Functiones et Approzimatio
XXVIIT (2000), 211-220

To Professor Wlodzimierz Stas on his
75th birthday

ESSENTIAL NORMS OF TOEPLITZ OPERATORS ON BERGMAN-
HARDY SPACES ON THE UNIT DISK

ARTUR MICHALAK

Abstract: For a Borel measure g on [0, 1‘5 with 1 € supp(u) we consider the Toeplitz operators
Ty with f € L™(;x ® A} on the space H*(y) consisting of all holomorphic on I functions in

the Lebegue class L2(g @ A) on D. We show that for every Bergman-Hardy space H2{y) the
following estimations hold: dist(Ty, K{H?%{))) 2 |f({to)| if f is continuous at point tg € T, and
dist(Ty, K{H?(1))) = sup{[f(2}| : 2 € D} if f is a bounded harmonic function on D.
Keywords: Toeplitz operators, Bergman spaces

The Bergman-Hardy spaces on the disk are generalization of the weighted Berg-
man spaces on the disk. Informally we can say that a weighted Bergman space
on the disk is generated by the measure which in polar coordinates has the form
(1 —r%)*rdr x A for some o > —1, where dr and A are the Lebesgue measures
on [0.1] and T, respectively. A Bergman-Hardy space HP(u) on the disk is
generated by the measure of the form g x A in polar coordinates, where 4 is an
arbitrary positive finite Borel measure on [0, 1] which do not vanish near 1. We
do not have explicit formula for the Bergman kernel as well as for a reproducing
kernel for all Bergman-Hardy spaces H?(y), and we can not apply the Berezin
transform techniques (see [9], [8]) for these spaces. Our approach is more directly,
we apply sequences of functions in H?(u) which are closely related to the Cauchy
and Poisson kernels in . We show that the classical results (see [1], [9]) for
Bergman and weighted Bergman spaces on the disk concerning essential norms of
Toeplitz operators Ty, when f has a point of continuity on the boundary or f is
harmonic, hold for every Bergman-Hardy space H?(u).

The paper is divided into two sections. The terminology and basic facts
are explained in the first. We gather in this section basic properties of Bergman-
Hardy spaces HP(u) for 0 < p < oo. In the second section we estimate the
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essential norms of Toeplitz operators Ty if f has a point of continuity on the
boundary T or is harmonic.

1. Preliminaries

We start by explaining basic notation used in this paper. As usual, D will stand for
the open unit disk and T for the unit circle in the complex plain C. The Lebesgue
measures on {0,1] and T will be denoted by dr and A, rebpectlvely. Throughout
the paper p wiH be a positive Borel measure on [0,1] with 1 € supp(p) (the
support of p is the smallest closed set C C [0,1] such that u(C) = u([0,1])). By
12 A we will denote the Borel measure on D given by p@ AMA) = px M(@71(A))
where @ : [0,1] x T — D is given by ®((r,t)) = rt. The norm of an element
f € L*(u2 A\ will be denoted by |f|l~. The space of all continnous linear
operators on a given Hilbert space H taking values in I equipped with the
operator norm will be denoted by £(H) and its subspace consisting of all compact
operators by K(H). The essential norm of an operator T' € L£(H) is its distance
to compact operators,

dist(T, K(H)) = inf{|T — S|| : § € K(H)}.

For a positive finite Borel measure y on {0,1] with 1 € supp(u) and 0 <
p < oo, we denote by HP(u) the space of all holomorphic functions f: D — C
such that

iif\i'—'(/ st axoane) + uiiy s [ if(r‘t)l”d«\(f>>l/p<oo.

O<r<1

equipped with the norm (when 1 € p < oo} and quasi-norm (when 0 < p <

1) defined above. There are many Cldbbl(‘al examples of spaces of holomorphic
functions on D that are Bergman-Hardy spaces. For example: HP(d;) is the
classical Hardy space HP(D) of holomorphic functions on B (4, is the Dirac
measure on [0. 1] concentrated at 1), the space HP(rdr) is the classical Bergman
space of holomorphic functions on D, the space HP((a+ 1)(1—7r?)*rdr) for some
a > —1 is the classical weighted Bergimnan space of holomorphic functions on D.
The definition above seems to be artificial, but it generates spaces consisting of
holomorphic functions on I which are closed subspaces of L?(® A) with a dense
subset of polynomials. In order to check these facts we will need

Proposition 1. Let p be a positive finite Borel measure on [0, 1] such that 1 €
supp(p) and 0 < p < oo, Forevery f € HP(y) and 2 €D

4 1/p ‘ B
f(2)] < <(1—sz)u-(l(lﬂz;)/z‘u)) A if p({1}) =

R S b if ({1
((1 . lzl)u({l})> 171 (1) >0
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Proof. Applying the fact that |f|? is a subharmonic function we get

R+§i

o
FEP < / 5—*—1 [F(ROP dA(1) <

| /;f RE)P dA(t)

for every |z < R < 1. Therefore, if u({1}) =

P 4 7
P € T T / i / |F(rt)PAA(E) diafr)

Py Al
RRTEEICEREERIY

It u({1}) >0,

alsir

VO < TRy

From the proposition follows that the topology of HP(u) is stronger then the
topology of uniform convergence on compact subsets of . Then spaces HP(j)
are Banach for 1 € p < oo and p-Banach for 0 < p < 1. If u({1}) = 0, then
HP(p) is a closed subspace of LP(u @ A). If p({1}) > 0, then HP(u) coincides
with H?(D), moreover the norms || - ||g»(,, and || - | g»(p) are equivalent. For
every f from the Hardy class H?(DD)

sup Lif(?*t)lpdA(t) :.[Eif*(t)[pdk(t)

O<r<l

where f* is the radial limit function of f. If u({1}) > 0, we will identify f €
HP(p) with the function f on D given by fm = f and f|y = f*. Then the norm
(p-norm) in HP(p) can be evaluate applying the following formula

— (/ﬁmpdﬂ@w\)%

Hence, HP{u) is a closed subspace of LP(u © A} also if p({1}) > 0. The space
LP(p & X) is separable for every 0 < p < o¢, it is a straightforward consequence
of the Lusin theorem and the fact that the space C(D) of all complex continuous
functions on D is separable. Therefore the space HP(u) is separable for every
p. For every t € T and f € HP(u), |[fll = [|fill where fi(z) = f(zt).
standard arguments concerning properties of translations (see [3], [7]) polynomials
are dense in HP(u) for every g. Furthermore, the closed unit ball Byp(,y of
HP(u) is compact in the topology of uniform convergence on compact subsets of
D. Consequently, the weak topology and the topology of uniform convergence on
compact subsets of I coincides on By, for every 1 < p < oc.
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2. The main results

The space H?(u) is a closed :;ubspa(‘e of the Hilbert space L?(z® A). Let P be
the orthogonal projection of L?(u® X\) onto H?(u). For every f € L*(u® ) the
Toeplitz operator T : H?(u) — H 2(p) is given by

Ts(h)y = P(fh).
Since P is orthogonal, for every g, h € H 2(#)
g, Ts(h)) = (P*(g), fhy ={g, fh).

In the sequel we will also need the following elementary

Fact 2. Forevery w24 >0 and R>r >0

/ﬁ ¢ _ 4 (R+r (6
s R—retp T RS R 8 2 )

Now we are ready to state our main result.

Theorem 3. Let 11 be a positive finite Borel measure on [0.1] such that 1 €
supp(p). If f € L>(p® X) is continuous at point tg € T, then

dist(Ty. K(H2(1))) = 1 (to)].

Proof. We can assume that typ = 1 and f(1) > 0. Let us take any ¢ > 0.
Since f is continuous at 1, there exists an open neighborhood U of 1 such that
[f(rt) = f(1)] < ¢ for every rt € U. Hence, there exists § € (0.1) such that
re't € U for every t € [-40.6] and r € {1 —6.1]. Let

ZH

) = T
Then

,,,2?}

i = [ g i = [ o

Since 7 < 1 and (1+8/n)?> —r? 2 25/n for 0 < r < 1

ngEHQ g n u([g’él])

On the other hand. for every 0 < rg < 1

12 ?,‘6)72.
lgnll® 2 —— u(lro, 1])
4
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It follows that (gn/llgn||) is a null sequence in the topology of uniform convergence
on compact subsets of ID. Consequently, it converges to zero in the weak topology
of H*(u). Let us introduce the following numbers

1 é F2n
nd = Y. — dt du(r
o ]1—6/5 27 /ws 1+4d/n—ret|? pr)
2 [ ran 14+48/n+r )
—— T TS T > e ee— — d .
2 1+8/n+1-8/1 (6
ﬁnl— afCtg<1+5/7l_(1_5/l>tg(2 .
Then

K lzZn‘Tf( |Z:n)>’

1 fgnl§2 / /flgnl (rt) dA(t) du(r)

/1 M/(S +(/0 /_w _/;m /_i)figniz(re% dt dp(r)

> () = ans = 1l (lonl = an.)

Qn ¢

= (D + 1l —f)w — 1 fllos-

Applying the fact that functions 7 — 72" /((1 4+ d/n)? — 1) and r — arctg((1 +
d/n+r)/(1+3/n—r)tg(6/2)) are increasing on [0,1] we get

16871
ignll —2/ / / / / / \gn(re™) [ dt du(r)
T J1-81 1-8/1 J8<|tE 0 -

R %)) (1= /)™ ((0. 1)
< i+ /Hm 4o/ -2 du(r) + (1 +6/n)2 — (1= 8/1)2)

Sant+ (1 - 3, z)gnj
T

(1= 8/0)*" ([0, 1]) G
(1 +4/n)? — (1 — §/0)%) f11—5/2£ 278, 1 /(1 +6/n)? — r2) du(r)
Qi L=§/IN™  pu(f0.1])
< (e 6;%) s

Hence for every | € N

and

iz llgni]2

. ﬁm (2/m)arctg(((24 8/n— 6/1)/(8/n + 5/1))tg(5/2))
lgal? 7 1 + (1= 8/0/(1 = 8/20)*" u((0, 1) /(1 — 6/21, 1))

(2
TR Ty Bl )

11111
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Since the sequence (gn/||gn]|) is weakly null in H?(u),

hm K( o] ) =0 for every compact operator K € K(H?(u)).
7 i

Gn n
T (i)
f(wm) <wm (wm)
208 (6
>UUHWMx—dﬂM%(5 (5)) ~ 17l
Fis
Since the estimation above holds for every [ € N,

dist(Ty, K(H())) > f(1) —

To finish the proof is enough to note that ¢ > 0 we took arbitrarily. [

Hence

dist(Ty, K(H?()) hmbup

= lim mp

In the sequel we will need the following well known
Fact 4. For every T € L(H?(u))

dist (7, K(H? (1)) = sup{limsup | T(h,)|| : (hn) C Bpz(, is weakly null}
n
= lim [T~ T o P,
n

where P, is the orthogonal projection of H?(p) onto the linear span of e;. . . .. €n
for some orthonormal Schauder basis (e,) in H*(p).

Proof. Since

IT =T 0P| = |T o (Id = Py o (Id = Py} < T = T o P,

the sequence (|| — T o P,||) is decreasing. The inequality dist(T.K(H?(¢))) <
lim, |7 =T o P,|j is clear. If (h,) C Byz(,) is a weakly null sequence in H3(p).
then

limsup ||T'(hy)|| = limsup (T — K)(h,)|| < iT - K

|
for every K € K(H?(p1)). Hence
sup{limsup [|T(hn)|| : (hn) C B2y is weakly null} < dist(T.K(H? (1))
Let us select h, € P71 ({0}) N Byz(,y = (Id — Pp)(Bp2(y)) such that
, , 1
T =T o P )ha)| 2T =To Pof = =

Then (hy) is a weakly null sequence in H?(y) and

lim bup IT(h,))]| = lim bup T — T o P,)(h)ll hm T —To P,

Straightforward consequence of the theorem and the fact above is the fol-
lowing
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Corollary 5. Let g be a positive finite Borel measure on [0,1] such that 1 €
supp(p). If f € L>(u 9 A) is continuous at each point of T, then

dist(Ty. K(H? (1)) = §g§lf(t)§
Proof. In view of Theorem 3

dist (T K(H2(1w)) > sup £ (1)

On the other hand, for every z > 0 there exists R € (0,1) such that sup{|f(2)]:
€ D\ RD} < £ +sup{|f(t)] : t € T}. Let (hn) C Bpz(, be a weakly null
sequence. Since (h,,) converges uniformly to zero on RD, for every (g9.) C Bpuz(,

limsup [{gn. f hy)l < lim sup([ Ifhy gnldp @ A
n d RD

+ (e + sup | F()) /D mmn.gnidﬂ@fx)

teT
< e +sup|f{t).
teT

Hence
dist(Ty, K(H? (1)) < stggéf(t)i-
n

The corollary show that every bounded Borel function f on D with compact
support in I generates the compact Toeplitz operator Ty in each Bergman-Hardy
space H?(p). The next result generalizes the following well known fact for Toeplitz
operators on the Hardy space H? on T: for every f € L>(A)

dist(Ty. K(H2)) = [ fl|

Recall that for f € LY(A) its Poisson integral P(f) : D — C is given by

P()(z) f(?)d/\(l‘)

it

Every bounded harmonic function ¥ on D is the Poisson integral of its radial limit
function F*, ie. F'=P(F*), and sup{{F(z)|: 2 € D} = supess{{F*(t)| : t € T}
(see [2]).
Theorem 6. Let p be a positive Borel measure on [0, 1] such that 1 € supp(p).
If f e L>(\), then

dist(Te(p). K(H* () = 11
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Proof. Since [P(f)] < [[fllx #® A-ae on D, dist(Tesy, KIH? (1)) < [ f]l-

Then we only have to show the inequality in the other dlrection. Since P(f) is a
bounded and harmonic function on D, the limit

hni P(fi(rt) = P(f)* exists for N-ae. t €T,

This limit exists for every Lebesgue point of f (see [2]). Let us take any || fl]x<

¢ > 0 and any point ¢, for which the limit above exists and |P{f)*(to)| > Hfi[x——s
We can assume that P(f)*(¢o) > 0. Then there exists 6 > 0 such that [P(f)(rto)—
P(f)*(to)| < £ for every r € [(1 — 8)%,1). Let

"
z

92 = TS =

Then

. 1 2
oI / / 1+<>/n g P ) =/0 T a/mp =2 )

We know from the proof of Theorem 3 that (gn/llgnll) is a weakly null sequence
in H?(y). Let

1 ran 1 p2m
=)oy T PO = | e )

Then
J<w§ﬁ~1’w(u§,’~";u>>}
18
/1 5/ / / (P(f) 1gnl )(7"6 ) dt du(r)
x -
/1-5 mzw / o \((1]:;/:;)- Tt;)? B(f)(re') dt d,u(v‘)%
g - an))

1 i 7.2?1 2
g ngnnz(/l_é (T4 a/m)% — 12 <f>(1+é T to)du<r>

|zg: 7z (B (o) = o = 1 lellgall” = an))

= (P(f)(to) + I fll o — >I§—,p— — [l

’g*mP

- Hfﬂx(i!gnﬁg - aﬂ))

Z
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Furthermore
1—8
llgnll® 27/} 5/ A /_7r |gn(re’®)|? dt dpu(r)
<ap + O ([0 1) an

<<1+5/n>2-<1—<> Ssj 720/ ((1+8/m)2 = 72) du(r)

< an(l + (11__5§2>2n iy (joa/lg 1E>)

Hence

n . 1
hm Gn_ lim =1

Tonl® = " 14 (1= 8)/(1 = 6/2))>" (0. 1])/ (L — 6/2,1))

<r9nn Tt (ﬁﬁ»l

To finish the proof is enough to note that ¢ > 0 we took arbitrarily. |

Since (gn/llgnll) converges weakly to zero in H?(u),

I’( )‘% limsup
1gnll /i n

2P(f)(to) —e 2 [fll — 2¢

dist(Ty, K(H* (1)) 2 hmbup

n

W. Lusky [4] showed that a similar fact holds for the angular extension f of
feL>(A),
dist(T7 K(H* (1)) = |1 f -
where f(rt) = f(t) for every r €[0,1) and ¢ € T.
For a bounded holomorphic function f on D the multiplication operator
My H?*(u) — H?(y) is given by

Mg(g) = fg="Tsg).

Multiplication operators on H?(u) form a subclass of Toeplitz operators. Straight-
forward consequence of the theorem above is the following

Corollary 7. Let pu be a positive finite Borel measure on [0.1] such that 1 €
supp(p). If f is a bounded holomorphic function on b, then

dist(My. K(H? () = sup |£(2)].
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