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ON SOME EXTENSIONS OF BERNSTEIN’S INEQUALITY
FOR TRIGONOMETRIC POLYNOMIALS

K. Runovskl & H.-J. SCHMEISSER

Abstract: We give an approach to treating inequalities of Bernstein type for trigonometric
polynomials. Some necessary and sufficient conditions of their validity are established.

1. Introduction

In the present paper we study some inequalities for trigonometric polynomials of d
variables in L, with 0 < p £ +00 . Some of these inequalities like Bernstein’s in-
equality for derivatives of trigonometric polynomials Ty of order at most = (see,
for instance, [4], pp. 97-98, 104-109)

ITallp < nllTnll , n€No, 0<p<to0 (11)
or its counterpart for the Riesz derivative (see [3], p. 427)
IT0 e < @) -l Tallp, n€No, 1<p< 400 (1.2)

are well-known. Some of them like inequalities containing the fractional Laplacian
seem to be new.

We have worked out an unified approach for treating such inequalities based
on methods of Fourier analysis. For 0 <p <1 and p = +o00 we are able to
give necessary and sufficient conditions providing the validity of a wide class of
multipliers in the Ly-spaces. This enables us to give complete solutions of some
problems. As a rule, the spaces L, with 1 < p < +00 have better properties
and they are more convenient to studying in difference to the cases 0 < p <1
and p = +0c0. However, this is not the case if inequalities of multiplier type are
considered. We mention, for example, the problem of Bochner-Riesz multipliers
that does not have a complete solution for 1 < p < 400 (see, for references,
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[12], p. 388-394). The results of the present paper give another confirmation of
this remark.

The paper is organized as follows. In section 2 we describe the general pro-
blem and give some examples. In section 3 we prove some general assertions and,
in particular, the criteria for 0 < p <1, p = +00 mentioned above. Section 4 is
devoted to the study of the behaviour at infinity of the Fourier transform of some
functions. In section 5 we deal with applications.

Henceforth, we will use the following notations: || ||, 0 <p < +c0 , is the
p-norm (the quasi-norm, if 0 < p < 1) on the d-dimensional torus T¢, d € N;

zy=z1p1 +... +Tayd; |Tlg=(=d+...+x )l/q lz| = |z|a;

D.={z€R%:|z|<r}; D,={zeR?: |zg| <1}

T is the space of all complex or real valued trigonometric polynomials; 7, =
span {e*** : |k} < A}.

2. General problem and its special cases

Let u(£) be a complex valued function defined on R?. It generates a family of
operators {Ax}a>1 given by

Axt(z) = Z n (;) cket*®, [ t(z) = Z ket e T | . (2.1)

kcZd keZd

Clearly, Ay maps 7 into itself. We will say that {Ax}x>1 is of multiplier
type and is generated by u , so that Ay = A,(n). We deal with the inequality

[Ax(p)tllp < cldipsp) - fitll,, teTh, A21, ()

where {A,(p)} is generated by u. Inequality (*) is said to be valid for p €
(0,40o0], if it is valid in the p-norm for all ¢t € 7, and for all A > 1 with some
positive constant c¢(d;p; ) that does not depend on ¢ and X.

The main problem connected with the inequality (%) is to find its range of
validity © = O(d;u), that is, a set of points p € (0, +o0], such that p€ © if
and only if the inequality is valid for p.

We give some examples.

1.Let d=1, v> 0, &) = (i)Y = || exp ('—"2—'Z -sgng), that is Aj(p) =
A7Y.D7, where D7 = dd—.'.,— is the Weil derivative. Then (*) is a Bernstein
type inequality which has been intensively studied by many authors. In the case
YEN, 1<p<+0 it was obtained with the best possible constant 1 by S.B,
Stechkin [11]. The case v € N, 0 < p <1 was considered by P. Oswald, E.A.
Storozhenko [13] and others. The sharp constant 1 was obtained by V.V. Arestov
(1]. The Bernstein inequality for non-natural -y and 1 < p < +00 is an immediate
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consequence of the Marcinkiewicz multiplier theorem (see, for instance, [15], pp.
178-179). Its validity for p =1, +oo is mentioned in [3], p. 427. The general case
v>0, v¢N, 0<p<1 can be found in [12] and [2].

2. The Bernstein inequality is a special case of the inequality of type (%)
with

u(§)=61’€1 +Ez'§1, E],EQEC; E%-{-E%#O, (2.2)

where

gq:{o, £20 g-,;{\é\’, £>0
- g, £€<0 * >t 10, £<0

and 4 > 0. If, for example, £; = &3 = '™ = (=1)#, v =28 > 0, the operator
Ax(p) can be naturally denoted by A~%2.(D?)8 1t coincides (up to the multiplier
(=1)#) with the Riesz derivative of order 23 ([3], p. 427). Since (D?)? £ D*#,
the corresponding inequality is not of Bernstein type. However, as it will be shown
in section 5, the range of validity of inequality (x) generated by (2.2) does not
depend on &7 and &5.

3. In the multivariate case the situation is different. It will be proved in
section 5 that the inequality of type (%)

4. ot
37 Scldpy) AMtllp, teTh, A>1 (2.3)
i

J=1

d -
with p(€) = 3 |&]7 exp (%zsgnfj) ,v > 0, that is one of the possible exten-
=1

sions of the Bernstein type inequality to the case of several variables, is valid for
v €N if and only if 71+_1 < p € 400, that is, the answer does not depend on the
dimension.

On the other hand, the inequality

18%¢), < c(d;p; B) - A%itll, , teTh, A21 (2.4)

with p(€) = (=1)? - €[22, B > 0, (that is also an extension of type (2.2) with
£1 =3 = (—1)? ) is valid for &N if and only if m <p<+o0.

Analyzing the inequalities described above, we can observe that they are
generated by homogeneous functions. Further studying of such type inequalities is
one of our main aims. We will amplify a series of appropriate examples in section 5.
On the other hand, all the material of sections 3 and 4 is applicable to inequalities
of type (x) without any supplementary restrictions. One of possible applications
to inequalities generated by non-homogeneous functions will be given at the end
of the paper.
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3. General assertions

By C% we denote the class of complex valued C°-functions with a compact
support contained in D;. We use the symbol 'R,g!b, where 0 < a <b+ o0, to
denote the class of real valued non-negative radial C*-functions that are equal
tolon D, and 0 outside of Dy. By R? we denote the sum of all 'R,ib.

As usual, the Fourier transform of a function f(£) in L:(R%) is given by
f@) = m)y 2 [ pgeiewag
RrRe

In this section we study the inequality of type (), where {Ax(g)}i>1 is
generated by the function u(£) which is defined everywhere on R?. By © =
O(d; u) C (0,+00] we denote the range of validity of inequality ().

First we treat a trivial case.

Lemma 3.1. If pu(£) is unbounded on D1, © is empty.
Proof. There exist sequences {k.}7%5 C Z% , {n.}/% C N satisfying

§==1

lks)| <mng, s€N; lim E:IOGEI; lim #(E) = 400
84400 Ng $— 400 Tig
Then 4 . .
i Mm@l RN
8—+o00 ”elk,- Ip s— 400 g
and (x) is not valid. -

The following theorem gives the necessary condition for the validity of (x).

We put

5 P, 0<p<2

F=y -2 2<p<+c .

p—1

Theorem 3.1. Let u(£) be integrable in the Riemannian sense on D;. If
inequality () is valid for some p € (0,+00] , then py(z) € Lz(R?) for any
Y el
Proof. Let first 0 < p <2 . We consider the sequence of functions {F,(z)}}%}
given by

p

- k k\ ik,
rua - || w(5) v (5) ¥ metmnt
kcZs
0, otherwise

Clearly, the functions Fy(z), n € N, are non-negative and measurable. Let
zo € R%. Then there exists ng € N, such that o € [—7n, 7r'n]d for n > ng.
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The function p(&)yw(£)e*®0 of variable £ is integrable in the Riemann sense on
[~1,1}¢. By definition of the Riemannian integral we get

k k\ ;x )
Jim om0 “(;>¢<;) en = / u(E)p(E)e ™ de

kezd

[-lf”d
= (2m)*% . (=) .
Therefore,
lim  Fa(mo) = (2m)/ - |i(~z0)P . (3:2)

Now we use the fact that

Z P (-}E) e <en®-UP  peN, (3.3)
n

keZd
€ P

where ¢ does not depend on n. For 0 < p <1 inequality (3.3) is proved in [7]
with the help of the Poisson summation formula. The case 1 < p £ +co is an
immediate consequence of the Nikolskii inequality (see, for instance, [10], p. 147)
and (3.3) for p = 1. Using inequality (x) for W,(z) = 3 ¢ (£)e** and

keZd
(3.3) we have

p

" k LA -
R[F,.(m)dm— w. [ Zu(n)w(n) ¥ do

[~%n,mn]d kezd

P

k kY

_d(l—)_ n i ik
- S () ()

d
keZ p

IA

P

k .
< C_nd(l—-p) Z ¥ (_) eiky < ¢ ,
n

ke Zd
€ P

where ¢’ does not depend on n.
Thus, we have proved that the sequence {F,(x)}}S] fulfils all conditions
of Fatou’s lemma. Therefore, the integral of its limit can be estimated by the same

constant, that is,

en¥ . [P s
Rd

and gy € Lp(RY) .
Let now 2 <p < +o0o. As it follows from above, it is enough to check that

| An(B)Wallz < ¢ [ Wall; (3.49)



130 K. Runovski & H.-J. Schmeisser

To prove (3.4) we will apply the principle of duality. We choose & > 0, such that

supp ¥ C D15 and we consider the polynomial ®n(z)= 3 ¢ (&) e™**, where
keZd
@ E R‘f,,(s'l. For g€ L, we have

@@m) = 3 o (2) A = @0 ot + mea(rian,

ke zd T4
where
g™ (k) = (2m)~¢. /g(m)e"ik‘cdx, ke Z%
Td
and by virtue of (3.3)

| 4n(@)gll, < (2m)%- ] lg@ + R}l - 1Bn(h)ldh = -
3.5

= (2m)™ ligly - 1®alls < ¢ - ligll, ,

where ¢ does not depend on g and n.
Noticing that the inequality (*) being valid for p is also valid for &
(complex conjugation of u ) we get from (3.5)

[An(u)Wall>= sup |(An(p)Wa,g)l =

flall-<1

k
= (27)%. sup ( )
lgllp=1 kEZd n

= (2m)%. sup ( )
“g“pSl kezd

=  sup g(Wn:An(“)( ""((to)g))lS
fgllp<1

S HWalls - “;:11)(1"(An(ﬁ)(A'n((P)g)”p <c-|[Wal

The proof is complete. ]

()7
(

Remark 3.1. The idea to represent A,(u)W,(z) as an integral sum of the
Fourier transform of the function g1 is not new. It goes back to [3] and [17],
where it was applied to some problems in the case p = +o00.

Now we establish the sufficient condition for the validity of inequality (x).

Theorem 3.2 . Let u(€) be continuous, 0 < p < 400, p* = min(l,p) . If
p(z) € Ly« (R?) for some o € 7?,1‘1_,_5 , 8 > 0, then inequality () is valid for p.
The proof of Theorem 3.2 repeats the proof of the theorem on the description

of Fourier multipliers in terms of the Bessel potential spaces [10], p. 150-151 with
some obvious modifications.
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Remark 3.2. The requirement of continuity g is essential in Theorem 3.2 for
the case 0 < p < 1. Indeed, we consider

u(g)={},; ¢ =0

otherwise.

Then ;:«z)(a:) =0, but for Wa(z) = ¥ ¢ (£)e™*® we get from (3.3)
keZd

. ”An(/‘)”n”p . (2")d/p . —d(1-1/
lim ———=+= 1 >c- lim n P) = too,
n—+oo “Wﬂ”P n—+oo “Wnnp =¢ n—+oo

that is, (%) fails.

We will see that in many cases the condition ” @ € Ly(R%” does not
depend on 1) € R®. In particular, this holds for infinitely differentiable on R%\ {0}
functions. This observation gives the following criterion of the validity of inequality
(%) in the case p = p*, thatis,for 0 <p<1 and p= +oo.

Theorem 3.3. Let 0 < p £ 1 or p = +00. Let also the function p(€) be
continuous on R? and infinitely differentiable on R\ {0}. Then inequality (¥)

is valid for p if and only if @ € Ly~ (R?) for some (any) ¢ € R?.

Proof. Tt is enough to prove that the condition » ,1717) € Ly (R%)” does not depend
on % € R%. Then Theorem 2.3 will immediately follow from Theorems 3.1 and
3.2.

Let pyp € Ly-(R?) for Y €RE,, 0<a<b<+oo and peRY,, 0<
o <b < +oo.
Then pyp = pp + p(p — ¢). Clearly, p(€) ~¢(§) =0 for § € Dpina,ery and
€ R? \ Dmax(b,b’) :
Therefore, u(y—1) and its Fourier transform belongs to the Schwartz space S of
rapidly decreasing test functions. Therefore, the Fourier transform of u(w—1) is
in Lp-(R?). The proof is complete. [ |
Theorem 3.4. Let u(£) be continuous on R® and infinitely differentiable on
R4\ {0}. Then

1. If (%) is valid for p= 400, it is also valid for all 1 <p < +o00;

2. If (*) is valid foer some 0 < po < 1, it is also valid for all py <p < +00.

Proof. Part 1. follows immediately from Theorems 3.3 and 3.2, If (¥) is valid for

some 0 < pg <1, then by Theorem 3.3 ;ﬁ) € Ly, (R?) for some 1 € R?. Since

@ decreases to 0 at infinity, /;1\/)(:1:) € L,,(Rd) for po £ p <1 and by Theorem
33 (¥) isvalid for pp <p<1 and p= +0o. In view of part 1. it is also valid
for 1 <p<+o0. n

Remark 3.3. As a rule, assertions like Theorem 3.4 are proved by applying in-
terpolation theorems, whereby the information on the boundedness of a given



132 K. Runovski & H.-J. Schmeisser

operator in two ”limiting” spaces is needed. We notice that in difference to stan-
dard methods only one space ( Ly, or Lo ) was enough for us. Moreover, our
approach does not use any specific tools of harmonic analysis. Practically, it is
based on the definition of the Riemann integral and elementary properties of the
Fourier transform.

4. The Fourier transform of some functions

In this section we will deal with the Fourier transforms of some homogeneous distri-
butions. We will study the influence of multipliers belonging to the Schwartz space
S of rapidly decreasing test functions and satisfying some additional conditions
on their asymptotic behavior. We use some facts of the theory of homogeneous
distributions that can be found in [6]. It should be noticed that the technique we
use here was partly developed in [5]. For the sake of convenience and for better
reading we adopt Lemma 4.1 and Theorem 4.1 from [9] with full proofs.

Definition 4.1. A function f(€) defined on R4{\0} is called homogeneous of
order a € R, if
£(t) = t°5(6) (41)
for t>0 and €€ R%\ {0}.
In the spherical coordinates
f) =r"®(w), r=1>0, ues, (4.2)
where S ! is the unit sphere in R? (as usual, we admit that S° consists of
two points: 1 and -1). If in addition, f € C®(R?\ {0}), then ®(u) is bounded

on S%* ' and f has at most polynomial growth at infinity; therefore, it is a
regular element of the space §’ of distributions on S, that is

o) = / fEple)de, peS.
Rd

We recall that for g€ & and v € N¢ the derivative D¥g is defined by

(Dyg:‘p) = (_1)1'41 ’ (97 Dy‘p)» pE S H (43)
where
Vo = gl
ozt ... 8zl
The Fourier transform of g € &' is given by

G.0)=1(9,9), p€S.

We notice that if g € &' N C®(R?\ {0}), the restriction of D*g defined
by (4.3) to So = {p €8 : suppy C R%\ {0}} coincides as an element of the
dual space §j with the pointwise derivative of g.

The preliminary estimate of the asymptotic behavior of the Fourier transform
of fiy, where ¢ € S and f is homogeneous of a non-negative order, is given by
the following

D
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Lemma 4.1. If f e C®(R?\{0}) is homogeneous of order a € R, a > Q, then
forany Y €S8 .
If9@)| < (L+|e)) @4, zeR?, (4.4)

where ¢ does not depend on z.

Proof. Weput m = [a] +d—1.Let v € N& and |v|; <m. Then D¥f is
homogeneous of order a — |v|; as anelement of &' [6], p. 75. With the help of
remarks given above, DY f is a regular element of &; and

DYf(E) =r* M@, (w), r=f|>0, ue st

Since ®,(u) is bounded on S9!,

1
(D" fllypy) = / f o lvlitd=1. 6 (4)drdS(u)

Sd-1 0
1

< C(U)/Ta-lvh+d-ldr< +00,

Q

where dS(u) is a surface element of 89! . Applying the Leibniz formula for
the derivative of the product we deduce from (4.5) that D¥(fy) € Li(R%) for
ll/l] S m.
Since f¢ € Li(RY), the inequality (4.4) is valid for |z] < 1. Let now
jz] > 1. Since o
¥ fi(z) = (=)' D (f9)(z), zER?,

we obtain for |v|; <m, = € R?

2| - 1f9(@)] < D (F9) L (may

and .
(=)} < ( Sl X I l@y Se- sl
[v|1=m vh=m
that completes the proof. |

By XY we denote the space of real valued radial functions ¢, such that
¥(0) = 1.
Theorem 4.1. Suppose f(£) € C®(R%\ {0}) is homogeneous of order o €
R, a >0, it is not a polynomial and v(§) € X?. Then fy(z) € L,(R?) if and
only if z%- <p<+o00 .

Proof. We will prove that

If9(2)] < er(1+z)) ), zeR? (4.6)
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and there exist ¢ >0, # >0 and ug € 8% 2, such that
Fo(@) 2 carlal ), zeq, (4.7)
where
Q=Qp0u)={z=ru: r>p v€S? cosh < (u,u) <1}.

Clearly, Theorem 4.1 follows from (4.6) and (4.7). Indeed, since o > 0, f is
bounded on D; and fi € Loo(RY). If ‘H_ia <p<+oo,then o =d—-1-p(d+
a) < =1 and by (4.6) we get after the transfering to the spherical coordinates

+ oo
IFPIE gy Sc- {1+ ] f Fp(4a) a1 gy

Sd-1 1
+cc

<d- 1+fr"dr < 400 .
1

Letnow 0<p< d_;%a . Then o > —1 and we obtain from (4.7)

+o00
1O ey 2 WFDIT, iy 2 o / / rop(d+a) | pd=1gr g (y)

cos < (u,ug)<1 @

=c. r7dr = 400 .

ra\-é—

First we prove (4.6) and (4.7) for functions 4 in

xd = {1,/) €Xx?: 20, suppy C D3/4} : (4.8)

Since f is bounded on D; \ {0}, f¢ belongs to Li(R%). This implies (4.6)
for |z] < 1.Let now |z] > 1. On the basis of the Fourier transform properties of
homogeneous distributions [6], Theorems 7.1.16, 7.1.18, pp. 167-168, fG S is
homogeneous of order —(d+a) and it belongs to C®(R\ {r}), in particular, it
is regular on &; and

f(a:) =4+ P(y), r=|z|>0, ves??t, (4.9)

Noticing that {/;(:c —-) belongs to Sy for |z| > 1 and applying the properties
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of convolution [6], Theorem 7.1.15, p. 166 as well as (4.8) and (4.9) we obtain

Fo@) =< Fo@-)>|= [f(y)a(m—y)dy -
]Rd

- F))o(z —y)dy| < dy <
[ Forbe-ua < mex (7w [w(y)y
jz—-yi<3/4

Sco max [y T <ol g
[z—y|<3/4

that proves (4.6).
To prove the lower estimate we notice first that since f is not a polynomxal
f can not be concentrated at 0 and, therefore, there exists ug € S%7!, such that
U(up) # 0. Without loss of generality we may assume that Re\Il(ug) >0 . We
choose € >0 from the condition

Re¥(u) > %Re\ll(uo), u€ S, cos20 < (u,ug) < 1.

Let ¢ > 1 be so large that the conditions z € Q(p, #,u0), |y —z| < % imply
y € (1,28, u0) . Then we obtain for = € Q(p, 8, uq)

\Fo@) = f Fwyie - vy >
lz—y|£3/4
> [ e, ReW(] ‘)J(m—y)dy >
lz—y{<3/4
1 -~
> ;Rey(uo) / =@y (z - y)dy 2
[z—-y[<£3/4
> 27471 Re(a) - o4+ [ )y ~
Rd
= o |z~ @)

where ¢ = 27(2+e)~1. ReW(ug)(2m)42 - 4(0) > 0. The inequality (4.7) is proved.
Let now 1) be an arbitrary function in X¢. We set

fo=rfe+fly—v), g,

Clearly,
Y(€) — (&) = alé®ya(€) ,
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where v¥; € X? and

e - ¢(€)
= TR
Therefore,
FOW(E) = F(E)p(&) + af(&) - 1€1> -9 (€) - (4.10)

Noticing that the function g(€) = f(£)|€]> belongs to C(R?\ {0}) and
is homogeneous of order a + 2, we obtain from Lemma 4.1 that

l991(@)| < (1 +[al) "D e R (4.11)
From (4.6) for function in X¢, (4.10) and (4.11) we get for x € R?
[Fi(a)] < IFe(@)] +lal - lg¥ (a)] <
< (1 | @) 4 |$|—(d+[a3+1)) < (1 + i:c]'(‘“’“)) .

The estimate (4.6) is proved for all ¥ € X¢.

We put
. { (2|a;c)—hn- : }
0 = max < o, ;
ca

where ¢ and c¢; are the constants from (4.11) and (4.7) respectively. Then for
lz| > @

ca — cla] - jz|~({ah) > c_22 .
From (4.7) for functions in X, (4.11) and (4.12) we have for = € §}(3, 8, ug)
F9(@)] 2 |Fp(@)| = lol - [gpa(=)] 2

2 eafa] ") — cla] - o] (HEHD >

> Jol 9 (e — cla] - [af~C=D) > Dpgf(ere).

The proof of Theorem 4.1 is complete. |

(4.12)

By Y? we denote the set of functions () = ij(fj), where 1); €

j=1
X' j=1,....d.

d
Theorem 4.2. Let f(£) = Z:lfj(ﬁj), fi e C2R\{0}), j=1...,d, f; be

homogeneous of order v € R, VY2 0 and at least one of them be not a polynomial.
Let also (€) € Y. Then fw(:c) € Lp(RY) if and only if = = <p<+oo.

Proof, Using the Fourier transform properties for the tensor product (see, for
instance, {16}, p. 134), we get

fo(z) = Efm; (z5) - H Yu(mw) . (4.13)

j=1 V#J
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T+v
12): € S(R), we derive from (4.13) and (4.6) with d =1 (obviously, it is valid for
polynomials as well)

Let 2 < p< 4o00. Weput N = [%] + 1, so that Np > 1. Since

d d
“ﬁb“’zpma) < C'Z/(l + |zz]) P+ gz, - H /(1 + |2,)"NPdz, < +00 .

-7:111 v R

Let now 0<p< -1—_'1_; Without loss of generality, f; is not a polynomial.
Because of (4.7) with d =1, we get

NI (4.14)
for t>p orfor t < —p, where o > 1. We will assume that (4.14) is valid
for t > o. We consider a point X° = (z3,...,23) € R*™! such that 1, (20) #
0, v=2,...,d. Then for some ¢ >0

d —
[TwE)>a>0, o eUE), v=2,...,4 (4.15)
v=2
where U(z%) = {t: |t - 2% < o}. From (4.14) and (4.15) we obtain for z €
[0, +00) x U(X®), where U(X%) =U(z3) x ... x U(z9) c R%?, that

d
|fia(z1)l - H [Yu(z2)] = caatfay [T (4.16)
d
In (416) for d=1 weput J] =1, a =1, thatis, (4.16) coincides with (4.14)
v=2
in this case.
Let

d d
M= max 1+ e+, 1+ |z, )@+
(Iz,,,.,rd)EU(XO) 1:22( + I ]]) H( + ! VD

=2

vti
By (4.6) we have for z € [p, +00) x U(X?)

d d
I=Y v [T (=)l <
i=2 ot

d d
<a Y (L+[z) gy - [T (@)l <
j=2 v=2

v

(4.17)

a d
< C(l + lirll-(2+'¥)) . Z(l + la:jl)_(1+’r) , H(l + [.’1:,,|_‘(2+7)) <

j=2 v=2
7 v

<eM(14 || ) < - [y |~
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~ { 2d }
£ = max\ g, .
Cy- -0

o — |t > ? . (4.18)

From (4.13), (4.16)-(4.18) we get for z € |g, +o0) x U(X?)

We put

Then for |z,| > p

d
1fe@)| 2 (fign @) [ (@) -7 >
v=2
N R R (PN ) I P
and, therefore,
+oo
1P, g2 [ [ 1P ..z,
Uxe) 3
P i
> (5323) : / dzy . .. dug f AL T————
U(X°) 5
The proof is complete. u

5. Inequalities for trigonometric polynomials

Theorem 5.1. Let u(€) € C°(R4\{0}) be homogeneousof order a € R, a >0
and u(0) = 0. If w(€) is not identical with a polynomial on R%\ {0}, then

inequality () is valid if and only if &%E <p<+oo.

Taking into account that X% C R? we immediately obtain Theorem 5.1
from Theorems 3.3, 3.4 and 4.1. | ]

d
Theorem 5.2. Let pu(€) = Z,uj(fj), where p; € C°(R\ {0}), pu;(0) =0,
i=1
j=1,...,d, p; be homogeneous of order v € R, v > 0 and at least one of
them do not be identical with a polynomial on R\ {0}. Then inequality () is

valid if and only if 17 <p < +o0.

Taking into accout that Y4 C R% we immediately obtain Theorem 5.2 from
Theorems 3.3, 3.4 and 4.2. u
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Before we formulate some consequences of Theorems 5.1 and 5.2, we recall
the exact definitions of operators we need. For our purposes it will be enough to
define them on the space of trigonometric polynomials 7 . Henceforth,

tz)= > ke €T .
keZd

1. The partial Weil derivative of order >0 on x; is an operator given

by
(. . O7t(E) X ks Ny i
tj'y (I) = '—5;?-— = kEEZd(’ij)'YCkB s ((ﬂ:l)'y =e 2 ) .

2. The power of the Laplacian A7, vy € R, v > 0 is defined by

AVt(z) = Z (—1)'7[k]2'yckeikn:) ((-1)7 = ') .
kezd

We notice that in the one-dimensional case this operator is called the Riesz deri-
vative (see [3], p. 427).
3. The conjugate operator is defined for polynomials of one variable by

?(:1:) = g Z sgnk - cxe'**
keZd

Theorem 5.3. Suppose d=1, vy € R, v > 0. Then the inequality
"ZH)HP ST ithp, t€Th, A1 (5.1)

is valid if and only if ;—:—_—1-<ps+oo.

Proof. The inequality (5.1) is of type (). The operator A,(p) =277 () is
generated by the function p(€) = i-sgné-(e™ -E}_-ﬁ—e_%l -£7) that is homogeneous
of order + and it is not a polynomial for each real < > 0. Now inequality (5.1)
follows immediately from Theorem 5.1. |

Theorem 5.3 is a direct extension of a classical result on the conjugate func-
tion, namely, if 4 = 0 , the inequality (5.1) is valid if and only if 1 < p < 400
(see, for instance, ([8], Chapter 4). For ~ > 0 this inequality seems to be new
even for natural +y.

Theorem 5.4. Suppose 7 >0, v & N. Then the inequality
4 ot

—
. Ba:j
P

<o py) - A'|tllp, teT, A1 (5.2)
j:

is valid if and only if —3 <p < +00.
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d
Proof. The inequality (5.2) is of type (+), where Ax(p) = 277 3 2%, and
g=1""7

d . .
u(€) = 5 (3%1 . (gj)fi’_ + e~ T . (gj)']_) satisfy the conditions of Theorem 5.2. m
g=1

In the case d =1 inequality (5.2) is of Bernstein type (see, for references,
section 1). Theorem 5.4 is one of its possible extensions to the case of several
variables.

The following theorem gives another extension, in which the answer will
already depend on the dimension.

Theorem 5.5. Suppose v > 0, v & N. Then the inequality
AT, < c(dip;y) - A7 |tllp, tE€T, A1 (5.3)

is valid if and only if d+2—y <p<+4o0.

Proof. (5.2) is of type (¥), where Ay(p) = A"2Y - AT, p(f) = ™ - [€27 is
homogeneous of order 2+ and it is not a polynomial for -y € N. Thus, Theorem
5.5 is the special case of Theorem 5.1. ]

The approach to treating inequalities for trigonometric polynomials we have
worked out in this paper find further applications apart from inequalities generated
by homogeneous functions. We give only one example.

Let G C R? be a bounded set. For 2m-periodic functions f in L; we
consider the partial sums of its Fourier series

S(fiz) =Y k)™, A>0, (5.5)

keag

where AG ={k €Z? : %€ G} . Asis well-known (see, for instance, [8], Chapter
4), in the classical case d =1, G = [~1,1] the sequence of norms of operators
SY in L; and L is unbounded. The same result is valid if G = [-1,1]% or
G = D, . We will show that this fact remains valid for a wide class of sets G.

Theorem 5.6. Suppose G C R? has a positive measure and the measure of its
boundary is equal to 0. Then for X =L; or X = L

Allr}rl 154 llx—»x = +00 .

Proof. Without loss of generality, G C D;. Clearly,
Sirm) = X a6 () rAes
keZd

where Xg(§) is the characteristic function of G. Noticing that Xy is discon-
tinuous only on A9G with measure 0 we obtain by the Lebesgue criterion that
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Xy is integrable in the Riemann sense on D). Obviously, Xy does not coincide
almost everywhere with a continuous function; therefore, the Fourier transform of
the function Xg(€) = Xg(E)Y(£), where Yy € R ,,, 0<e<1, GC D,
can not belong to L;(R%). Hence, by Theorem 3.1 the inequality of type ()
generated by pu = &g fails for p=1 and p = too, thatis, foreach ¢ > 0
there exists A= A(c) > 1 and t € 7,, such that,

85t x > - fitllx - (5.6)
Noticing that for f€e X and A>1

159 fllx = ||(2m)~* f f(z+e){2e } <

keAG X

<@ fllx-|| D e

kEAG 1
< card {AGNZ%} - ||fllx < @A+ 1)%- | flix ,

we obtain that lu'n “Tim A(c) = +oo. Then we get from (5.6) that

c—+400

b8l 2 (s ) -

The proof is complete. [ |
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