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IRREDUCIBLE REPRESENTATIONS OF KNOT
GROUPS INTO SL(n,C)
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Abstract: The aim of this article is to study the existence of certain reducible,
metabelian representations of knot groups into SL(n, C) which generalize the repre-
sentations studied previously by G. Burde and G. de Rham. Under specific hypothe-
ses we prove the existence of irreducible deformations of such representations of knot
groups into SL(n, C).
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1. Introduction

In [3] the authors studied the deformations of certain metabelian, re-
ducible representations of knot groups into SL(3,C). In this paper we
continue this study by generalizing the results of [3] to the group SL(n, C)
(see Theorem 1.1).

Let T be a finitely generated group. The set R, (T) := R(T",SL(n, C))
of homomorphisms of ' in SL(n, C) is called the SL(n, C)-representation
variety of I'. It is a (not necessarily irreducible) algebraic variety. A
representation p: I' — SL(n,C) is called abelian (resp. metabelian) if
the restriction of p to the first (resp. second) commutator subgroup of T’
is trivial. The representation p: I' — SL(n) is called reducible if there
exists a proper subspace V' C C™ such that p(T') preserves V. Otherwise
p is called irreducible.

Let K C M3 be a knot in a three-dimensional integer homology
sphere M?3. We let I' = I'x denote the knot group of K ie. I'x is
the fundamental group of the knot complement M3 ~ K. Since the
ring of complex Laurent polynomials C[t*'] is a principal ideal domain,
the complex Alexander module A(t) of K decomposes into a direct sum
of cyclic modules. A generator of the order ideal of A(t) is called the
Alezander polynomial of K. Tt will be denoted by Ax(t) € C[t*!], and
it is unique up to multiplication by a unit ct* € C[t*1], c € C*, k € Z.
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For a given root @ € C* of Ag(t) we let 7, denote the (t — «)-torsion
of the Alexander module. (For details see Section 2.)

The main result of this article is the following theorem which gener-
alizes the results of [3] where the case n = 3 was investigated. It also
applies in the case n = 2 which was studied in [1] and [14, Theorem 1.1].

Theorem 1.1. Let K be a knot in the 3-dimensional integer homology
sphere M3. If the (t — a)-torsion 7o of the Alexander module is cyclic
of the form C[t¥']/(t — &)™, n > 2, then for each X € C* such that
A" = « there exists a certain reducible metabelian representation oy of
the knot group T into SL(n,C). Moreover, the representation oy is a
smooth point of the representation variety R,(T"). It is contained in a
unique (n*+mn—2)-dimensional component R,, of R, (T') which contains
wrreducible non-metabelian representations which deform o).

This paper is organised as follows. In Section 2 we introduce some
notations and recall some facts which will be used in this article. In
Section 3 we study the existence of certain reducible representations.
These representations were previously studied in [16], and we treat the
existence results from a more general point of view. Section 4 is devoted
to the proof of Proposition 4.1, and it contains all necessary cohomolog-
ical calculations. In the last section we prove that there are irreducible
non-metabelian deformations of the initial reducible representation.
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2. Notations and facts

To shorten notation we will simply write SL(n) and GL(n) instead
of SL(n,C) and GL(n, C) respectively. The same notation applies for
the Lie algebras sl(n) = sl(n, C) and gl(n) = gl(n, C).

2.1. Group cohomology. The general reference for group cohomology
is K. S. Brown’s book [6]. Let A be a I'-module. We denote by C*(T'; A)
the cochain complex; the coboundary operator §: C™(T; A) — C"1(T; A)
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is given by:

5f(71w~»%+1) =7 f(72w~»%+1)

n

) (D) Vi1 ViVit 1> Y1)
i=1
+ (D" ()
The coboundaries (respectively cocycles, cohomology) of T' with coeffi-
cients in A are denoted by B*(I'; A) (respectively Z*(I"; A), H*(T'; A4)).
In what follows 1-cocycles and 1-coboundaries will be also called deriva-
tions and principal derivations respectively.
Let Ay, Ao, and A3 be I-modules. The cup product of two cochains
u € CP(T'; Ay) and v € C9(T; Ag) is the cochain u~v € CPT(T; A;®@Asz)
defined by

(1) w~ vy, Vprg) = (- Yp) @ (V1 W) V(Y 1y -5 Vpta)-

Here A; ® As is a I'-module via the diagonal action. It is possible to
combine the cup product with any I'-invariant bilinear map Ay ® Ay —
As. We are mainly interested in the product map C ® C — C.

Remark 2.1. Notice that our definition of the cup product (1) differs
from the convention used in [6, V.3| by the sign (—1)P?. Hence with the
definition (1) the following formula holds:

d(u—v)=(-1)6u~v+uw-dv.
A short exact sequence
0— A 5 Ay 25 43— 0
of I'-modules gives rise to a short exact sequence of cochain complexes:
0 — O (I3 A1)~ O (T3 Ag) 25 O (T3 A3) — 0.
We will make use of the corresponding long exact cohomology sequence
(see [6, III. Proposition 6.1]):
0 — HO(T; Ay) — HO(T; Ay) — HO(T; Ag) 2 HU(D; Ay) — -+

Recall that the Bockstein homomorphism 8% : H"™(T'; Az) — H"1(T'; A)
is determined by the snake lemma: if z € Z™(T"; A3) is a cocycle and if
zZ € (p*)~Yz) € C™(T'; Ay) is any lift of z then d3(Z) € Im(i*), where
02 denotes the coboundary operator of C*(I'; A3). It follows that any
cochain 2’ € C"F1(T; A3) such that i*(z') = d2(2) is a cocycle and that
its cohomology class only depends on the cohomology class represented
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by z. The cocycle 2’ represents the image of the cohomology class rep-
resented by z under 8.

Remark 2.2. By abuse of notation and if no confusion can arise, we will
write sometimes 8" (z) for a cocycle z € Z™(T"; A3) even if the map 5" is
only well defined on cohomology classes. This will simplify the notations.

We will make use of the following known fact [13, Lemma 3.1]:

Lemma 2.3. Let T’ be a finitely presented group, and A a T'-module.
Suppose that X is any CW-complex with w1 (X) = I". Then there are
natural morphisms H;(X;A) — H;(T; A) which are isomorphisms for
i = 0,1 and a surjection for i = 2. In cohomology there are natural
morphisms H'(T'; A) — H(X; A) which are isomorphisms for i = 0,1
and an injection for i = 2.

2.2. The Alexander module. Let K C M?3 be a knot in a three-
dimensional integer homology sphere M3. We let X = M3\V(K) de-
note its complement where V(K) is a tubular neighborhood of K. Let
I' = m1(X) denote the fundamental group of X and h: ' — Z, h(y) =
k(v, K), the canonical projection. There is a short exact splitting se-
quence

(2) 1—T—T—{t|-)—1,

where IV = [I', T'] denotes the commutator subgroup of I'. The surjection
is given by v + t"(?). Hence I is isomorphic to the semi-direct prod-
uct TV x Z. Note that IV is the fundamental group of the infinite cyclic
covering X, of X. The abelian group I'"/T" = H;(X;Z) becomes a
Z[t*']-module via the action of the group of covering transformations
which is isomorphic to (¢ | —). The Z[t*!]-module H;(Xo; Z) is a finitely
generated torsion module called the Alexander module of K. There are
isomorphisms of Z[t*1]-modules

H,(T; Z[tH) = Hy(X; Z[tHY]) =2 Hy(Xoo; Z), q=0,1,

where T' acts on Z[t*!] via yp(t) = t"V) p(t) for all v € T and p(t) €
Z[t*']. (See [9, Chapter 5] for more details.) In what follows we are
mainly interested in the complex version C ® I'"/T" = Hy(T'; C[t*!]) of
the Alexander module. As C[t*!'] is a principal ideal domain, the Alexan-
der module H; (I'; C[t*']) decomposes into a direct sum of cyclic modules
of the form C[t*1]/(t—a)*, a € C*\ {1} i.e. there exist ay,...,as € C*
such that

Mo
Hy(D; C[t*')) = 70, @ -+ @ 7o, where 7, = @D C[t*]/(t — a;)""

ij=1



IRREDUCIBLE REPRESENTATIONS OF KNOT GROUPS INTO SL(n, C) 367

denotes the (t — a;)-torsion of Hy(I'; C[t*1]). A generator of the order
ideal of Hy(Xoo;C) is called the Alezander polynomial Ak (t) € C[t*1]
of K i.e. Ag(t) is the product

Aty =] H (t — a;)"si.

j=li;=1

Notice that the Alexander polynomial is symmetric and is well defined
up to multiplication by a unit ct® of C[t*'], ¢ € C*, k € Z. Moreover,
Ak (1) # 0 (see [8]), and hence the (¢ — 1)-torsion of the Alexander
module is trivial. In fact, it is well known that, up to multiplication
by a unit, we can assume that A is normalized in the following way:
Ak € Z[t] € C[t*!] is a polynomial with integer coefficients such that
Ak(0) #0and Ak (1) =1 (see [8, 8.D]).

For completeness we will state the next lemma which shows that the
cohomology groups H*(X; C[t*!]/(t—a)*) are determined by the Alexan-
der module H;(T; C[t*1]). Recall that the action of T on C[t*!]/(t—a)*
is induced by p(t) = t"Mp(t).

Lemma 2.4. Let K C M? be a knot with exterior X = M3\V (K) and
T its fundamental group. Let o € C* and let 7, = &= C[tF!]/(t — a)"

t
denote the (t — a)-torsion of the Alexander module Hy(T'; C[tT1]). Then
if « =1 we have that 71 is trivial and

C =0,1
HO(X Ol (¢ - 1)y = 4 & R =0

0 forq>2.
Moreover, for a # 1 we have:

0 forq+#1,2,

HYX; C[til]/(t — Oz)k) = {@?ﬁlc[til]/(t _ O[)min(k,n) forq=1,2.

In particular, H*(T; C[t*]/(t — a)*) # 0 if and only Hy(T'; C[t*']) has
non-trivial (t — a)-torsion i.e. if Ax(a) =0.

Proof: During this proof we put A = C[t*!]. Let A be a A-module, then
by the extension of scalars [6, II1.3] we have an isomorphism

HY(X; A) = [ (HomA(C*(XOO; C);A)).

Since A is a principal ideal domain, we can apply the universal coefficient
theorem and obtain

HY(X; A) = Ext) (H, 1(Xo0; C), A) @ Homp (Hy(Xo0; C), A).
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Now Hp(Xoo;C) = C = A/(t—1) and Hg(Xoo; C) =0 for k > 2 (see [8,
Proposition 8.16]). Therefore,

H°(X; A) = Homp (Ho(Xoo; C), A),
HY(X; A) = Exth (Hy(Xo0; C), A) ® Homp (H (X o; C), A),
H?*(X;A) =2 Ext) (H(Xo;C), A).

To complete the proof, observe that for o, 5 € C* and k,l € N we have
the following:

Hom (A/(t = @)*, A/(t = B)') = {i/@ —a)m iz*?

Exth (A/ (£ — )", A/t~ 9)') = {i/@aw ol

where m = min{k, [} (see [9, Proposition 2.4]). Notice that for 8 # a,
multiplication by (¢t — 3) induces an isomorphism of A/(t — ). O

Corollary 2.5. Let K C M3 be a knot and T its group. Let o € C* and

let 7o = @, C[tF] /(t—a)" denote the (t— a)-torsion of the Alezander
module Hy(T'; C[t*!]). Then we have that

C =0,1
Hq(F;C[til]/(t—l)k) ~ fO’f’q y 4y
0 forq=2,
and, for o # 1 we have:
0 forq=20
HYT; C[t)/(t — a)F) = . ’
( [ ]/( a) ) @?glc[til]/(t _ a)mm(k,m) fOT g=1.
Proof: This is an immediate consequence of Lemmas 2.3 and 2.4. O

2.3. Representation variety. Let I' be a finitely generated group.
The set of all homomorphisms of I into SL(n) has the structure of an
affine algebraic set (see [17] for details). In what follows this affine
algebraic set will be denoted by R(T',SL(n)) or simply by R, (I"). Let
p: I' — SL(n) be a representation. The Lie algebra sl(n) becomes a
I'-module via Adop. This module will be simply denoted by sl(n),. A
1-cocycle or derivation d € Z'(T';sl(n),) is amap d: T' — sl(n) satisfying

d(y172) = d(m1) + Adop(71)(d(12)), Vy,72 €T,

It was observed by André Weil [19] that there is a natural inclusion
of the Zariski tangent space szar( A([) < Z'(T;sl(n),). Informally
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speaking, given a smooth curve p. of representations through py = p one
gets a derivation d: T' — sl(n) by defining
d(v) = d/;(’y) p(n)~', Vyel.
€ e=0

It is easy to see that the tangent space to the orbit by conjugation
corresponds to the space of principal derivations B'(T;sl(n),). Here,
b: T' — sl(n) is a principal derivation if there exists x € sl(n) such that
b(v) = Adop(y)(z) — z. A detailed account can be found in [17].

For the convenience of the reader, we state the following result which
is implicitly contained in [3, 14, 13]. A detailed proof of the following
streamlined version can be found in [12]:

Proposition 2.6. Let M be an orientable 3-manifold with infinite
fundamental group (M) and incompressible torus boundary, and let
p: m (M) — SL(n) be a representation.

If dim H'(m1(M);sl(n),) = n — 1 then p is a smooth point of the
SL(n)-representation variety R, (w1 (M)). More precisely, p is contained
in a unique component of dimension n*+n—2—dim H(m (M);sl(n),).

3. Reducible metabelian representations

Recall that every nonzero complex number a@ € C* determines an
action of a knot group I" on the complex numbers given by vz = oMz
for v € T' and z € C. The resulting I'-module will be denoted by C,.
Notice that C, is isomorphic to C[t*!]/(t — a).

It is easy to see that a map I' — GL(2, C) given by

o () (Y )

is a representation if and only if the map z;: I' = C,, is a derivation i.e.

621(m1,72) = "2 (72) — 21 (1172) + 21(m) = 0 for all 41,72 € T.

The representation given by (3) is non-abelian if and only if « # 1
and the derivation z; is not a principal one. Hence it follows from Corol-
lary 2.5 that such a reducible non-abelian representation exists if and
only if « is a root of the Alexander polynomial. These representations
were first studied independently by G. Burde [7] and G. de Rham [10].

We extend these considerations to a map I' — GL(3,C). It follows
easily that

a2 (7) 2(v)
(4) Y1 0 L h(v)
0 0 1
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is a representation if and only if §z; = 0 and dz9 + 21—« h =0 i.e.

0z1(y1,72) =0 for all y1,v2 € T,
820(71,72) + 21(11)h(y2) =0  for all 1,72 € T.

It was proved in [4, Theorem 3.2] that the 2-cocycle z; — h represents
a non-trivial cohomology class in H?(I'; C,) provided that z; is not a
principal derivation and that the (¢ —a)-torsion of the Alexander module
is semi-simple i.e. 7, = C[t*!]/(t —a) @ --- @& C[t*']/(t — ). Hence if
we suppose that z; is not a principal derivation then it is clear that a
non-abelian representation I' — GL(3, C) given by (4) can only exist if
the (¢t — a)-torsion 7, of the Alexander module has a direct summand of
the form C[tT1]/(t — a)®, s > 2.

Representations I' — GL(n, C) of this type were studied in [16] where
it was shown that the whole structure of the (¢—«)-torsion of the Alexan-
der module can be recovered.

Let o € C* be a non-zero complex number and n € Z, n > 1. In what
follows we consider the cyclic C[t*!]-module C[t*!]/(t — )"~ ! and the
semi-direct product

Cit*'/(t— )"t x Z,
where the multiplication is given by (p1,n1)(p2, n2) = (p1+t" p2, n1+ns).
Let I, € SL(n) and N,, € GL(n) denote the identity matrix and the
upper triangular Jordan normal form of a nilpotent matrix of degree n
respectively. For later use we note the following lemma which follows
easily from the Jordan normal form theorem:

Lemma 3.1. Let a € C* be a nonzero complex number and let C™ be
the C[tT1]-module with the action of t* given by

(5) tha=araJr,

where a € C" and J,, = I, + N,,. Then the C[t*']-module C™ is iso-
morphic to C[tT']/(t — a)™.

There is a direct method to construct a reducible metabelian represen-
tation of C[t*1]/(t —a)" ! x Z into GL(n, C) (see [5, Proposition 3.13]).
A direct calculation gives that

wo (s 1) w3 )

defines a faithful representation C[t*!]/(t — a)"~! x Z — GL(n, C).
Note that the short exact splitting sequence (2) induces the sequence

1 —T/T —T/T"— (t]|-) — 1L
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Hence I'/T” is isomorphic to the semi-direct product IV/T" x Z. Now, if
p: T' = GL(n, C) is a metabelian representation, then p factors through
I'/T" and thus through the metabelian group I'V/T" x Z.

Therefore, if the Alexander module H; (X, C) has a direct summand
of the form C[t*!']/(t — a)® with s > n —1 > 1, we obtain a reducible,
metabelian, non-abelian representation g: I' = GL(n, C) as follows:

0:T=T'XNZ —T/T"XZ — (CRT'/T")xZ
— C[t*']/(t —a)* x Z — C[t*]/(t —a)" ' x Z — GL(n,C)

and given by

o a=( I 5

n

It is easy to see that a map g: I' — GL(n) given by (6) is a homomor-
phism if and only if z: I' — C"~! is a derivation i.e. for all v;,7v, € I’
we have

(7) 2(7172) = 2(71) + @OV z(0) IO,

For a better description of the cocycle z, we introduce the following
notations: for m,k € Z, k > 0, we define

a ( ) (m—k+1)
_ (h() m\ [ mme e me ) g s,
hi(v) == ( I ) , where (k) = {1 £ E D,

Observe that if m,k € Z and 0 <m < k then () =0.
It follows directly from the properties of the binomial coefficients that
for each k € Z, k > 0, the cochains hy, € C*(T'; C) are defined and satisfy:

k—1
(9) Shi+ Y hi~ hy—i = 0.

i=1

Lemma 3.2. Letz: I' — C"~! be a map satisfying (7). The components
Zk: T = Cqu, 1 <k <n-—1, of z satisfy the equations

k—1

0% + Y hi~F; = 0.

i=1

In particular z,: I’ — C, is a derivation.
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Proof: Note that ho=1, hy=h, J;" 1 =(In—1+Np-1)" =35 (7} YN 4,

and (21, ...,Tp—1)J0" = (2}, 2,...,2],_) where
el L R
=0 i=1
It follows from this formula that z(vy17y2) = z(71) + ah("“)i(’yg)Js(jf)
holds if and only if for k =1,...,n — 1 we have
k—1
Z(n72) = () + 00V 2(32) + D hi(1) " 5 (12).
i=1
In other words 0 = 82 + Y1~ hi~ Z_; holds. O

From now on we will suppose that, for « € C*\ {1}, the (t—«)-torsion
of the Alexander module is cyclic of the form

Ta = C[til]/(t — )" ', where n > 2.
This is equivalent to requiring that « is a root of the Alexander polyno-
mial Ak (¢) of multiplicity n — 1 and that dim H*(T'; C,) = 1 (see Corol-
lary 2.5).

Remark 3.3. Notice that by Blanchfield-duality [11, Chapter 7] the (¢t —
a~1)-torsion of the Alexander module Hy(T; C[t*!]) is also of the form
To-1 = C[tTY/(t —a~ 1)L,

More precisely, the Alexander polynomial A (¢) is symmetric and hence
a~1is also aroot of A (t) of multiplicity n—1 and dim H'(T'; C,-1) = 1.

Let g: T' — GL(n) be a representation given by (6) i.e. for all v € T

we have ho)
1 zZ(y) (o™ 0
Q(’Y) - <0 In—l) < 0 J7h§'y) .

We will say that g can be upgraded to a representation into GL(n+1, C)
if there is a cochain Z,: I' = C, such that the map I' = GL(n + 1, C)

given by
L (#(),2(0) (@0
vy (0 I, 0o g

is a representation.

Lemma 3.4. Suppose that the (t — a)-torsion of the Alexander module
is cyclic of the form 7o = C[t*']/(t — a)"™', n > 2 and let 5: T —
GL(n, C) be a representation given by (6).

Then ¢ cannot be upgraded to a representation into GL(n+1, C) unless
zZ1: T'— C, is a principal derivation.
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Proof: By Lemma 3.1, the C[t*!]-module C"~! with the action given
by ta = aaJ,_; is isomorphic to C[tT1]/(t — a)"~!. Hence it follows
from the universal coefficient theorem that, for I > n — 1, we have:

HYT; Cit*'/(t — a)') 2 Homgy+1) (H1 (T Ct*Y), CEF /(¢ — o))
= Homgy1) (C[til]/(t —a)"" L CtY/(t - a)')
~C[t)/(t — )"

Hence if [ > n — 1 then every derivation z: I' — C[t*1]/(t — a)!, given
by Z(v) = (21(%), ..., Zi(7)) is cohomologous to a derivation for which
the first [ — n 4+ 1 components vanish. This proves the conclusion of the
lemma. O

Notice that the unipotent matrices J,, and J, ! are similar: a di-
rect calculation shows that P,J,P, ' = J ' where P, = (pij), pij =
(1)) (g) The matrix P, is upper triangular with £1 in the diagonal
and P? is the identity matrix, and therefore P, = P, 1.

Hence ¢ is conjugate to a representation ¢: I' = GL(n, C) given by
(10)

"z () =) - zZa(y)
(o™ z(y) : - - - :
o(v) = ( 0 Js(_wf) | : B ' : ’
: 1 ha(y)
0 .. o 0 1
where z = (z1,...,2,_1): I' = C"~! satisfies

a(y172) = o a(e) + 2(n) 1, 0.
It follows directly that z(y) = Z(V)Pn,le(jl) and in particular z; = —Z;.
The same argument as in the proof of Lemma 3.2 shows that the
cochains z;: I' = C,, satisfy:

k-1
5zk+z;;ivhk_i:0 fork=1,...,n—1.

=1

Therefore, the representation g: I' = GL(n, C) can be upgraded into
a representation I' = GL(n + 1, C) if and only if Z?;ll zi~hp_; is a
principal derivation.

Hence we obtain the following:
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Proposition 3.5. Suppose that the (t—a)-torsion of the Alexander mod-
ule is cyclic of the form 7o = C[t*']/(t — a)"~!, n > 2. Let 5,0: T —
GL(n, C) be the representations given by (6) and (10) respectively where
Z1 = —z1: I' = C, is a non-principal derivation. Then the representa-
tions ¢ and o cannot be upgraded to representations I' — GL(n + 1, C)
i.e. the cocycles

n—1 n—1
E hl ~ énfi and E zZi~ hnfi
i=1 i=1

represent nontrivial cohomology classes in H2(T'; Cy).

Proof: The proposition follows from Lemma 3.4 and the above consid-
erations. O

Corollary 3.6. Suppose that the (t—«)-torsion of the Alexander module
is cyclic of the form 7, = C[t*']/(t — )", n > 2. Then

dim H?(T;Chz1) = 1.

Proof: Proposition 3.5 implies that dim H?(I'; C,+1) > 1, and by Lem-
mas 2.4 and 2.3 we obtain the claimed result. O

Example 3.7. Let us consider the knots 31, 819, and 859 in S3. Their
Alexander polynomials are given by Az (1) = t2 —t + 1, Ag,,(t) =
(t? —t +1)%, and Ag,,(t) = (t> —t + 1)3. In each case the Alexander
module is cyclic.

A presentation of I's, is given by I's, = (S,T | ST'S = TST). The
knots 819 and 859 can be realized as the closures of & = 819 and 7 = 89 of
the braids o = o7 'o30; 203 and 7 = 0}090; 205 in the braid group B
on three strands. This gives the following presentations for the knot
groups:

F810 = <$1,$2,3?3 | r = 0(1’1)7 T2 = 0($2)>,
Ly = (W1, 92,93 | y1 = 7(y1), ¥2 = 7(y2))-

All our computer supported calculations were carried out by using
SageMath [18]. Moreover, we made a worksheet which contains the cal-
culations and more details (available at http://mat.uab.cat/pubmat).

We let a denote the primitive 6-th root of unity. For the trefoil knot
a non-abelian reducible representation (10) is given by

03,(5) = (8‘ ?) and o3, (T) = (8‘ i)


http://mat.uab.cat/pubmat/fitxers/download/FileType:other/FolderName:./FileName:Examples_SLn.ipynb
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Notice that g3, can not be upgraded to a representation into GL(3, C)
since « is a simple root of Ag,. This follows from Proposition 3.5 or
from direct calculation (see also the worksheet).

For the knot 839 a non-principal derivation z;: I's,, — C, is given
by z1(y1) = 0, z1(y2) = z1(ys) = 1. Thus we obtain the reducible
metabelian representation Qéiz) : I's,, = GL(2, C) given by

2 a 0 2 a 1 2 a 1
Qéz?) (yl) = <0 1) ’ 95(322) (y2) = <0 1) ) Qégz) (yB) = <0 1) .

(3)

This representation can be upgraded to the representation g, : I's,, —
GL(3, C) given by gé‘zz (y;) = A; where
a 0 0 a 1 0 a 1 a+1l
Ay=10 1 1|, A4,=(0 1 1|, A3=]0 1 1
0 0 1 0 0 1 00 1

Proposition 3.5 or computer supported calculations (see the worksheet)
show that Qéi?) can not be upgraded to a representation into GL(4, C).

éﬁz) and 92(3?)0 can be

cannot (see the worksheet). The representation Qgﬂ :

Similarly, for the knot 8;y the representations o

upgraded but Qgil

I's,, — GL(4, C) is given by oM (z;) = B; where

810
a 0 0 0 a 1 0 0
01 1 0 01 1 0
Bi=lg o1 1] Po=lo 01 1]
00 0 1 00 0 1
a 1l a—2 oa+3
01 1 0
Bs=1o o 1 1
00 0 1

4. Cohomological computations

We suppose throughout this section that K C M? is a knot in a three
dimensional integer homology sphere M3 and that the (¥ — «)-torsion
of its Alexander module is cyclic of the form 7, = C[t¥]/(t — a)" !,
n > 2, where o € C* is a nonzero complex number. Let ¢o: I' — GL(n)
be a representation given by (10) where z;: I' = C,, is a non-principal
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derivation:
"z (y) () o zeaa(y)
B M 2() B . . . . .
oY) = 0 JZ(’YI) -
. 1 hl(")/)
0 0 1

We choose an n-th root A of @ and we define a reducible metabelian
representation gy : I' = SL(n) by

(11) ox(v) = X"Wo(y).

The aim of the following sections is to calculate the first cohomology
groups of I' with coefficients in the Lie algebra sl(n)ado,,. Notice that
the action of I' via Adop and Adopy preserve sl(n) and coincide since
the center of GL(n) is the kernel of Ad: GL(n) — Aut(gl(n)). Hence we
have the following isomorphisms of I'-modules:

(12) 5[(n)Ad oo = 5[(n)Ad op and g[(n)Ad op — 5[(n)Ad op ®C In7

where I' acts trivially on the center CI,, of gl(n). We will prove the
following result:

Proposition 4.1. Let K C M? be a knot and suppose that the (t—a)-tor-
sion of the Alezander module of K is of the form 7o, = C[t*¥!]/(t—a)"~ .
Then for the representation px: ' — SL(n) we have HO(T;8l(n)Ad opy ) =
0 and

dim H'(T;5[(n) Adogy ) =1 — 1.

Notice that Propositions 4.1 and 2.6 will prove the first part of Theo-
rem 1.1. The proof of Proposition 4.1 will occupy the rest of this section.

Example 4.2. Proposition 4.1 applies to the representations ggzl), gé?;i,

and géﬁ. Therefore, the corresponding SL(n)-representations are smooth
points of the representation variety, and are limits of irreducible repre-
sentations.

Computer supported calculations for 85y show that

dim Hl(r;sr(z)AdoggzL) = 2.

Similar calculations for 819 give

dimHl(F;sl(Z)AdogéglL):Q and dim H'(T;sl(3),, =) =3

Ad 005,

(see the worksheet). Therefore, Proposition 4.1 does not apply for the
(2)

corresponding SL(n)-representations. However, the representations 080
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and gézlz factor through surjections m: I's,, — I's, and ma: I's,, — I's,
respectively. These surjections are defined by 71 (x1) = T, m(z2) = 5,
m(x3) = T, and ma(y1) = S, ma(y2) = m2(ys) = T as indicated in
Figure 1 (see also the worksheet). Hence, 95(32 and gg)o are limits of
irreducible representations. See also [2].

[~

0
~
~
N
w0
~

FIGURE 1. The surjections 7;: I's,, — I's, and
o ! Fgm — Fgl.

Throughout this section we will consider gl(n) as a I-module via
Adop and for simplicity we will write gl(n) for gl(n)ado,- It follows
from Equation (12) that

(13) H*(T;9l(n)) =2 H*(T;sl(n)) @ H*(T; C).

In order to compute the first cohomology groups H* (T, gl(n)) and
describe the cocycles, we will construct and use an adequate filtration of
the coefficient algebra gl(n).

4.1. The setup. Let (E1,...,E,) denote the canonical basis of the
space of column vectors. Hence E} := E; -'E;, 1 < i,j < n, form the
canonical basis of gl(n).



378 L. BEN ABDELGHANI, M. HEUSENER

Note that for A € GL(n), Ada(E!) = (AE)(*E;A™Y). The Lie
algebra gl(n) turns into a Imodule via Adop ie. for all v € T we
have

v El = (o) E)(*Ejo(vh).

Explicitly we have

o)
0
v-Ef = ) (a_h(7)731(7_1)7--~7Zn—1(7_1)>
(14) :
0
=El + 0" (v EF + -+ 0"V 1 (vHEY
forl <k<n:

(15) v Ef = "M EF + oD hy (v HEFT - oD hy (v EY

Zk-1(7)
hi—2(7)

(16) 7Bl =| M) | (a6 zal ™)
1
0

and for 1 < 4,7 <n:

zi—1(7)
hi—2(7)

17 y-E = | my) (0 0 (), (7).
1
0

For a given family (X;)icr, X; € gl(n), we let (X; | i € I) C gl(n)
denote the subspace of gl(n) generated by the family.
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Remark 4.3. A first consequence of these calculations is that if ¢ €
Ct (T; C) is a cochain, then for 2 < i <n and 1 < j < n we have:

(59[(0Ef) = (5C)Ef + (hy~ C)Ef;l +- -+ (hi—a~ c)E% +(zi1 v~ c)E{ +,

where z: I' x I' — (Bl | 1 < k <4, j <1 < n)is a 2-cochain. Here
59" and § denote the coboundary operators of C*(T'; gl(n)) and C*(T'; C)
respectively.

In what follows we will also make use of the following I'-modules: for
0<i<n-—1, wedefine C(i) = (EL | 1<k<nn—i<l<n). We
have

0 O Cl,n—z’ e Cl,n
0 e O CQ,n_»L' e Cgm
(18)  CG) = SR : : reij€C
0 ... 0 Ch—1mn—i --- Cn—1n
0 ... 0 con—i -~ Cpnm

and gl(n) =C(n—-1) D Cn—2) D --- D C(0) = (E},...,E") D
C(-1)=0.

We will denote by X + C(i) € C(k)/C(i) the class represented by
XeCk),0<i<k<n-—1.

4.2. Cohomology with coefficients in C(7). The aim of this sub-
section is to prove that for 0 < ¢ < n — 2 the cohomology groups
HY(T;C(4)), 0 < g < 2, vanish (see Proposition 4.8). First we will prove
this for ¢ = 0 and in order to conclude we will apply the isomorphism
C(0) =2 C(i)/C(i — 1) (see Lemma 4.6). Finally Lemma 4.7 permits us
to compute a certain Bockstein operator.

Lemma 4.4. The vector space (ET) is a submodule of C(0) and thus of
gl(n) = C(n — 1) and we have

HO (T3 (BY)) = 0, dim H' (I (EY)) = dim H*(I'; (BY')) = 1.
More precisely, the cocycles z; E} € Z1(T'; (E?)) and
n—1
<Z zi~ hn—i) E? € ZQ(F; <E?>)
i=1
represent generators of HY(T'; (ET)) and H?(T; (E})) respectively.

Proof: The isomorphism (E7) = C,, Corollary 2.5, and Corollary 3.6
imply the dimension formulas. The form of the generating cocycles fol-
lows from the isomorphism (E7) & C, and Proposition 3.5. O
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Lemma 4.5. The I'-module C(0)/(E}) is isomorphic to C[t*¥']/(t —
)=, In particular, we obtain:

(1) for q=0,1 dim HI(T; C(0)/(E7)) =1 and H(T; C(0)/(EL)) =0,
(2) the vector EY represents a generator of HY(I'; C(0)/(E})) and the
cochain v1: T — C(0) given by

n () =h(ME; +ho(MER_y + -+ + hna(7) B2
represents a generator of H(I'; C(0)/(E})).

Proof: First notice that C'(0)/(ET) is a (n—1)-dimensional vector space.
More precisely, a basis of this space is represented by the elements

n n n
EnaEn—h"-aEZ'

It follows from (17) that the action of ' on C(0)/(E7) factors through
h: T — Z. More precisely, we have for all v € T" such that h(y) =1 and
forall0<{<n-1

y-Ey =B, +Ey .

Here we used the fact that if h(y) = 1 then h;(y) = 0forall2 <i <n-—1.
On the other hand

(1 =t-1%(t—-1),...,(t— 1)n—2)

represents a basis of C[t*!]/(t — 1)"~! and we have for all v € I" such
that h(y) = 1:

yot-1Dl =t -1+ (¢ - 1) +p,
where p € (t — 1)""'C[t*!] and 0 < I < n — 2. Hence the bijection
e: {t—1)"0<I<n-2} —{E" ,|0<1<n-2}

given by ¢: (t — 1)\ — E"

»_1, 0 <1 <n—2, induces an isomorphism of
I'-modules
p: CIt/(t—1)""" — C(0)/(E}).

Now, the first assertion follows from Corollary 2.5.

Moreover, it follows from the above considerations that E§ represents
a generator of H°(T'; C(0)/(E?)). To prove the second assertion consider
the following short exact sequence

0 — i)/t - 1)" 2 L e/ - 1) — € — 0
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which gives the following long exact sequence in cohomology:

0 — HO(I; CEFY/(t — 1)"2) = HO(D; CEFY/(t — 1))
BT ) D HYT (- 1))

— HY(T; C[t*"]/(t — 1) ") = H'(T'; C)
— HX(T; C[t*Y)/(t —1)"2) =0.

The isomorphisms and the vanishing of H?(T'; C[t*!]/(t — 1)"~2) follow
directly from Corollary 2.5.

Hence the Bockstein operator 8° is an isomorphism: the element eq =
1 € C[t*1]/(t —1)"~! projects onto a generator of H°(I'; C) and if 67!
denotes the coboundary operator of C*(T'; C[t*!]/(t —1)"~1) we obtain:

5" Meo)(y) = (v —1) - €0
= hi(v)er + ha(v)ea + -+ hn—a(V)en—1
= (t—1)- (hi(7)eo + ha(v)er + -+ + hp—2(7)en—2).

Hence the cocycle v — hi(y)eg + ha(y)er + - - - + hpn—2(7)en—2 represents
a generator of H'(I'; C[t*1]/(t — 1)"~2). To conclude, recall that the
isomorphism C[t*1]/(t — 1)"~! = C(0)/(E}) is induced by the map
preg—= B 0<1<n—-2 O

n—101

Lemma 4.6. Fori € Z, 0 <4 <n—3, the I'-module C(i +1)/C(i) is
isomorphic to C(0).

Proof: It follows from (17) that, for all ¢ € Z, 0 < i < n—2, the bijection
o {E, {06 [0<j<n-1} —{El_;|0<j<n—1}

given by ¢( Z_JZH) + C(i)) = E_ . induces an isomorphism of I'-mod-

n—j

ules ¢: C(i+1)/C(i) — C(0). O

Let us recall the definition of the cochains h; € C}(T;C), given by
hi(y) = (h(])) (see Equation (8)). Recall also that for 1 <¢ <mn—1 the
cochains h; € C}(T; C) satisfy Equation (9):

i—1
Shi+ Y hj~hi_j=0.

j=1
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Lemma 4.7. Let 5% denote the coboundary operator of C*(T;gl(n)).
Then for all 0 < k < n—2 there ezists a cochain x_1 € C*(I';C(k—1))
such that

n n—1
59[ <Z hnH,lEZIk) = (Z szhnz> E?ik + Tp_1.
=2

i=1

Proof: Equation (17) and Remark 4.3 imply that
59[(hn7i+1E?7k) =zi_1~hpn_ip1 E?ik

i—1

+ Z hi—i~hn_it1 Elnfk + 6hn_iy1 Ezlfk + T k-1,

1=2
where ; ,_1 € C*(I'; C(k—1)) and ¢ is the boundary operator of C*(I'; C).
Therefore,

n n
59! (Z hn—i+1EZl_k> = (Z Zi—1 th—i+1> Erk
=2 =2

n 1—1

+ Z Z hi—g~hp_iz1 B} F

=2 [=2

n
+ Z Shp i1 EMF 42y,
i=2
where x,_1 = > 1y i k-1 € C*(I;C(k — 1)), A direct calculation gives
that

n t—1 n—1 1
it~ hp—iy1 B % = Z Z hig~hp_ip1 B} "
1=2 =2 =2 i=l+1
n—1 /n—I
= Z (Z hi thlJrli) B}k
=2 =1
Thus
n—1
69 (hp_ i  EPTF) = (Z Zi~ hn_i> EPF 4 5hy ENTF
i=1

n—2 n—i—1
+Y <6hm- + Y vhn”> Btz

i=1 =1

Now dhy = 0 and by (9) we have 5hn,i+27;f hi~ hp—it+1—1 = 0. Hence
we obtain the claimed formula. O
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Proposition 4.8. Foralli € Z,0<i<n—2, and 0 < g <2 we have
HY(T;C(4)) = 0.

Proof: We start by proving the result for s = 0. Consider the short exact
sequence

(19) 0 — (ET) — C(0) —» C(0)/(ET) — 0.
As the C[t*!]-modules (E}) and C, = C[t*']/(t — ) are isomorphic,
the sequence (19) gives us a long exact sequence in cohomology:
0= H(T; (E})) — H°(T;C(0)) — H°(T;C(0)/(E}))
By BT (BR)) — HY(T;C(0) — HY(T; C(0)/(EY))
2y HAT: (B})) — HA(T; C(0) — HA(T;C(0)/(E})) = 0.

Here, for ¢ = 0,1, we denoted by 3¢: HY(T'; C(0)/(E?)) — HITY(T; (E}))
the Bockstein homomorphism. By Lemma 4.5, E% represents a generator
of H(I'; C(0)/(EY)), so

Bo(E3)(v) = (v — 1) - (E3)
=7 By — E3 = z1(7)ET.
By Lemma 4.4, z; E7 is a generator of H(T'; (E7)), and by Lemma 4.5
dim H°(T; C(0)/(ET)) = 1 = dim HY(T; (E?})), thus 89 is an isomor-

phism. Consequently H(I'; C(0))=0as H°(T; (E})) = 0 by Lemma 4.4.
Now by Lemma 4.5, the cochain #1: ' — C(0) given by

01(y) = i(VES + ha(NE, 1+ -+ + hna(7) E3
represents a generator of H(I'; C(0)/(ET)) and by Lemma 4.7

n—1
BYMER + ho Bl + -+ hy 1 EY) = (Z k2 vhn_l) By
=1

n—1

Moreover, by Proposition 3.5 the cocycle (Ei:l Zi ~ hn_i) ET represents
a generator of H2(T';(E7})). Thus £} is an isomorphism and H4(T; C'(0)) =
0 for g =1,2.

Now suppose that H4(I'; C(ip)) = 0 for 0 < ip <n—3, ¢ = 0,1,2,
and consider the following short exact sequence of I'-modules:

(20) 0 — Clio) = Clig + 1) —» Clip + 1)/C(ig) —> 0.
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This sequence induces a long exact sequence in cohomology

0 — HYT';C(ig)) — H°(T;C(ig + 1))
— HY(T'; C(ip +1)/C(ig)) — H(T; C(ig)) — H*(T; C(ig + 1))
— HY(T; C(ig +1)/C(ig)) — H*(T'; C(ig)) — H*(T; C(ig + 1))
— H*(T;C(ig +1)/Cig)) — -+
By Lemma 4.6 we have C(ip + 1)/C(ig) = C(0). Hence H4(T;C(i

io
1)/C(ig)) = 0, and the hypothesis implies that H?(T;C(ig + 1))
HY(T;C(ip)) =0 for ¢ =0,1, 2.

DHZ—i—

4.3. Cohomology with coefficients in gl(n). In this subsection we
will prove Proposition 4.1.

Proof of Proposition 4.1: In order to compute the dimensions of the co-
homology groups HY(T;gl(n)), ¢ = 0,1, we consider the short exact
sequence

(21) 0 —C(n—2) =— C(n—1) =gl(n) —» gl(n)/C(n —2) — 0.

The sequence (21) gives rise to the following long exact cohomology
sequence:

0 — H(I';C(n —2)) — H°(T; gl(n))
— H°(T;9l(n)/C(n — 2)) — H'([;C(n — 2)) — H'(;gl(n))
— H'(T;gl(n)/C(n—2)) — H*(I;C(n — 2)) —
As HY(T;C(n—2)) =0, ¢ =0,1,2, we conclude that
HA(T; gi(n)) & H(T; gi(n)/C(n —2) for g =0,1.
It remains to understand the quotient gl(n)/C(n — 2).
Clearly the vectors E} ..., E{ represent a basis of gl(n)/C(n—2) and

there exists a I'-module A such that the following sequence

(22) 0— (E] +C(n—2)) = gl(n)/C(n —2) —» A —0
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is exact. Now the sequence (22) induces the following exact cohomology
sequence:
(23) 0— HY(T; (B +C(n—2))) — H°(T; gl(n)/C(n—2)) — H°(T; A)
— H'(T; (E{+C(n —2))) — H'(T;gl(n)/C(n - 2))
— HYT; A) — H*(T; (B{ +C(n — 2)))
— H*(T;gl(n)/C(n—2)) — H*(T; A) — ---
Observe that the action of T on (E} 4+ C(n — 2)) is trivial. Therefore,

(E{ + C(n —2)) and C are isomorphic I'-modules. By Corollary 2.5 we
obtain

dim HY(T;(E{ + C(n—2))) =1 for ¢=0,1
and H2(I'; (B} + C(n —2))) = 0.

To complete the proof we will make use of Lemma 4.9, which states
that the I'-module A is isomorphic to C[t¥1]/(t — a~!)"~!. Recall that
Lemma 2.4 implies that H(I'; C[t*!]/(t — a~1)""1) = 0 and

dim HY(T; C[tFY/(t —a )" ) =n — 1.

Therefore, sequence (23) gives:

HO(T; gl(n)) = H°(T; gl(n)/C(n - 2)) = HO(I';C) = C.

The short exact sequence
0 — HYT';C) = H (T;gl(n)/C(n —2))
~ H'(T;gl(n)) —» H'(T; A) — 0

implies that dim H'(T;gl(n)) = n. The proposition follows now from
Equation (13). O

Lemma 4.9. The T'-module A is isomorphic to C[t*']/(t — a~ 1)~ 1.
Consequently

HT;A) =0, dimHY(T;A)=n—1.

Proof of Lemma 4.9: The proof is similar to the proof of Lemma 4.5.
As a C-vector space the dimension of A is n — 1 and a basis is given by
(EL,...,E}) where E; = E + C(n—2) € A is the class represented by
E}, 2 <i < n. In order to prove that A is isomorphic to C[t*1]/(t —
a~h)"=1 observe that by (16)

v-EBp=a "Bl + () Ei_y + - + hi—2(7)E3) + X,
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where Xj, € E} + C(n — 2). Therefore, the action of I' on A factors
through h: I' — Z. More precisely, we have for all v € T' such that
h(y) =1
—1 =l =
VB =a (B + Ep ).
On the other hand e¢; = (a(t — a™1))!, 0 <1 < n — 2, represents a basis
of C[t*1]/(t — a=')"~! and we have for all v € T such that h(y) = 1:
v-er=a e +e1) +p, where p € (t—a )" IC[tE].

Hence the bijection ¢: {¢; | 0 <1 <n—2} — {E,lc | 2 < k < n} given
by p: e — Eihl,
g: CiEF/(t—a~ )~ 5 Al

Finally, the dimension equations follow from Lemma 2.4 and Re-
mark 3.3. O

0 <! < n -2, induces an isomorphism of I'-modules

We obtain immediately that under the hypotheses of Proposition 4.1
the representation gy is a smooth point of the representation vari-
ety R,(T"). This proves the first part of Theorem 1.1.

Proposition 4.10. Let K C M? be a knot in the homology sphere M?3.
If the (t — a)-torsion 7, of the Alexander module is cyclic of the form
C[t,t’l]/(t —a)" Y n > 2, then the representation o is a smooth
point of the representation variety R,(I'); it is contained in a unique
(n? + n — 2)-dimensional component R,, of R,(T).

Proof: By Proposition 2.6 and Proposition 4.1, the representation gy
is contained in a unique component R,, of dimension (n? + n — 2).
Moreover,
dim Z*(T';sl(n)) = dim H'(T; sl(n)) + dim B*(T; sl(n))
= (= 1)+ (@2 1)
=n?4+n—2.

Hence the representation gy is a smooth point of R, (I") which is con-
tained in an unique (n? + n — 2)-dimensional component R,, . O

For later use, we describe more precisely the derivations vg: I' —
sl(n), 1 <k < n — 1, which represent a basis of H(T;sl(n)).
Corollary 4.11. There exists cochains zy ,...,2z, ; € CHT;Cqy-1)
such that 6z, +Zi:11hivz;_i =0fork=1,....n—1and z; : I' —
C.-1 is a non-principal derivation.
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Moreover, there exist cochains gp: I' — C and z: ' — C(n — 2),
1<k <n-—1, such that the cochains vy: T — sl(n) given by
Vk :ngll+z,:E21+~-~+sz,i+1 + 2k
are cocycles and represent a basis of H'(T';sl(n)).

Proof: Recall that the vector space A admits as a basis the family
(E,ll, ,E;) and that it is isomorphic to C[t*!]/(t — a~1)"~1. More-
over it is easily seen that A is isomorphic to the I-module of column
vectors C"~1 where the action is given by t*a = a=*J* ja. Hence a
cochain z~: I' — A with coordinates z~— = *(z;,_;,...,2] ) is a cocycle

in Z1(T'; A) if and only if for all 1,7y, € T

27 (172) = 27 (1) + a7 (3),
It follows, as in the proof of Lemma 3.2, that this is equivalent to

k—1
2 (n72) = 2 (1) + 7"z (1) + ) hi(m)e O 2 ().
=1

In other words, for 1 <k <n —1,
k—1
0=1dz, + Zhi — 2
i=1
By Remark 3.3, if z;7 € Z}(T'; C,-1) is a non-principal derivation, there
exist cochains z; : I' = C,-1, 2 <k <n — 1, such that
k—1
0=1dz, + Zhi — 2
i=1
Consequently, as dim H'(I'; A) = n — 1, the cochains
z; =2 Byt 42 Bpy, 1<k<n—1,
represent a basis of H(I'; A). The proof is completed by noticing that
the projection H(T'; gl(n)) — H!(T'; A) restricts to an isomorphism be-
tween H'(T;sl(n)) and H'(T; A). O

5. Irreducible SL(n) representations

This section will be devoted to the proof of the last part of Theo-
rem 1.1. In Proposition 4.10 we proved that the representation gy is a
smooth point of R, (") which is contained in a unique (n? + n — 2)-di-
mensional component R,,. Then, to prove the existence of irreducible
representations in that component, we will make use of Corollary 4.11
and Burnside’s theorem on matrix algebras.
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We start with the following technical lemma which is implicitly con-
tained in [14, §2].

Lemma 5.1. Let I' be the knot group of K C M3, and let p: T' — Z be
an epimorphism. Then there exists a presentation

Fg <Sl7.'.,Sk | ‘/a-""’Vk71>7
such that ©(S;) =1 for all 1 <i <k.

Proof: Every presentation of I', obtained from a cell decomposition of
X = M3\V(K), has deficiency one [15, Chapter V], i.e. we have a
presentation I' & (Ty,...,T; | Wh,...,W;_1). We put a; = ¢(T};). Then
the ged{a; | 1 <i < k} = 1 since ¢ is surjective. Therefore we obtain
b; € Z such that 1 = 22:1 a;b;, and S = lelTsz ---lel maps under ¢
to 1. We define S; = T;5'~%. We obtain a presentation

02(S,8y,...,8,Th,....,T,| ST TP - T, S ST W, Wiy),

and by Tietze transformations I" 2 (S, S1,...,S5 | Vi,...,V;). Now, the
deficiency of the latter presentation is one, and each generator maps to 1
under ¢. O

Proof of the last part of Theorem 1.1: To prove that the component R,,
contains irreducible non-metabelian representations, we will generalize
the argument given in [3] for n = 3.

By Lemma 5.1, we obtain a presentation of the knot group I' =
(S1,...,5 | Vi,...,Vx_1) such that h(S;) = 1. This condition as-
sures that each principal derivation d: I' — C, satisfies d(S;) = d(S;)
for all 1 < 4,57 < k. Modulo conjugation of the representation gy,
we can assume that 2z9(S1) = -+ = 2,-1(S1) = 0. This conjuga-
tion corresponds to adding a principal derivation to the cochains z;,
1 <4 < n—1. We will also assume that the second generator So
verifies z1(S2) = b1 # 0 = 2z1(S7). This is always possible since z; is
non-principal derivation. Hence

_ . —1/n a 0 _ _—1/n Q b
Q)\(Sl) =« ( 0 Jnfl ) and Q)\(SQ) =« (T‘ﬁ) )

where b = (by,...,b,—1) with by € C* and b; = 2;(S2) € C for 2 < i <
n—1.
Let v,_1 € Z*(T;sl(n)) be a cocycle such that:

Uno1=21 By + 2, B} 4+ 2, 1B} + gn1 Bl + 70y
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given by Corollary 4.11. Up to adding a principal derivation to the cocy-
cle z; we assume that z; (S1) = 0. Notice that, the proof of Lemma 5.5
of [3] generalizes to our situation, and hence z; (S2) # 0.

Let p; be a deformation of g with leading term v, _1:

. olt)
pr = (In +tv,_1 + O(t))g)\, where }gr(l) - = 0.

We may apply the following lemma (whose proof is completely analogous
to that of Lemma 5.3 in [3]) to this deformation for A(t) = p:(S1).

Lemma 5.2. Let p;: ' — SL(n) be a curve in R,(T) with pg = ox.
Then there exists a curve Cy in SL(n) such that Cy = I, and

ann(t) 0 ... 0
Ade, opi(Sy) = 9 azz' ) ... azrf(t)
0 An?2 (t) . ann(t)

for all sufficiently small t.
Therefore, we may suppose that a,1(t) = 0, and since
a1 (t) = tA" 1 (27 (S1) + 6¢(S1)) + o(t), for ¢ € C,
it follows that
a1 (0) = X"z (S1) + (a7t = 1)e) =0

and hence ¢ = 0. For B(t) = p;(S2), we obtain b/,; (0) = A" 127 (S3) # 0.
Hence, we can apply the following technical lemma (whose proof will be
postponed to the end of this section).

Lemma 5.3. Let A(t) = (aij(t))lgi,jgn and B(t) = (bij(t))lgi,jgn be
matrices depending analytically on t such that

A = (L0 a0 = (s =0 (52

" B(0) = 0x(S2) = a /" (%‘%) .

If the first derivative b1 (0) # O then for sufficiently small t, t # 0, the
matrices A(t) and B(t) generate the full matriz algebra M(n, C).

Hence for sufficiently small ¢ # 0 we obtain that A(t) = p:(S1) and
B(t) = pt(S2) generate M (n,C). By Burnside’s matrix theorem, such a
representation p; is irreducible.
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To conclude the proof of Theorem 1.1, we will prove that all irre-
ducible representations sufficiently close to o) are non-metabelian. In
order to do so, we will make use of the following result of H. U. Bo-
den and S. Friedl [5, Theorem 1.2]: for every irreducible metabelian
representation p: I' — SL(n) we have trp(S;) = 0. Now, we have
trox(S1) = A7 (A" + n — 1) and we claim that A" +n — 1 # 0. Notice
that @ = A" is a root of the normalized Alexander polynomial Ax and
A"+n—1 = 0 would imply that 1 —n is a root of Ag. This in turn would
imply that t+n —1 divides Ak (¢) and hence n divides Ag (1) = 1 which
is impossible since n > 2. Therefore, tr(p(S1)) # 0 for all irreducible
representations sufficiently close to o). This proves Theorem 1.1. O

Remark 5.4. Let py: I' — SL(n) be the diagonal representation given
by pa(p) = diag(A" =1, A71I,_ 1) where p is a meridian of K. The or-
bit O(pa) of px under the action of conjugation of SL(n) is contained in
the closure O(p)). Hence o) and py project to the same point x, of the
variety of characters X, (I') = R, (T") / SL(n).

It would be natural to study the local picture of the variety of char-
acters X, (T") = R,(T") / SL(n) at x» as done in [13, §8]. Unfortunately,
there are much more technical difficulties since in this case the qua-
dratic cone Q(p,) coincides with the Zariski tangent space Z (I'; sl(n),, ).
Therefore the third obstruction has to be considered.

Proof of Lemma 5.3: The proof follows exactly the proof of Proposi-
tion 5.4 in [3]. We denote by A, C gl(n) the algebra generated by A(t)
and B(t). For any matrix A we let PA( ) denote its characteristic
polynomial. We have P4, ) = (A~ X)L and a1(0) = An L
Since @ = A" # 1 we obtain PAU(O)(aH(O)) # 0. It follows that
Py, #)(a11(t)) # 0 for small ¢ and hence

Pl 4040 = (310

1
0
= ® (1,0,...,0) € C[A(t)] C A;.
0
In the next step we will prove that
1
0
A: | . ] =C"and (1,0,...,0)4; = C", for small ¢t € C.
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It follows from this that A; contains all rank one matrices since a rank
one matrix can be written as v ® w where v is a column vector and w is a
row vector. Note also that A(v@w) = (Av)@w and (VRwW)A = v (wA).
Since each matrix is the sum of rank one matrices the proposition follows.

Now consider the vectors

(1,0,...,0)A(0), (1,0,...,0)B(0),...,(1,0,...,0)B(0)" .

Then for 1 <k <n-—1:

and the dimension D of the vector space
((1,0,...,0)A(0),(1,0,...,0)B(0),...(1,0,...,0)B(0)"1)

is equal to
k—1
D = dim <(oz,0), (a,b), (&, ab+bJ),..., | o™}, bz ak=1=3gi >
§=0

= dim{(a, 0), (0,b), (0,bJ), ..., (0,bJ"2)).

Here, J = J,_1 = I—1+ N,_1 where N,,_1 € GL(n—1,C) is the upper
triangular Jordan normal form of a nilpotent matrix of degree n — 1.
Then a direct calculation gives that

dim(b,bJ, ..., bJ""?) = dim(b,bN,... ,bN"?) =n — 1, as b; # 0.

Thus dim((1,0,...,0)A(0),(1,0,...,0)B(0),...(1,0,...,0)B(0)*!) =
n and the vectors

(1,0,...,0)A(0), (1,0,...,0)B(0),...,(1,0,...,0)B(0)" !

form a basis of the space of row vectors. This proves that (1,0,...,0).A4;
is the space of row vectors for sufficiently small .
In the final step consider the n column vectors
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1
0
and write B(t) < : ) = (b“(t)) for the first column of B(t); then

: b(t)
0
(1) = (‘“g“)) aiealt) = Ai(t) (b11<§§>) 0<i<n-2.
Define the function f(t) := det(ay(¢),...,a,(t)) and g(t) by:

F(t) = an (t)g(t), where g(t) = det( (1), An(Bb(), .., ATT2(B)b()).
Now, for k > 0 the k-th derivative g(*)(¢) of g(t) is given by:
D G det (pOV(0), (A (OB(0) 2, (AT (OB ),

k _ k! : _ 1.
c _ (Sla--~7sn—1) T ospleespo! if sttt Sn1= k’
8154458 1 .
" 0 othewise.

As b(0) = 0 we obtain, for 0 < k < n — 2, ¢*)(0) = 0 and consequently
f®O)=0forall 0 <k <n-—2.
Now, for k =n — 1, we have

g((n_)f)o,) = det (b'(0), (411 (b)) (0), . ., (ATT* ()b (1)(0) )
— det (b’(O), A (0)b(0), ..., Ay;Q(O)b/(O))
= det (b’(O), A~LI)b(0),. .., ()\‘1J)"‘2b’(0))
= det (b’(O), ATIND(0), .., A*<”*2)N”*2b/(0))
£0 since b, # 0.
Thus, f*1(0) = a11(0)g™ P (0) # 0 and f(t) # 0 for sufficiently
small ¢, t # 0. O
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