {U,} and {V,,}, it is known that
Up—,, is divisible by p whenever p is a prime not dividing 2Q (see [2, Theorem XII],
[17, Proposition 1(viii)]). A prime p is called a Lucas—Wieferich prime associated
to the pair (P, Q) if

Up—p =0 (mod p?). (2.2)

Every Wieferich prime is a Lucas Wieferich prime associated to the pair (3,2) [12].
Ribenboim [14] proved under the hypothesis of the abc conjecture that there are
infinitely many Lucas non-Wieferich primes.

The objective of this paper is to show that, for fixed P, @ and for fixed integer
k > 2, there are infinitely many Lucas non-Wieferich primes p with p = 1 (mod k)
under the assumption of abe conjecture for the number field Q(v/A). Our proof
closely follow the papers of Chen and Ding [3] and Graves and Ram Murty [9].

Theorem 2.1. Let K = Q(v/A) be a real quadratic field and assume that abc
congecture holds in K. Let k > 2 be any fixed integer. Then for any positive integer
M, we have

(log z)(log log log )™
log log x

#{primes p < z:p=1 (mod k),U,_,, #0 (mod p*)} >

3. Preliminaries

In this section, we briefly reproduce some notations related to Lucas sequences
and some related results. Firstly, we list some known identities for Lucas sequences
which we use later.

Lemma 3.1 ([18]). For the sequences {U,}n>0 and {V,}n>0, we have the fol-
lowing:

1. V2 — AU? = 4Q" for allm >0,

2. ged(Up, Q) = ged(V,, Q) =1 for alln > 1,

3. gcd(Un, Unm) = Uged(n,m) for all n,m >0,
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Lemma 3.2. Let {U,}n>0 be a Lucas sequence of first kind and p be the rank of
apparition of p. Then

1. forn € N,
p| U, < p|n.

2. Moreover, if p | Uy, then

0y (Un) = v, <Z) +u,(U,). (3.1)

Proof. For the proof of first statement (see [1, Corollary 2.2] ) and second relation
follows from Proposition 2.1 in [1]. ]

Corollary 3.3. Let p be a prime coprime to 2Q). Suppose U, = 0 (mod p) and
U, £ 0 (mod p?). Then Uy,_,, =0 (mod p) and U,_,, £ 0 (mod p?).

Proof. Since p||U,, we have v,(U,) =1 and v,(U,) > 1. This implies v, (%) =0
and v,(U,) = 1. Now from (3.1), we have

p—p
Up(Up—p) = vp ( P ) +vp(Up) = 1. L
Lemma 3.4. For sufficiently large n, we have
la|"/? < |U,| < 2]al™

Proof. From (2.1), we have

a = | _ fel" + 18]
U,| = < < 2|al™.
Unl =125 o= 7] |
For the proof of lower bound refer [6, Theorem 2.3]. |

3.1. abc conjecture for number field [10, 20]

At first we define the radical then relate this to the number field radical. For
relatively prime nonzero integers a, b, ¢, define the radical

rad(a, b, c) = rad(abc)

where rad(m) is the product of all distinct prime divisors of m. Now we consider
all triples r,s,t € Q\ {0} satisfying r + s = ¢. Every such triple is proportional
to a triple of the form (¢,1 — ¢,1) where ¢ € Q \ {0,1} and to a triple (a,b, c)
of nonzero relatively prime integers such that a + b = c¢. We define the radical
of a single rational number ¢ € Q \ {0,1} by rad(q) := rad(a, b, ¢). Equivalently,
rad(q) is the product of all prime numbers p satistying v,(g¢(1 — ¢)) # 0.

Let K be an algebraic number field and Ok be its ring of integers. Let Vi
be the set of places on K, that is v € Vi is an equivalence class of non-trivial



Lucas non-Wieferich primes in arithmetic progressions 171

norms on K (finite or infinite). For v € Vk, we choose an absolute value || - ||,
in the following way: if v is finite place corresponding to a prime ideal p of Ok,
then we put |||, = Nx/o(p) @ for z € K \ {0} and ||0||, = 0 where v; is the
corresponding valuation; if v is infinite and corresponds to o : K — C, then we
put ||z||, = |o(x)|¢ for € K where e = 1if 0(K) C R and e = 2 otherwise. Then
height of any triple (a,b,c) € (K*)? is defined as

Hic(a,b,c)= T max(lalle, b, llell.),
veEVK
and the radical of (a,b, c) as
radK(a7b7 C) = H NK/Q(p)Up(p)v
pE€lk(a,b,c)

where p is a rational prime with pZ = p NZ and Ik (a,b,c) is the set of prime
ideals p of O for which ||al|,, ||b]lv, [l¢|l» are not equal. Now one can easily verify
that radk (a, b, c) = rad(a, b, ¢) if K = Q. Finally, the statement of abc conjecture
for number field is as follows:

Conjecture 3.5. For any € > 0, there exists a positive constant Ck . depending
on K, e, such that for all a,b,c € K* satisfying a + b+ ¢ = 0, we have

Hyg/(a,b,¢) < Ck (radg(a,b,c)) . (3.2)
For K = Q , this reduces to the Oesterlé-Masser conjecture.
Definition 3.6. For any integer m > 1, the m-th cyclotomic polynomial can be

defined as
p(z)= ] (X-¢h), (3.3)

(d,m)=1
0<d<m

where (,, is a primitive m-th root of unity. We have

X" —1=[]®a(x). (3.4)
d|m

Lemma 3.7 ([13, p.233]). If p| ®,(b), then either p|n or p=1 (mod n).

Lemma 3.8 ([15, Proposition 2.4]). For any real number b with |b| > 1, there
exists C' > 0 such that
@0 (b)] > C - [b*™

where ¢(n) is Euler’s totient function.

Lemma 3.9 (|11, Theorem 437]). Let 7, (x) denote the number of squarefree
integers which do not exceed x and have exactly m prime factors. Then

x(loglog x)™
T () ~ (_71)
(m —1)!logx
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We write U,, = X,,Y,, where X,, is the squarefree part of U, and Y,, is the
powerful part of U,,. By Corollary 3.3, p is a Lucas non- Wieferich prime if p | X,
for some n. Define

X! = ged(X,, ®n(a/B)) and Y, = ged(Y,, @, (a/f)).

One can easily show that XY, = ®,(a/8) = ®,(a?/Q). Let p; be the ith prime.
For n > 2, let

1 ~ - 1
Oy = H <1 — p> and Oy 1= <1 — pi> .
i=1

pln

Lemma 3.10. Suppose the abc conjecture for number field Q(v/A) holds. Then
for any € > 0,
|QIP™MX], > |U, 2079

Proof. From (2.1) we have,
VAU, —a" + " = 0.

Then we use abc conjecture for K = Q(v/A). By (3.2), for any € > 0, there exists
a constant C, such that

H(VAU,,—a", ") < Cc(rad(VAU,, —a™, 7). (3.5)
Now from the definition of the height, we have

H(VAU,, —a", ") > max{|VAU,|,| = a"|,[5"]} - max{| = VAU,|,| = "], ]a"|}

>
> |VAU,| - | — VAU,| = AU? = AX2Y?2. (3.6)

We shall now estimate rad(v/AU,,, —a™, 8) in the right hand side of (3.5). Since
af = Q,rad(Y,) < rad(vY,) and v,(p) < 2 for any prime ideal p lying above the
rational prime p, we have

rad(VAU, —a", ") =[] Nr®)”? < Q*AX}Y,. (3.7)
pIQVAU,

Thus from (3.5), (3.6) and (3.7), we obtain
A(XpYn)? < C(Q*AX2Y,) T

and hence
Y, <en U2 (3.8)

From Lemma 3.8,

2 1#(n)

o
IXLY!| = |®(02/Q)] > O‘Q
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Using the Lemma 3.4,

042

Q
Thus, from (3.8) and (3.9),

¢(n) a?

Xy, =C
| |2 )

nén 25 1 ¢(n)
>a-m|w() C39)
| ]

o(n)
1
‘%m€>w9m/1-%ﬁ”(w> ’

which will further simplify to

S $(n)
| X, | > U, [#¢ ( ) . [ |
Q|

The following lemma is very essential to prove our theorem.
Lemma 3.11. If m < n, then ged(X],, X)) =

Proof. On the contrary suppose p | X/, and p | X, for m < n and suppose
ged(m,n) =d. Then p | &, (a/B) and p | ®,,(a/B). Thus, p | Uy, and p | U,,. Since
gcd(Unm, Un) = Ugcd(m,n) = Ud, we have p | Ug. Also,

%: nfd(a//B) -1 3.10
Oa =" gm0 1

and it follows that ®,(«/B)|(U,/Us), hence p | (U,/Ug). By writing U, =
(U, /Uq)Uq, we conclude that p? | U,. This is a contradiction as p | X/. Thus
ged(X), X)) =1. [ |

In the following, we fix integers k, M with k& > 2 and M > 1. Let Th; be the
set of all squarefree integers with exactly M prime factors.

Lemma 3.12. Suppose that abc conjecture for number field Q(v/A) is true and
n € Thy. Then there exists an integer ¢y depending only on a,k, M such that for
n > cp, we have |Q|*"F)| X! | > nk.

Proof. Suppose € = d,;¢(k)/3k. From Lemma 3.10, we have
QI X | > Ui, (3.11)

Since ¢(nk) = (b(n)qﬁ(k)ﬁg), where g = ged(k,n) we have ¢p(nk) > ¢(n)o(k). By
Lemma 3.4,

|U k‘Z(énk €) > |a‘nk(6nk €) > ‘ |(7L6M¢(k) nke) __ | |2nke (3_12>
as n € Ths. Thus,
|Q|¢(nk) |X;Lk‘ > |a|2nke > |a‘2nkeflog(nk)/log ‘“'nk. (313)

Therefore, there exists an integer ¢y depending only on «, k, M such that, if n € T,
with n > co, then |Q|?"M)| X! | > nk. |
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4. The proof of Theorem 2.1
First we show that there exists a prime p,, such that
| Xy  Pn=1 (modnk), Uy, #0 (mod p2). (4.1)

Let ¢y be as in Lemma 3.12 and n € Ty with n > ¢p. By Lemma 3.1(2) and
3.12, and X/, being squarefree, there is a prime p, such that p, | X/, and
pn { nk. Since X/, | @i (a/f), it follows from Lemma 3.7 that p, =1 (mod nk).
Since p,, | X!, X1, | Xpur by Corollary 3.3, we have Up,_,, # 0 (mod p?2). From
Lemma 3.11, primes p,, are distinct when n € Tj; and n > ¢g. By Lemma 3.4, we
have |a|™/2 < |Upn| for n > ¢; where ¢; is a positive integer. Thus |U,x| < z if
and only if
2logx
s klog ||

Now |Upnk| < z and n € Ty if and only if

2logx
S eTy.
S log o neAM
From Lemma 3.9 the number of integers n with |Upi| < 2,n € Thy and n > ¢p :=
max(c, 1) is
(log 7)(log log log z:)™
loglog x

Therefore,

(log ) (log log log =)™

loglog x

#{primes p <z :p=1 (mod k), U,_, Z 0 (mod p?)} >
This completes the proof of Theorem 2.1.
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