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HOMOGENIZATION OF A PARABOLIC DIRICHLET
PROBLEM BY A METHOD OF DAHLBERG

ALEJANDRO J. CASTRO AND MARTIN STROMQVIST

Abstract: Consider the linear parabolic operator in divergence form
Hu = du(X, t) — div(A(X)Vu(X,1)).

We employ a method of Dahlberg to show that the Dirichlet problem for H in the
upper half plane is well-posed for boundary data in LP, for any elliptic matrix of coef-
ficients A which is periodic and satisfies a Dini-type condition. This result allows us to
treat a homogenization problem for the equation d;uc(X,t) — div(A(X/e)Vue (X, 1))
in Lipschitz domains with LP-boundary data.
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1. Introduction, notation, and main results

In this paper we are interested in the well-posedness of low regularity
Dirichlet problems associated with the divergence type parabolic opera-
tor

Hu := Gyu — div(A(X, 1) - Vu),
for a certain periodic matrix of coefficients A. That is, we would like to
guarantee existence and uniqueness of solutions and continuous depen-
dence on the boundary data, under minimal regularity assumptions on
the coefficients and on the domain. For the upper half space

{(z,t,\) :z € R", t € R, A > 0},

we prove that the LP Dirichlet problem is well-posed if A is periodic in
the A-direction. This extends previous results for the upper half space,
where it is assumed that A is either independent of A, or that A is a
perturbation of a matrix that is independent of A. The theory developed
for the upper half space allows us to study homogenization problems in
bounded, time-independent Lipschitz domains.

We start by briefly putting these problems into context, mentioning
just a few papers that precede this work. For the ordinary heat equa-
tion, in which case the matrix A is simply the identity matrix, Fabes and
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Riviere [7] established the solvability in C'-cylinders. Later, Fabes and
Salsa [8] and Brown [2] extended the result to Lipschitz cylinders. For
more involved time-varying domains, the situation has been analyzed by
Lewis and Murray [13] and Hofmann and Lewis [10]. The next step
was to allow non-constant coefficients. Mitrea [14] studied the situa-
tion of A € C'*°; Castro, Rodriguez-Lépez, and Staubach [4] considered
Holder matrices and Nystrom [17] the case of complex elliptic matrices,
but independent of one of the spatial variables.

In all previous contexts, the matrices were time-independent. Allowing
time-dependence is a very challenging problem, which has been under-
stood very recently by Auscher, Egert, and Nystrom [1], following a first
order approach. They consider elliptic matrices depending on time and
all spatial variables, which are certain perturbations of matrices inde-
pendent of one single spatial direction (see [1, Section 2.15] for precise
definitions).

It is also worth noting that in almost all the aforementioned papers,
the analysis was carried out via the so called method of layer potentials,
that we will not follow this time here. We consider the parabolic Dirichlet
problem in Lipschitz cylinders for merely elliptic coefficients, depending
on all spatial variables. However, we need to assume periodicity in one
direction and a Dini-type condition in the same variable, as made precise
below.

We show that if the coefficient matrix A is time-independent and peri-
odic with period 1 in the spatial direction of the normal of the boundary,
then the Dirichlet problem is solvable. Moreover, the estimates that we
obtain for the solution are independent of the period of A. For periodic
matrices A(X) and € > 0, we can then obtain estimates that are uni-
form in e for the solution w. to the Dirichlet problem with coefficient
matrix A(z/e) with period e. In particular, we prove that, as ¢ — 0,
ue converges to a limit function @ that solves the Dirichlet problem with
a constant coefficient matrix A. A limit process of this type is called
homogenization. For elliptic operators, these estimates were obtained
by Kenig and Shen in [12]. In [12], the authors have two independent
ways of proving the estimates. The first is an approximation argument
that relies on certain integral identities, the second is through a poten-
tial theoretic method due to Dahlberg. For parabolic problems these
integral estimates are not available and we rely instead on a parabolic
version of the theorem by Dahlberg. In [11], the authors build upon the
results in [12] and prove estimates for u. — % in L2.
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Let H denote the parabolic operator

H’U, = (8t + E)'U/a
where
n+1
Lu:= —diV(A(X, t)VU) = - Z 0z, (Ai5(X,1)05;u)
i,j=1

is defined in R"*2 = {(X,t) = (21,...,Zpt1,t) € R xR}, n > 1; and
A={4;;(X,1) ?;“:11 is an (n+ 1) x (n + 1) real and symmetric matrix
which satisfies:

e for certain 1 < A < oo, the uniform ellipticity condition

n+1
(L1 AP < 3D AL (L06E < AP, e R

4,j=1

e independence of the time variable ¢,

(1.2) A(X,t) = A(X);
e periodicity in the z,4; variable
(1.3) A, pt1 +1) = Az, 2p41), = €R", 2p41 €R;
e a Dini-type condition in the x,; variable
(1.4) /1 Lp)de < o0,
o P

where 0(p) := {JA(z, A1) — A(x, A2)| : € R™, |\ — X2] < p}.
We say that Hu = 0 in an open set U C R"*? if

/ VoAVu — udypdX dt = 0,
U

for any ¢ € C°(U). In virtue of the hypothesis (1.2) and (1.4), the
ZTn+1 direction is of special interest. Along this paper we call A\:=x,,41.
Accordingly, V:=(V,07):=(0z,, .- .,0z,,0x). Depending on the situa-
tion, we refer to a point in R"*2 either as (X,t), X = (x,\), or (z,t,\),
with an obvious abuse of notation. The latter is convenient when we con-
sider the Dirichlet problem in the upper half space, where (z,t) denotes
a point on the boundary.

Our theorems are formulated in time-independent Lipschitz domains.
By D we denote the domain

(1.5) D:={(z,t,\)) eR" x RxR: A > ¢(x)},
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which is an unbounded cylinder in time, whose spatial base is the region
above the Lipschitz graph ¢, i.e., ¢ satisfies

[¢(x) — o(y)| <mlz —y|, z,yeR,
for certain m > 0. The (lateral) boundary of D is given by
0D = {(z,t,¢(z)) : x € R", t € R}.
We shall also consider bounded Lipschitz cylinders
(1.6) Q7:=Qx(0,T), where Q is a bounded Lipschitz domain in R™"*.

It will be assumed that €2 is a (m,r9) domain in the following sense:

For any X € 01, there exists a Lipschitz continuous function
¢ such that, after a rotation of the coordinates, one has Xy =
(0, Ao) and

{(z,A) : |z — @] < 7o, |A— o] <mre}NQ
={(z,\) : |z — xo| < ro, ¢(x) < A <mro}.

Thus, introducing
U(Zo,to,Ao) = {(l‘,t,)\) : |.T — QL'Q| < T, |t — t0| < 7'(2), |)\ — )\0| < m?"o},

one has

(1.7) Ulwo,to, ho) N Q7 = {(z,8,1) € R""?: ¢(z) < A}
N U((Eo,to, )\0) N {0 <t < T}

The lateral boundary of Qr is denoted by 9pQr = 092 x (0,7) and
the parabolic boundary is given by dpQr := Q x {t = 0} U 9.Q7. Note
that for D as in (1.5), 9D = 0pD = 0D. On 9;,Qr and 0D we define
LP spaces with respect to the measure

(1.8) do(X,t) = do(X) dt,

where o is the surface measure on 9 and {(z, ¢(x)) : € R}, respec-
tively.

We shall introduce some more notation that will be needed to state our
main results. For (X,t) € R""1 xR, we define its parabolic norm ||(X,t)||
as the unique positive solution p of the equation

2 T 2
— > =1
4 2
p = P



HOMOGENIZATION OF A PARABOLIC DIRICHLET PROBLEM 443

It satisfies that ||(vX,~v%t)|| = ~[|(X,)||, v > 0. If (z,t) € R® x R, we
let ||(x,t)]| = ||(x,0,t)||. We define the parabolic distance from (X,¢) €
R"*2 to (Y,s) € R"™2 by d(X,t,Y,s) :== ||(X = Y,t — s)||.

Given (z9,t0) € R""! and n > 0, we define the cone

I"(zo,to) = {(2,1, %) € RY™: |(2 — w0, ¢ —to)[| < mA},
and the standard parabolic cube centered at (x,t) € R" ™! with side length
Q) =r>0by
Q= Qp(x,t) :={(y,s) ER"™ |y, — x| <, |t — 5| < r?}.

Similarly, we consider parabolic cubes Q in R"*2 centered at (X,t) as
follows,

Q:=Qu(X,t):={(V,s) e R"2:|Y; — X;| <1, |t —s| <r?}.
It will also be useful to introduce the set
T-(z,t) := Qr(z,t) x (0,7).

For any function u defined in R}1? := {(z,#,\) € R™*2: X\ > 0}, we

consider the following non-tangential maximal operator
N"(u)(xo, to) = sup u(z,t, A)].
(E,t,)\)EF"(IQ,to)

If f(X,t) is defined on 9D and (Xy,tp) € 0D, we say that u(Xo,to) =
f(Xo, to) non-tangentially (n.t.) if

lim u(Y,s) = f(Xo,to),
(Y,s)eT(Xo,t0) ( ) f( 0 O)

(Y,8)—(Xo,to)
where 7 is chosen such that 0D NI (Xo,to) = {(Xo,%0)}, i.e n > M.
Having made such a choice of n we simply denote N(u) = N"(u).
In all our estimates C' denotes a constant that depends only upon the
dimension n, the ellipticity constant A and possibly m, rg.

Theorem 1.1. Suppose that A is a real and symmetric matriz satisfying
(1.1)-(1.4) and D is an unbounded Lipschitz domain defined as in (1.5).
Then, for certain 0 < 6 <1 and any f € LP(OD), 2 —§ < p < oo, there
exists a unique solution to the Dirichlet problem

Hu=0 1inD,
u=f n.t. on 0D,

verifying
IN ()l r@op) < Cll fllLroD)-
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With Theorem 1.1 in place we are able to analyze a homogenization
problem that we now describe. In addition to (1.1) and (1.2) we assume
that

(1.9) AX +2) = A(X), forall ZecZzZ",
and

1 2
(1.10) / OW)” 4, < o0,

o P

where O(p) = {JA(X) — A(Y)| : X,Y € R*""! | X — Y| < p}. That
is, A is periodic with respect to the lattice Z"*' and satisfies a Dini
condition in all variables.

For each € > 0, consider the operator L. given by

X
Leou:=—div(A(X)Vu), A.(X):=A (5) :
We also need to introduce L,
Lu = —div(AVu),

where the matrix A is determined by
Ala = / A'Vw, dy, oc R
(0,1)n

and the auxiliary function w, solves the problem
—div(A'Vw,) = 0 in (0,1)"+1,

we — ay is 1-periodic,

/(0 1) +1(wa —ay)dy =0.

Now we can state our homogenization result.

Theorem 1.2. Suppose that A is a real and symmetric matriz satisfying
(1.1), (1.2), (1.9), and (1.10). Let Qr be as in (1.6). Then for anye >0
and f € LP(0rQr), 2 — 0 < p < 00, there exists a unique solution u. to
the Dirichlet problem

Owue + Loue =0 in Qp,
(1.11) U = f n.t. on OrQr,

ue(X,0)=0 in Q,
satisfying

(1.12) [N (ue)llrap0r) < Cllflleanar)-
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Moreover, as € — 0, ue converges locally uniformly in Qr to u, which is
the unique solution to

(9,512 + Lu = 0 in QT,
(1.13) u=f n.t. on OO,
u(X,0)=0 mn ﬁ,
with
IN(@) e @00 < Clfllr@,00)-

In the elliptic case, Theorem 1.1 and the first part of Theorem 1.2
((1.11) and (1.12)) was proved by Kenig and Shen in [12]. Building
upon [12], an error estimate of the type

lue = llL2@) + ([N (ue — )|[12(00) < Cellt]l 12

is provided in [11] under the assumption that 4 € H?(Q), f € H(99),
and that the matrix A is Holder continuous. In this work we do not pur-
sue such an error estimate. In [12] the authors also treat the Neumann
and regularity problems. The theory for the Neumann and regularity
problems is based on the use of integral identities to estimate certain
nontangential maximal functions. These integral identities are not avail-
able in the parabolic case and thus homogenization of Neumann and
regularity problems remain an interesting and challenging open prob-
lem.

The main tools in our analysis are Harnack inequalities and the esti-
mation of Green’s function in terms of £-caloric measure and vice versa,
see Subsection 2.1. The main difficulty in the parabolic setting is the
time-lag that is present in these estimates. Our requiring that the ma-
trix A is time independent and symmetric leads to spatial symmetry and
time-invariance of Green’s function, see (2.9). This becomes a key point
in the proof of the parabolic version of Dahlbergs theorem in Subsec-
tion 2.3.

2. The Dirichlet Problem

We now turn to the proof of Theorem 1.1. Since D is globally defined
by a Lipschitz graph, the situation of the proof may be reduced to the
upper half space in a standard way, see for example [12, p. 905]. Thus,
the goal of this section is to solve the Dirichlet problem for the operator H
in the upper half space RT‘Q with given boundary data on GRT'Q =R"H+1,

Definition 2.1. We say that the Dirichlet problem for Hu = 0 in Rﬁ” is
solvable in LP if there exists 0 < § < 1 such that for every 2—§ < p < o0
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and every f € C.(R"*1), the solution to the Dirichlet problem

. n+2
(2.1) Hu=0 in R++ ,
u=f n.t. on R*+1,

verifies
[N (W)l zr@nt1y < Cllfllor@ntry-

It can be shown that (2.1) has a unique solution by analyzing, for any
k=1,2,..., the problems

Huk =0 in T%(0,0),
uk = f n.t. on Qx(0,0),
uk = 0 on 8LTk(0, 0) \Qk(O, 0),

uF(X,—k%) =0 on Ty(0,0) N {t = —k2},

and define u:=limy_,, u* which will solve (2.1). This allows us to define
the L-caloric measure w := w?%7 on R™*!, which satisfies

uw(Z,7) = /]Rn+1 f(z,t) dw(z, t),

where u is the solution to (2.1). If U is an open subset of R™*1, we say
that w is L-caloricin U if Hu = Owu+Lu=0in U. If —Opu+ Lu =0
in U, we say that u is adjoint L-caloric in U. The caloric measure is a
doubling measure, i.e.

(22) W(er(l'o,to)) < CW(QT(xovtO))a

see [6] for a proof. Assuming that dw and dzdt are mutually abso-
lutely continuous, we define the kernel K(Z, 7;x,t) with respect to the
point (Z,7) € RT‘Q by

(2.3) K(Z,r2.t) = lim S@r@:0).

50 1Q, (. )

The solution to (2.1) may thus be represented as

uw(Z,7) = K(Z,7;x,t)f(x,t) dx dt.

]Rn+ 1
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We recall that the solvability in L? of the Dirichlet problem in RTFQ
(in the sense of Definition 2.1) is equivalent to the reverse Holder in-
equality for the kernel K (see Lemma 2.6 below):

1/2
1 / 2
2.4 — K(Z,7;y,8)|*dyds
( ) <|Qr(x7t)| Qr(x,t) | ( )| )
C

<« __ -
@, )] /o, (x0)
for all (x,t) € R™! and all (Z,7) € R for which |(z,0) - Z|? < [t—7|

and 7 —t > 4r2. The reverse Holder inequality is self improving in the
sense that if (2.4) holds, then there exists o > 2 such that

1/a
1
25 7/ K(Z, yy,s)|*dyds
( ) <|Qr(x7t)| Qr(%t)| ( )| )
C

P
@, )] /o, (w0

This is a consequence of Gehring’s Lemma [9, Lemma 3], adapted to
parabolic cubes. In turn, the reverse Holder inequality is equivalent to
the following condition (see Lemma 2.7 below):

t, A
(2.6) / lim sup ulw,t, )
Qr(z0,te) A0 A

K (Z, 73y, 5)| dyds,

|K(Z,75y,s)|dyds.

2
dz dt

< % lu(z,t,\)|*dzdtd\, r >0,
T J T, (xo0,to)

provided that Hu = (0; + L)u = 0 in Ty (z0,t0) and u(z,t,0) =0
on Qur(zo,t0). Shortly, we call (2.6) a local solvability condition when
(2.6) holds for 0 < r < 1.

If (2.1) holds for H* = —0; + L instead of H =0; + L, we say that
u solves the adjoint Dirichlet problem. Analogously, we define the ad-
joint L-caloric measure w* and the adjoint kernel K*(Z,7;y,s). It is
easy to see that the adjoint Dirichlet problem is solvable if and only if
the Dirichlet problem for # is solvable by considering the change of vari-
ables t — —t. This leads to analogous equivalent solvability conditions
for the adjoint Dirichlet problem. For example, (2.6) holds for caloric
functions if and only if it holds for adjoint caloric functions.

Our first step in the proof of Theorem 1.1 is to establish (2.6) for
0 < r < 1. This is achieved by localizing the operator and using the
perturbation theory developed in [16]. Then we utilize an ingenious
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technique developed by Dahlberg to show that the periodicity of A im-
plies that (2.6) also holds for all r > 1, see Theorem 2.12 below.

For Lipschitz cylinders Qr = Q x (0,T), we say that the LP Dirichlet
problem is solvable in Q7 if there exists 0 < § < 1 such that for every
2—0 < p < oo and for every f € C.(0LQ7), there exists a solution to
the Dirichlet problem

Hu =0 in QT,
u=f  n.t.on dQr,
u=0 onQx{t=0},

such that

[N e @00 < Clfllr@,0r)-
The solvability is equivalent to (2.4) and (2.6), with Q..(x,t) replaced by

An(X,t) = Qr(X,t) N 0O, (X,t) € 0,97, and (Z,7) € Qr,
and with the measure do(X,t), see (1.8), in place of dz dt.

2.1. Preliminaries. We now recall some well known results that will be
needed for the proof of Theorem 1.1. For the Lemmas 2.2-2.5 below we
refer to [6] and the references therein. For a time-independent Lipschitz
domain D (given either by (1.5) or (1.6)), we denote by G to the Green’s
function with respect to D, with the convention that G(X,t;Z,7) is
the Green’s function with pole at (Z,7) € D. The Green’s function
G =G(;Z,71), as a function of (X, t), satisfies

(2.7) WG X, t)+ LG(X,t)=6(X — Z,t—7) in D,

(2.8) G(X,t)=0 on 9D U dpD.
Since the operator £ is symmetric we have G(X,t; Z,7) = G(Z,t; X, 7).
Additionally, the time-independence of A implies that G(X,t; Z,7) de-
pends only on the time difference ¢ — 7. To see this we note that if
the function v(X,t) is L-caloric, then so is v(X,t + tg). It follows that

G(X,t+to; Z, 7+ to) satisfies (2.7) and (2.8). Combining the symmetry
in space and the time-invariance we obtain

(2.9) GX,t;Z,7) =G(Z,t+to; X, T+ tg).
We also recall the estimate

C
2.1 X, t;Z,7) < .
( O) G( vtv aT) — ||(X—Z,t—’7')|‘n+l
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We shall also consider the adjoint Green’s function G*(X,t) with pole
at (Z,7), given by

G'(X,t)=G"(X,t;Z,7) =G(Z,7; X, 1),
which is adjoint L-caloric as a function of (X,t) for ¢ < 7.

Lemma 2.2. Let G and w be Green’s function and the L-caloric mea-
sure of Tr(xo,t9) or Ri”. Suppose |(x9,0) — (x,N\)]? < Alt — to,
and (z,t,\) € Tr(wo,to) or (v,t,\) € RV Then there erists a con-
stant ¢ = c(A) > 1 such that if t — to > 4p?, then
C_lpn+1G('ra i, Aa Zo,to + p2a p) < W(Z‘, t, )‘7 A(]}o, to, p/2))
S Cpn+lG(x7 t» )‘7 Xo, tO - sz p)v
and if tg —t > 402,
c_lpn+1G(x07 to — p27 P, 1, )‘) < UJ*(ZL', t, )‘7 A(an Lo, p/2))
< cp" T G (o, to + p%, pra,t, ).
Lemma 2.3 (Harnack’s inequality). Let © be a convex domain in R"T1.

If Hu = 0 in QX (to, Tp) andu > 0 in QX (tg, Tp), then if (y, o), (x,\) € Q
and tg < s <t < Ty,

—yP+ =02 t-—
u(y, s,0) < Cu(z,t, ) exp <C|CE y|t+| a| " Rs+1>7
-5

where R := min{dist(z,9Q)?, dist(y, 0Q)2, s — to, 1}.
Lemma 2.4. If Hu =0 in Ty (x0,t0) and u > 0 in Ty (x0,t0), then
u(z,t,\) < Cu(zo,to + 2r2,r), for all (z,t,\) € T,(zo,t0).

Lemma 2.5. Suppose that u and v are non-negative solutions to Hu = 0
in Tar(x0,t0), continuous in Ty, (x0,t0) and that u=v=0 on Qz(zo,to).
Then
wu(xz,t, \)
v(z,t, )

u(wo, to + 2r%,r)
v(xg,to — 2r2,71)

IA

C

. for all (x,t,\) € Ty (2o, t0).

If u satisfies H*u = 0 in Ty, (z0,t0), then

u(z, t, \)
v(z,t,A)

u(wo, to — 2r2,r

C
v(xo, to + 22,1

IN

;, for all (z,t,\) € Tr(x0o,t0).
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Let 1 < p < co. We say that w is locally Hélder continuous in a
domain D if there exist constants C' > 0 and 0 < o < 1 verifying

1)y —uv) < ¢ (L= (F )",

for (X,t), (Y, s) € Q and every parabolic cube Q Q C R™*?2 such
that 2Q = QQT C D. Moreover, any u satisfying (2.11) also satisfies
Moser’s local estimate

1/p
(2.12) sup [u| < C <][~ u|p) .
Q 2Q

By the classical De Giorgi-Moser—Nash theorem [15] any solution of
Hu = 0 in 2Q, verifies both estimates (2.11) and (2.12). This is true
for any real matrix A satisfying (1.1), without extra regularity needed.
Additionally, if D is a time-independent Lipschitz domain and 2@ﬂ8D =+
0 and if w = 0 on 2Q N &D, then

1/p
(2.13) sup |u| < C <][~ |u|p> ,
QnND 2QND

and (2.11) holds for (X, t), (Y, s) € QN D. It is well known that if (2.11)
or (2.12) hold for one single value of p, then they hold for all 1 < p < cc.
We remark that (2.11)—(2.13) also hold for solutions to H*u = 0.

Let w be the L-caloric measure of the domain Rﬁ”. The nonnegative
function

U(X’ t) =1- W(X, ta Qr(l’m tO))
is L-caloric in Ri”, vanishes on @, x {0}, and hence is Holder continuous
on T, /5(x0,t0). It easily follows that there is a constant 0 < v < 1

such that w(X,t, Q. (xo,tg)) > 5 if (X,t) € Ty, (xo,t0). By Harnack’s

inequality, there exists ¢y > 0 such that
(2.14) w(x, t, A\, Qr) > co,

if (z,t,\) satisfies A\ > yr and |z — zo|> + A2 < C1(t — tg) < Cor? for
some C and Cs, with ¢y depending on C and Cs. In view of Lemma 2.2,
we get that if

A > vr and |(w0,0) — (2, \)|> < A(t — to) < 10Ar?,
then there is a positive constant ¢ such that

(2.15) G(x,t,\; 0, tg,7) > cr "L



HOMOGENIZATION OF A PARABOLIC DIRICHLET PROBLEM 451
Lemma 2.6. The reverse Hélder inequality holds if and only if the
Dirichlet problem is solvable in LP, in the sense of Definition 2.1.

Proof: We will prove that if the reverse Holder inequality holds for a > 2,
then for any (z,t) € R**! and any r > 0,

(2.16) u(@, t,r) < C(M(f7) (@, )",

uniformly in (z,t¢,7), where 1/8 + 1/a = 1. We may clearly assume
that f > 0 and hence v > 0. Thus Harnack’s inequality implies that
Nu(z,t) < C(M(fP)(x,t))*/?. Choose § > 0 so that 2 —§ = 8. Then if
p>2—4§and f € LP, we obtain

[Nullp@nt1y < C||fllr@ntry,

by the Hardy-Littlewood maximal function estimate. To prove (2.16),
we write

U(I’,t,”f‘) = / K(I,t,’l";y, S)f(yas) dyds
Qr(z,t)

[ee]
+3° [ Kot s)f(w.s) dyds,
j=1" 1
where R; = Qg (,t) \ Qqi-1(x,t). By Harnack’s inequality,
K(z,t,r;y,8)f(y,s)dyds< K(x, t+4r% 2r;y, 8) f(y, s) dy ds.

Qr(z,t) Qr(z,t)

From the reverse Holder inequality we obtain

/ K(z,t+4r%,2r;y,) f(y, s) dy ds
Qr(a.t)

1/«
1
< rntie e / K%(x,t + 412, 2r; 9, s)
" Qr(,t)

, 1/8
X | == |£1°
<7’"+2 /Qm,t) )

< Cw@ 20 (0 (2 ) (M(fP) (2, 1))/?

(2.17)

< CM(fP)(x,1)P.
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Following the proof of [8, Lemma 2.1], it can be shown that

K(l.v ta vy, S)f(yv S) dy ds S Cj / K(xv t+ 4j+1/’17 2j+17ﬂ; Y, 8)7

R; Q.5 (x,t)

for a sequence c¢; such that Zjil ¢; < oo. Just like in (2.17) we can
show that

K(z,t,m;9,8)f(y, 8) dyds < Cc;(M(f7)(x,t))/?,
R;

which proves (2.16).
To prove the converse, suppose (z, t, A) satisfies

(2.18) (20, \) — (2,0)] < |t —to|'/2, A >2r.

Let f € C.(R™™1) be a function supported in @, (o, tp) and u the corre-
sponding solution to the Dirichlet problem with boundary data f. Then

w(,t,\) = / K(y,5)f(y, s) dy ds,
Qr(zo,to)

where K := K(x,t,\;-,-). By (2.12)

1/p
1
(@ )] < O / lul? 4y dt
| T e (@)
. 1/p
<C —/ |N (u)|? dy dt
(rn-&-Z O (w,)

1/8
7
< ¢ P dyds| .
r(n+2)/8 ( Qr(.t0)

Taking the supremum over all f € C.(R"*!) supported in Q,(x,tg) with
LA-norm equal to 1, we see that

1/« c
2.19 K|%dyd < .
(2.19) ( /Q iy ) < a7

If we prove that

(2.20) / K(y, s) dyds = w(z,t, ), Qy (2 t0)) > co,
Qr(z0,to)
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then (2.19) and (2.20) imply that for all (x,¢, \) satistying (2.18),

1/
(75 Jo o) K@t Xy )| dyds)
rn—ﬂzer(m,to)K(x,t,)\;y,s) dy ds ~ ¢

(2.21)

Since (2.20) is a consequence of (2.14), (2.21) follows.

Note that (2.21) is an apriori weaker statement than (2.4) due to
the restriction (2.18). However, following the proof of (2.16), we see
that (2.21) is in fact enough to prove (2.16). By Lemma 2.1 and Theo-
rem 3.1 in [8], (2.16) implies the reverse Holder inequality (2.4), so (2.21)
and (2.4) are actually equivalent. O

Lemma 2.7. Properties (2.4) and (2.6) are equivalent.

Proof: Assume that the reverse Holder inequality (2.4) holds. Note that
by (2.3) and Lemma 2.2,

K(Z,1a,t) = i“%w
o

Let Z := (z0,5r), 7 := to + 2072, and G*(x,t,)\) := G(Z,T;2,t, \).
We write
u(z,t, \) u(z,t,A) G*(z,t,\)

X G(@bA) A

For any (x,f, A) € T, (o, to), we have

(A l',t: )\) U(l’,t, )‘)
—— < sup T —
G* x, t7 )\) [t—to|<r2 G*($7 2t — t, )\)

Since G* is adjoint caloric, the function v(x,t,\) := G*(x, 2t — t,\) is
caloric in Ty, (xo,tp). Using Lemma 2.5, we see that

u(a:,t, A) <C u(x()yto —|—2’I"27'I")
G*(z,t,\) = G*(x0,2t —to + 2r2,71)’

for all (x,t,A) € T (xo,to)-
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Additionally, G*(z¢,2t — to + 2r%,r) > cr~"~1 for all such ¢ by (2.15).
Thus, if (2.4) holds,

t, A
/ lim sup u(z,t,\)
Qr(zo,to) A—0
u(zo, to + 2r2,r)

2
<C sup ( ) / K?(x,t)dx dt
|t —to|<r? G* (mo, 2t —tog + 2T2, ’I“) Or(zo0,t0) ( )

1
< Cu?(xg, to + 202, r)r2n2pnt2 / K?(x,t)dx dt
|Q7’| Qr(zo,t0)

2
dx dt

1
‘QT| Q,,.(:L’(),to)

2
< Cu?(zo,to + 202, r)r>ntd ( K(z,t)dx dt)
< CU2 (.130, to + 2T27 T)TRMQ(QT)

C
<= u?(zo,to + 202, 7) do dt d)
T JTar(z0,t0)
¢ 2
<= u”(x,t, ) dx dt d,
T JTap (wo,to)
where the last inequality is a consequence of Harnack’s inequality.

If (2.6) holds, fix (g, to) and let (Z, ) satisfy |(zo,0) — Z|* < |to— 7|,
Zne1 > 2r, and T — tg > 1672 Choose u(z,t,\) = G(Z,7;2,t,\) =
G*(x,t,\) in (2.6), then (=0 + L)u = 0 in Ty, (xg,tp). Thus

/ K?(x,t) dxdt:/ lim sup M
Qr(zo,t0) Qr(z,t) A—0 A
C *\2
<= (G (,t, A) dx dt ),
Tar(z0,t0)

r3

2
dx dt

(2.22)

where K := K(%7), By Lemmas 2.4 and 2.2,
¢ (G*)*(z,t, \) dz dt d)

rs T2r(z0,t0)
c * —n—
< r—3r”+3(G (0, to — 972, 1) < Cr "2 (Qy (20, to — 10r%))

< Or " 2w(Q11r (w0, 1)) < Cw(Qr(20,t0))

1

S C,rn+2 -
< ‘QT| Qr(o,to)

2
K(z,t)dx dt) ,
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where we used the doubling property (2.2). This together with (2.22)
shows that (2.6) implies (2.4). O

2.2. Local solvability. In order to state the next lemma we shall need
to introduce some notation. Let €7 be a Lipschitz cylinder as in (1.6)
and let S := 09Q x (0,T) be its lateral boundary. If (X,t) € S we let
I'(X,t) be a parabolic nontangential cone of opening 1 and vertex (X, t).
We choose 7 so that for all (X,t) € S, I'"(X,t) NS = {(X,t)} in an
appropriate system of coordinates. Let

(X, t) =T1X,t)n{(Y,s) € Qr: d((Y,s),S5) < r}.
If (X,t) € Qr, take d := d((X,t),S) the parabolic distance from (X, t)
to S and define

Q(Xa t) = Q(xa t, >‘) = Qd/4(x7 t) X ()‘ - d/47 A+ d/4)a
where d = d(z,t, A, S)/4. If Hy and Ha are two operators defined by

Hiu := Opu — div(A;Vu), i=1,2,

where A; = A;(z,t, ), let

e(x,t,\) := Ay (x,t, \) — As(x,t,N),  a(z,t,N) = Q(SUF/\) le(y, s, o).
@t

Theorem 2.8 ([16, Theorem 6.5]). Suppose that

1
lim sup —————
r=0% (Xo,t0)€S |AT(X07t0)|

a?(Y, s)
x _ 9N go(Y,s) | do(X,t) = 0.
/AT(XO,to) </Fﬂ(x,t) dn+3(Y, s, 5) ¥>) (*.9)

Then, the Dirichlet problem in Qr is solvable for Hy if, and only if, it
is solvable for Hs.

Proposition 2.9. Let A be a real and symmetric matriz satisfying (1.1),
(1.2), and (1.4). Then the local solvability condition (2.6), for0 <r <1,
1s satisfied.

Proof: Without loss of generality, it may be assumed that (xg,to) =
(0,0). Let ¢1(A) be a smooth function that satisfies ¢1(A) = 1 for
0 < X< 4, and ¢1(N) = 0 for A > 8. Take ¢2(z) another smooth
function verifying ¢o(z) = 1 for 0 < |z| < 4, and ¢2(z) = 0 for |z| > 8.
We define the operator

Hiw:= dpu — div(A; (z, ) Vu),
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which is given by the matrix
Ar(z, A) := G2(AN)[d1(x) Az, A) + (1 = ¢1(2)) 1] + (1 = g2 (N))1,

where I denotes the (n + 1)-dimensional identity matrix. Observe that
Aj is uniformly elliptic.

Our goal is to prove that the Dirichlet problem for H; is solvable in T}
and thus satisfies the local solvability condition (2.6) in that domain (see
Lemma 2.7). In particular, this gives us

/ Jim sup | A5 A)
r A—0 A

2

dx dt < % |u(z,t, \)|? dz dt dA,
Tor

for all 0 < r < 1, whenever Hyu = 0 in Ty, and u(z,¢,0) = 0 on Q4.
Notice that, when Hu = 0 in Ty,., then also Hiu = 0 in Ty, and thus the
local solvability condition for H follows from that of H;.

We introduce yet another operator Hs through the matrix

As(2,A) i= @2 (V) [d1(2) A, 0) + (1 = o ()] + (1 = d2 (M),

which is easier to handle. To prove solvability for Ho we are going to
show that (2.6) holds. Hence, it is enough to show that in any unit
neighborhood N := Qq(z,t) x (A — 1,A + 1) of each (z,t,\) € S, the
Dirichlet problem for Hs|xr is solvable. When A < 1, As(x, \) does not
depend on A, and in this situation the solvability has been established
previously in [3] and [17]. At unit distance from the remaining part of
the boundary, A, = I, for which the solvability is well known.

Next, we make use of Theorem 2.8 to transfer the solvability from Ho
to Hi1. We have that

5($7 ta /\) 218(1, )‘) ::A2($7 >‘) 7A1(f£, )‘) = ¢2()\)¢1(1’)(A($, )‘) 7"4(1'7 0))

If d(z,t,\,S) < 1 and A\ > 1, then either A\ > 10 or || > 10, which
implies e(x,\) = 0. If (Z,7) belongs to the lateral boundaryS of Tj2
and p > 0 is small enough (it suffices to take p < min(1,1/7)), then if
(z,t,\) € T)(Z, ), we may have e(z,t,A) # 0 only if (Z, 7) € 9T10N{\ =
0}, in which case d(z,t, A, S) = X and A < np < 1. It follows that

|A(z, ) — A(z,0)|, if (Z,7)e SNn{A=0},

0, otherwise,

alz, t, ) = a(z,\) < {

for all (z,¢,\) € I'}(Z,7) and all (Z,7) € S. We conclude that if p is
small enough and (Z,7) € S, (Z,7) & 0T10 N {\ = 0}, then

a?(z,t,\)
——— 7 _dxdtd\ = 0.
/F:Z(Z,T) dn+3($,t,)\75) !
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If (Z, 7') € 0T1o N {)\ = O}, then

a?(x,t, \)
——— " —dxdtd\
AH(Z,T) dnt3(z,t, A, 5) !

|A(z,\) — A(x,0)|?
< dx dt d)\
(2.23) = /rﬂ(z,r) \n+3 z
62(\ P G2 () Lo2(\
S/ (+??dxdtdA§C/ 7()d)\§0/ ()d)\,
ro(zmo A" 0 A o A

where we used (1.4) and the fact that the measure of I'?(Q) N {(y, s,0) :
o = A} is of order A"*2. As a consequence of (1.4) we get
n0 92
lim / w d\ = 0.
p—0 0 /\
Therefore, since (2.23) does not depend on (Z,7), the hypothesis of

Theorem 2.8 is verified and we conclude that #; is solvable in T},
because we already know that Hs is solvable in T7is. O

2.3. Local solvability implies (2.6) for all » > 1. By localizing the
operator H we were able to prove local solvability in the previous sec-
tion. Now, using the periodicity of A we infer (2.6) for all » > 1. This
proof is based on an unpublished work of Dahlberg, which is available
in [12, Appendix]. We need the following Cacciopolli type inequality in
the proof.

Lemma 2.10. Let R > 0 and for any v > 0, let
Qpi={(z,\) s Ja;] <2R fori=1,...,n,0 < XA <yR}.

Suppose Hu = 0 in Q4 x (0,16 R?) and that u = 0 on d1,(4 x (0,8R?))U
Op(Q4 x (0,8R?)). Then

(2.24) / |Vu|? de dt d)\ < %/ |u|? dz dt dA.
Q2% (0,4R?) R? Jo,x(0,8R2)

Proof: Let ¢(x,t,\) := ¢1(N\)p2(t), where ¢1 and ¢o are smooth cut-off
functions such that ¢1(A) = 1 for |A| < 2R, ¢1(A) = 0 for || > 3R,
|¢h| < C/R and ¢o(t) = 1 for |t| < 4R?, ¢o(t) = 0 for |t| > 8R2,
|¢5| < C/R?. The proof then follows by using u¢? as a test function in
the weak formulation of Hu = 0 in €4 x (0,8R?). O

We remark that (2.24) holds with ., and €2,, in place of Q2 and Q3
for any 0 < v1 < 72 < 4, with C depending on ~; and ~2. The following
lemma is a key tool in the proof.
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Lemma 2.11. Let R > 8 and let §2 be as in Lemma 2.10. Let A be
a real and symmetric matriz satisfying (1.1), (1.2), and (1.3). Suppose
Hu =0 in Q4 x (0,8R?) and that u = 0 on dp(Q4 x (0,8R?))\ {\ = 4R}.
Define

Qu(x,t,\) :=u(z, t, A\ + 1) —u(x,t, \).

Then, for (z,t,\) € Qs x (0,4R?) such that A > R, we have

1/2
C 1
Qu(x,t,\)| < = / w(z, t, \)|? dx dt dr .
| ( )| R (Rn+3 Q3X(O,8R2)| ( )|

Proof: By the periodicity of A, HQu = 0 in Q3 x (0,8R?). Thus, for
(2,t,\) € Qg x (0,4R?) such that A > R, (2.13) yields

1/2
1
Qu(x,t,\)| < C 7/ Qu|* dy ds do ,
|Qu(a,t, \) ( s [, e

where Kg(x,t, ) := Qprya(z,t,\) N (4 x (0,8R?)). Let
I'={x eR":|z;]<2Rfori=1,...,n}.

An application of the fundamental theorem of calculus, Holder’s inequal-
ity, and Fubini’s theorem leads to

/ |Qu|2dydsd0:/
Kr(z,t,\) Kr(z,t,\)

9R/4  pA+1
S/ / / Vu(y, s,0)[? do dAdy ds
Ix(0,8R2) J3RrR/4 J

1+9R/4
< / / |Vu(y, s,o)|* do dy ds
1x(0,8R?) J3R/4

10R/4
< / / |Vu(y, s,o)|* do dy ds
1x(0,8R?) J3R/4

C / 9
S Do |’U,(£L‘,t,0’)| ddedo—v
R? Jo,x(0,8R2)

where in the last inequality we also applied Lemma 2.10. O

2

A+1
/ Osu(x,t,0)do| dydsdA
A

Theorem 2.12. Let A be a real and symmetric matriz satisfying (1.1),
(1.2), and (1.3). Assume that (2.6) holds for 0 < r < 1. Then (2.6) also
holds for all v > 1.
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Proof: For the sake of simplicity we assume that (zo,t9) = (0,0) and
write T, := T,.(0,0) and Q, := @,-(0,0). We need to prove that

2
t
(2.25) / lim sup (u(z”)\)> dxdtg/ |u(z,t, \)|? da dt d),
A—0 A Ta,

r

for all u such that Hu=0 in Ty, and v =0 on Q.. If r < 6 we may
cover @, by cubes Q1/2(zk,tx) and apply the local solvability condi-
tion (2.6) for 0 <7 <1 to each of them to prove (2.25). Assume r > 6
and that Hu = 0 in Ty and v = 0 on Q4. We choose a cover-

ing {Q1/2(xk, tk)}x of Q, such that Q. C UpQ12(xk,tx) C Qry1 and
Yok XQu o (o) < C, where C' is independent of r.

By hypothesis, we have

2
t
1;:/ lim sup (M> dedt< CY lu(z, t, \)|? dz dt dX.
A—0 )\ k Tl(d?k,tk)

Moreover, Lemma 2.4 gives us
w(z, t, \) < Culag, ty +2,1), (x,t, ) € Th(zk, tr).
Thus,
I1<CY fuzp,ty +2,1)

k
Let G; be Green’s function for Tg, with pole at (0, —10r2,5r) and let
G5 be Green’s function for
{(z,t,\) : || < 8r fori=1,...,n, —64r% < t < 1007, 0 < X < 207},

with pole at (0, —10r2,15r). The boundary comparison principle (Lem-
ma 2.5) tells us that

’U,(Ik, tr + 2, 1)
Gi(l‘k, tr + 2, 1)

2
T
From (2.9) and (2.15) we see that

Gi(0,—2r% ) > er "L
It follows that

(2.26) T <Cr*P2u(0,2, 7)Y Gi(an, ti + 2,1)Ga(@n, tr + 2, 1).
k
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From (2.9), Harnack’s inequality, using the fact that ¢, < r% and 7 > 6
and Lemma 2.2 we find that

G1(wg, tr, +2,1) = Gy (wg, tg, +2,1;0, —10r%, 57)
= G1(0,10r% + 2ty + 6,57 4, g, + 4, 1)
< CG1(0,137%, 575 2, g, 1) < Cwi(Q1 (xk, th +4)),
where w; is the L-caloric measure for Tg, with respect to (0, 1372, 5r).

Applying Harnack’s inequality to Ga, wee see that Gao(xg,tr +2,1) <
CGa(z,t,1) for all (x,t) € Q1 (zk, tr+4). Going back to (2.26), we obtain

I < Cr*mt2|u(0,2r2,r) |2ZW1 Q1(wk, ty +4))Ga(zp, 1 +2,1)
Cr2t2|u(0, 2r%, 7) |2 Z/ (z,t,1) dwi (2, 1)
1 wk,tk+4)

S C,r2n+2|u(0, 27’2, 7‘)|2 / CTYQ(J';7 t, 1) dw1 (.T, t)

87

To estimate this last integral we use Lemma 2.11. Let QG (z,t, \) =
(x,t, A+ 1) — (z,t,A). Then HOGy = 0 in Ty, since the coefficient
matrix A is periodic in the A variable. Thus

QG5(0,13r2, 5r) :/ QG dwy
8L’I‘Eh"

:/ QGQ dw1 +/ GQ(iL',t,].) dwl.
Qsrx{8r} Qsrx{0}

Using Lemma 2.11, we find that for (z,t,\) € Q,. x [5r8r],

(2.27)

C( 1 1/2
|QG (2, t,\)| < . (r"+3 /DT |G2|dydsda> ,

where
D, = {(x,t,\) : |x;| < 8r, —64r% <t < 100r%, 0 < X < 10r}.

From Lemma 2.11 and the fact that |G3] < Cr~™"!in D,, we get
that |QGa(z,t, \)| < Cr~""%in Qg, x [57, 8r]. Using this in (2.27) yields
the estimate

/ G(x,t,1)dw; < Cr—"2
Qsrx{0}
This leads to the estimate

I< C’r"|u(0,2r2,r)|2.
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An application of (2.12) finishes the proof:

1
n 2 2 n
I <Cr™u(0,2r,7)]* < Cr 7’nH/

Qr/2(0,272,1)

< 93/ (st \)|? da dt . 0
T T,

[d

lu(,t,\)|? dx dt dX

2.4. Solvability. As a consequence of Proposition 2.9, Theorem 2.12,
and Lemma 2.7, we know that the reverse Holder inequality (2.4) holds.
Thus the following proposition follows now directly from Lemma 2.6.

Proposition 2.13. Suppose that A is a real and symmetric matriz satis-
fying (1.1)—(1.4). Let f€C.(R™Y). Then, there exists 0<d<1 (which
depends only in the dimension n and the constants appearing in (1.1)
and (2.6)) such that the solution to the classical Dirichlet problem

Hu=0 inR}2
u=f  nt onR"
verifies, for any 2 — 4§ < p < oo,
HN(U)||LP(R"+1) < C”fHL;n(]Rn+1).

2.5. Uniqueness. Moving forward to the proof of Theorem 1.1, we
start by showing that a solution to

Hu =0 in Riﬂ’
(2.28) u=f n.t. on 3R1+2 =R+,
||N(u)||LT’(]R”+1) S CHf||LIJ(Rn+1)7

where f € LP(R"*!) and p > 1, is unique. The proof relies on the
following lemma.

Lemma 2.14. Let u, v be weak solutions to H(u) = 0 and H*(v) =0
in Qar(0,0) x (r/8,4r), for certain R > r > 0, such that at least one of
the solutions is nonnegative. Then,

2r
L] (19u5.0)llo5.0) +luly. .0)][ Vo, 5.0)]) dyds do
r JQr(0,0)

4r
Sty olls o)l dydsde
" Jr/8 JQ2r(0,0)

Proof: Suppose that u > 0, the case of v > 0 follows analogously. It
is possible to take points (z;,t;,A;) € Qr(0,0) x (r,2r), j =1,...,N,



462 A. J. CASTRO, M. STROMQVIST
such that

N
Qr(0,0) x (r,2r) C U Qr/a(j,tj, Aj) and
j=1

N
U @r(zj,t5,A5) € Q2r(0,0) x (r/8,47).
=1

Then, an application of Holder’s inequality, Cacciopoli’s inequality,
and (2.12) yield

27
/ / |Vul|lv| dy ds do
r JQRr(0,0)

Z/ \Vu\|v|dydsda
j=1 Qr/4 zj,t;

N 1/2 1/2
Z</~ |Vu2dydsda> (/N |v|2dydsda>
=1 \Y @r/a(z5,t;,25) Qrya(zj ity \g)

N

) 1/2 1/2
<C (/ |u|2dydsda> (/~ |v|2dydsdo>
17 \JQra(myitiAg) Qrya(mjitiA;)

j=1

IN

T.n+3 N

<C

sup u)( sup |u|)

r _ _
j=1 Qr/2(x;.t;,X;) Qrya(zjity,Aj)

C
<= ( sup u) /~ |v| dy ds do
r j=1 ér/Z(zjﬂtja)‘j) Qr/2(wj7tj7)‘j)

C N C 4r
< = Z/~ ulv|dydsdo < —/ / ulv| dy ds do,
r j=17 Qr(®jt5:25) " Jr/8 JQ2r(0,0)

where in the penultimate step we also used Harnack’s inequality (Lem-
ma 2.3). O

M=

The following proposition implies uniqueness since the difference of
two solutions to (2.28) satisfies its hypothesis.

Proposition 2.15. Let u be a weak solution of Hu = 0 in Rﬁ” such
that N(u) € LP(R™*Y), for certain 1 < p < oo, and

(2.29) u(z,t,\) — 0, as A — 0", fora.e. v €R" t € R.
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Assume also that K(Z,7;-) € LY (R™*Y) for all (Z,7) € R’2, where
p' is conjugate to p. Then, u=0 in ]RTFQ.

Proof: Fix (Z,7) € RT“Q and let G*(X,t; Z,7) be Green’s function re-
lated to the adjoint operator H* = —9; + L on R’frﬁ with pole at (Z, 7).
For each ¢ € N, we take the following auxiliary functions:
o v € CX(R™), s.t. supp(p) C B(0,¢/2), » = 1 in B(0,£/4), and
Vel < C1/6
o ¢ € C(R), s.t. supp(¢p) C (—£2/2,02/2), ¢ = 1 in (—(?/4,02/4),
and |¢'| < C1/¢%
* 1) € C(R), s.t. supp(y) C (1/(20),20), ¢ =
in (1/(2¢),1/¢), and |Vy| < C1/¢in (¢,2¢).

Then, for £ € N big enough, we can write

Lin (1/6,0), [¢'] < Ct

uw(Z,7)=— /Rn+2 {GSG*(Y,S; Z,7) 4 divy (A(Y) - VyG*(Y, s; Z, 7'))}

x u(Y, s)p(y)y(o)d(s) dY ds
= G o 0s(u ) dY ds
R 2
n+1

2 An,+2¢ai,janG*%(U¢¢)des
T

Q=1
:/ G*cpwasu(j)des—k/ G*ppug dY ds
R1+2 Ri—%—?

n+1

+ Z /n,+2 (’bai’j aYJGY* uayi (907/1) dY ds
i,7=1 +
n+1

-3 / L, 0G0y, (ai; Ovu ) dY ds
R 2

ij=1
:/ G*ovud dY ds
R 2

n+1
+ Z /n+2 d)ai’j 8YJG*uaY1(90¢) dY d.S
i,j=1""+
n+1
- Z/ ¢ G*a; ;5 Oy,udy,(p1p) dY ds,
Ri*Q

ij=1
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where Y := (y,0) with y € R™ and ¢ > 0. Hence,

lu(Z,7)|< C / / / |G*||u| dy ds do

/(20) Je2/4<|s|<? /2 J |y|<L/2
1/¢

+£/ / / (VG |lul + |G|V u]) dy ds do
1/(20)J|s|<e? /2 |y|</2

12

+ Z/ / / (IVG*||u] + |G*||Vu|) dy ds do

¢ |s|<€2/2J |y|<e/2

1 ¢
+7/ / / (VG [l +1G*|Vu]) dy ds do
1yl s1<e2p2desaciy<e)2

=h+1+ 13+ 1.

Next, an application of Lemma 2.14 gives us

I3 < < — / / |u||G*| dy ds do.
|s|<e2/2 J|y|<e/2

c < C
(¥ = ZI+ s — [ 72y = o

when (2/4 < |s| < (2, £/2 < o < 4L, or £/8 < |y| < £, provided that ¢ is
sufficiently large. Hence,

L(Z,1)+13(Z, 1) < / / dy ds
sl £n+ |s|<e2 y|<e 9]

By (2.10),

(2.30) G*(Y,8,Z,7) <

(2.31)

SWH (u)|| Lr g1y —> 0, as £ — oc.

On the other hand,

1 [ Gr , S, 0 4, T
L(Z,7)<C Mo p(u)(y, s )<1/€/ (y—>do dy ds
|s|<e2J|y|<e /(40) g

SO Maye(u) |l Lr@nt)

)

Lr' (Rn+1)

1 [t g A
- / (973707 7T) do
1/€ J1 ) (an) o

where M,.(u) denotes the truncated vertical maximal function given by

M, (u)(z,t) == sup |u(z,t, )|
o<
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Since
G*(y,s,0:Z,7)  G(Z,T;y,s,0)
o N o ’
we have
lim G (Z,13y,5,0) _ K(Z,7;y,5),
o—0 o

by Lemma 2.2 and the definition of K. By the Lebesgue differentiation
theorem, we deduce that

2/t
Gy, s,0:Z,7)
1/6/ do

Moreover, since My, (u) < N(u) € LP(R™!), the assumption (2.29)
implies

lim
£—00

SC(”I((Za T; ')HLP’(Rn+1)<OO.
LP' (Rn+1)

(2.32) I,(Z,7) — 0, as{— .

To estimate Iy, we write

29+ /g
_ 72/ / / (VG |ul + |G*||Vul) dy ds do,
=0 27 /¢ |s|<e2/2 Je/a<|y|<L/2

where N = log, ¢2. By Lemma 2.14 and (2.30),
C N 21+1/£
14:72/ / / (IVG*||u|+|G*||Vul|) dy ds do
C =S Jaipe Nsi<ez 2 ejaciyi<es2

J+2/€

<CZ2 1/ / / |G* |Ju| dy ds do
27 /(80) J|s|<t2/2 JL/4<|y|<L/2

(2.33) () dy ds

| /\

Is
SCNW/QZN(U)dde

C'log, 12
= ¢(n+2)/p

[<e2/2 /4<\y|<e/2
N (u)||Le @nt1y — 0, as £ — oo.

Therefore, since (Z,7) was taken arbitrary in RT‘Q, putting together
(2.31), (2.32), and (2.33), we conclude u = 0 in R7"2. O
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2.6. Proof of Theorem 1.1.

Proof of Theorem 1.1: Let f € LP(R™*!), with 2 — § < p < oo; where
0 < § < 1 was determined in Proposition 2.13. We can take functions
{fe}ren C C.(R"*1) such that fr — f, k — oo, in LP(R"*1). Then,
for each k € N, call uy, the solution provided in Proposition 2.13 with
boundary data fi, which satisfies the estimate

|V (ue) || e 1y < Cll frll e ety
We also have that

[N (uj — ur)llLe@etry < Cllfj — frllor@nery, 4,k €N,

and from here we infer that there exists a function u such that u; — u,
k — oo, uniformly on compact sets of Ri”. Moreover, standard argu-
ments guarantee that u is a weak solution of the Dirichlet problem

Hu=0 in R}

w=f nt. on R
verifying

[N (W) e @n+1)y < Cll fllLe@n+ry-

For the fact that u = f n.t. on R"™! we refer to [6]. On the other hand,
the uniqueness is a consequence of Proposition 2.15, since the kernel
K(Z,1;y,s) € LV (R*), for all (Z,7) := (z,0,7) € RT*2. Indeed, by
duality,

1K (Z, 73 )| Lo (mnt1y = sup K(Z,1;x,t)g(x,t) dx dt‘ =sup |vy(Z, 7)|
g 9

R77,+1
_ 1/p
< o (f Quralzlunr)
9
< Co™ 3P sup || N (vg) || oo ()
9
< Co~ /P gup llgllLe mnt1) < Co~ /P < o0,
g
Here the supremum was taken over all ¢ € C,(R™""!) such that

l9llLe rn+1) < 1; vy is the solution to the Dirichlet problem with bound-
ary data g and in the third inequality we used (2.12). O

3. Homogenization

We divide the proof of Theorem 1.2 in three steps.
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3.1. Proofof (1.11) and (1.12) for D. By making the change of vari-
ables (x,t,\) = (y, s,0) given by (x,t,\) := (¢y,e2s,e0), the boundary
oD :={(x,t,\) = (x,t,¢(x))}

is transformed into
OD: :={(y,5,0) = (y,5,¢=(y))},

where ¢.(y) := e 1¢(cy). Note that ¢ and ¢. have the same Lipschitz
constant.

Let

V(y,t,0) == uc(ey,e%s,eX) and  fo(y,s,¢-(y)) = fley,e%s, d(ey)).
Then,

(3.1) {atus +Lou. =0 in D,

ue = f n.t. on D,
holds if, and only if|

(3.2) {85115—&—&)5 =0 in D.,

Ve = fe n.t. on dD..
By Theorem 1.1, (3.2) has a unique solution that satisfies

IN(v)llz20p.) < Cllfellz20p.)-

Changing back to the (x,t, ) coordinates, we get that (3.1) has a unique
solution verifying the estimate

|V (ue)ll 2200y < Clfllz2(aD)-

3.2. Proof of (1.11) and (1.12) for Q7. We are going to prove that
the kernel K. associated to the caloric measure w, for 0; + L. on 0.
satisfies the reverse Holder inequality.

Let (zo,to, No) € OrQr. Then, after rotating the coordinates if nec-
essary, one has by (1.7)

(3.3) Qr NU (20, t0, Xo) = {(&,1,A) : A > ¢(&)} N U (0, t0, \o)-

In the new (rotated) coordinates (Z,t,\), @(Z,t, A)
parabolic equation of the same type,

Ayt — div(AVa) = 0,

u(z,t,\) solves a

but in general A will not be periodic in .
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Suppo§e that the representation of (Z, 5\) in the original coordinates is
given by A :=lv, v € R™!, || = 1, and & := & in the (z, \) coordinates.
Then, A has period A\g = lpv in A if and only if
(3.4) A+ (L + o)) = A@@, A+ No) = A(Z,\) = Az + 1v).

From the periodicity of A we see that (3.4) holds if and only if [opr € Z"*1.
Since |v| = 1 this is equivalent to
(3.5) v="20 vyeZ\ {0}

ol
However, since ¢ is Lipschitz, there is room to rotate the coordinates
further to obtain (3.5), while maintaining the representation (3.3). Thus
we may assume that Ais periodic in A

We extend ¢ to R™, preserving its Lipschitz norm, and let D :=
{(z,t,\) : A > ¢(z)}. Denote by K the kernel associated to D,
with respect to (z,7,1) € Qp N Uy t9,0) Such that 7—tg > 47 and
|(2,1) — (20, M0)|*> < T — to. From the first part of the proof we know
that the Dirichlet problem for d; + £. in D is solvable in L. Thus K
satisfies the reverse Holder inequality, by Lemma 2.6.

Let K$¥7 be the kernel associated to 7, with respect to (z,7,1). We
need to show that

1 arp, )L C o
(M/AlKETI dU) Srn+z/A|KsT\d07

T T

for any
Ar = Ar(aio,to, )\())7 r <rg.
We recall that the measure o was defined in (1.8). Let G£7 be Green’s
function for Q7 and let GP be Green’s function for D. We denote by
G and G*P the corresponding adjoint Green’s functions with pole
at (z,7,10).
If Ax(2,1, 5\) C A, and A > 0 is small enough,

w27 (Ay) - CG;‘QT (&6 — 402, X 4 2))
An+2 — A
B OG;D(@,f— ANZ X+ 2X) G297 (2,1 — 402 M + 2))
A GED (2,1 — 402, A+ 2))
< oGPt -4, A+ 2X) GE7 (g, to — 2r2, Ao +7)
- A GP (2o, to + 2r2, Ao + 1)
< OweD(A)\(‘%?tA_8)\2a ¢(‘%?5_8)\2))) G:QT(x()atO_QrQ» )\0+7")

Ant2 G:D(Io, t0+27‘2, Ao +T) ’
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where we used (2.2) and (2.5). Taking A — 0, it follows that

KQT < CKD G:QT(Io,tO — 27’2,)\0 +7’) '
¢ - € G:D(l‘o,to-i-Q’l“Q,)\o—‘r?“)

Since K2 satisfies the reverse Holder inequality,

1 1/2
(e e

r

Q7 (30, b — 2r2, A 1 12
< oSt OH)( 2/ |K£2dg)
GEP(xo,to +2r2, o+ 1) \r"t2 JA,

< CW:D(AT) G:QT (x07t0 - 27”2, )\0 + T)
- 2 GEP(xo,to + 212, Xo + 1)

< CG:D(xO,tO —2r2 X\g+ 1) G:QT (wo,to + 212, No + 1)
- r GEP (o, to +2r2, X0 + 1)

Using Corollary 2.3. in [6], we see that

G*P(xg,to — 202, Mg + 1) <c
G:D($O7t0+27°27)\0+7“) -

Whence, using Lemma 2.2 and the doubling property (2.2), we obtain

( 1 / KO ]2 dg)1/2 < (Ao, to — 412, 60, to — 4r%)))

7“”+2 T"+2
W (Ag (w0, 05 Mo))
,r.n+2

W (A, (w0, 0, No))
Tn+2

1 Q
< 7m+2/A K7 do.

T

<C

<C

Thus K7 satisfies the reverse Holder inequality, which proves (1.11)
and (1.12) for Qg, using once again Lemma 2.6.

3.3. Proofof (1.13). We now turn to the homogenization result. Since
the domain Q7 is bounded, the LP norm of u. in {27 can be estimated
by the LP norm of its non tangential maximal function:

[uellLr@r) < C diam(Qr) [N (ue)l|Lro0r) < C diam(Q7) (| fllLr 0,01
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Let @T be a parabolic cube in R"*2 of size r such that dist(@r, oD) > r.
From the De Giorgi-Moser—Nash estimate (2.12), it follows that

c /P C diam(Qr)
(3.6) %UP |ue| < (W’/@ |uc|? dx dtd>\> SW”f”LJ’(BLQT)'
r/2 r

Thus u, is uniformly bounded with respect to ¢ in L?(K) for any compact
subset K C Q7. By Caccioppoli’s inequality, ||Vuc| (k) is uniformly
bounded in . Let

Br(Xp) == {X e R"" ;| X — Xo| < R}
and let H'(Bgr(Xo)) be the Sobolev space defined through the norm
0|z (Br(x0)) = IVl 22(Br(x0)) + VU £2(Br(X0))

and let (H!(Bgr(Xo)))* be its dual space. Choose Xy and t; < ta such
that Br(Xo) X (t1,10) is compactly contained in Q7. From the equation

Oue + Loue =0,

we see that dyu. is uniformly bounded in L?((to,t1); (H*(Br(Xo)))*).

It follows from standard results in homogenization theory (see [5,
Chapter 11]) that {u.}.>0 has a subsequence that converges weakly with
respect to the norm

1l w(Br(X0)x(t1.t2)) = Ul L2(BR(X0)x (t1,22)) + VUl L2(BR(X0)x (t1.62))
+ 10eull L2 ((to,81)(H1 (Br(X0))) )

to a function @ which satisfies 9, + Lu = 0 in Bgr(Xo) X (t1,t2).
We shall also need to extract a convergent subsequence of the Ker-
nel K.. If

(37) ({E,t,)\) S BR(Xo)X(tl,tg) and diSt(BR(Xo)X(tl,tz),aQT) > 2r,
we get as in (3.6),

Ke(a,t, Y, 8) f(Y,8) do(Y) ds| = |uc(z, 2, A)]
oLQr

C diam(27)
AS W||f”LP(8LQT)~
It thus follows by duality that || K. (z,t,A;-, )|/ La(a,0p) is bounded uni-
formly in € for (x,t,\) as in (3.7), where ¢ is the conjugate exponent
of p. This clearly implies that

HKEHLq(BR(XO)X(t17t2)><BLQT)
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is bounded uniformly in e. Thus, for a subsequence,
K, — K7 as e — 0, Weakly in Lq(BR(X()) X (thtg) X 8LQT).

Suppose {ue, } converges weakly in W(Br(Xo) X (t1,t2)) to @. Then,
there is a subsequence {es} of {e1} such that K. converges weakly to K
in L?(Bgr(Xo) X (t1,t2) x 9Qr), as e — 0, along {e3}. This yields

4, \) = /a (XY (Vo) da (V) s,

Since this holds for any set of the type Br(Xo) X (¢1, t2) that is compactly
contained in Qr, we conclude that for a certain subsequence of {e}.~0,

ue —> 4, weakly in Wiec(Qr),

and
K., — K7 Weakly in L1 (QT) X Lq(aLQT),

loc

where
hu+Lu=0 in Qp,

a(z,t,\) :/ K(z,t,\;Y,s)f(Y,s)do(Y)ds in Qrp.
oL Qr

It remains to prove that K is indeed the kernel associated to 9, +L.
That is, we need to show that @ = f n.t. on 9Qp. Assume that f
is smooth. Then by the De Giorgi—-Moser—Nash estimate (2.13), w. is
uniformly continuous up to the boundary, with estimates uniform in e.
Thus, 1. converges uniformly to @ in any neighborhood A of the bound-
ary, for a subsequence, and @ = f on N'NdD. Since ;i + L& = 0 in Q7
we see that

ﬂ(:c,t,)\):/a . K(z,t,\;Y,8)f(Y,s)do(Y)ds

solves the Dirichlet problem (1.13) when f is smooth. Since smooth
functions are dense in L2, this proves that K is the kernel associated
to 9, + L.

Finally, taking into account that all convergent subsequences have the
same unique limit @, we conclude that u. converges locally uniformly,
and locally weakly in W(Qr), to the solution u of (1.13).
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