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Abstract: Let F (x1, . . . , xm) = u1x1 + · · · + umxm be a linear form with nonzero, relatively
prime integer coefficients u1, . . . , um . For any set A of integers, let F (A) = {F (a1, . . . , am) :
ai ∈ A for i = 1, . . . , m}. The representation function associated with the form F is

RA,F (n) = card ({(a1, . . . , am) ∈ Am : F (a1, . . . , am) = n}) .

The set A is a basis with respect to F for almost all integers if the set Z \F (A) has asymptotic
density zero. Equivalently, the representation function of a basis for almost all integers is a
function f : Z → N0 ∪ {∞} such that f−1(0) has density zero. Given such a function, the
inverse problem for bases is to construct a set A whose representation function is f . In this
paper the inverse problem is solved for binary linear forms.
Keywords: additive bases, representation functions, linear forms, Erdős-Turán conjecture,
Sidon sets, Bh[g] and BF [g] sets.

1. Direct and inverse problems for representation functions

Let N, N0, and Z denote the sets of positive integers, nonnegative integers, and
integers, respectively.

In additive number theory, a classical direct problem is to describe the in-
tegers that can be represented as the sum of a bounded number of elements of a
fixed set A of integers. For example, describe the integers that are sums of two
primes or three squares or four cubes. Given a set A and a positive integer m, we
associate various representation functions to the sumset mA = {a1 + · · · + am :
ai ∈ A for i = 1, . . . ,m}. The two most important are the ordered representation
function

RA,m(n) = {(a1, . . . , am) ∈ Am :
m∑

i=1

ai = n}
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and the unordered representation function

rA,m(n) = {(a1, . . . , am) ∈ Am :
m∑

i=1

ai = n and a1 6 · · · 6 am}.

Representation functions1 are functions from Z into the set N0 ∪ {∞}.
Let A be a set of integers. The counting function A(x1, x2) counts the

number of elements of A between x1 and x2, that is,

A(x1, x2) =
∑

a∈A
x16a6x2

1.

The set A has upper asymptotic density dU (A) = α if lim sup
x→∞

A(−x, x)/(2x+ 1)

= α . The set A has asymptotic density d(A) = α if lim
x→∞

A(−x, x)/(2x+ 1) = α.

If S is an infinite set of integers and W is a subset of S , then the set W has
relative asymptotic density d(W,S) = α if lim

x→∞
W (−x, x)/S(−x, x) = α.

The set A is called a basis of order m for S if S⊆mA, that is, if RA,m(n)> 1
for every element of S , and a basis of order m for almost all S if {n ∈ S :
RA,m(n) = 0} has relative asymptotic density zero.

Nathanson [9] introduced a class of inverse problems for the representation
functions of sets of integers and nonnegative integers. Let m > 2. If A and B are
sets of integers such that RA,m(n) = RB,m(n) for all n ∈ Z, then does A = B ? He
proved that the answer is “yes” if A and B are sets of nonnegative integers, but
if RA,m(n) = RB,m(n) only for all sufficiently large integers n, then A and B are
not necessarily equal, but the structures of A and B can be described explicitly.

These results suggest a second class of inverse problems for representation
functions. Given any function f : Z → N0 ∪ {∞} and an integer m > 2, does
there exist a set A such that RA,m(n) = f(n) for all n ∈ Z or rA,m(n) = f(n) for
all n ∈ Z? Describe all sets A such that RA,m = f or rA,m = f. Nathanson [11,
13] proved that every function f : Z → N0 ∪ {∞} such that f−1(0) is finite
is the unordered representation function for infinitely many sets of integers. In
particular, there exist unique representation bases for the integers, that is, sets
A ⊆ Z such that rA,m(n) = 1 for all n ∈ Z (For m = 2, see  Luczak and
Schoen [8], Nathanson [10]).

The study of representation functions for sets of nonnegative integers is more
complicated. In this case, every integer has only finitely many representations.
It is an open problem to describe the set of functions f : N0 → N0 that are
representation functions. A special case of this inverse problem is one of the most
famous problems in additive number theory: The conjecture of Erdős and Turán
that the representation function of an asymptotic basis for the nonnegative integers
must be unbounded.

1 It is semantically ironic that the unordered representation function counts only linearly or-

dered representations while the ordered representation function counts unordered representations.
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In the last few years there has been considerable work on inverse problems
for representation functions (for example, [1, 2, 3, 4, 5, 6, 7, 12, 16, 17]).

2. Bases associated to linear forms

Let F (x1, . . . , xm) = u1x1 + · · · + umxm be an m-ary linear form with nonzero,
relatively prime integer coefficients u1, . . . , um . Let A1, . . . , Ah be sets of integers.
We define the set

F (A1, . . . , Am) = {F (a1, . . . , am) : ai ∈ Ai for i = 1, . . . ,m}.

The representation function associated with the form F is

RA1,...,Am,F (n) = card ({(a1, . . . , am) ∈ A1 × · · · ×Am : F (a1, . . . , am) = n}) .

This is a function from Z into N0 ∪ {∞}. If Ai = ∅ for some i = 1, . . . ,m, then
F (A1, . . . , Am) = ∅ and RA1,...,Am,F (n) = 0 for all n ∈ Z.

If Ai = A for all i = 1, . . . ,m, then we write

F (A) = F (A, . . . , A) = {F (a1, . . . , am) : ai ∈ A for i = 1, . . . ,m}

and

RA,F (n) = RA,...,A,F (n) = card ({(a1, . . . , am) ∈ Am : F (a1, . . . , am) = n}) .

The sumset mA is a set of the form F (A), where F is the linear form F (x1, . . . ,
xm) = x1 + x2 + · · ·+ xm .

Let S be a set of integers and let F be an m-ary linear form. The set A is
a basis for S with respect to F if RA,F (n) > 1 for all integers n ∈ S. The set A
is a basis with respect to F for almost all S if {n ∈ S : RA,F (n) = 0} has relative
asymptotic density zero in S .

Many classical problems about bases in additive number theory have natural
analogues for bases with respect to an m-ary linear form. For example, a direct
problem for representation functions is: Given a form F and a set A of integers,
compute the representation function RA,F . An inverse problem for representation
functions is: Given a form F and a function f : Z→ N0 ∪ {∞}, does there exist
a set A of integers such that RA,F (n) = f(n) for all n ∈ Z? In particular, if
f(n) = 1 for all integers n , does there exist a set A such that RA,F (n) = 1 for
all integers n? Such a set is called a unique representation basis with respect to
the form F .

In this paper we solve the inverse problem for bases with respect to a binary
linear form. Let F (x1, x2) = u1x1 +u2x2 be a binary linear form whose coefficients
are nonzero, relatively prime integers. We shall prove that if u1u2 6= ±1,−2 and if
f : Z→ N0 ∪ {∞} is any function such that f−1(0) has zero density, then there
exists a set A of integers such that RA,F = f. Equivalently, every nonzero function
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f such that the set f−1(0) has asymptotic density zero is the representation
function of a basis for almost all Z with respect to F for every binary linear form
F (x1, x2) 6= x1 ± x2 or 2x1 − x2.

Related work on the additive number theory of finite sets defined by linear
forms appears in [14, 15].

3. Construction of bases for binary linear forms

We begin with two simple observations.

Lemma 1. Let u1 and u2 be nonzero, relatively prime integers with u1u2 6= ±1.
The following four integers are pairwise distinct:

−u2
1,−u1u2, u1u2, u

2
2

and the following three integers are pairwise distinct:

u2
2 − u2

1, u2(u1 + u2),−u1(u1 + u2).

If, in addition, u1u2 6= −2, then these seven integers are pairwise distinct.

Proof. This is a straightforward verification.

Lemma 2. Let A1, . . . , An be sets of integers and let dU (Ai) = αi for i = 1, . . . , n.
Then dU (

⋃n
i=1Ai) 6

∑n
i=1 αi. In particular, the union of a finite number of sets

of asymptotic density zero has asymptotic density zero.
If A has asymptotic density zero and if r, s, t are integers with r 6= 0, then

the set {n ∈ Z : rn ∈ {sa+ t : a ∈ A}} has asymptotic density zero.

Proof. For every ε > 0 there is a number x0(ε) such that Ai(−x, x) 6 (αi +
ε/n)(2x+ 1) for all x > x0(ε). If A =

⋃n
i=1Ai , then

A(−x, x) 6
n∑

i=1

Ai(−x, x) 6
n∑

i=1

(αi + ε/n) (2x+ 1) =

(
n∑

i=1

αi + ε

)
(2x+ 1)

for all x > x0(ε), and so dU (A) 6
∑n
i=1 αi. In particular, if αi = 0 for all

i = 1, . . . , n, then d(A) = dU (A) = 0.
Finally, subsets, dilations, and translations of sets with asymptotic density

zero also have asymptotic density zero. The last statement of the Lemma follows
from this observation.

The following result is fundamental.

Lemma 3. Let F (x1, x2) = u1x1+u2x2 be a binary linear form whose coefficients
u1, u2 are nonzero, relatively prime integers with u1u2 6= ±1 and u1u2 6= −2. Let
W be a set of integers with asymptotic density zero. Let A′ be a finite set of
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integers and let b be any integer such that the sets W and F (A′) ∪ {b} are
disjoint. There exists a set C with A′ ⊆ C and |C \A′| = 2 such that

RC,F (n) =





RA′,F (b) + 1 if n = b
RA′,F (n) if n ∈ F (A′) \ {b}
1 if n ∈ F (C) \ (F (A′) ∪ {b})
0 if n ∈W .

(1)

Proof. Since gcd(u1, u2) = 1, there exist integers v1 and v2 such that F (v1, v2) =
u1v1 + u2v2 = 1. For every integer t we have

F (bv1 + u2t, bv2 − u1t) = u1(bv1 + u2t) + u2(bv2 − u1t)

= b(u1v1 + u2v2) = b.

We introduce the sets
Bt = {bv1 + u2t, bv2 − u1t}

and
Ct = A′ ∪Bt.

Note that the conditions gcd(u1, u2) = 1 and u1u2 6= 0,±1 imply that u1±u2 6= 0.
If (u1 + u2)t 6= b(v2 − v1), then bv1 + u2t 6= bv2 − u1t and |Bt| = 2. Similarly,
A′ ∩Bt 6= ∅ if and only if u2t = a− bv1 or u1t = bv2 − a for some a ∈ A′. Since
the set A′ is finite, it follows that A′ ∩Bt = ∅ and |Ct| = |A′ ∪Bt| = |A′|+ 2 for
all but finitely many integers t .

We shall prove that there exist infinitely many integers t such that the set
Ct also satisfies conditions (1). Note that F (Ct) is the union of four sets:

F (Ct) = F (A′) ∪ F (A′, Bt) ∪ F (Bt, A′) ∪ F (Bt).

We have

F (A′, Bt) = {F (a, bv1 + u2t) : a ∈ A′} ∪ {F (a, bv2 − u1t) : a ∈ A′}.

If x ∈ {F (a, bv1 + u2t) : a ∈ A′}, then there exists a ∈ A′ such that

x = F (a, bv1 + u2t) = u1a+ u2(bv1 + u2t) = (u1a+ u2v1b) + u2
2t.

If x ∈ {F (a, bv2 − u1t) : a ∈ A′}, then there exists a ∈ A′ such that

x = F (a, bv2 − u1t) = (u1a+ u2v2b)− u1u2t.

For every integer t , the functions F (a, bv1 + u2t) and F (a, bv2 − u1t) are strictly
monotonic functions of a . If

{F (a, bv1 + u2t) : a ∈ A′} ∩ {F (a, bv2 − u1t) : a ∈ A′} 6= ∅
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then there exist a, a′ ∈ A′ such that

(u1a+ u2v1b) + u2
2t = (u1a

′ + u2v2b)− u1u2t

or, equivalently,

u2(u1 + u2)t = u1(a′ − a) + u2(v2 − v1)b.

Since u2(u1 + u2) 6= 0 and the set A′ is finite, it follows that for all but finitely
many integers t we have

{F (a, bv1 + u2t) : a ∈ A′} ∩ {F (a, bv2 − u1t) : a ∈ A′} = ∅

for all a, a′ ∈ A′, and so

RA′,Bt,F (n) 6 1 for all n ∈ Z.

The set F (A′) ∪ {b} ∪W has zero asymptotic density. If

F (A′, Bt) ∩ (F (A′) ∪ {b} ∪W ) 6= ∅

then either
(u1a+ u2v1b) + u2

2t ∈ F (A′) ∪ {b} ∪W
for some a ∈ A′ or

(u1a
′ + u2v2b)− u1u2t ∈ F (A′) ∪ {b} ∪W

for some a′ ∈ A′ . In both cases, by Lemma 2, the set of integers t for which
the membership relation is possible is a set of integers of asymptotic density zero.
Equivalently, except for a set of integers t of asymptotic density zero, we have

F (A′, Bt) ∩ (F (A′) ∪ {b} ∪W ) = ∅

and
RA′,Bt,F (n) = 0 for all n ∈ F (A′) ∪ {b} ∪W.

Similarly,

F (Bt, A′) = {F (bv1 + u2t, a) : a ∈ A′} ∪ {F (bv2 − u1t, a) : a ∈ A′}
= {(u1v1b+ u2a) + u1u2t : a ∈ A′} ∪ {(u1v2b+ u2a)− u2

1t : a ∈ A′}

and, except for a set of integers t of asymptotic density zero,

RBt,A′,F (n) 6 1 for all n ∈ Z

and
RBt,A′,F (n) = 0 for all n ∈ F (A′) ∪ {b} ∪W.
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If F (A′, Bt)∩F (Bt, A′) 6= ∅, then there exist integers a, a′ ∈ A′ that satisfy
at least one of the following four equations:

(u1a+ u2v1b) + u2
2t = (u1v1b+ u2a

′) + u1u2t

(u1a+ u2v1b) + u2
2t = (u1v2b+ u2a

′)− u2
1t

(u1a+ u2v2b)− u1u2t = (u1v1b+ u2a
′) + u1u2t

(u1a+ u2v2b)− u1u2t = (u1v2b+ u2a
′)− u2

1t.

Equivalently,
u2(u2 − u1)t = u2a

′ − u1a+ (u1 − u2)v1b

(u2
1 + u2

2)t = u2a
′ − u1a+ (u1v2 − u2v1)b

−2u1u2t = u2a
′ − u1a+ (u1v1 − u2v2)b

u1(u1 − u2)t = u2a
′ − u1a+ (u1 − u2)v2b.

Since the coefficients of t are nonzero and the set A′ is finite, it follows that there
are only finitely many integers t that can satisfy at least one of these equations
for some a, a′ ∈ A . Except for this finite set of t , we have

F (A′, Bt) ∩ F (Bt, A′) = ∅

and
RA′,Bt,F (n) +RBt,A′,F (n) 6 1 for all n ∈ Z.

Finally, we consider the set F (Bt), which consists of the integer b and the
three integers

(u1v2 + u2v1)b+ (u2
2 − u2

1)t

(u1 + u2)v1b+ u2(u1 + u2)t

(u1 + u2)v2b− u1(u1 + u2)t.

The coefficients of t in the last three expressions are distinct nonzero integers.
This implies that |F (Bt)| = 4 for all but finitely many t , and also that

(F (Bt) \ {b})
⋂

(F (A′) ∪W ) = ∅

except for certain integers t belonging to a set of asymptotic density zero.
The coefficients of t in the integers in F (A′, Bt)

⋃
F (Bt, A′) are u2

2 , ±u1u2,
−u2

1. The coefficients of t in the integers in F (Bt) \ {b} are u2
2−u2

1 , u2(u1 +u2),
−u1(u1 + u2). Since u1u2 6= −2, these seven numbers are pairwise distinct by
Lemma 1, and so the sets F (A′, Bt) ∪ F (Bt, A′) and F (Bt) \ {b} are pairwise
disjoint for all but finitely integers t . Since the union of a finite number of sets
of asymptotic density zero is still a set of asymptotic density zero, it follows that,
for almost all integers t , the set Ct satisfies the requirements of the Lemma. This
completes the proof.
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Theorem 1. Let F (x1, x2) = u1x1 + u2x2 be a binary linear form whose coef-
ficients u1, u2 are nonzero, relatively prime integers such that u1u2 6= ±1 and
u1u2 6= −2. Let f : Z→ N0 ∪ {∞} be any function such that the set f−1(0) has
asymptotic density zero. There exists a set A of integers such that RA,F (n) = f(n)
for all integers n .

Proof. Let W = f−1(0) and let {bi}∞i=1 be a sequence of integers such that

|{i ∈ N : bi = n}| = f(n) for all n ∈ Z .

In particular, bi /∈W for all i ∈ N .
Let A0 = ∅ . Then W∩(F (A0) ∪ {b1}) = ∅ . Applying Lemma 3 with A′ = A0

and b = b1, we obtain a set Ct such that RCt,F (n) = 1 if n ∈ F (Ct), and
F (Ct) ∩W = ∅. Let A1 = Ct. Then RA1,F (n) 6 f(n) for all n ∈ Z.

Let i > 2 and suppose that we have constructed sets A0 ⊆ A1 ⊆ · · · ⊆ Ai−1

with RAi−1,F (n) 6 f(n) for all n ∈ Z. If RAi−1,F (bi) = f(bi), then let Ai = Ai−1 .
Suppose that RAi−1,F (bi) < f(bi). Since W ∩ (F (Ai−1) ∪ {bi}) = ∅ , we can apply
Lemma 3 with A′ = Ai−1 and b = bi. We obtain a set Ct satisfying conditions (1).
Let Ct = Ai . This procedure gives an infinite increasing sequence of finite sets
A0 ⊆ A1 ⊆ A2 ⊆ · · · such that, for all n ∈ Z, we have RAi,F (n) 6 f(n) for all
i ∈ N and lim

i→∞
RAi,F (n) = f(n). It follows that the set A =

⋃∞
i=0Ai satisfies

RA,F (n) = f(n) for all n ∈ Z. This completes the proof.

Theorem 2. Let F (x1, x2) = u1x1 + u2x2 be a binary linear form whose co-
efficients u1, u2 are nonzero, relatively prime integers such that u1u2 6= ±1 and
u1u2 6= −2. There exists a unique representation basis with respect to the form F .

Proof. Apply Theorem 1 to the function f(n) = 1 for all n ∈ Z.

4. Sidon sets

The set A will be called a Sidon set with respect to the m-ary linear form F
if RA,F (n) 6 1 for all integers n . More generally, we shall call the set A a
BF [g] -set with respect to the form F if RA,F (n) 6 g for all integers n . With
respect to the classical additive form F (x1, . . . , xm) = x1 + · · · + xm, Erdős and
Turán conjectured that no BF [g] -set of nonnegative integers is an asymptotic basis
for the nonnegative integers. The analogue of this conjecture for arbitrary m -ary
linear forms is not true. Here is a simple example of a Sidon set of nonnegative
integers that is a basis for the nonnegative integers with respect to an m-ary form.

Theorem 3. For m > 2 and g > 2 , let

F (x1, . . . , xm) = x1 + gx2 + g2x3 + · · ·+ gm−1xm.
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Let A be the set of all nonnegative integers whose gm -adic representations use
only the digits {0, 1, . . . , g − 1}, that is,

A =

{ ∞∑

i=0

dig
im : di ∈ {0, 1, . . . , g − 1} and di = 0 for all sufficiently large i

}
.

Then A is a Sidon basis for N0 with respect to the form F .

Proof. This follows immediately from the uniqueness of the g -adic representation
of a nonnegative integer.
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