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THE WORK OF WLADYSEAW NARKIEWICZ IN NUMBER
THEORY AND RELATED AREAS

ANDRZEJ SCHINZEL

All but four Narkiewicz’s research papers and monographs concerning number
theory deal with one of the following five topics

1. polynomial mappings,

arithmetical functions,

additive problems,

factorization in algebraic number fields,

Artin’s conjecture in algebraic number fields and related topics.
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We shall consider these topics successively, then deal with the four papers out
of the above classification and finally consider the four big books by the author.

1. Here belong papers [3], [5], [10], [12], [13], [68], [70]-[73], [77], [80]—[82],
[85], [86], [90], [93], [94] and the book [78]. For a field k a polynomial mapping
F: k™ — k™ defined by

[Z1, .. &) = [fr (@1, oy @n) ooy o (@1, T0)]

is called admissible, if none of the polynomials f1,..., f, is linear and their leading
forms do not have any non-trivial common zero in the algebraic closure of k. A field
k is said to have the property (SP), if for every n and every admissible polynomial
mapping F : k™ — k™ the conditions X C k™, F(X) = X imply the finiteness of
X. If this implication holds in the case n = 1, then k has property (P). Further,
k has property (R), if the conditions X C k, X infinite, f € k(T') and f(X) =X
imply P

a+pT

Finally, k has property (K), if the following is true.

Let @ : k™ — k™ be an admissible polynomial mapping and let ¥ : k™ — k" be
another polynomial mapping. Denote by d the minimum of degrees of polynomials
defining ® and D the maximum of degrees of polynomials defining ¥. If d > D, A

a,B,7,6 € k.
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is a subset of k™ satisfying ¥(A) C ®(A) and the restriction of ¥ to A is injective,
then A is finite.

In [3], his doctorate thesis and in [4] Narkiewicz proved that if k has property
(P), then k(X) has it also, where X is a set of elements algebraically independent
over k of arbitrary cardinality. In [13] he proved that any algebraic number field
has property (SP) and in [73] together with F. Halter-Koch that this property as
well as property (K) is preserved under every finite extension and every purely
transcendental extension. Earlier, Lewis (1972) and Liardet (1971) proved that
all finite extensions of the rationals have property (K) and Liardet proved that
all finitely generated fields have property (R), the fact established by Narkiewicz
[5] for £ = Q. In some cases one can relax the condition of admissibility and still
obtain finiteness of sets X such that F(X) = X as shown in [12] and [71]. Finite
sets X such that f(X) = X (f a polynomial) have been studied by Narkiewicz in
ten papers. More exactly, if f is a polynomial, X a set such that f(X) C X and
xo € X, then the orbit O¢(zo) = {zo, f(20), f2(20), ...}, where f,,, denotes the m-
th iterate of f. If the orbit Of(zo) = {xo, z1,...} is finite, z;41 = f(x;) and k,[ are
the least integers such that & < [ and xy = x;, the sequence xg, x1, . .., x;_1 consists
of two parts: the sequence xg,x1,...,x5x—1 called a precycle and the sequence
Xy Tht1, - - -, T1—1 called a cycle. In [77] Halter-Koch and Narkiewicz proved that
in any commutative domain R of zero characteristic, which is finitely generated as
a ring, all polynomial cycles have their length uniformly bounded by a constant
B(R). For R being the ring Zk of integers of an algebraic number field K of degree
n, B(R) is bounded by a function C(n) [68]. Further, it has been proved in [81]
that in Zg there are only finitely many polynomial cycles starting from 0,1. In
[82] Narkiewicz and Pezda deduced from the result of [68] that also the cardinality
of orbits (I in the above notation) is uniformly bounded by a constant D(n). Two
sequences T = {x1,...,2,} and ¥ = {y1,...,yn} of distinct elements of a domain
R are called equivalent, if there exists an element a € R and a unit ¢ € R such that
fori=1,...,n one has y; = a+ex;. A finite orbit is called non-linear, if the cycle
contained in it cannot be realized as a cycle of a linear polynomial. It was proved in
[85] that if F' is a finitely generated domain which is moreover a finite factorization
domain (i.e. every non-zero element of R is contained in finitely many principal
ideals), then there are only finitely many pairwise inequivalent finite non-linear
polynomial orbits included in R. In [90] Narkiewicz calculated the lengths of all
polynomial cycles for R = Z [%} , where N is odd or twice a prime. The lengths of
all polynomial cycles in the ring of integers Ry of the quadratic field Q(\/E) being
calculated earlier, Narkiewicz in [93] classified all finite orbit, in R4. Finally, in
[94] he calculated possible lengths of polynomial cycles in the ring of integers of
a cubic field with negative discriminant.

The work described above published before 1996 has been presented in Part
B of [78]. Part A has treated rings of integer-valued polynomials and described
results of Nagell, Polya, Rédei & Szele, Skolem and many others. To this topic
belongs the paper [70] in which the following theorem was established. Let R be
a Noetherian domain of characteristic zero K its ring of quotients and Int(R) the
ring of univariate polynomials mapping R into R. Then the following conditions



The work of Wtadystaw Narkiewicz in number theory and related areas 9

are equivalent
X

1

(1) Int(R) is generated by < ) (1=0,1,...)
(ii) For every rational prime p which is not invertible in R the principal ideal
generated by p is a product of distinct maximal ideals of index p in R.

2. Here belong papers [7], [8], [18], [22], [24], [27], [38]-[41], [51], [54], [56]-
[58], [88] and the book [62]. Two early papers [7] and [8] concern convolutions of
arithmetical functions. In [7] Narkiewicz defined a convolution h of two functions

f and g by the formula
n
hn) = 3" fld)g (%)
deA,

where A, is a certain set of divisors of n and considered the ring R4 of function
with ordinary addition and with the above convolution as multiplication. He called
a convolution regular, if it preserves multiplicativity, the ring R4 is commutative,
associative and has a unit element and, moreover, the inverse function of f(n) =1
assumes for prime powers only the values 0 and —1. He proved a necessary and
sufficient condition for sets A, in order that the convolution defined by them be
regular. A problem proposed in [7] concerning isomorphism of rings R4 has been
solved by H. Scheid (1969).

Fourteen papers and the book [62] deal with distribution of values of multi-
plicative functions in residue classes. A sequence {a,} is called weakly uniformly
distributed, briefly WU D(mod N), if the following two conditions are satisfied

(i) The set {n : (an, N) = 1} is infinite,
(ii) For every j prime to N one has
#{n<z:a, =j(modN)} 1

In [18] Narkiewicz proved the following. Let f(N) be a multiplicative function,
which is polynomial-like, i.e. for every j = 1,2,... there exists a polynomial
V; € Z[z] such that for all primes p one has f(p’) = V;(p). Denote by R; the set

{Vj(z) : (2Vj(x), N) =1}

and let A; be the subgroup of G(N), the multiplicative group of restricted residue
classes (mod N), generated by R;. If not all sets R; are empty and m is the least in-
dex such that R,, is non-empty, then the sequence f(1), f(2),...is WUD(mod N),
if and only if for every non-principal character x(mod N) which is trivial on A,
there exists a prime p such that
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This implies that if A,, = G(N), then the sequence {f(n)} is WUD(mod N),
which for m = 1 was already observed by Wirsing (1967). Using the above crite-
rion Narkiewicz found in [18] all integers N for which the Euler function and the
divisor function are WU D(mod N). In [36] he did this together with F. Rayner for
the function o3 and in [58] for the function o (k > 3). If the polynomial V; is not
a perfect power in Clz], then there is an integer D given explicitly in terms of V3
such that if (N, D) =1, then {f(n)} is WUD(mod N), [57]. An analogous result
holds also for systems of multiplicative functions, provided one adapts appropri-
ately the notion of WUD(mod N). In [51] Narkiewicz obtained such a result for
the joint distribution of values of ¢(n) and o(n).

In his book [62] he considered besides the above topic also distribution mod N
of polynomial sequences, of linear recurrent sequences and of the values of an
additive function.

A little apart are papers [22], [24], [27] dealing with the counting function
of the set of n’s for which a given d is a unitary divisor of the value f(n) of
a polynomial-like multiplicative function.

Two more papers [32] and [36] concern arithmetical functions but not their
values mod N. In [32] Narkiewicz generalized some results of Levin and Fainletb
(1970) and of Mirsky (1949) concerning the counting function of the set of solutions
of the equation f(n) = k, where f is a multiplicative functions and k an integer.

In [36] he proposed the following conjecture. If a function f(n) = > f(p) has

pln
p primes

a non-decreasing normal order, f(p) is nonnegative and non-decreasing, then
flp)=0 ((logp)HE) for every € > 0.

The conjecture has been proved independently by Elliott (1976) and Kéatai
(1977).

3. Here belong papers [1] [43], [50], [60], [61] and [74].

In [74] Narkiewicz together with Deshouillers, Granville and Pomerance proved
that 210 is the largest positive integer such that every prime in (%, n) occurs in
a Goldbach decomposition of n.

4. This topic is treated in the papers [11], [14], [15], [17], [19], [21], [23], [29],
[30], [33], [34], [42], [46], [49], [52], [55], [76] which include Narkiewicz’s habilitation
thesis and in the last chapter of the book [35].

In [11] and [15] Narkiewicz proved that if A(K), the class number of an algebraic
number field K is greater than 1, then almost all integers of K have a non-unique
factorization and if K is normal, almost all rational integers have a non-unique
factorization. Moreover, if h(K) > 3, then almost all integers of K have factor-
izations of distinct lengths and if K is normal, almost all rational integers have
factorizations of distinct lengths. The assumption of normality has been removed
in [33]. In [17] and [21] Narkiewicz gave an asymptotic formula for the number
of positive rational integers n < x in a given arithmetical progression which have
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a unique factorization in a given quadratic field. In [29] he gave an asymptotic
formula for the number of non-associated integers of a field K whose norms do
not exceed z in absolute value and which have in K a unique factorization into
irreducibles. If A(K) > 3 the function C(K)loglogn with a certain position C(K)
serves as a normal order for the number of factorizations of distinct lengths of a ra-
tional integer n in K [42]. If h(K) > 2 and f(n) is the number of factorizations of
n into irreducibles, then log f(n) has the normal order C;(K)logn - loglogn [50].

The papers [46], [52], [55] and [76] deal with problems in finite abelian groups
related to the factorization problems in algebraic number field. The relevant group
is the class group of a field. [46] and [55] have been the beginning of a large theory
on the border of number theory, group theory and combinatorics expounded in
the monograph Geroldinger and Halter-Koch (2006).

5. Here belong papers [64]-[67] and [96]. In [64] Narkiewicz adapts the method
used by Heath-Brown (1996) for primitive roots in Abelian fields.

Let k be an abelian field and let L be a cyclotomic field containing it. As-
sume that if L is generated by the f-th roots of unity, then f is divisible by 16.
Identifying the Galois group of L with the multiplicative group G(f) of restricted
residue classes (mod f) assume that the intersection H' of the subgroup H of G(f)
corresponding to K with {1mod 8} is not contained in the union

U,

plf

where H, denotes for odd primes p dividing f the subgroup of G(f) consisting of
residue classes congruent to unity (mod p) and Ha denotes the subgroup of residue
classes congruent to unity (mod 16).
If now a1, a9, a3 are integers of K which are multiplicately independent and
satisfy the following conditions
(i) (N(a;),3f)=1forj=1,2,3
(ii) none of the norms of a;,a;a;,a1az2a3 (i,j = 1,2,3;4 < j) is a square of
a rational integer,

then at least one of the a;’s is a primitive root for infinitely many prime ideals of
K of the first degree.

Using essentially the same ideas the author proves in [66] the following theorem
about units.

If K # Q is a real abelian algebraic number field, then there exist infinitely
many prime ideals P of first degree in K such that every non-zero residue class
mod P contains infinitely many units with the exception of at most two such fields.
If such exceptional fields exist at all, then either there is only one of them which is
of degree 3, or they are all quadratic. In [96] Narkiewicz deduced from this result,
by a slight modification of the argument of Harper and Ram Murty (2004), that
if K is a real quadratic field or a cubic field with a negative discriminant, then K
is Euclidean (not norm - Euclidean) with at most two exceptions. This has been
known earlier only for quadratic fields with discriminant less than 100.
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6. The four papers not fitting in the above classification are [25], [26], [89]
and [95]. The first two deal with the relative different of a number field. In [89]
Narkiewicz and Pezda deduced from a classical conjecture of Dickson (1904) that if
f(x) = (ax+b)(cx+d) is a polynomial with rational integral coefficients, satisfying
a > 0, c > 0and ad—bc # 0, then for every natural r there exists an integer N such
that f(z)/N represents at least r distinct primes. In [95] Jarden and Narkiewicz
proved that if R is a finitely generated integral domain of zero characteristic, then
for every n there exist elements of R which are not sums of at most n units.

7. Besides research papers and monographs Narkiewicz wrote six survey papers
[20], [37], [45], [75], [79], [83], a popular booklet [31], a textbook [44] in Polish,
translated into English as [59] and three big monographs [35], [63] and [84].

The textbook which had three Polish editions is characterized by a variety of
topics treated and methods used. It treats congruences, diophantine equations,
arithmetical functions, primes, sieve methods, geometry of numbers, additive num-
ber theory, probabilistic number theory, diophantine approximation and uniform
distribution mod 1, algebraic numbers and p-adic numbers in sufficient detail to
give the reader the flavor of the subject.

Among the monographs the chief place is occupied by [35] Elementary and
Analytic Theory of Algebraic Number Fields, which is a real encyclopedia of al-
gebraic number theory the class-field theory excepted. The bibliography of over
3700 items enhances the value of the book, which has had three editions.

The book [63] Classical Problems in Number Theory gives an information on
the state of knowledge up to 1986 concerning several problems. In research on
primitive roots, on Catalan’s problem, on Waring’s problem and in smaller degree
on the class number problem there has been a progress during the last twenty
years, thus a revised version of the book would be welcome.

The third monograph [84] The development of Prime Number Theory from Fu-
clid to Hardy and Littlewood presents prime number theory in chronological order.
It has six chapters (Early Times, Dirichlet’s Theorem an Primes in Arithmetic Pro-
gressions, éebyéev’s Theorem, Riemann’s Zeta-function and Dirichlet Series, The
Prime Number Theorem, The Turn of the Century) and is very rich in historical
detail.

Publications of Wladystaw Narkiewicz

[1] Remarks on a conjecture of Hanani in additive number theory, Colloq. Math.
7 (1959/1960), 161-165 (MR2243722).

[2] Independence in a certain class of abstract algebras, Fund. Math. 50 (1961/
1962), 333-340 (MR25#36).

[3] On polynomial transformations, Acta Arith 7 (1961/1962), 241-249
(MR26#110).

[4] On polynomial transformations II, Acta Arith. 8 (1962/1963), 11-19
(MR2644987).



[5]

16]
7]

18]
19]
[10]
[11]
[12]
[13]

[14]

15]
116]
17]
18]
19]
[20]
21]
22]
23]
[24]
25]

[26]

The work of Wtadystaw Narkiewicz in number theory and related areas 13

Remark on rational transformations, Collog. Math. 10 (1963), 139-142
(MR264#6155).

A note on v* algebras, Fund. Math.52 (1963), 289-290 (MR27#3575).

On a class of arithmetical convolutions, Colloq. Math. 10 (1963), 81-94
(MR284£2994).

On a summation formula of E. Cohen, Colloq. Math. 11 (1963), 85-86
(MR28#2074).

On a certain class of abstract algebras, Fund. Math. 54 (1964), 115-124
(MR28#5020), Correction Fund. Math. 58 (1966), 111 (MR#5566).

On transformations by polynomials in two variables, Colloq. Math. 12 (1964),
53-58 (MR29#4757).

On algebraic number fields with non-unique factorization, Colloq. Math. 12
(1964), 59-68 (MR30#7T).

On transformations by polynomials in two wvariables II, Colloq. Math. 13
(1964), 101-106 (MR30+#3882).

On polynomial transformations in several variables, Acta Arith. 11 (1965),
163-168 (MR32#4084).

On natural numbers having unique factorization in a quadratic number-field,
Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 14 (1966), 17-18
(MR32#7543).

On algebraic number fields with non-unique factorization II, Colloq. Math. 15
(1966), 49-58 (MR33#2621).

Remarks on abstract algebras having bases with different number of elements,
Collog. Math. 15 (1966), 11-17 (MR33#3977).

On natural numbers having unique factorization in a quadratic number field,
Acta Arith. 12 (1966), 1-22 (MR34#1301).

On distribution of values of multiplicative functions in residue classes, Acta
Arith. 12 (1966/1967), 269-279 (MR35#156).

Factorization of natural numbers in some quadratic number fields, Colloq.
Math. 16 (1967), 257268 (MR35#163).

Class number and factorization in quadratic number fields, Colloq. Math. 17
(1967), 167-190 (MR36+#3750).

On natural numbers having unique factorization a quadratic number field II,
Acta Arith 13 (1967/1968), 123-129 (MR364:5101).

Divisibility properties of a class of multiplicative functions, Colloq. Math. 18
(1967), 219-232 (MR36+#6365).

A note on factorizations in quadratic fields, Acta Arith. 15 (1968), 19-22
(MR38#2122).

Divisibility properties of some multiplicative functions, Bull. Acad. Polon. Sci.
Sér. Sci. Math. Astronom. Phys. 16 (1968), 621-623 (MR38#5731).

On a theorem of A. Weil on derivations in number fields, Colloq. Math. 20
(1969), 57-58 (MR39+#181).

(with A. Schinzel) Ein einfacher Beweis des Dedekindschen Differentensatzes,
Collog. Math. 20 (1969), 65-66 (MR39+#1425).



14 Andrzej Schinzel

[27] Divisibility properties of some multiplicative functions, 1970 Number Theory
(Collog. Janos Bolyai Math. Soc., Debrecen 1968), 147-159, North-Holland,
Amsterdam (MR434£170).

[28] Some unsolved problems, Colloque de Théorie des Nombres (Univ. Bordeaux,
Bordeaux, 1969), 159-164, Bull. Soc. Math. France, Mem. No. 25, Soc. Math.
France, Paris, 1971 (MR57+#5943).

[29] Numbers with unique factorization in an algebraic number field, Acta Arith.
21 (1972), 313-322 (MR4641755).

[30] Numbers with unique factorization in an algebraic number field, Séminaire de
Theéorie des Nombres, 1971-1972 (Univ. Bordeaux I, Talence), Exp. No. 6,
pp. 12 (NRS Talence 1972(MR52#10671)).

[31] Elementy algebraicznej teorii liczb (Polish), [Elements of algebraic number
theory|, PZWS, Warszawa 1972, pp. 104

[32] Local behaviour of a class of multiplicative functions, Acta Arith. 23 (1973),
363-369 (MR484:3900).

[33] A note on numbers with good factorization properties Colloq. Math. 27 (1973),
275-276, 332 (MRA9#2649).

[34] Numbers with good factorization properties, Séminaire Delange-Pisot-Poitou
(13e année: 1971/72), Théorie des nombres, Fasc. 2, Exp. No. 13, pp. 3
Secrétariat Mathématique, Paris, 1973 (MR53#8005).

[35] Elementary and analytic theory of algebraic numbers, Monografie Matema-
tyczne 57, PWN, Warszawa 1974, pp. 630 (MR50#268). Second ed. Springer-
Verlag, Berlin, PWN, Warsaw 1990, XIV + 746 pp. (MR91h:1110). Third ed.
Springer Monographs in Mathematics, Springer-Verlag, Berlin 2004, XII +
708 pp. (MR2005¢:11131).

[36] On additive functions with a non-decreasing normal order, Colloq. Math. 32
(1974), 137-142, 151 (MR5047063).

[37] Some recent developments in three classical problems of number theory, Jber.
Deutsch. Math.-Verein. 77 (1975), no. 2, 55-65 (MR58#10680).

[38] Distribution of values of multiplicative functions in residue classes, Séminaire
de Théorie des Nombres, 1975-1976 (Univ. Bordeaux I, Talence), Exp. No. 3,
pp- 3 CNRS Talence 1976 (MR5547960).

[39] Some problems and remarks on arithmetical functions, Topics in number the-
ory (Proc. Colloq., Debrecen, 1974), pp. 205-208, Colloq. Math. Soc. Janos
Bolyai, Vol. 13, North-Holland, Amsterdam, 1976 (55#12614).

[40] (with J. Sliwa) On a kind of uniform distribution of values of multiplica-
tive functions in residue classes, Acta Arith. 31 (1976), no. 3, 291-294
(MR58+4£559).

[41] Values of integer-valued multiplicative functions in residue classes, Acta Arith.
32 (1977), no. 2, 179-182 (55#7956).

[42] (with J. Sliwa) Normal orders for certain functions associated with fac-
torizations in number fields, Colloq. Math. 38 (1977/78), no. 2, 323-328
(MR58#5586).

[43] On a conjecture of Erdos, Collogq. Math. 37 (1977), no. 2, 313-315
(MR584:21971).



The work of Wtadystaw Narkiewicz in number theory and related areas 15

[44] Teoria liczb (Polish) [Number theory], Biblioteka Matematyczna 50, PWN,
Warszawa 1977, pp. 355 (MR58#27702). Second ed. PWN Warszawa 1990,
pp. 372 Third ed. PWN, Warszawa 2003, pp. 399

[45] The work of C. F. Gauss in algebra and number theory, Festakt und Tagung
aus Anlafs des 200. Geburtstages von Carl Friedrich Gauss (Berlin 1977),
75-82, Abt. Math. Naturwiss. Tech. 1978, Akademie-Verlag, Berlin, 1978
(MRS82i:10002).

[46] Finite abelian groups and factorization problems, Colloq. Math. 42 (1979),
319-330 (MR81i:12006).

[47] (with Zb. Borevi¢, N. A. Vavilov) Subgroups of the general linear group
over a Dedekind ring (Russian), Rings and modules, 2. Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 94 (1979), 13-20, 149
(MR81i:20053). English translation J. Soviet Math. 14.

[48] (with S. Hartman, C. Ryll-Nardzewski), Scientific work of Edward Mar-
czewski, Colloq. Math. 42 (1979), 5-17 (MR82b:01047).

[49] Normal order for a function associated with factorization into irreducibles,
Acta Arith. 37 (1980), 77-84 (MR82h:10060).

[50] A note on a paper of H. Gupta concerning powers of two and three: "Powers
of 2 and sums of distinct powers of 3" Univ. Beograd. Publ. Elektrotehn. Fak.
Ser. Mat. Fiz. No. 678-715 (1980), 173-174 (1981) (MR82m:10015).

[61] Euler’s function and the sum of divisors, J. Reine Angew. Math. 323 (1981),
200-212 (MRS82g:10077).

[62] Numbers with all factorizations of the same length in a quadratic number field,
Colloq. Math. 45 (1981), 71-74 (1982) (MR83£:12004).

[53] (with D. G. Mead) The capacity of Cs and free sets in C2,, Proc. Amer. Math.
Soc. 84 (1982), no. 2, 308-310 (MR83b:20029).

[54] Uniform distribution of sequences of integers, Journées Arithmétiques 1980,
ed. J. V. Armitage, London Math. Soc. Lecture Note Series 56, 202-210,
Cambridge University Press 1982 (Zbl.0487.10036).

[55] (with J. Sliwa) Finite abelian groups and factorization problems II, Colloq.
Math. 46 (1982), no. 1, 115-122 (MR&84a:20058).

[56] (with F. Rayner) Distribution of values of o2 (n) in residue classes, Monatsh.
Math. 94 (1982), no. 2, 133-141 (MR84b:10070).

[57] On a kind of uniform distribution for systems of multiplicative functions,
Litovsk. Mat. Sb. 22 (1982), no. 1, 127-137 (MR84¢:10056).

[58] Distribution of coefficients of Eisenstein series in residue classes, Acta Arith.
43 (1983), 83-92 (MR&5g:11086).

[59] Number theory, Translated from the Polish by S. Kanemitsu, World Scientific
Publishing Co. Singapore 1983, xii+371 pp. (MR&85j:11002).

[60] On a question of Alladi and Erdos on sums of squares, Studies in pure math-
ematics, 517-521, Birkhduser, Basel 1983 (MR87a:11090).

[61] (with T. Salat) A theorem of H. Steinhaus and (R)-dense sets of positive
integers, Czechoslovak Math. J. 34 (109) (1984), 355-361 (MR86£:11017).

[62] Uniform distribution of sequences of integers in residue classes, Lecture
Notes in Mathematics 1087, Springer-Verlag, Berlin, 1984, viii+125 pp.
(MR86g:11014).



16  Andrzej Schinzel

[63] Classical problems in number theory, Monografie Matematyczne 62, PWN,
Warszawa 1986, pp. 363 (MR90e:11002).

[64] A note on Artin’s conjecture in algebraic number fields, J. Reine Angew. Math.
381 (1987), 110-115 (MR&9a:11007).

[65] On algebraic number theory, Edmund Landau Collected Works, 8, 21-35,
Thales Verlag.

[66] Units in residue classes, Arch. Math. (Basel) 51 (1988), 238-241
(MR89k:11097).

[67] Artin’s conjecture in algebraic number fields and a related question concerning
units, Séminaire de Théorie des Nombres 1987-88 (Talence, 1987-88), Exp.
No 40, pp. 5 , Univ. Bordeaux I, Talence 1988 (Zbl.716.11051).

[68] Polynomial cycles in algebraic number fields, Colloq. Math. 58 (1989), 151
155 (MR90k:11135).

[69] Mathematics at Breslau University during the time of Kummer, (Polish)
Wiadom. Mat. 28 (1990), 195203 (MR91h:01027).

[70] (with F. Halter-Koch) Commutative rings and binomial coefficients, Monatsh.
Math. 114 (1992), no. 2, 107-110 (MR93j:13011).

[71] (with F. Halter-Koch) Polynomial mappings defined by forms with a com-
mon factor, Sém. Théor. Nombres Bordeaux (2) 4 (1992), no. 2, 187-198
(MR94g:11020).

[72] Polynomial mappings (a survey of results and problems), Proceedings of the
Amalfi Conference on Analytic Number Theory (Maiori 1989), 355-366, Univ.
Salerno, Salerno 1992 (MR95b:12006).

[73] (with F. Halter-Koch) Finiteness properties of polynomial mappings, Math.
Nachr. 159 (1992), 7-18 (MR94j:14016).

[74] (with J.-M. Deshouillers, A. Granville, C. Pomerance) An upper bound
in  Goldbach’s problem, Math. Comp. 61 (1993), no. 203, 209-213
(MR94b:11101).

[75] Fermat’s last theorem (Polish), Wiadom. Mat. 30 (1993), 1-17
(MR95¢:11035).

[76] A note on elasticity of factorizations, J. Number Theory 51 (1995), 46-47
(MR96a:11123).

[77] (with F. Halter-Koch) Polynomial cycles in finitely generated domains,
Monatsh. Math. 119 (1995), 275-279 (MR96d:13035).

[78] Polynomial mappings, Lecture Notes in Mathematics 1600, Springer-Verlag,
Berlin, 1995, viii+130 pp. ISBN: 3-540-59435-3 (MR97¢:11037).

[79] Global class-field theory, Handbook of algebra, 1, 365-393, North-Holland,
Amsterdam 1996 (MR97m:11139).

[80] Arithmetics of dynamical systems: a survey, Number theory (Liptovsky Jan
1995), Tatra Mt. Math. Publ. 11 (1997), 69-75 (MR99b:11018).

[81] (with F. Halter-Koch) Polynomial cycles and dynamical units, Proc. Confer-
ence Wien 1997, 70-80 (Zbl.0882.12003).

[82] (with T. Pezda) Finite polynomial orbits in finitely generated domains,
Monatsh. Math. 124 (1997), 309-316 (MR99b:11117).



The work of Wtladystaw Narkiewicz in number theory and related areas 17

[83] The work of Andrzej Schinzel in number theory, Number theory in
progress, 1 (Zakopane-Koscielisko 1997), 341-357, de Gruyter, Berlin 1999
(MR2000e:11001).

[84] The development of prime number theory. From Euclid to Hardy and Lit-
tlewood, Springer Monographs in Mathematics. Springer-Verlag, Berlin 2000.
xii+448 pp. (MR2001¢:11098); Japanese translation, Springer 2008.

[85] (with F. Halter-Koch) Scarcity of finite polynomial orbits, Publ. Math. De-
brecen 56 (2000), 405-414 (MR2001h:11028).

[86] Finite polynomial orbits. A survey, Algebraic number theory and Dio-
phantine analysis (Graz 1998), 331-338, de Gruyter, Berlin 2000
(MR2001e:11025).

[87] (with W. Wiestaw) Zenon Borewicz (1922-1995) (Polish), Wiadom. Mat. 36
(2000), 65-72.

[88] Dirichlet weak uniform distribution of multiplicative functions, Funct. Approx.
Comment. Math. 28 (2000), 253257 (MR2002e:11132).

[89] (with T. Pezda) On prime values of reducible quadratic polynomials, Collog.
Math. 93 (2002), 151-154 (MR2004d:11093).

[90] Polynomial cycles in certain rings of rationals, J. Théor. Nombres Bordeaux
14 (2002), 529-552 (MR2005a:11029).

[91] Wroctaw mathematicians, 1900-1945 (Polish), Wiadom. Mat. 39 (2003), 107
115.

[92] (with P. Ruengsinsub, V. Laohakosol) An addendum to the paper: “Arithmetic
functions over rings with zero divisors" by Ruangsinsap, Laohakosol and P.
Udomkavanich, Bull. Malays. Math. Sci. Soc. (2) 27 (2004), no. 1, 87-90
(MR2005¢:13032).

[93] (with R. Marszatek) Finite polynomial orbits in quadratic rings, Ramanujan
J. 12 (2006), 91-130 (MR2007i:11041).

[94] Polynomial cycles in cubic fields of negative discriminant, Funct. Approx.
Comment. Math. 35 (2006), 261-269 (MR2007m:11147).

[95] (with M. Jarden) On sums of units, Monatsh. Math. 150 (2007), 327-332
(MR2008£:12003).

[96] Euclidean algorithm in small abelian fields, Funct. Approx. Comment. Math.
37 (2007), 337-340 (MR2008j:11155).

[97] Number theory in Euler’s work (Polish), Wiadom. Mat. 43 (2007), 87-98.

Papers of other authors

Dickson L. E. (1904), A new extension of Dirichlet’s theorem on prime numbers,
Messenger of Math. 33, 155-161.

Elliott P.D.T.A. (1976), On a conjecture of Narkiewicz about functions with non-
decreasing normal order, Colloq. Math. 36, 289-294.

Geroldinger A., Halter-Koch F. (2006), Non-unique factorizations - algebraic, com-
binatorial and analytic theory, Boca-Raton: Chapman & Hall/CRC.

Harper M., Murty M. Ram (2004), Euclidean rings of algebraic integers, Canad.
Math. J. 56, 71-76.



18  Andrzej Schinzel

Heath-Brown D. R. (1986), Artin’s conjecture for primitive roots, Quart. J. Math.
Oxford Ser. 2 (37), 27-38.

Katai I. (1977), On additive functions having a non-decreasing normal order, Col-
log. Math. 37, 153-157.

Levin B. V., Fainleib A. S. (1970), Multiplicative functions and probabilistic number
theory, Izv. Akad. Nauk SSSR Ser. Mat. 34, 1064-1109.

Lewis D. J. (1972), Invariant sets of morphisms on projective and affine number
spaces, J. Algebra 20, 419-434.

Liardet P. (1971), Sur les transformations polynomiales et rationnelles, Séminaire
de Théorie des Nombres, 1971-1972 (Univ. Bordeaux I, Talence), Exp. No.
29, pp. 20

Mirsky L. (1949), On the distribution of integers having a prescribed number of
divisors, Simon Stevin 26, 168-175.

Scheid H. (1969), Uber ordnungstheoretische Funktionen, J. Reine Angew. Math.
238, 1-13.

Wirsing E. (1967), Das asymptotische Verhalten von Summen iber multiplikative
Funktionen II, Acta Math. Acad. Sci. Hung. 18, 411-467.

Addresses: Institute of Mathematics of the Polish Academy of Sciences, ul. Sniadeckich 8,
00-956, Warszawa 10, Poland

E-mail: schinzel@impan.gov.pl

Received: 21 May 2008



