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CONSTRUCTION OF NORMAL NUMBERS BY CLASSIFIED
PRIME DIVISORS OF INTEGERS

JEAN-MARIE DE KONINCK, IMRE KATAI

Abstract: Given an integer d > 2, a d-normal number, or simply a normal number, is a real
number whose d-ary expansion is such that any preassigned sequence, of length k > 1, of base d
digits from this expansion, occurs at the expected frequency, namely 1/d*. We construct large
families of normal numbers using classified prime divisors of integers.
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1. Introduction

Given an integer d > 2, a d-normal number, or simply a normal number, is a real
number whose d-ary expansion is such that any preassigned sequence, of length
k > 1, of base d digits from this expansion, occurs at the expected frequency,
namely 1/d*. Equivalently, given a positive real number 7 < 1 whose expansion

oo
isn =0,a1as..., where a; € {0,1,...,d — 1}, that is, n = Z%, we say that n
j=1
is a normal number if the sequence {d™n}, m = 1,2,... (here {y} stands for the
fractional part of y), is uniformly distributed in the interval [0,1[. Clearly, both
definitions are equivalent, because the fact that the sequence {d"n}, m =1,2,...,
is uniformly distributed in [0, 1] occurs if and only if for every integer k > 1 and
by...bp€{0,1,...,d —1}* we have

o1 .
]\}EHOON#{]<N:aj+1...aj+k:bl...bk}:ﬁ.

Identifying if a given real number is a normal number is not an easy task.
For instance, classical numbers such as 7, e and /2 have not yet been proven to
be normal numbers. Even constructing specific normal numbers is a no smaller
challenge.

Several authors studied the problem of constructing normal numbers. One of
the first was Champernowne [1] who, in 1933, was able to prove that the number
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made up of the concatenation of the natural numbers, namely the number
0,123456789101112131415161718192021 ... .,

is normal in base 10. In 1946, Copeland and Erdés [2] showed that the same is
true if one replaces the sequence of natural numbers by the sequences of primes,
namely for the number

0,23571113171923293137 . ..

In the same paper, they conjectured that if f(z) is any polynomial whose values
at © = 1,2,3,... are positive integers, then the decimal 0, f(1)f(2)f(3)..., where
f(n) is written in base 10, is a normal number. In 1952, Davenport and Erdds [3]
proved this conjecture. In 1997, Nakai and Shiokawa [9] showed that if f(z) is any
nonconstant polynomial taking only positive integral values for positive integral
arguments, then the number 0, f(2)f(3)f(5)f(7)... f(p) ..., where p runs through
the prime numbers, is normal. In 2008, Madritsch, Thuswaldner and Tichy [8]
extended the results of Nakai and Shiokawa by showing that, if f is an entire
function of logarithmic order, then the numbers

0, [fWalfF@alfBlg - and 0, [f(2)]4[f3)]g[fOalf (g -

where [f(n)], stands for the base ¢ expansion of the integer part of f(n), are
normal.

In this paper, we explore another approach, by constructing large families of
normal numbers using classified prime divisors of integers.

2. Notations

Given an integer n > 2, we let w(n) stand for the number of distinct prime divisors
of n and set w(1l) = 0. We shall also write p(n) and P(n) for the smallest and
largest prime factor of n > 2, respectively. As usual, ¢ stands for the Euler
Function.

Throughout this paper, p and ¢, with or without subscripts, will always denote
prime numbers. Given a particular set of primes Q, we let A (Q) stand for the
semi-group generated by the primes belonging to Q. Moreover, at times, we shall
write z1 for log z, and further define zp 1 = logzy for k =1,2,...

Given a real number z > 2 and coprime integers k, ¢, we let 7(z; k, £) stand for
the number of prime numbers p < x such that p = {mod k). For each real number

odt
x = 2, we set li(z) := / fogt’ a function often called the logarithmic integral.
2
We will also be using the well known function
U(z,y):=#{n<z:Pn) <y} (2<y<a)

Let g stand for the set of all primes. Given an integer d > 2, we shall be
interested in disjoint sets of prime numbers pg, p1, ..., pq—1 such that

Pp=RUpoUpi U---Ugpqg_1, (2.1)
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where R is a given finite (perhaps empty) set of primes. Relation (2.1) is called a
disjoint classification of primes. For instance, the sets pg = {p: p =1 (mod 4)},
p1 ={p:p=3 (mod 4)} and R = {2} provide a disjoint classification of primes.

For each positive integer d, let A; :={0,1,...,d—1}. Given an interval of real
numbers [ and a set of primes S, we write 7([) for the number of prime numbers
located in the interval I, while we write 7(7]S) for the number of primes p € S
which belong to I.

Given an integer t > 1, an expression of the form 4,42 ..., where each i; is
one of the numbers 0, 1,...,d—1, is called a word of length . We sometimes write
A(a) =t to indicate that « is a word of length ¢. At this point we introduce the
symbol A to denote the empty word and the function H : p — Ay defined by

H()_ j ifpepj (j:O7]‘7"'7d_1))
PI=AA ifpemr,

and further extend the domain of the function H to all prime powers p® by simply
setting H (p®*) = H(p).
Letting A}; be the set of finite words over A,4, we introduce the function R :
N — A} defined as follows. If n = p{* - - - p%, where p; < --- < p, are primes and
each a; € N, we set
R(n) = H(pr)... H(p,), (2:2)

where on the right hand side of (2.2), we omit H(p;) = A if p; € R. For conve-
nience, we set R(1) = A.

In the example already mentioned above, that is, choosing po = {p : p = 1
(mod 4)}, p1 = {p:p=3 (mod 4)} and R = {2}, we easily get that

{R(1),R(2),...,R(15)} = {A,A,1,A,0,1,1,A,1,0,1,1,0,1,10}.

Now, consider the situation where p =R U p, U...Ugq_1 is a disjoint classi-
fication of primes, and let R be defined as in (2.2). Consider the number

¢€=0,RMR(?2)...,

which represents an infinite sequence over Az and which in turn, by concatenating
the finite words R(1), R(2), ..., can be considered as the d-ary expansion of a
real number, namely the real number £. In what follows, we shall examine what
further conditions should be required in order to claim that the above number &
is indeed a d-normal number.

3. Main results

Theorem 3.1. Let d > 2 be an integer and let p = R U p, U ... U p4—1 be a
disjoint classification of primes. Assume that, for a certain constant ¢ > 5,

([ u+ollps) = %ﬂ([u,u +u)+0 <log“u>
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uniformly for2 <v<wu, j=0,1,...,d—1, as u — oo. Further, let R be defined
on N as in (2.2) and consider the number

€=0,R(R(2)... (3.1)
Consider the right hand side of (3.1) as the d-ary expansion of a real number.
Then & is a d-normal number.

Theorem 3.2. Given two positive integers a and D such that gcd(D,a) = 1, let
on = {p:p = h (mod D)} for gcd(h,D) = 1. Let ho,h1,...,hypy—1 be those
positive integers < D which are relatively prime with D. Further let R = {p: p|D}
and set

R(p") = R(p) = {i Z;;hj (mod D)

Let & be the real number whose o(D)-ary expansion is given by
£€=0,R2+a)RB3+a)R(5+a)...R(p+a)...,
where p + a is the sequence of shifted primes. Then & is a o(D)-normal number.

Given a positive real number Y, then for each integer n > 2, let

Amly) = ] »~

p*||n
p<Y

Theorem 3.3. Let a # 0 be an integer. Let €, be a function which tends to 0
very slowly as x — oo, but such that 1/e, = o(loglogx). Let K, := {K € N :
P(K) < zf=}. For each K € K, define

Ax(w) = #{p <o A(p+alz™) = K}
and, for ged(a, K) =1,

1 1
K) = 1— — ). 1—— 3.2
) I[ ( p- 1) },_,[ ( p) (3:2)
ged(p, Ka)=1 ged(p,a)=1
= H 1— 1Y elE)
p<zfz p_l K .

ged(p,Ka)=1

Let also 0, be a function satisfying lim, o 0, = 0 and lim, o 0, /e, = +00.

Then,
K(K) . 16, 0,
KE}CZK< . Ax(z) — () li(xz)| < exp {_Qxl 516} - w(z)
i (3.3)
+0 ( g ) + O(eam(2)),
log” x

where A is an arbitrary constant.
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Moreover,

lim —— 3 ’AK(g;) - Z(K) li(x)’ =0. (3.4)

ged(K,a)=1

Let k > 1 be a fixed integer and set E(n) :=n(n+1)---(n+k—1). Moreover,
for each positive integer n, define

e(n) = H ¢

aB | E(n)
g<k—1

We shall now define the sequence h,, on the prime powers ¢* of E(n) as follows:

A if gle(n)
¢ if gln+ ¢, ged(g,e(n)) = 1.

If E(n) = q{'¢5? - q% where ¢; < ¢ < --+ < ¢, are primes an each a; € N,
then we set

S(E(n)) = hn(q1)hn(g2) - hn(gr)-

Theorem 3.4. Let k, E and S be as above. Let  be the real number whose k-ary
expansion is given by

£€=0,S(E(1))S(E(2))...S(E(n))... (3.5)
Then, & is a k-normal number.

Theorem 3.5. Let py < po < --- be the sequence of primes, and let k, E and S
be as above. Let & be the real number whose k-ary expansion is given by

§=0,S(E(p1 +1))S(E(p2 +1))...

Then, & is a k-normal number.

4. Preliminary lemmas

Let w, be a nondecreasing function which tends to +00 as * — oco. Let = be a
large number.

Lemma 4.1. Let a =iy ...ix € Ak be an arbitrary word and let R be as in (2.2),
and define

WY tw, <py <o < prl,
Ni(Ywg; a) = #{py* - -ppF <Y twy <p1 <--- <pg, R(p* -~ pp*) = a}.
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holds for some constant ¢ > 5. Assume that w, < x3, v <Y < z and that
1 < k < coxs for some fized positive constant co. Then, as © — oo,

Ni(Y|we; a) = (1+o(1 ))dk N (Y |wy)-

Proof. This is a special case of Theorem 1.1 of De Koninck and Katai [4]. |

For each n € N, define

= H p“ and M(n) := H p.

p*|n p¥|n
PSwg pP>wg

Lemma 4.2. Assume that the conditions of Lemma 4.1 are met. Set

Sk(Y ) = #{n = e(m)M(n) <Y : w(M(n)) = k},
Sp(Y|wg; ) :=#{n=e(n)M(n) <Y :w(M(n)) =k, R(M(n))=a}.

Then, as x — 00,
1
Se(Y|wazs ) = (1 +0(1)) 25 Sk (Y |wz).

Proof. To prove Lemma 4.2, it is sufficient to observe that

Y
Sk(Y[Wei) = Y Ni(—|wsi0),
v<a
p(v)Swg

S(YWa) = Y Ny |wz
p(:)zrwx
and thereafter to apply Lemma 4.1 and sum over all v < €=, say, and then show
that the sum over those v > e"= is negligible. |

Lemma 4.3. Let f(n) be a real valued non negative arithmetic function. Let a,,
n=1,...,N, be a sequence of integers. Let r be a positive real number, and let
p1 < p2 < -+ < ps <1 be prime numbers. Set Q =py---ps. If d|Q, then let

N

> f(n)=n(d)X + R(N,d),

n=1
an =0 (mod d)
where X and R are real numbers, X > 0, and n(didz) = n(dy)n(dz) whenever d;
and do are co-prime divisors of Q.
Assume that for each prime p, 0 < n(p) < 1. Setting

N
> fn)

n=1

(an,Q)=1
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then the estimate

I(N,Q) = {1+ 20 H}X [+ n(p)) + 202 > 3°D|R(N, d)|

plQ 41Q
d<z3

holds uniformly for r > 2, max(logr, S) < §log z, where 61| <1, [62] < 1, and
log = log 2z log =z 25
H= - 1 ~logl -
EXP( logr{Og( S > o8 og( S log 2z

_ n®)
S% 1—77(19)1 B

and

When these conditions are satisfied, there exists an absolute positive constant c
such that 2H < ¢ < 1.

Proof. For a proof, see Lemma 2.1, page 79, in the book of Elliott [5]. [ ]

Lemma 4.4. Let 7,.(z) := #{n < z : w(n) = r}. There exist positive absolute
constants c3, c4 such that

r (loglogz +cq)" !

r(@) < Z=3).
mr(7) < ¢ log x (r—1) (x>3)
Proof. For a proof, see Hardy and Ramanujan [7]. |

Lemma 4.5. There exists an absolute constant cs > 0 such that, uniformly for

2<y<z,
1logx
v <es = .
(z,y) <c exp{ 5 logy}
Proof. For a proof, see the book of Tenenbaum [10]. |

5. Proof of Theorems 3.1 and 3.2

Let A(a) stand for the length of the word o over Aq. Let 8 = by ...b € A% and
w*(n) = Z 1, so that w*(n) = AM(R(n)).

pln
PER
Since R is a finite set, it is clear that

Ty :=» w'(n)=NloglogN +O(N) (N — ). (5.1)
n<N

Now, for each positive integer j, let Y; = 2/ and n; := R(27)... R(27T1 — 1), so
that 5 = 0,’[7]_’[72 PN
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We shall say that (3 is a subword in the word o if there exist v;,v2 € A} such
that oo = v1872. Moreover, let ug(c) stand for the number of occurrences of § as
a subword in a.

It is clear that, for each positive integer j such that Y; < N, we have

S usBm) <usln) < N up(Rm) + (R+1Y,  (5.2)
and
S us(B) < us(RY) . RN) < 3 up(R(m) + (k- DY(N—Y; +1). (5.3)

Assume that w, < zg, let j be fixed and set x = Y;. Then, for any integer
n € [Y;,Y;41], we clearly have

ug(R(M(n))) < up(R(n)) < wlen) +k +ug(R(M(n))).

Observe that
N

> (wlen) + k) < (N = Y5)(2k + w(22)).
n=Y;

We shall now provide asymptotic estimates for

Yj+1—1 N
Kj= Y ug(R(M(n))) and Kuyy,:= Y ug(R(M(n)). (54)
n=Yj; n=Yj

To do so, we shall first find an upper bound for the number of those integers
n € [Y;,Yj41 — 1] for which w(M(n)) > 2z,. In fact, we will prove that

o= Y w(M(n) =0()). (5.5)
Y;<n<Yji1
w(M(n))>229

Indeed, it follows from Lemma 4.4 that

csY; (loglogV; +cq)" !

™ (Y)) <

“logY; (r —1)! ’
so that
> rY; (loglogY; + c4) !
Yo = +(Y;) < K ! Y;
0 Z T ( j) €3 Z IOng (T I 1)| < J
r=|2z2 | r>2w2

thereby establishing our claim (5.5).
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With this result in mind, we now only need to consider those integers n for
which r = w(M(n)) < 2z,.

Solet o =e;...e, € Al, with r < 2x5.

From Lemma 4.2, we have

Sp(Ywg,a) =#{n <Y :w(M(n))=r, R(M(n))=a}
= (14 0(1)) 3.5, (V|uws),
so that
Sr(Yi1 — Hwg, o) = S (Yj = Lwg, @)

= (14 0(1)) 5o (S, (Vi1 — 1) = S,:(; — 1))

Now,
Sr(N|wg, ) — Sp(Y; — 1wy, 1)

= (14 0(1)) - (S, (Nlua) = 8, (¥52)) + 0(1) 7- 51 (Nlwa).

From these observations and in light of (5.5), it follows that, as © — oo,

1
Kj=(1+0(1) > 7 > upla) | (Sh(2Y|we) = Sn(Yjlws)) + O(Y;). (5.6)
r<2zo a€AY
On the other hand, we clearly have that
Z w (a) - 0 if r < k,
B Ny S e Y )
acAy

Substituting this in (5.6), it follows that, as  — oo,

L222] r—k+1
Kj=(1+0(1) Y g 8r(@Ylwz) = S (Yws)) + O(Y5). (5.7)
r=k

Since the contribution to K of those numbers r for which |[r —zs| > :Cg/

o(x2Yj), estimate (5.7) becomes

Yis clearly

K;=(1+ 0(1)% S (S2Ywe) — So(Vwa)) + o(x2Y;)  (x — o).
\r71:2\<zg/4

(5.8)
On the other hand, one can easily establish that

> (52 we) = S (Yjlw.)) = (14 0(1))(2Y; - Yj)
r—a) <2y (5.9)
=(1+0(1)Y;  (z—00).
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Substituting (5.9) in (5.8), we obtain

K;=(140(1)=Y; (z — o). (5.10)

T2
dr
We also need to estimate Ky, (defined in (5.4)) in the case Y; < N < Yj,1.
Let 41,02, ... be a sequence of positive numbers which tends to 0 very slowly.
If Ny, > 0,Y}, then, in light of Lemma 4.1 and proceeding as above, one can

prove that
T2

KN,Yj = (1 + 0(1))dk

while if Ny, < 4;Y;, then

(N_}/J) (Z‘—>OO),

Kny, = O(0;Y;loglog N) (Y; — o0).

Hence, in light of these observations and of (5.10), it follows from inequalities (5.2)
and (5.3) that

loglogY;

up(n;) = (1+0(1) (Vi1 = Y5)— (Yj — o) (5.11)

and that

loglog Y;

ug(R(Y)) ... R(N)) = (1+o(1))(N-Y;) ——¢

+0O(9;Yjloglog ;) (¥ — o).
(5.12)
Now, consider the d-ary expansion of the number &, that is € =0, R(1)R(2) .. ..
Let €M) be the rational approximation of ¢ up to the M-th digit, that is £(M) =
0, R(1)R(2)... R(M). We would like to approximate ug(¢™)). Given a fixed
positive integer M, let N be defined implicitly by

MR(1)...R(N)) < M < MR(1)...R(N +1)).
Hence, in light of (5.1), we have that
M =Ty + O(N) = Nloglog N + O(N) (N — 00).
We therefore have that, for Y; <N < Y11,

up(6™) = us(R(1) ... R(Y; — 1)) + ug(R(Y))... R(N)) + O(3;N log log N),

so that
ug(€™) _ ug(R()... R(Y; — 1)) N ug(R(Y;)... R(N)) Lo (8N loglog N
M M M M ’
(5.13)
Taking into account estimates (5.11) and (5.12), it follows from (5.13) that
us(€00) 1 Ty, Ty - Ty,
=1 1)—— 1 1 :

_’_O(éle(j\gjogN) (N = o0),
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which implies, since §; — 0 as j — oo, that

(M)
i 22 1
M —o0 M dk
thus completing the proof of Theorem 3.1.
The proof of Theorem 3.2 is very similar to that of Theorem 3.1 and, in fact,
follows essentially from Theorem 3.3, which we shall now prove.

6. The proof of Theorem 3.3

Fix the integers K and a, and set T := ged(K,a). If T' > 1, then p+a = Kpu
implies that p|T", so that Ag(z) < w(a).

Hence, let us assume that I' = 1. Let ¢4 < --- < g < x be those prime
numbers for which ¢; +a =0 (mod K).

Let x be a large number and set M = 7(z; K, —a). Further define

Q) :=J[r and Q:=Q™).

p<y

Choosing r = x°* and applying Lemma 4.3, we obtain that

q; +a
K

I(M,Q)z#{qj<x:gcd< ,Q)zl,jzl,...7M}.

For each squarefree number d, we have

Z ].:T(‘(Z,Kd,*a):ﬂ(d)’ﬂ(l’,K, 7a)+R(CE,d),
aj S
$50 (mod d)
so that
R(.’E, d) = 71'(5[’; Kda _a’) - ﬂ(d)ﬂ(% K7 _a’)v

where 7 is a multiplicative function (whose domain is the squarefree numbers)
defined on primes p by

1/p if p|K, ged(a,p) =1,
np)={1/(p—1) if ged(Ka,p) =1,
0 if pla.

Setting

E(x;d,0) := m(x;d, () — 2((3;;7

it follows that
R(z,d) = E(x;d,¢) — n(d)E(z; K, —a),
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so that
|R(z,d)| < [E(2;d, 0)| + n(d)|E(z; K, —a)|. (6.1)

Observe that, if ¢ is odd, then K is odd only when p = 2, while if a is even,
then Agiq(z) =1 for all x > 2, and Ag () = 0 for all other even K.

Let k(K) be defined as in (3.2).

Choose z = 2% where §, is a function of x satisfying 6, — 0 and 0z )€z — 00
as T — 0.

We have

§= Z % logp = ZU(P) logp +O an(p) log p
ol n(p) o e

It follows from this that there exists an absolute constant cg such that
S=¢ezlogr+cs+ C(K)+o(1) (z — o),

where C(K) is a constant depending on K and satisfying

() = 0(1) Y 82,

2
p
p|K

Then, using Lemma 4.3, with H satisfying
1 61 x
H < exp {— logé} ,
2¢e, Ex
we get
Ag(x) =I(N,Q) = k(K)m(z; K, —a)(1 + 201 H) + 20, Y _ 3°D|R(z,d)|,
d<z3

a|Q

from which it follows, using the Prime Number Theorem for primes in arithmetic
progressions, that

li(z)

Ak(o) = w(K) 28| < oK) |B (i K, )
+ 201 k(K)7(z; K, —a) ~exp{—;gmlog§m} (6.2)
+20; Y 3°“D{|B(x; Kd, —a)| + n(d)| E(w; k, —a)[}.

Let us write x(K) in the form
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where

1—-1/p
0= =g =y

On the other hand, observe that by Mertens’ Theorem, we have that, as z — oo,

1
<1 _ 1) = exp {—loglogxz® + ¢7 + o(1)} (63)
I | p—
r|Q
P#2

= (1+0(1))e“ (log x“)_l.

Summing the left hand side of (6.2) over K < 2%, K € K., we get

.
> |Akte) - w(E) ‘ SRS
K<a% @( )
KEKy
where
cli(z) 1 O Oy
SIS p{ -5 e}, (6.0
wem, PUK) esloga 2¢r &g
S <20, Y |E(x; K, —a)| Y _n(d), (6.5)
K<ade d|Q
Ss<0s Y |B(m M, —a)| Y 3%, (6.6)
M<La4dx d<z3
P(M)<azfx d|Q, d|M

where we used (6.3) and (6.1).
On the other hand, one can prove that

1 1 1 e
Z 7)< H (1+p—1+ )—l—) < logz®,  (6.7)

K<ade o p<zce plp—1
1
Zn(d) < H (1 + _1> < log zf=, (6.8)
djQ plQ p
X
> B K, —a)| < o (6.9)

K<ab=

where A is an arbitrary large constant. Note that estimate (6.9) is a weak version
of a theorem of Barban which is much weaker than the Bombieri-Vinogradov
Theorem.

Using (6.7) in (6.4) as well as (6.8) and (6.9) in (6.5) yields the first two terms on
the right hand side of (3.3). Hence, in order to complete the proof of Theorem 3.3,
it will be sufficient to show that

Sy € —— + e, (). (6.10)
log™ x
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First observe that
Z 3w(d) ¢ 4w (M)

d<z3
d|Q, d|M

Using this and (6.6), we may write

Ss< Y B M, —a)[4*M + Y |B(e; M, —a)[4*M (6.11)
M< 240 M< x40z
P(M)<azfw P(M)<zfz
w(M)<30zo w(M)>30z9

= Y34 + X338,

cli(zx)
(M)

say. Since it is clear that |E(x; M, —a)| < , it follows that

S

4w (M)

a7 (6.12)

Y K li(.%') Z

M<a4dz
P(M)<zfx
w(M)>30xzq

42w(M)

< li(x)4 3022 E _—

(@) ., (M)
P(M)<zsx

f 16 16
< li(z)4 3022 <1+++...)
(@) pl;[ p—1 plp—1)

=li(x)4=%" ] (1+ @1_611)2>

)

p<zcx

= li(x)4 7392 exp {

< li(z)473%2 exp {16 log log 2°* } = li(z)4 "2 (¢, log x)'°

= li(z)(log z) 3" 1°g4+1659156 < *

log2 z’

since —30log4 + 16 < —1.
On the other hand,

(6.13)

T34 < 47072 |E(z; M, —a)| < :
M§16w log” z
Using (6.12) and (6.13) in (6.11) proves (6.10), thereby completing the proof
of (3.3).
It remains to prove (3.4). Let us choose &, = &), where 0 < A\ < 1. We first
establish that

T(@)= > “Eg —o(1) (z — o0). (6.14)
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It follows from (3.2) that

P(K) 1
K) < 22/ 1— — ) g(K), 6.15
)< S T (152 a0 (6.15)
2<p<zxtx
where g is a multiplicative function defined on prime powers p® by
1 p—1
g(p*) =g(p) = = :
R D=
Therefore, letting g(n) = 35, h(d), the function ¢ is a multiplicative function
itself defined on prime powers p® by

1/(p—2) ifa=1andp>2,

h(p*) =40 ifa=1and p=2,
0 ifa > 2,
and since
H <1 _ 1 > Cg
2<paes p—1 €z logx

it follows from (6.15) that

C8 9(K) c8
T(x) < —r = T (x), 6.16
(z) ez logx JZ K e, loga 1(@) ( )
Treks "

say. We certainly have that

h(9) 1 h(9) 1
s<adx/2 L>zfx/2 O>x0x/2 P(L)<zex
P(8)<zfx LEKy
. 1
say. In order to estimate Z(z) := E I we proceed as follows.
L>zcx/2
LeKg

Setting Uy = x%+/2 and U; =270 for j = 1,2,..., it follows from Lemma 4.5
that

U (2U;, z%)
Z < = 7 6.18
@< 3 = (6.18)
7=0
Uj<e
1logz%/2 + jlog?2
< -
“ Z exp{ 2 ez logx

. logxz—log Uy
0SS — 53—+

16, 1 jlog2
<C5€Xp{—} g exp{—
= de, o< < lomrox U 2¢e;logx
SYA Tog 2

. 16, 1
<cgexpy ——— ¢ - Cg - .
5 &Xp 4e, 9 ez logx
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Using this estimate of Z(x), we obtain that

Ty(z) < Z(x) [] (1+h(p)>< c10 exp{—léz}. (6.19)

5 P ez logx de,

p<zlz
On the other hand, since one can easily prove that

W) 1
> FRNPTER

§>xbx/2

say, we have that

1 -1 1
t@ <y Y p<an 1 (173) <o 02

P(L)<xff p<xew

Using (6.19) and (6.20) in (6.17), and bringing this into (6.16), then (6.14)
follows, as required.

In light of (6.14), in order to complete the proof of (3.4), we only need to prove
that, given any fixed positive number § < 1,

1
lim —— E Ag(z)=0. (6.21)
e 7T({I?) 20 <K <P
P(K)<zfx

Indeed, assuming that (6.21) holds and observing that K|p + a with p < z and
K > 2P implies that P(p + a) < 277, then since

5 X M@<=s X A+l <o Pora) <ot

7T(.73) e <K<z 20z <K<ahf ( )

P(K)<afw

it follows that

limsup ——

> AK(x)<li£solip%m > Ak(z)

zle <K<z zde <K<ah
P(K)<ztw

+ lim sup —#{p z:P(p+a) <z'P},

z—oo (2)

~= <0 + C(ﬁ)?

where limg_; ¢(f) = 0, thus completing the proof of (3.4).
Hence, it remains to prove (6.21).
So, letting 0 < 3 < 1, we shall prove that

50 := Y Ag(z) = ofn()). (6.22)

20z <K <zb
P(K)<zfx
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For K < P, we have

cx 1
Ak < gy (1—1,_1)

2<p<ztz
ged(p, K)=1

e (e logx) " tg(K).

S E)T - Ploge

This implies that

(a) cli(x) 1 g(K)  cli(z) 1
50 S m . @ Z oK)  (1—PB)es - logzD(I)7 (6.23)

2l <K <P

Kg(K
say. Set t(K) = (pg(g()) and observe that both K/¢(K) and g(K) are strongly

multiplicative functions, and that, for each p > 2, t(p) = pg(p)/(p — 1), g(p) =
(p—1)/(p — 2), so that t(p) = p/(p — 2), while #(2) = g(2) = 0.

Now, write ¢t(K) = 3_; x £(d), where £ is a multiplicative function with £(p®) =
Oifa>2,p>2,and {(p)=1—-2/(p—2).

With these notations in mind, we get that

t(K) 6(d)|pu(d)|
D)= > — = > i (6.24)
o e’
_ £(d)|p(d)] ((d)|p(d)]
- > it 2 dL
20z <dL<azB zdz <dL<azB
dLEKy, d<azdx/2 dLEKy, d>zdx/2

= Dy (z) + Dy(x),

say.
Now, one easily obtains that

Di(z) < Z(x) Y. Wgz(@ 11 <1+pl>7

—2
P(d)<ac= 2<p<zc=
1 1\ !
D)< 2 ¥ 1<z [T (1-3)
L<zP p<zez p

Substituting these two last estimates in (6.24) and using the estimate of Z(z)
obtained in (6.18), it follows that

16,

D(z) < Z(z)(log )e, < exp {45} .

Substituting this last estimate in (6.23) immediately yields (6.22), thus com-
pleting the proof of Theorem 3.3.
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7. The proof of Theorems 3.4 and 3.5

Let Ay = {0,1,...,k — 1}, A7 = Ap x ... x Ay, Af =UX A and A) = {A}.
—_———

Let nar € A,ﬁ/f be the sequence of the first M digits in the expansion (3.5). Let

a = by...bg be an arbitrary word. Let v(0) be the number of occurrences of

a in the word 6, i.e. the number of those §i1,82 € A} for which 8 = Biafs.

We shall prove that N}im V() _

—oe M K4
Theorem 3.4.
Again, letting A(«) stand for the length of the word «, we then have

thus allowing us to complete the proof of

k—1
D wn+4) =k <AS(E(n) < Y wn+ ).

0

N
=

<

<.
Il
o

Let N = N(M) be defined as the largest integer for which
AS(EQ))...S(E(N))) < M < A(S(E(1))...S(E(N))S(E(N +1))).
With such a choice N, we clearly have
Nloglog N + O(N) = M.

Moreover,
0<M—-XAS(EQD)...S(E(N))) < w(N+£+1)=0(klogN),

so that
(0 var(e) —var, (@) =o(M) (M — o).
Let N = N(M) be fixed and consider the number
n(My) = S(EQ1))... S(E(N)).

Moreover, let

pr={p:p<k—-1}

p2={p:k<p< NV/Vicelos Ny,

3 = {p:p> NV Vieels Ny,
and write each integer n as

n = A(n)B(n)C(n),

where A(n) € N(p1), B(n) € N(p2) and C(n) € N(ps).
We now proceed to estimate n(M).
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First observe that

N
> w(S(E()) < vinw)
j=1

On the other hand,

Eﬂz

+ (k+1)N. (7.1)

<.
I
—

v(S(A(E(n))B(E(n)))) < v(S(E(n))) < v(S(A(E(n))B(E(n))))
+hk+u(S(C(EM))).  (1.2)
N—————’
<k+vloglog N

In light of (7.1) and (7.2), we have

v(nu) = Y v(S(A(E(n))B(E(n))) +o(M) (M — oo). (7.3)

n<N

We shall now see that we can ignore all those positive integers n < N for which
one of the following conditions hold:

(a) pnax A(n+j) > An,

(b) B(E(n)) > NA~/Vicglos X,
¢) |w(E(n)) — kloglog N| > LloglogN,
A
N

where Ay is a function which tends to +oo slowly as N — oo, but with Ay =

o(v/loglog N).
Let 7n be the set of those integers n < N which do not satisfy any of the above
conditions. Then, one can show that

S U(S(AE(M)B(EM))) = o(M) (M — o0). (7.4)

Hence, it follows from (7.3) and (7.4) that

vim) = Y v(S(A(E(n))B(E(n)))) + o(M) (7.5)

neln

= Y v(S(B(E(n)))) + o(M).

neTn

Let R run over the integers belonging to A(p2) and not exceeding
NA~/Vioglog N Agqume that mg,-..,mi_1 € N(p2) are co-prime integers such
that R = mg...mg_1, and consider the set

U(m07...,mk,1) #{nETN iE./\/’(plUpg) fZO,...,k—l} (7.6)
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and assume that there exist integers &o, ..., &k—1 € N(p1) which satisfy the prop-
erty that &|ln+j (j =0,...,k—1). Then, define £* = LCM[&, . ..,&x—1] and set
¢ =8 e ¢

Let rg,...,mx_1 be representatives of all the k residue classes mod &£** which
satisfy

n=r; (mod ) = §|n+j (j=0,...,k—1).

Let Uy e+- (Mg, ..., mi—1) be the subset of those integers n € U(my,...,mi_1)

which satisfy the additional condition n = f(mod £**). Then, further define

V(R) := U U(mo, ... ,mE—1),

mg..mp_1=R
sed(m; my)=1

‘/r mod 5**<R) = U urmod 5**(m0a---;mk71)~

mg...mp_1=R
gcd(’minnj )=1

Let us now evaluate the size of the set Uy mod ¢+« (Mo, - .., Mi—_1).
Clearly, n = r mod &** means that there exists an integer s such that n =
r 4+ s&£**. Now, the condition n + ¢ =0 mod my, for £ =0,...,k — 1, determines

exactly one s mod R for which both the congruence ¢ + r + so£** =0 mod my
and the condition & ||+ r + so&** hold. Now, let n =1+ $o£** +t£** R and define

r+ o™ &R

Gy(t) == + t,

e(t) Eemne Semng

G(t) := Go(t) - - Gr—1(t).
Clearly, ged(Ge(t), p1) = 1. We will count the number of positive integers ¢ <
N/(€**R) for which G(t) € N(gp3), that is for which p(G(t)) > N/ Viegloe N p

order to estimate the number of these t’s, one can use the Fundamental Lemma
(see Theorem 2.6 in Halberstam and Richert [6]), so that, assuming £** is not too

large, say £** < loglog N, then we obtain
N k
1—— 7.7
ER 11 ( p) )

k<p<N1/Vieglog N

#u'r mod f**(m(h oo 7mk*1) = (1 + 0(1))

= (1+0(1)) (N — o0),

€**RPN
say. Clearly, we have that
logpN:—kloglogNl/VloglogN+c+o(1) (N — 0).

Substituting this estimate in (7.7), we see that the resulting asymptotic estimate
depends only on R =mg---mg_1.

Now, the number of possible factorizations of R as mg---mg—_1, with
ged(m;,m;) =1when 0<i<j<k—1,is k<) So, write R as R = ¢f* - - ¢,
where ¢; < --- < ¢, and each e¢; € N. Then, let ¢;...¢, € A} be an arbitrary
word, and further define m, = H qe>.

eq=F¢
a=1,..., v
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To complete the proof of Theorem 3.4, we shall need the following proposition.

Proposition 7.1. Let d and k be fized positive integers. For each integer v > d,
consider the words 1 ...e, € A}. Given a subword = by ...bg, let og(e1...€y)
stand for the number of occurrences of the subword 3 in the word €1 ...&,. Then,
there exists a constant cg > 0 such that

1 v 2
P 6 ;AU (05(61 c i Ey) — ﬁ) < cgv.
1...E0 €AY

Proof. First observe that, since the word 8 = b;...bg occupies d positions, it
leaves out v — d free positions, implying that

> osler...en) =k v—d+1). (7.8)
81.4.51,6142
On the other hand,
Z 0’%(61...&)) =2 Z #{€j EAk PEyp - - Euptd—1 Zﬁ (79)

€1...60 €A} v1<ve—d

and €, ...Ep1d_1 = B} + O(vk"™%)
=2 > kO

V1 g’ug—d

= 2 (2(1’_2602 + O(v))

— U2kv_2d + O(Ukv_2d).
Calling upon (7.8) and (7.9), we obtain that

Z (05(51...51,)—%)2: Z o5(e1...e0)

€1...60 €A} €1...6y €A}

’U2

v
—2F Z O'B(E]...Ev)‘i‘kvﬁ

1.6, CAY
= o2k Ok ™) 25k (v —d + 1)
4 p2kv—2d
= k"2 (20(d — 1) + O(v)).
Dividing both sides of the above relation by kv yields the desired estimate. |

We are now ready to complete the proof of Theorem 3.4.
With the definition of U, (imed ¢++) (™0, - - -, Mk—1) given in (7.6), one can write
relation (7.5) as

vime) = Y > > Y. Ei(@) +o(M), (7.10)

REN (p2) £**<loglog N 70,...,Tk—1 R=mg...my_1
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where Fj(a) stands for the number of occurrences of « in the set Uy (mod £++)
(mo, ce ,mk_l).
Now, for every partition of R = mg ... mg_1 with ged(m;, m;) =1for 0 < <
j < k—1, there is a unique word €; . . ., € A}, such that the number of occurrences
of ain gy ...&, is equal to v (S(B(E(n)))) for n € Uy (mod e++) (Mo, .- ., Mr—1)-
But it follows from Proposition 1 that

w(R)
va(S(B(E(n))) = =7~ + o(L)w(R)
if n € Uy (mod ¢++) (Mo, - - -, mp—1) with the exception of no more than o(k”) choices
of mg,...,my_1 satisfying R = mq ... my_1. Hence, it follows from (7.10) that

v = Y% “’éff)#uw o 6oy (B) + (M), (7.11)

ReN (p2) £**<loglog N ro,..., Th—1

Replacing w(R) in the above by loglog N, then (7.11) becomes

loglog N
Vi) = (4 o() BB ST S S ) o ey (B) - 0(M)
REN (p2) £**<loglog N ro,...,Tk—1
loglog N
kd

Dividing both sides of the above formula by M yields the result

— (1+0(1)) (N +0(N) +0o(M) (N = o0).

. ovigm) 1
Ly vl e

which completes the proof of Theorem 3.4.
The proof of Theorem 3.5 can be obtained along the same lines.
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