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NONLINEAR STABILITY RESULTS FOR THE
MODIFIED MULLINS-SEKERKA AND THE SURFACE
DIFFUSION FLOW

E. AcerBi, N. Fusco, V. JULIN & M. MORINI

Abstract

It is shown that any three-dimensional periodic configuration
that is strictly stable for the area functional is exponentially sta-
ble for the surface diffusion flow and for the Mullins—Sekerka or
Hele—Shaw flow. The same result holds for three-dimensional pe-
riodic configurations that are strictly stable with respect to the
sharp-interface Ohta—Kawaski energy. In this case, they are expo-
nentially stable for the so-called modified Mullins—Sekerka flow.
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1. Introduction

In this paper we establish new global-in-time existence and long-time
behavior results in three-space dimensions for two physically relevant
geometric motions; namely, the modified Mullins—Sekerka and the sur-
face diffusion flows. Let  be a bounded open set of RY. We start by
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recalling that a smooth flow of sets (E;); CC €2, defined on some (max-
imal) time interval (0,7%), is a solution of the modified (or nonlocal)
Mullins—Sekerka flow if the evolution is governed by the following law

Vi = [0y, wi] on OF;,
(1 1) Awt =0 in \ 8Et,
’ wy = Hy 4+ 4yv, on OF;,

—Av =upg, — fQ ug, in

where both wy and v; are subject to homogeneous Neumann boundary
conditions on 9 or to periodic boundary conditions in the case Q =
TV, with TV denoting the N-dimensional flat torus. Here and in the
following V; stands for the outer normal velocity of the moving boundary
OF:, H; denotes the mean curvature of OFE}, v > 0 is a fixed parameter,
ug, = 2xg, — 1 and [0y, w] is a short notation for the jump of the
normal derivative of w; at OEy; more precisely, [0,,w;] = 0,,w; —
Oy, w; , with w;” and w;” denoting the restrictions of w; to Q\ E; and Ej,
respectively. In the case v = 0 the potential v; becomes irrelevant and
we recover the classical Mullins-Sekerka flow (see [35]), which is also
sometimes referred to as the two-phase Hele-Shaw flow with surface
tension (see [16]). Such models arise as singular limits of the Cahn—
Hilliard equation in the case v = 0, as formally derived in [38] and then
rigorously proved in [2], and of a modified (nonlocal) version of the
Cahn—Hilliard equation in the case v > 0. This modified equation has
been proposed in [37] to describe phase separation in diblock copolymer
melts and its convergence to (1.1) has been established in [29]. Under
Neumann boundary conditions if v = 0 and (E}); CC Q Alexandrov’s
Theorem implies that the only possible equilibria for (1.1) are unions of
balls. On the contrast, in the periodic case or when v > 0 the sets of
equilibria has a much richer structure as we will see below.

The second geometric flow we are dealing with is the motion of sets
by surface diffusion; in this case the evolution of E} is governed by the
law

(12) V;g = ATHt on GEt,

where A, denotes the surface Laplacian or Laplace-Beltrami operator
on JF;. This law has been proposed in the physical literature to de-
scribe the evolution of interfaces between solid phases driven by surface
diffusion of atoms under the action of a chemical potential (see, for
instance, [21] and the references therein).

The two flows share several features: they are both volume preserving
and may be regarded as suitable gradient flows of the (nonlocal) area
functional (also known as sharp-interface Ohta-Kawasaki energy):

(13)  J(E) = Po(E) +~ /Q /Q Gz y)up(z)up(y) dedy
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where Pq is the standard perimeter (or area) functional in €, while
G stands for the Green’s function in €2 and ug := 2xg — 1. More
precisely, (1.1) can be seen as the gradient flow of (1.3) with respect to

a suitable F/~2-Riemannian structure (see, for instance, [29]) formally
defined on the space of shapes, while (1.2) is the gradient flow of the
area functional, that is of (1.3) with v = 0, with respect to a H~!-type
Riemannian structure (see [7]). In contrast with the more standard
mean curvature flow, one cannot expect a comparison principle to hold
for (1.1) and (1.2). This makes it very difficult to apply weak methods
such as those based on the notion of viscosity solution.

Since, in fact, singularities (such as pinching) may form in finite time
(see, for instance, [5, 33]), as far as smooth flows are concerned one can
only expect in general local-in-time existence and uniqueness: see [8]
and [16, 39] for the Hele-Shaw model in the two-dimensional and the
n-dimensional case, respectively, [15] for the modified Mullins—Sekerka
flow, and [12] and [14] for the motion by surface diffusion in two and
higher dimensions, respectively. For a very weak (distributional) notion
of global-in-time solution to the Mullins—Sekerka flow in three dimen-
sions, obtained via a minimizing movements approach, we refer to [45].
Finally, we remark that, again in contrast to the motion by mean cur-
vature, both (1.1) and (1.2) do not preserve convexity (see [25, 13]).

The nonlocal area functional (1.3) is the sharp-interface limit of the
so-called e-diffuse Ohta—Kawasaki energy, which was proposed in [37]
to model the behavior of a class of two-phase materials called diblock
copolymers. From the mathematical point of view, the main new fea-
ture is the presence of a nonlocal Green’s function term, which acts as a
long-range repulsive interaction of Coulombic type. While the perime-
ter term favors the formation of large connected regions of pure phases
with minimal interface area, the double integral term prefers scattered
configurations with several tiny connected components that try to sepa-
rate from each other as much as possible, due to the repulsive nature of
their interaction. The two competing trends often lead to the formation
of stable nontrivial patterns, with a rather complex structure. We refer
to [34] and the references therein for a review on the Ohta-Kawasaki
energy and some related mathematical results.

We now describe the results of our paper. As already mentioned,
we are interested in finding a class of initial data for which we can
prove the existence of a global-in-time solution and study its long-time
behavior. We focus on the periodic setting in three dimensions; that
is, we take @ = T2 in (1.1) and (1.2) and we assume spatial one-
periodicity both on the evolving sets and the functions involved. In
other words, finding a solution in T? is equivalent to finding a solution
in the whole space R3, which is one-periodic in space. All the results
and arguments that we present clearly hold also for N = 2. However,
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for the sake of presentation we decided to stick to the physically relevant
case N = 3.

Because of the gradient flow structure of the two flows, it is very
natural to expect that if the initial set is sufficiently close to a stable
critical point (or a local minimizer) F' of the energy functional J, then
the flow exists for all times and asymptotically converges to F'.

The proper notion of criticality and stability can be defined in terms
of the first and second variation of the energy by a standard procedure
that we recall in the following: We say that a smooth subset F' C T3
is critical for (1.3) if for any (admissible) smooth one-parameter family
of volume preserving diffeomorphisms (®;); with ®¢ = Id we have that

%J(@t F )‘t:(): 0. It turns out (see, for instance, [9]) that a smooth
set F' is critical if and only if

(1.4) Hyp + 4yvp = constant on OF,

where Hyp is the mean curvature of OF and vp(- de y)(2xr(y)—

1) dy is the potential associated with F' (see also (1 1) Where vy stands
for vg,). When v = 0 one recovers the classical constant mean curva-
ture condition. Next, given a critical set F' we may compute its second
variation: By the results of [9] (see also [1, 27, 36]), we associate with
it a quadratic form §2.J(F) defined over all functions ¢ € H(OF) :=
{p € HY(OF) faF @ dH? = 0}. This quadratic form is related to the
second Varlatlon of J by the following equality:

d2
J(@(F))|  =0*J(F)X -v],

(1.5)
dt? t=0

where X - v is the (outer) normal component of the velocity field X of
(®;); on OF. The expression of 9%J(F) can be computed explicitly, see
(2.9). Note that the condition [}, ¢ dH? = 0 is related to the fact that
we allow only volume preserving variations.

The notion of stability amounts to requiring that 6%.J is positive
definite in a suitable sense. However, we have to take into account
that J is translation invariant, so that, in particular, J(F') = J(F +tn)
for all n € R3 and ¢t € R. By differentiating twice this identity with
respect to t, one obtains 9%J(F)[n - v] = 0, thus, showing that there is
always a finite dimensional subspace of infinitesimal translations

(1.6) T(OF) :={p € HOF) : ¢ =n-v, n€R3},

where the second variation vanishes. In view of these observations, we
say that the critical set F'is strictly stable if

(1.7) D®J(F)[g] >0  forall p € TH(OF) \ {0}.

In [1, Theorem 1.1] (see also [27] for the case of Neumann bound-
ary conditions) it is shown that strictly stable critical sets are, in fact,
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isolated local minimizers of the functional J with respect to small L'-
perturbations. The main purpose of this paper is to show that the
latter (static) stability property extends to the evolutionary case. In
Theorems 3.4 and 4.3 we show that any strictly stable critical set is
asymptotically stable for both (1.1) and (1.2). More precisely, we have:

Main Result. Let F C T3 be a smooth set satisfying (1.4) and (1.7)
(with v = 0 in the case of the surface diffusion flow). If Ey is sufficiently
close to F', then both the periodic modified Mullins—Sekerka flow and the
periodic surface diffusion flow starting from Ey are defined for all times
and converge exponentially fast to a translate of F.

For the proper notion of closeness to F' and of exponential convergence
we refer to the precise statements of the aforementioned theorems.

Let us now comment on the class of initial data to which our main
result can be applied. In the three-dimensional case and for the area
functional (y = 0) the stable periodic sets are classified (see, for in-
stance, [46]): they are lamellae or balls or cylinders or triply periodic
structures such as gyroids. It is rather easy to see that the first three
configurations are, in fact, strictly stable (with respect to volume pre-
serving variations), while the strict stability of triply periodic sets has
been established in some cases (see, for instance, in [22, 23, 47]). Due
to our results, in all these cases these structures are exponentially stable
for the periodic versions of (1.1) and (1.2).

As for the case v > 0 a complete classification of the stable periodic
structures is still missing. However, it has been shown that lamellar
configurations are strictly stable if the number of interfaces is larger
than a minimum value k(7), where k() — 400 as 7 — oo (see [1, 9]).
Moreover, again by the results of [1] one can show that if F' is any
periodic set that is strictly stable for the area functional, then for all
v > 0 sufficiently small it is possible to find sets F, that are strictly
stable for (1.3) (with the corresponding ) in such a way that F, — F
smoothly as v — 0T. If instead we fix the value of 7, and F is as before,
then we may find sets E that are critical for the functional J and closely
resemble a rescaled version of F'. More precisely, the following has been
shown in [11]: Let F' C T3 be strictly stable for the area functional,
and for any k& € N denote by F} the 1/k-periodic set % Then, for every
e > 0 there exists £ = k(vy,e) € N such that for all & > k we may
find a set F, which is e-close to Fj, in a C''-sense and strictly stable for
J with respect to 1/k-periodic variations. Moreover, the set E can be
constructed in such a way that its mean curvature is uniformly close
to a constant. Our main result clearly applies to all such sets, yielding
that they are exponentially stable for the 1/k-periodic version of the
modified Mullins—Sekerka flow.

A few comments about previous related results are in order: most of
them treat the exponential stability of N-dimensional spheres both for
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the Hele-Shaw ([8, 17, 39]) and the surface diffusion flow ([14, 48]),
with few exceptions in the case of the surface diffusion flow, like the
infinite cylinders considered in [30, 31] and the two-dimensional triple
junction configurations studied in [19] (under Neumann conditions). It
seems also that no asymptotic stability results for the modified Mullins—
Sekerka flow were known before. Moreover, all previous works deal with
specific examples, but to the best of our knowledge no general linear
versus nonlinear stability principle was established for (1.1) and (1.2)
prior to our main result.

Most of the aforementioned papers use semigroup techniques com-
bined with an ad hoc center manifold analysis in order to deal with the
translation invariance, see also [40]. Our approach instead is completely
different, more variational in nature, and based on the derivation of suit-
able energy identities. In this respect, our method is closer in spirit to
that of [8] and [48], where energy identities are the key tool to establish
the desired exponential stability.

Although many technical details in the proofs of our main Theo-
rems 3.4 and 4.3 are different, the underlying general argument and
strategy are the same. We overview it for the convenience of the reader.
The starting crucial observation is that the following energy identity
holds along the flow (Ey)ic(o,r+) (see Lemmas 3.5 and 4.4): Setting

E(E) = —%J(Et), we have

2
18) B = T = 20" I(E)V] + BB
where §2J is the second variation quadratic form introduced in (1.5), V;
is the normal velocity of the moving boundary and R(E}) is a remainder
whose explicit expression depends on whether (E;); solves (1.1) or (1.2).
Next we implement a stopping time argument; namely, we consider the
maximal time ¢ such that

(1.9)  distc1 (Ey, F) <eg and E(E;) < 25 for all ¢ € (0,1),

where disto1 (Fy, F) stands for a suitable Cl-distance of E; from the
stable critical set F' and £¢, dp are (small) positive constants to be chosen.
Clearly, by choosing the initial set Fp so close to F' that

(1.10) diStcl (Eo,F) <ep and S(Eo) < 50,

we can ensure that ¢ > 0. The purpose is to show that ¢ coincides
with the maximal time of existence T*. The argument now proceeds
by contradiction, assuming that ¢ < T* and that £(E;) = 20y or
distcr (Ef, F) = €p. Assume first that

(1.11) E(E;) = 260 .

At this point, the idea is to exploit the strict stability assumption on
F, and the closeness of E; to F' (ensured by (1.9), with Jp smaller
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if needed) to show that the quadratic form 92J(FE;) remains positive
definite outside the space of infinitesimal translations T'(0E}) (see (1.6)).
This observation, together with a delicate estimate showing that V;
remains bounded away from T'(0E}), allows one to conclude that

(1.12) O*J(E)WVi] = o|Vill3p o,

in (0,t) for a suitable constant o > 0. Next, one has to control the
remainder R(E}) in (1.8); more precisely, one shows that

(1.13) [R(E)| < e Vill3n om,) -

where the constant € can be made arbitrarily small, provided that g
and &y are chosen properly (small) in (1.10). The above inequality relies
on delicate boundary estimates for harmonic extensions in the case of
the Mullins—Sekerka flow (see Proposition 3.6) and on the geometric
interpolation inequality established in Lemma 4.7 in the case of the
surface diffusion flow. From the technical point of view, this is where
the dimension restriction N < 3 plays a role in our argument. Finally,
one has to show that

(1.14) E(E) < ClVilltnom,) »

with the constant C' > 0 depending only on the C'-bounds on OF;
provided by (1.9). Collecting (1.8) and (1.12)—(1.14) yields the existence

of ¢y > 0 such that

d
£€(Et) S —Cp g(Et) y

so that, by integration,
(1.15) E(E;) < E(Eg)e™ ! < fge !

for ¢t € [0,]. The above inequality contradicts (1.11). Now it is not too
difficult to see (using the explicit expression of £(F:)) that under the
Cl-bound of (1.9) the decay of £(E;) obtained in (1.15) forces E; to
remain close to F in a C'-sense, so that assuming distcn (Ep, F) = &g
also leads to a contradiction. Thus, the stopping time ¢ coincides with
the maximal time and both (1.9) and (1.15) hold for the whole lifespan
of the solution. A little refinement of the estimates above allows one also
to control the Holder-norm of the curvatures of 0F;, so that we may use
the local-in-time existence theorems available for the two flows, together
with a standard continuation argument, to infer that the solution exists
for all times.

Once global-in-time existence has been established, one proceeds in
the following way: A compactness argument, based on (1.9) and (1.15),
yields the existence of a sequence t,, — oo and of a set F’, critical for
J, such that F;, — F’ (in a suitable sense). Since necessarily F” is
close to F and of course |F| = |F’|, we may use the results from [1]
(see also Proposition 2.7) to conclude that F” is a translate of F. The
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exponential convergence of the flow to F’ then follows from (1.15) via
suitable elliptic estimates.

We conclude the introduction by remarking that although the pre-
sentation is restricted to the periodic case, our methods would equally
work in the Neumann case, under the additional assumption that the
evolving interfaces do not touch 9 or equivalently that F' CC €, see
Theorem 3.8. It would certainly be interesting to extend our result
to the general Neumann setting and to arbitrary space dimensions.
This will probably require the use of some of the techniques devel-
oped in [32], see also [4], and will be the subject of future investi-
gations. We, finally, mention that our methods would apply also to the
volume-preserving mean curvature flow (see [24]). However, for the sake
of presentation we decided to treat only the more difficult flows (1.1)
and (1.2).

The plan of the paper is the following: In Section 2, we introduce
the precise definition of the energy functional (1.3) and we recall the
formulas of the first and the second variation and other related results
that are useful for our analysis. In Section 3, we prove our main non-
linear stability result for the modified Mullins—Sekerka flow, while the
corresponding result in the case of the surface diffusion flow is treated in
Section 4. Finally, in Section 5, we gather the proofs of several auxiliary
and technical results used along the way.
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2. The nonlocal perimeter and its first and second variations

As already explained in the introduction the geometric evolutions
considered in this paper may be regarded as suitable gradient flows of
(a non-local variant of) the perimeter functional. In this section, we
introduce this non-local energy and recall the first and second variation
formulas, that were derived in [9] (see also [1, 27, 36]).

To this end, we start by recalling that the (unit) flat torus T2 is the
quotient of R? with respect to the equivalence relation x ~y <= = —
y € Z3. The functional spaces W*P(T3), k € N, p > 1, can be identified
with the subspace of VVZIZ’CP(R?’) of functions that are one-periodic with
respect to all coordinate directions. Similarly, C*(T?), a € (0,1) may
be identified with the space of one-periodic functions in C*(R3).
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A set E C T3 will be called of class W*P, C*  or smooth if its
one-periodic extension to R? is of class WP, C*_ or smooth. In the
following we will (often) identify E with this periodic extension. Finally,
by saying that E, — E in WP (or C*®) we mean that there exists
a sequence (V,,) of smooth diffeomorphisms from T3 to T? such that
T, — Id in WkP (or C*®) and E,, = ¥, (E) for all n sufficiently large.
When F is sufficiently smooth this is equivalent to saying that for every
€ > 0, there exists nn such that

|[EAE,| <e and 0FE, ={z+ Yp(x)vp(z):z € IE},
with [|¢n[lweror) < € (o [Ynllcra@r) <€),

for all n > n. Here and in the following we denote by vg the outer unit
normal to F.

Given a smooth set E C T3, we say that a tubular neighborhood of
OF is reqular, if both the signed distance function dg from the set E and
the orthogonal projection onto JF are smooth functions in U. Recall
that

dist(z,0F) if x ¢ E,
2.1 d =
1) 5() {—dist(x,aE) it r € E.

In this periodic setting, the (relative) perimeter of a set £ C T3 is
defined as

Pps(E) := sup{/ divedz: ¢ € CHT®:R?), ||l < 1} .
E
Let v > 0 be fixed and for every E C T? set
(2.2) J(E) := Prs(E) +7/ |Dvg|* dz,
T3

where vg is the periodic solution of

—Avg = ug —m,
2.3)
( / vgpdr = 0.
T3

Here ug = xg — x3\p and m = 2|E| — 1. It is useful to recall that vg
can be represented as

(24) op(e) = | Gmo(e,)unly)dy.
T
where Gps is the Laplacian’s Green function in the torus; that is, for
x € T3, Gps(z,-) is the unique solution of
—AyGrps(z,-) =6, — 1 in T3,
fTS GT3(x7 y) dy =0.



10 E. ACERBI, N. FUSCO, V. JULIN & M. MORINI

We stress that the relevant particular case v = 0 (corresponding to the
standard perimeter) is always included in all the discussion below.

Throughout the paper we will make repeated use of the following
notation: For any one-parameter family of functions (g;); € (0,7") the
symbol ¢; will denote the partial derivative with respect to s of the map
s — grys evaluated at s = 0; that is,

0

gt ‘= %gt—&-s a0

Definition 2.1. Let E ¢ TV be a smooth set.

(i) We say that a one-parameter family (®;)ic; of diffeomorphisms
from T3 to T3, with I an open interval containing 0 and ®q = Id,
is admissible if the map (z,t) — ®;(z) belongs to C®(T3 x I;T3)
and

|®:(E)| = |E] for all t € I.
(ii) Denote by X; the velocity field at time ¢, that is,

Xt = (bto(p;l,

and set for simplicity X := Xj. If the family (®;):cs is admissible
and X, is independent of ¢, i.e., X; = X, then we say that (®;)ics
is an admissible flow.

We recall that given a vector X, its tangential part on some smooth
(N —1)-manifold M is defined as X := X — (X -v)v, with v being a unit
normal vector to M. In particular, we will denote by D, the tangential
gradient operator given by D¢ := (Dy),. Finally, div, X will stand for
the tangential divergence of X on M defined as div, X := div X—-0,Xv.

Theorem 2.2 ([1, 9]). Let E, (®t)icr, Xt be as in Definition 2.1-(ii),
and set

Vg = Qv

B g By
where vg, () 5 the potential defined in (2.4), with E replaced by ®(E).
Then,

(2.5) g =2 : G ()X (y) - ve(y) dH?,
E
and
d
(2.6) —J(®(E)), = / (Hpp + 4yvp)X - v dH2,
dt ‘t:O OF

where vg denotes the outer unit normal to OFE, Hyg stands for the
sum of its principal curvatures, and we wrote X instead of Xy. If, in
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addition, (®y)ier is an admissible flow according to Definition 2.1-(ii),
then
d2

@By = [ (DX ve) — |Bos (X ve) ar

27 +8y /a [ Ome (X ve) @)X - ve) ) ) )

+4v | Oypvp(X -ve)?dH? + R,
OFE

where the remainder R is defined as
(2.8) R:= —/ (4yvg + Hop) div, (X, (X - vg)) dH?
OF

+/ (4yvg + Hop)(div X)) (X - vg) dH>.
OFE

In the above formulas Byg denotes the second fundamental form of OF
s0 that the square |Byg|? of its Euclidean norm coincides with the sum
of the squares of the principal curvatures.

Recall now that if ®; is admissible, then |®4(E)| = |E| for all t € [0, 1]
and, thus,

0= 2ja,(B) z/dJcb dx:/dide:n: X - vpdH?,
dt oo Jpdt” |, E o

that is, the normal component X - vgp has zero average on OF. Then
(2.6) together with a simple extension argument (see [1, Corollary 3.4])
implies that

d

—J(P(E)) =0 for all admissible @y,

dt o
if and only if
/ (Hop + 4yvg)pdH? =0 for all p € C°(9E) s.t. / pdH? = 0.

oF oF

This motivates the following definition.

Definition 2.3 (Critical sets). A smooth subset F' C T? is said to be
critical for the functional J if there exists a constant A € R such that

Hyp + dyvp = A on OF.

It is now easy to see that for critical sets the remainder (2.8) vanishes
so that the second variation depends (quadratically) only on X - vp.
Denoting

H(OF) = {(p € H'(9F) : /8ngcm2 _ o},



12 E. ACERBI, N. FUSCO, V. JULIN & M. MORINI

we are led to consider the quadratic form 82.J(F) : H(F) — R defined
as

O I(F)lg] : = / Dygf? dH? — / |Bor 0 dH?
oF oF

(2.9) 8y / / G (1, 1) () () dH2 () dH(y)
OF JOF
w4 [ our i,
oF
so that if F' is critical, then
d2
G @)y = FPIP)X v,

thanks to (2.7). In order to give the proper notion of stability we have
to take into account that the functional J is invariant under translations
of sets. Thus, if one considers the (admissible) flow ®(¢t,z) = = + tn,
n € R3, then ®;(F) = F +tn and J(®:(F)) = J(F) for all t. Therefore,

d2

O:@

J(@t(F))‘ = 0%J(F)[n - vp] for all n € R3.

t=0
We conclude that the quadratic form~82J (F) always vanishes on the
finite-dimensional subspace T(OF) C H(OF) defined as

T(OF) :={n-vp: nGRg}.
The above observation motivates the following definition.

Definition 2.4. Let F C T? be a smooth critical set, according to
Definition 2.3. We say that F' is strictly stable if

D*J(F)[p] >0  forall p € TH(OF)\ {0},

where T+(9F) stands for the space orthogonal to T'(OF) with respect
to the L2(OF) scalar product.

Let F' be a smooth critical set. Observe that we may choose an
orthogonal base {é1,és,¢é3} of R? such that the functions & - vp, i =
1,2,3, are orthogonal in L2(0F) (see [1, Section 3]). Then we set

(2.10) IIp :=span{é; : i € Ip},
where
(2.11) Ip :={i : & -vp is not identically zero}.

Remark 2.5. Setting for ¢ € H(JE)

ve(x) = | Gra(z,y)e(y) dH*(y),
oF
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and p, = ©H? | OF, it follows from the properties of the Green’s

function (see [28]) that v, satisfies —Av, = p, in T? or, equiva-
lently,
(2.12) Du,, - Dipdx = / ey dH?  for all ¢ € HY(T?).
T3 OF
Therefore,

/ Gopa (2, ) o) p () dH2 () dH2 ()
oF JOFE

—/ W”wdHQ—/ | Dug|* de
OF T3

where the last equality follows from (2.12).

We conclude this section by stating two facts that will be used later.

The first lemma states that when a set is sufficiently close to a strictly
stable critical point then the quadratic form associated with the second
variation remains positive. More precisely, we have:

Lemma 2.6. Fiz p > 2 and let F' be a smooth strictly stable critical
set in the sense of Definition 2.4. Then, for every e € (0,1] there exist
o > 0 and 61 > 0 such that

(2.13) *J(B)l¢] = ocllelli om)
for all ¢ € H(OE) satisfying
Join o —n-vElL208) > clelzor),

provided that E C T3 is §-close to F in a W?P-sense, that is
OFE = {z+Y(x)vp(x): x € OF for some smooth 1
with ||Y|lw2p@r) < 01}

The proof of the above lemma is given in Section 5.

The final result of this section states the crucial observation that
in the vicinity of a given strictly stable critical set there are no other
critical sets.

Proposition 2.7. Let p and F be as in Lemma 2.6. Then there
exists 63 > 0 such that if F' C T3 is a smooth critical set in the sense
of Definition 2.3, |F'| = |F|, |FAF'| < 02 and

OF" = {x + Y(z)vp(x) : x € OF for some smooth 1
with ||Y]lw2e@or) < 02},

then F' = F + o for some o € R3.
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Proof. This fact is essentially proven in [1, Proof of Theorem 3.9].
There, it is shown that for every p > 2 there exists d2 > 0 with the
following property: if F' C T? is a smooth set with |F’| = |F|, |[FAF'| <
(52 and

OF = {z +¢(z)vp(z) : x € F for some smooth 1)

with [[¢||w2s@r) < 02},
then we may find a small vector o € T? and an admissible flow ®; such
that ®o(F) = F, ®1(F) = F' 4+ ¢ and

d2
@J(‘I’t(F))‘t:S > c|FA(F + )%,

for all s € [0, 1], where ¢ is a positive constant independent of F’. As-
sume that F’ is a smooth critical set which is not a translate of F.
Then %J (®(F ))‘t:O = 0 and from the above formula we have that

%J(@t(F))’tzl > 0. Therefore, F’ 4+ o and, in turn, F’ is not critical.
q.e.d.

3. Nonlinear stability for the modified Mullins—Sekerka flow

In this section, we consider the modified Mullins—Sekerka flow. In
order to speak about classical solutions, we need to define first the
notion of smooth flow.

Definition 3.1 (Smooth flows of sets). We say that a one-parameter
family of sets (Ey)¢c(o,7) is a smooth flow on the interval (0,T) if there
exist a smooth reference set F' C T3 and a map ¥ € C°°(T3 x (0,7); T?)
such that W, := ¥(-,t) is a smooth diffeomorphism from T? into T? and
E, = U (F) for all t € [0,T).

We will make use of the following notation: Given a (smooth) set
E C T3, we denote by wg the unique solution in H'(T?) to the following
problem:

(3.1)

Awg =0 in T3\ OF,
wg = Hyp + 4yvg on OFE,

where vg is the potential introduced in (2.3). Moreover, we denote by
wE and wy, the restrictions wg|rs\p and wg|g, respectively. Finally,
denoting as usual by vg the outer unit normal to E, we set

(Ovpwe] = Oupw; — Oypwpy = —(Oypewf; + Oupwp) -
In the following, given v € (0,1) and k, m € N we denote
RR(R™) = {f € CP*(R™) :3{f,} € C®(R™)
st. fn — f locally in CH*(R™)} .
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The space h**(M), when M C R™ is a smooth manifold, may then
be defined by means of local charts. In turn, we will say that a set
F C T3 is of class k¥, a € (0, 1), if for each point 2 € OF there exist a
neighborhood V of x, a function f € h%(R?), and a suitable coordinate
system such that FNV = {(2/,zy) € V : ay < f(2/)}.

Definition 3.2 (Modified Mullins-Sekerka flows). Let Ey C T3 be
of class h>“ for some a € (0,1). We say that the one-parameter family
(Et)ic(o,1) 1s a classical solution to the modified Mullins—Sekerka flow
on the interval (0,7") with initial datum Ej if it is a smooth flow in the
sense of Definition 3.1, F; — Ey in C*® as t — 07, and the following
evolution law holds:

(3.2) Vi = [0y, w¢] on OE; for allt € (0,T),

where V; stands for the outer normal velocity of the moving boundary
OF;. Here we used the simplified notation 0,,w; in place of &,Et WE, -

As explained in the introduction, the modified Mullins—Sekerka flow
is volume preserving. This can be easily checked by the following com-
putation (using also the notation introduced in Definition 3.2):

d
dt|Et|:/ th’H?:/ [0, w] dH? =0,
8Et 8Et

where the last equality follows from the Divergence Theorem and the
fact that w; is harmonic in T3 \ OE;.

We use the following notation: Given a smooth set F C T3 and a
regular tubular neighborhood U of F, we denote by &}, (F,U), M > 0,
the class of all smooth sets & C F U U such that

(3.3) OF = {z+ Yp(z)vp(z): © € OF},
for some ¢yp € C®(9F), with [Ygllc1@er < M. For a € (0,1) and
k € N we also let h’f\’f‘(F, U) be the collection of sets E € €1, (F,U)
such that [[g | pr.a@r) < M. We are now ready to state a local-in-time
existence and uniqueness result proved in [15]'.

Theorem 3.3 (Local-in-time existence and uniqueness, [15]). Let

Fy € T2 be a smooth set and U a regqular tubular neighborhood of OFy.
Then, for every M > 0 and o € (0,1) there exists T > 0 with the
following property: For every Ey € b?\f(Fo,U) there exists a unique
classical solution to the modified Mullins-Sekerka flow in (0,T) with
mitial datum Ey.

Our purpose is to show that for special initial data the flow exists for
all time and then to study its long-time behavior.
The main result is the following.

Tn fact, [15] deals with the evolution in the whole space R, but it is clear that
the same arguments go through in the periodic case.
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Theorem 3.4 (Main result). Let F C T? be a strictly stable critical
set according to Definition 2.4 and let U be a regular tubular neighbor-
hood of OF. Then, for every M > 0 and « € (0,1) there exists oy > 0
with the following property: Let Ey € f)?\}[a(F, U) be such that

|Eo| = |F], |E0AF| < do, and / |Dwg,|? dz < 8.
T3

Then, the unique classical solution (Ei); to the Mullins—Sekerka flow
with initial datum FEy is defined for all t > 0. Moreover, Ey — F + 0 in
W5/22 exponentially fast ast — +o0, for some o € R3. More precisely,
there exist n, cp > 0 such that for all t > 0, writing

OE: = {x 4+ Yot(x)Vpyo(z) : ® € OF + 0},

we have
< ne*CFt

Both |o| and n vanish as 69 — 0T.

Note that the H'(T?) norm of wg is equivalent to the H'/2(9E) norm
of Hyp +4~yvp which in turn controls the W5/2:2 (OF) norm of ¢ g. This
explains the W5/22 convergence in the above theorem.

The proof of the result is postponed until the end of this section. It
will be achieved through several auxiliary results, that we state in the
following and whose proofs can be found in the final section.

Lemma 3.5 (Energy identities). Let (E¢)ico,r) be a smooth flow
satisfying (3.2). The followz’ng enerqy identities hold:

(3.4) —J (Ey) = / |Dw;|* dz

and

% (; /Tg |Dwt|2d:c> == 0%J(Ey) [ (0w

1

+ 5 / (al/tw;_ + 6l/twt_)[alltwt]2 de )
2 Jog,

where 02J(Ey) is the quadratic form defined in (2.9) (with E; in place
of E) and, as usual, the subscript t stands for E.

(3.5)

The proof of the lemma is given in the final section. Note that if
E} is not critical then %J (Ey) is not equal to the second variation of
J(E:) evaluated at [0,,w¢]. However, quite surprisingly the formulas
above show that the leading order term of ;%J (Ey) is, indeed, twice
the quadratic form 02J(FE;) at [0,,w;]. The same holds for the surface

diffusion flow, see (4.3). The next proposition provides crucial boundary
estimates for harmonic functions. Some of them are perhaps well-known
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to the experts. However, for the convenience of the reader we provide a
self-contained proof in the final section.

Proposition 3.6 (Boundary estimates for harmonic functions). Let
E C T3 be of class C*, f € C*(OE) (with zero average on OF) and
let u € H(T3) be the solution of

—Au= fH? |OE,

with zero average in T3. Denote u™ = u}E and u™ and assume

= “‘W\E
that w~ and u™ are of class C! up to the boundary OE. Then, for every
1 < p < oo there exists a constant C, which depends only on the C1®
bounds on OF and on p, such that:
(i)
ullzeamy < CllfllroE);
(ii)

10vsu™ | 20y + 10vpu™ || 20m) < Cllull (o) ;
10vsu™ | ooy + 110vsu” [l romy < CIFllr@m) ;

lullcosory < Cllfllze@E),

forallp > 2, B € (0, %), with C depending also on 3.

(v) Moreover, if f € HY(OF), then for every 2 < p < +oc there exists
a constant C, which depends only on the C® bounds on OF and
on p, such that

p=1 1
£ lzsiom) < CUF I o 1l oy

We will need also the following:

Lemma 3.7 (Compactness of sets). Let F C T be a smooth set and
denote by U a fized regular tubular neighborhood of OF. Let {Ey}, C
¢, (F,U) be a sequence of sets such that

n

sup/ |Dwg, |*de < +oc.
T3

Then there exists F' of class W52 such that, up to a (non-relabeled)
subsequence, E,, — F' in W?P for all 1 < p < 4. Moreover, if

/ |Dwg, |*dz — 0,
T3

then F' is critical in the sense of Definition 2.3 and the convergence
5
holds in W22,

We now give the proof of Theorem 3.4.
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Proof of Theorem 3.4. Throughout the proof C' will denote a con-
stant depending only on the C1®-bounds on the boundary of the set.
The value of C' may change from line to line. We start by the trivial
observation that if {E,}, C b3 (F,U) and |E,AF| — 0, then E,, — F
in C%? for all B € (0, ). For any set F € &},(F,U) consider

(3.6) D(E) ::/ dist (:E,@F)dx:/dpdfc—/dpda:,
EAF E F

where dp is the signed distance function defined in (2.1). Using coarea
formula the reader may check that

(3.7) |EAF| < CllYEl Ly or) < CllYEel2or < CVD(E),

for a constant C depending only on F'. Thus, for every €y > 0 sufficiently
small, there exists dp € (0,1) so small that for any set E € €}, (F,U)
the following implications hold true:

o 9
(38)  E€hy(RU)and D(E) < b = [[delorom < 5.
and

lYEllc1or) <eo  and /1r3 |Dwg|*de < 1

= |[vEllw2sor) <wl(e) <1,

where w is a positive non-decreasing function such that w(eg) — 0 as
g0 — 0%. The last implication is true thanks to Lemma 3.7. In the
following €9, dp will denote two constants in (0, 1) satisfying (3.8) and
(3.9). The final choice of £¢, dp will be made in several steps throughout

the proof. Choose an initial set Ey € h?\’f(F, U) such that

(3.9)

(3.10) D(Ep) <8y  and / |Dwg,|? dz < & .
T3

Let (Ei)ie(o,r(E,)) be the unique classical solution to the modified
Mullins—Sekerka flow provided by Theorem 3.3. Here T'(E) € (0, +o0]
stands for the maximal time of existence of the classical solution starting
from E. By the same theorem, there exists Ty > 0 such that

(3.11) T(E)>Ty, forall E € bh>*(F,U).

We now split the rest of the proof into several steps.
Step 1. (Stopping-time) Let t < T'(Ep) be the maximal time such that

(3.12) HthCl(aF) <ey and /11*3 ’Dwt‘le' <209 forallte (O,ﬂ.

Here and in the following the subscript ¢ stands for the subscript Ej.
Note that such a maximal time is well defined in view of (3.8) and
(3.10). We claim that by taking ey and dy smaller if needed, we have
t = T(Ep). This claim will be proved in Step 3 below.



MULLINS-SEKERKA AND SURFACE DIFFUSION FLOWS 19

Step 2. (Estimate of the translational component of the flow) We claim
that there exists a small € > 0 such that for all ¢ € (0,7)

(3.13) nfghg || [ wi] —n- VtHLZ((’)Et) > el 0w willl z2(a8,) »

where Il is defined in (2.10). To this aim, let 7, € IIr be such that

(3.14) [Ovwe] =me - vt + g,

where g is orthogonal to the subspace of L?(0E;) spanned by é; - 14 with

i € Ir (see (2.11)). We argue by contradiction assuming ||g||2ar,) <

ell[0v,will| L2 (aE,), for some & > 0 that will be chosen below. First of all,

by (2.6) and the translation invariance of the energy we have

0= diJ(Et—i-snt) = / (Hy+4yve)ne-vp dH? = / wy(n;-ve) dH.
$ 5=0 OE; OE;

Thus, multiplying (3.14) by w; — @y, with @ := 5 wy dz, and integrat-

ing over OF;, we get

/ |Dwt|2dx = —/ w0y, wi] dH?
T3 OE;

1) N _/ (wy — W) [Dyywi] dH? = _/ (we — ) g dH?
OF; OE:

< ellwe — Wil r2aE) 1 [Onwil |l L2 (08,)-
Note that in the second and the third equality above we have used the
fact that [0y, w¢] and vy, respectively, have zero average on OE;. Let us
denote the (periodic) harmonic extension of 7, - 4 to T2 by f. Since

/ & -vp|?dH? >0  for i€ I,
oF

from (3.12) it follows that if ¢ is small enough then [[&; - 14|r2(9m,) >

co > 0 for all i € Ip. Hence, |ne| < C|[0y,wt]l|12(08,)- By (3.9) we have
(3.16) 1D fll2(rsy < Cline - vill grzor,) < Clmlllvellwsom,)
< Cll[0nwell 268, -
Note now that
(3.17) Aw; = [O,w|H? LOE  in T
We may then apply Proposition 3.6-(i) to obtain

(3.18) |wi — Wil 2258,y < CllOwwillL208,)-
Thus, combining (3.14) with (3.15)—(3.18), we infer
e illz2omy = [ [Owwd(n-v)dH? = — | Df-Dwda
Ey T

IN

Q/\@\

1/2 1/2
|Df|2dx> (/ |Dwt|2d1‘>
T3 T3

< 51/2|H8Vtwt}”%2(aEt)-
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If ¢ is chosen so small that Ce3 +¢2 < 1 in the last inequality, then
we reach a contradiction to (3.14) and to the fact that [|g|[29m,) <
ell[Ov,willlL2(aE,)- This shows that for this choice of & condition (3.13)
holds. Recall now that by Lemma 2.6 and Proposition 2.7, there exist
0. and &1 > 0 with the following properties: for any set E € &},(F,U)

Ve lw2sor) <6 = O*J(B)lp] > ocllolom

3.19 ~ .
B for all g € OB) st min llp - vElizn) 2 lelleon,

and

(3.20) F' critical, |F| = |F'|, and ||[¢p || w2s9r) < 61 = F' = F + 0,
for a suitable o € R3. By taking ¢ (and &) smaller, if needed, we may
ensure that

(3.21) w(eo) <01,

where w is the modulus of continuity introduced in (3.9).

Step 3. (The stopping time t equals the maximal time T(Ey)) Here we
show that, by taking &y smaller if needed, we have t = T'(Ep). To this
aim, assume by contradiction that ¢ < T'(Ep). Then,

Yellcr o) = €0 or /1r3 | Dwi|? dz: = 26.

We further split into two sub-steps, according to the two alternatives
above.

Step 3-(a). Assume that
(3.22) / | Dwz|? dz = 26p.
T3
Recall that (3.13) holds. Thus, by (3.9), (3.12), (3.19), and (3.21) we
have
02J(Ey) [[aytwt]] > 0| [80,wt] 31 o) for all £ € (0,7).

In turn, by Lemma 3.5 we may estimate

d (1
% (5 [ 10w do) < ~o Bl Biar,

1

[ @+ du) B an?

2 Jom,

for every t < t. By Proposition 3.6-(iii) and (3.17), we may estimate
the last term by

/ O + Oyywp )y dH2 < C / (Buwi 2+ 1wy ) dH2
8Et 8Et

<C |[O,we]|® dH2.
OF:
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Now, Proposition 3.6-(v) implies

2/3 . 1/3
1B willl o) < ClOwwli om lwoe — Bl 5t om,
Therefore, combining the last three estimates, we get

d (1
dt ( / \Dwt| dl’) < UEH[thwt]HHl (OFE:)

(3.23) + Cllwe — Wil 208, H[al/zwt”ﬁ{l(aEt)
g,
< - 25 110w w3 o2,

for every t < t, where the last inequality holds provided that dy is small
enough since by (3.12) and by trace theorem

T
We use (3.18) to conclude

/ Dy 2 da = — / w0y [Dy ] dHE = — / (wy — ) By 1] AH?
T3 OF: OF:

< lwe — Wil 208 I [Ovwilll 1208,

< Olovwilllizom,) -

Combining the above inequality with (3.23), we, finally, obtain

d
— | |Dw*dx < —co | |Dwy|*dx,
dt

T3 T3

for every t < t and for a suitable ¢y > 0. Integrating the differential
inequality and recalling (3.10), we get

(3.24) / |Dw, | dz < e_cot/ |Dwp, |* dz < §pe™ 0t
T3 T3

which for ¢ =t gives a contradiction to (3.22).
Step 3-(b). Assume that

(3.25) Vel or) = €0-

Recalling (3.6) and denoting by X; the velocity field of the flow (see
Definition 2.1), we may compute

d d .
dtD(Et) dt/ dp dx = /Et div(drpXy) dx

_ / (X, - v1) dH2 = / [y ] M2
BEt 3Et

= — Dh - Dw; dx
T3
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where h denotes the harmonic extension of dp to T3 \ OF;. Note that
DR\ p2(r3y < Clldrlcrop,) < C.
Thus, also by (3.24), we have
d _co
%D(Et) < CHDthLz(T:s) < C 506 2 t,
for all t < ¢. By integrating over (0,¢) and recalling (3.7) we get

(326)  [Willieor < Ov/D(Er) < C\/D(Fo) + C/by < O35y,

provided that d is small enough. Since by (3.12) and (3.9) we also have
uniform W?3-bounds on 7, by standard interpolation we infer from
(3.26) that [|vgllc1ar) < C6f for a suitable 6 € (0,1). Thus, if &y is
small enough we reach a contradiction to (3.25).

The combination of Step 3-(a) (see also (3.24)) and Step 3-(b) yields
t =T(Ep) and

(327)  |[¥lleror) < €0 and /’[rS | Dwy|? dx < e 0t /’[rS |Dwg, |* d,

for all t € (0, T(Ey)).

Step 4. (Global-in-time existence) Here we show that, by taking d
smaller if needed, we have T'(Fy) = +oo, that is the classical solution
exists for all times. To this aim, recall that by (3.23) and by the fact
that t = T'(Ep) we have

dt< / | Duwy|? dx) 2 10w wdlizn o,y <0

for all ¢ € (0,T(Ep)). Assume now by contradiction T'(Ey) < +o0.
Integrating over (T'(Ep) — %, T(Ey) — TZ) where Tp is as in (3.11), w
obtain

o L, W t
: T(Eo)—20 e VU H (0E:)

2 2
n \DwT(EO)i%\ dx — /11'3 ]DwT(EO)i%] dx < dp,

where the last inequality follows from (3.27) and (3.10). Thus, by the
mean value theorem there exists { € (T(Ep) — T ,T(Ep) — @) such
that ||[0,, wt”‘Hl o) < 7 850 . Note that for any measurable set £ C T3
we have [lvg|c1rsy < L for some absolute constant L and that wp is
constant. Thus, since H!(OE;) embeds into LP(JE;) for all p > 1, by
Proposition 3.6 we in turn infer that

[Hy(- + 9;(-)vr () = HE o op)
Clw(- + () () = wrlgo.aor)
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+ Clo( +9;(vr() = vileoaor) + Clo; = vFlgoaar)
< Clwiléo.aom,) + CLWill21 (or + Cllug — urll7zrs)
do

< Cm + CL?[%3l12n o) + CIEAFP,

where []co.a(ag;) stands for the a-Holder seminorm on 0E;. Thus, if we
choose dy sufficiently small, the above inequality together with (3.12),
(3.7) and (3.27) ensures that E; € h?\f(F, U). In turn, by (3.11) the
time span of existence of the classical solution starting from FE; is at
least Tp, which means that (E;); can be continued beyond T'(Ep). This
is clearly a contradiction.

Step 5. (Convergence, up to subsequences, to a translate of F') Let t,, —
+o0o. Then by (3.27) the sets E;, satisfy the hypotheses of Lemma 3.7.
Thus, up to a (not relabeled) subsequence we have that there exists a

critical set F’ such that E; — F' in W32, Due to (3.9) and (3.21) we
also have ||{5[|y239r) < d1. But then (3.20) implies that F' = F' + o
for a suitable (small) o € R3.

Step 6. (Ezponential convergence of the full sequence) Consider now
D,(FE) := / dist (z,0F + o) dx .
EA(F+o)
The very same calculations performed in Step 3-(b) show that
d ¢
(328) = Do(Er) < C|| Dullpzgrsy < C Soe~ 2t forall t > 0.

From this inequality it is easy to deduce that lim; o D, (F;) exists.
Thus, by the previous step D, (E;) — 0 as t — +oo. In turn, integrating
(3.28) and writing 0E; = {x + Vo (2)vpio(x) : © € OF + 0} we get

(3.29) 1otllZ2op10) < CDa(Er)

+m CO CO
< / C/dpe 2%ds < Cr/dpe 2.
t

Since by the previous steps ||¢)s.t[lyw23(9F+0) is bounded, we infer from
(3.29) and standard interpolation estimates that also [|¥s.tllc1.8(9F40)

decays exponentially for 8 € (0, %) For all 8 € (0,1), setting p = ﬁ,
we have by (3.29) and by (3.7)
lve = vrsollcrsrsy < Cllve — vpsollw2e(rs)
1
(3.30) < Cllut — upiollpr(rs)y < ClEA(F + o)

1 1 o
S CH?’/)o—’t||22(6F+0') S C(Sélpe 4pt,
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where we recall that u; stands for ug,, see (2.3). Denote the average of
wy on OFy by w,. Since by (3.27) we have that
e+ (W) = @il ey < Cllwe =@l 3 0

< C||Dwi| 23y < C/doe™ 21,

it follows (taking into account also (3.30)) that

(3:31) ||[Hi( - +tos(-)vrio() — Hi]

— [Horio — Horyol H — 0 exponentially fast,

HZ (0F+0)
where H; and F3F+U stand for the average of H; on OF; and of Hyp4,
on OF + o, respectively. Let d, be the signed distance function from
F + o and let ¥, denote a diffeomorphism such that U,(F + o) = E}.
Clearly we can find such a diffeomorphism with the additional property
that Wi(z) = = + Yot(2)vris(x) on OF + o and ||[W; — Id||c1eps) <
CllYotllcr(9p+o0)- Then, denoting the tangential divergence on OF; by
div;, and the tangential Jacobian of W; by J.V;, we have

H,Vd, - v, dH? — /

2
Hopyo dH ‘
OF+o

OE;

/ div,, Vd, dH?* — / div, Vd, dH?
OF; OF+o

(3.32)

<

/ (divy, Vd, o Uy J ¥, — div, Vd, ) dH?
OF+o

< ClYotllcr@0r+o) »

where the constant C' also depends on the C2-bounds on F. Moreover,

Ht(VdU — Vt) s U dH2
OFE:

/ (HtVdU Uy — Ht) dH2
OFy

(3.33)
< Hell10E)IVds — vl Lo am) < Clltotllcr@rto) s

where we have also used the uniform bounds on H; estabgshed | in the
previous steps. Combining (3.32) and (3.33), we get that H; — Hop4o
decays exponentially and in turn, thanks to (3.31)

HHt( . +¢a,t(')VF+a(')) — H3F+UH — 0 exponentially fast.

H? (0F+0)
The conclusion follows arguing as in the end of the proof of Lemma 3.7.
q.e.d.

Theorem 3.4 can be readily extended to the Neumann case, at least
when the stable critical set F' is well contained in ). Recall that in this
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case the energy (2.2) must be replaced with
JIN(E) = Po(E) —I-’}// |VUE|2d33,
Q

where Po(E) denotes the perimeter of E inside Q and the function vg
is the solution of

—Avg =ug—m in Q,

/vEdw:(), %:O, on 052 .
Q ov

Here ug = 2xp — 1 and m = f, up dz. As in (2.4) we have

vp(z) = /Q G, y)up(y) dy,

where G is the solution of

—AG(z,y) =0z — ﬁ in Q,
/G(w,y)dy:O, Vy,G(z,y) -v(y) =0, ifyeo.
Q

As in the periodic case, we say that a smooth subset FF CC Q is a
critical set for the functional Jy if there exists a constant A € R such
that

Hyp(x) + 4yvp(z) = A for all z € OF.

The quadratic form associated with the second variation 9%Jy(E) is
also defined as in (2.9). If FF CC Q is a smooth local minimizer of Jy
under volume constraint, then it is also critical and 9%.Jy (E)[¢] > 0 for
all o € H(OF).

Note that, unlike in the periodic case, the functional Jy is not trans-
lation invariant. Therefore, we say that a smooth critical set F' is strictly
stable if

PIN(E)g] >0  forall p € H(OE)\ {0}.

With these definitions in hand we can state the following counterpart
of Theorem 3.4.

Theorem 3.8. Let 2 be an open set in R® and let F CC Q be a
smooth strictly stable critical set and U a regular tubular neighborhood
of OF. Then, for every M > 0 and « € (0,1) there exists 6o > 0 with

the following property: Let Eq € f)?\f(F, U) be such that
|Eo| = |F|, |EgAF| < 6, and / |Dwg, |> dx < 6.
Q
Then, the unique classical solution (Ei); to the Mullins—Sekerka flow

(1.1) with initial datum Ey is defined for all t > 0. Moreover, E; — F
in W5/22 egponentially fast as t — +oc.
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The proof of this result is similar to the one of Theorem 3.4. Actually
it is simpler since we do not need the argument used in Step 2, where
we controlled the translational component of the flow. Note that in the
statement of Lemma 2.6 now (2.13) holds for all ¢ € H(OFE). Finally,
observe that under the assumptions of Proposition 2.7 we may conclude
that F’ = F, i.e., that there are no other critical sets close to F.

The assumption that F' does not touch the boundary may seem re-
strictive. However, we remark that in two and three dimensions there
are examples of strictly stable critical sets which consist of either a sin-
gle or multiple almost spherical sets well contained in 2. The precise
conditions on the parameters m, v and |Q| under which these strictly
stable sets exist are given in [42, 43, 44|. Other examples of local min-
imizers well contained in € are given in [10]. An example of a local
minimizer touching the boundary is provided in [41].

4. Nonlinear stability for the surface diffusion flow

Throughout the section we assume 7 = 0 in (2.2), so that we will
be dealing only with the standard local perimeter. We will show how
to adapt the strategy devised in the previous section to the case of the
surface diffusion equation. For the definition of sets of class h*® we
refer to the previous section.

Definition 4.1 (Surface diffusion flows). Let Ey C T? be of class h*?
for some a € (0,1). We say that the one-parameter family (E);co,7) is
a classical solution to the surface diffusion equation on the interval (0,T)
with initial datum FEj if it is a smooth flow in the sense of Definition 3.1,
E; — Ey in C*® as t — 0T, and the following evolution law holds:

(4.1) Vi =A.H, on 9E, forallte (0,T),

where, as usual, V; stands for the outer normal velocity of the moving
boundary OF:, H; stands for Hpg, and A, is the Laplace-Beltrami
operator on 0F;.

It is well-known that the surface diffusion flow is volume preserving.
This can be straightforwardly checked by the following computation:

i\Et\ = VidH? = A Hy dH?=0.
dt OF, OF,
The following local-in-time existence and uniqueness result has been
established in [14]? . We make use of the notation introduced in the
previous section.

Theorem 4.2 (Local-in-time existence and uniqueness, [14]). Let
Fy C T? be a smooth set and U a reqular tubular neighborhood of OFy.

*In fact, [14] deals with the evolution in the whole space R, but it is clear that
the same arguments go through in the periodic case.
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Then, for every M > 0 and o € (0,1) there exists T > 0 with the
following property: For every Ey € l‘)?\f(Fo,U) there exists a unique
classical solution to the surface diffusion flow in (0,T) with initial datum
Ey.

As before we are interested in the asymptotic stability of strictly
stable configurations. The main result of the section is the following.

Theorem 4.3 (Main result). Let F C T2 be a strictly stable critical
set according to Definition 2.4 and let U be a regular tubular neighbor-
hood of OF. Then, for every M > 0 and « € (0,1) there exists o9 > 0
with the following property: Let Fy € b?\f(F, U) be of class W32 such
that

|Eol = |F'|,  |E0AF|<do,  and / |D,Hyp,|? dH? < 6.
0Eo

Then, the unique classical solution (E;); to the surface diffusion flow
with initial datum Ey is defined for allt > 0. Moreover, By — F + o in
W32 as t — +oo, for some o € R3. The convergence is exponentially
fast; more precisely, there exist n, cp > 0 such that for allt > 0, writing

OF; = {x + Yoi(x)vpis(x) : © € OF + 0},

we have
CFt

%ot ‘W3’2(8F+a) sne
Both |o| and n vanish as 69 — 0T.

Note that the H'(OF) norm of Hyg is equivalent to the W32(9F)
norm of 1. This explains the W32 convergence in the above theorem.
As before, the proof of the theorem, which is close in spirit to the
proof of Theorem 3.4, is postponed until the end of the section. We
first collect some auxiliary results, whose proofs are given in Section 5.

Lemma 4.4 (Energy identities). Let (Ei)ic(o,r) be a smooth flow
satisfying (4.1). The following energy identities hold:

(4.2) dJ(Et):—/ |D, H | dx
dt O,
and
d (1 ) )
% 5 |D-,—Ht| dr | = —8 J(Et) [ATHt]
(4.3) OF

1
— / B, [D;H;) A;H; dH? + = Hy|D,H*A.H, dH?,
OB, 2 Jog,
where 02 J(Ey) is the quadratic form defined in (2.9) (with E; in place
of E and with v = 0) and, as done before, the subscript t stands for
E;. Note also that we have used the notation By|-| to denote the sec-

ond fundamental quadratic form on OFE;, which we recall is defined as
By[r] := (Dyy7) - 7 for all T € R3.
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Lemma 4.5 (Interpolation on boundaries). Let ' C T3 be a smooth
set, U a regular tubular neighborhood of OF, and M > 0, p € (2,+00)
fized constants. Then, there exists C > 0 with the following property:
for every E € ¢}, (F,U) and f € HY(OFE) it holds

1 llzeomy < C (IDF 1 2g0m) 1 152ty + 1 2o )
with 0 :=1 — ]%. Moreover, the following Poincaré inequality holds:

If = fllrom) < CID-fllz208)

where f denotes the piecewise constant function defined as TJCFi fdH? on
each connected component I'* of OF.

The proof of the above lemma can be found in [3, Theorem 3.70].
For the next lemma we introduce the following notation: for every
sufficiently regular f defined on OF we set

(4.4) 6;f :=D;f-¢;  and D2f = (6:0;f)ij,
where e; is the i-th element of the canonical basis of R3.

Lemma 4.6 (H?-estimates on boundaries). Let F, U, and M be
as in Lemma 4.5. Then there exists a constant C > 0 such that if
E €€l (FU) and f € HYOFE), with A, f € L*(OE), then f € H*(OE)
and

ID? fll20m) < ClIAL L2 0m) (1 + | Horl 14 om) )-

The following lemma provides the crucial “geometric interpolation”
that will be needed in the proof of the main theorem.

Lemma 4.7 (Geometric interpolation). Let F', U, and M be as in
Lemma 4.5. There exists a constant C > 0 such that if E € &€, (F,U)
the following estimates holds:

/ |Bog|| Dr Hog P| Ar Hop| dH2
oF

< O||D+(ArHop)|1 22 (om) |1 D- Hor |l 12(oE) (1 + ||H8E”3L’6(3E)) :

The next lemma highlights an interesting property of the mean curva-
ture. Note that since OF can be disconnected (as in the case of lamellae)
one cannot expect Poincaré inequality to hold on 0F. However, if
is sufficiently close to a stable critical set then the Poincaré inequality
holds for Hyg.

Lemma 4.8 (Geometric Poincaré Inequality). Fizp > 2, let F C T3
be a strictly stable critical set according to Definition 2.4 and let 61 be
the constant provided by Lemma 2.6, with ¢ = 1 (and v = 0). Then,
there exists C' > 0 such that

(4.5) / |Hop — Hop|* dH> < C/ |D-Hop|? dH?
oF oE
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provided that
OFE = {z+Y(x)vp(x) : v € OF for some smooth 1
with || llwzp@or) < 01}
Here Hyg stands for the average faE Hyp dH?.
Finally, we have:

Lemma 4.9 (Compactness of sets). Let F', U, and M be as in
Lemma 4.5. Let {Ey}, C €, (F,U) be a sequence of sets such that

sup/ |D;Hap, |? de < +o0.
O0Fy,

n

Then there exists F' of class W32 such that, up to a (non-relabeled)
subsequence, E, — F' in WP for all p € [1,+00). Moreover, if (4.5)
holds for every set E,, (with C independent of n) and

/ |D,Hpp, | de — 0,
OF,

then F' is critical in the sense of Definition 2.3 and the convergence

holds in W32,

The proof of this lemma is similar to the proof of Lemma 3.7 given
in Subsection 5.1 and, thus, we omit it.

Proof of Theorem 4.3. The proof of the theorem is very close in spirit
to the proof of Theorem 3.4. In the following, C will denote a constant
depending only on the C'-bounds on the boundary of the set. The
value of C' may change from line to line. For every ¢y > 0 sufficiently
small, there exists dp € (0,1) so small that for any set E € €} (F,U)
the following implications hold true:

@ 13
(46)  Eei(FU) and D(E) < 6 = |[velleror < 5 -

where D(FE) is defined in (3.6), and

@7 |vsloor <e  and /aE\DTHaEPdHle

= |[VEllw2s0r) <wleo) <1,

where w is a positive non-decreasing function such that w(eg) — 0 as
g0 — 07. Note that the last implication is true thanks to Lemma 4.9.

Note also that by Lemma 4.8, there exists C' > 0 such that if g is
small enough, then

lVElwz2s@r) < wleo)

4.8 _
(48) — / |Hyp — Hop|? dH? < C’/ |D,Hpp|? dH?,
oF oF
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where Hyp is the average of Hyg over OE. Fix g, dg € (0, 1) satisfying

(4.6), (4.7) and (4.8), and choose an initial set Fy € h?\f(F, U) such
that

(4.9) D(Ey) <&  and / |D,Hap,|? dH* < &g
0Ey

Let (Et)te(o,T( Eo)) be the unique classical solution to the surface diffusion
flow provided by Theorem 4.2, with T'(Eyp) denoting the maximal time
of existence. By the same theorem, there exists Tp > 0 such that (3.11)
holds. We now split the rest of the proof into several steps as in the
proof of Theorem 3.4.

Step 1. (Stopping-time) Let t < T(Ep) be the maximal time such that
(4.10) H@Z)t”cl(ap) <egy and / ‘D.,-Ht|2d7‘[2 < 24,
OE;

for all t € (0,%). As before, we claim that by taking £y and &y smaller if
needed, we have ¢ = T'(Ej). This claim will be proved in Step 3 below.

Step 2. (Estimate of the translational component of the flow) We claim
that there exists £ > 0 such that for all ¢ € (0, 1)

(411) nIélll_II; HATHt -n- VtHLQ(aEt) > 5||A7—HtHL2(8Et) )

where Il is defined in (2.10). To this aim, let 7, € IIr be such that
(4.12) ArHy=m -1 +g,

where g is orthogonal to the subspace of L?(0F;) spanned by é; - v; with
i € Ip (see (2.11)). Asin Step 2 of the proof of Theorem 3.4 we will show
that if ¢ is small enough, then assuming ||gllz295,) < €l|lArHill 1208,
leads to a contradiction. Recall that A H; has zero average. Therefore,
setting H; := Fo, Hi dH?, and recalling also (4.7) and (4.8), we get

VHi= 1220, < C/BE D2 dH?
t

(413) =-C A HH; dHQ =-C A’THt(Ht - Ft) de
OF; 0E;

< C\H; — Hill 208, | A Hil 208, -

Recall now that faEt Hyy dH? = faEt vy dH? = 0. Thus, multiplying
(4.12) by H; — H,, integrating over OF;, and using (4.13), we get

/ (H, — T A H,y dH?
OF:

/ (Ht — Ft)g dHQ
OF;

<elH; — Hillr20m) |1 A Hill 1298,
< Cel|ArHil 72 (0,) -
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Arguing as in Step 2 of the proof of Theorem 3.4 we have that if gq is
small enough there exists a constant C' such that 1| < C[|ArHyl|1298,)-
Hence,

||T}t'Vt||%2(8Et) = / ATHt(nt . Vt) d?‘[z - — DTHt . DT(T]t . Vt) Cl?‘f2
aEz 8Et

< el Drvell 2 o) |1 Dr Hell 1208,

B 1/2
< C|Drvellp20m) 1A+ Hell 1208, (— /BE (Hy — Hy) A Hy d”HQ)
t

< CHDTUt||L2(8Et)61/2HATHtH%Q(aEt) < 051/2”A7Ht”%2(aEt) )

where in the last inequality the constant C' depends also on the curvature

bounds provided by (4.7). If ¢ is chosen so small that Cez +¢2<1in
the last inequality, then we reach a contradiction to (4.12) and the fact

that |l9llr20m,) < ellArHilr20E,)-

As in Step 2 of the proof of Theorem 3.4, by taking 9 (and dy)
smaller if needed, we may ensure that (3.21) holds, with w the modulus
of continuity introduced in (4.7) and §; satisfying (3.19) and (3.20),
with W23(9F) replaced by W2S(9F).

Step 3. (The stopping time t equals the maximal time T(Ey)) Here we
assume by contradiction that ¢ < T'(FEp) and, thus,

||¢E||CI(8F) =¢&y oOr / IDTHgldeQ = 2dp .
OF;

We further split into two sub-steps, according to the two alternatives
above.

Step 3-(a). Assume that
(4.14) / |D, Hy|* dH? = 26
OE;

Recall that (4.11) holds. Thus, by (4.7), (4.10), (3.19) (with W23(9F)
replaced by W?25(9F)), and (3.21) we have

0?J(Er) [ArHy) > oc|| ArHy|| 31 o) for all ¢ € (0, 7).
Note also that (4.13), together with the Poincaré inequality (4.5), yields
(4.15) | DrHel| 2205, < CllA-Hl|p2(08,) -

Now, we may use Lemma 4.4 to estimate
d (1 2 17,2 2
% <2 /8Et |D7—Ht| dH ) < - J€||A7Ht||H1(aEt)

+ 2/ |By|| D Hy 2| A+ Hy| dH?
OFE;

Lemma 4.7

< _O-EHATHt”%{l(aEt)
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+ C|ID7(ArHo) 122 o 1 D Hill 12012 (1 + HHtH:ZG(aEt))
(4.10) )
< =0l ArHell g o,
+ CVoo D (A H) 220y (1+ 1 Hel s 05,
(4.7)
< _UEHATH??H%-P(BE,:) +C\/%||DT(ATH1€)H%2(8E,5)’
for every ¢t < t. Thus, if we choose d§y small enough we have

d /1
dt <2 /aE ‘DTHtIQdH2> = _*HA Hillipom,) < —co D HillZ2 o)
t

where the last inequality follows from (4.15).
Integrating the differential inequality and recalling (4.9), we obtain

(4.16) / |D, Hy|? dH? < e / |D; Hg, |* dH? < dpe 0t
OE; 0Ey

which gives a contradiction to (4.14) for ¢ = .
Step 3-(b). Assume now that

(4.17) [Yillcror) = €o-

Then, arguing as in Step 3-(b) of the proof of Theorem 3.4, we can
compute

d
D(Et)—/ div(dFXt)dx—/ dp A, Hy dH?
dt B OF:

== Dydp - Dy Hy dH? < C||D;Hi|| 1295, < C doe~ 2t
O,

where the last inequality clearly follows from (4.16). We may now argue
exactly as in the end of Step 3-(b) of the proof of Theorem 3.4 and reach
a contradiction to (4.17) if dp is small enough.

Thus, t = T'(Ey), and as a byproduct of (4.16) and of Step 3-(b) we
also have

(4.18)
W%wm<w,/

|D, H?dH? < e <o / |D,;Hp,|* dH?,
8Et aEO
for all t € (0, T(Ey)).

Step 4. (Global-in-time existence) Here we assume by contradiction
T(Ep) < +oo. Then, we may argue exactly as in Step 4 of the proof
of Theorem 3.4 to find ¢ € (T (E[))—E T (Ey )—@) such that one has
|AH; HHl ) < 8‘5 . Thus, also by Lemma 4.6

wmm%@gmmw@mxuwwmmﬁswm
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where in the last inequality we also used the curvature bounds provided
by (4.7). In turn, for p large enough

[Hf]éo,a(aEf) < C||DTH£’\%p(aE£) < CHDTH{H%{I(aEf) < Cdo,

where in the last equality we used also (4.18).

Thus, if we choose dp sufficiently small, then E; € f)?\}[a(F, U) and,
by (3.11) the time span of existence of the classical solution starting
from F; is at least Tp. This implies that (£;); can be continued beyond
T(Ep), leading to a contradiction.

We can now proceed exactly as in Steps 5 and 6 of the proof of
Theorem 3.4, using Lemma 4.9 instead of Lemma 3.7, to get the desired
conclusion. We leave the details to the reader. q.e.d.

5. Proofs of technical lemmas

In this final section we collect the proofs of the several technical lem-
mas stated in the previous sections.

5.1. The modified Mullins—Sekerka flow: proof of technical
lemmas.

Proof of Lemma 2.6. Step 1. First we claim that the strict stability
of F' (Definition 2.4) implies

(5.1) PI(F)p] >0  forall p € H(OF)\ T(OF).

To this aim we observe that from (2.4) we get
Doup(z) = 2/ D,Grs(z,y)dy = —2/ DyGrs(z,y) dy
F F

=2 [ Gps(z,y)vely) dH3(y).
oOF

Setting v; = e; - vp we have by [20, Lemma 10.7]
—Arv; — |Byp|*vi = —6;Hop

where §; is defined as in (4.4). Since F' is critical it satisfies Hyp+4yvp =
const. and by the above identities we have

~A,v; — |Bop|*vi = —4y0,vpv; — 87/ G (z,y)vi(y) dH? (y).
oF

This can be written as L(1;) = 0, where L : HY(OF) — H~(0F) is the
self-adjoint, linear operator defined as

L(p) == —Arp — |Bop|* ¢ + 470, vpp + 87 /aF G (z,y)p(y) dH(y).

Let now ¢ € H(OF) \ T(OF). We may write ¢ = 1 + 1 - vp for some
n € R3, where ¢ € T+(9F) \ {0}. Since L is self-adjoint, we then
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conclude

O*J(F)lp] = (L(0): ) -1t

=(L(V), V) g-1xm+2(L(n - vp), V) g-1xm +{L( - vF),n V) g-1xm
= 0°J(F)[Y] > 0,

where the last inequality follows from the strict stability assumption

on F.
Having proved (5.1) we show next that for every ¢ € (0, 1] it holds

(5:2) mei=int{0%(F)le] : ¢ € HOF), |¢lmor) =1

and min [|p —n - vrl2or) > EHSDHLQ(OF)} >0.
nellp

Indeed, let ¢;, be a minimizing sequence for the infimum in (5.2) and
assume that ¢, — o € H(OF) weakly in H'(OF). Let us first assume
that ¢ # 0. Since

: o .
7,121%”800 n-vrlr2ar) 2 elleollzor),

we conclude o € H(OF) \ T(dF). Thus,
me = lim 0% (F)[ign] > 0°J(F)[po] > 0,

where the last inequality follows from (5.1). If ¢g = 0, then
me = lim 0% J(F)[pn] = lim/ |Dron?dH? = 1.
h h Jor

Step 2. In order to conclude the proof of the lemma it is enough to
show the existence of § > 0 such that if 0OF = {x+¢(z)vp(z) : © € OF}
with HwHsz(aF) S (5, then

(5.3) f{?I(B)g]: ¢ € HOE), l|pllmor =1 and

nlgllﬂ I —n-vEllL20m) > EH‘P”L2(6E)} > 0c 1= %min{me/m 1},
where m, /5 is defined in (5.2), with £/2 in place of e. Assume by con-
tradiction that there exist a sequence Ej, with 0E), = {z+¢n(x)vr(z) :
r € OF} and |[¢nllw2r@r) — 0, and a sequence ¢, € H(OEy), with

lenllzoE,) = 1 and mingen, [lon — 1 - vE, 12058, = €llenllrzom,),
such that

(5.4) 8% (En)lpn] < o .

Assume first that limy, |[¢nl[z2(9E,) = 0 and observe that by Sobolev
embedding ||onl/zear,) — 0 for every ¢ > 1. Thus, since the v, are
uniformly bounded in W?2P for p > 2 we obtain

lim O*J(En)|en] = 1,

which is a contradiction to (5.4).
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Thus, we may assume that
(5.5) lim |lenll L2 05,) > 0-

The idea now is to read ¢y, as a function on OF. For x € F set

&n() = on( + n(z)vr(z)) — ]laF on(y + Un(y)vr(y)) dH(y).

As ¢y — 0 in W2P(JF), we have, in particular, that

@nllz20F)
lenllz2aE,)
Note also that vg, (- + ¢Yn(-)vr(-)) = ve in WIP(GF) and, thus, in
C%(9F) for a suitable o € (0,1) depending on p. Using also this, and
taking into account the third limit in (5.6) and (5.5), one can easily
show that

(5.6)  @n € H(OF), 1@nllsrory — 1, 1.

mingerr, | — 1 Vel L2
@nll L20r)

lim inf
h

mingeyy, lon —n- VE, HLQ(BEh)

lenllL2@E,)

> lim inf
h

Thus, for A large enough we have

- 3 - €\~
@nll a1 0m) > 1 and o |Pn =1 vEllz20r) > 51@nllL2 o) -

In turn, by Step 1 we infer
_ 9
(5.7) 0%J(F)[n] > 1¢Me/2

Moreover, the W?2P convergence of Ej to F and standard elliptic esti-
mates for the problem (2.3) imply

(5.8)  Bag, (- +¥n(-)vp(:)) = Bapr in LP(OF),
v, — vp in CYP(T?) for all B < 1.
We now check that
|| Gn@aenaont) e @art )
h

(5.9) OFn

- / G (20, ) 0 (2)Bn () AH2 (2)dH2 () — 0,
OFJOF

as h — oco. Indeed, thanks to Remark 2.5 this is equivalent to
(5.10) / (IDzf2 — |D3P) dz — 0,
Q

where

— Az = pp = oM L OEy, A% = fip = @M LOF,
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under periodicity condition. In turn, (5.10) is clearly implied by
wh — i, — 0 in HH(T®),
which can be easily checked (see [1, Proof of Theorem 3.9] for the de-
tails).
Finally, we observe that since p > 2, the Sobolev Embedding theorem
and the W?P-convergence of OF}, to OF imply

(5.11) / |Bog, i dH? —/ |Bor|*@3 dH? — 0.
OEy OF

Combining (5.8), (5.9), and (5.11) we conclude that all terms appearing
in 9%2J(E})[¢n] are asymptotically close to the corresponding terms of
02J(E)[pn) and, thus,

0% (Bp)on) — 0*J(F)[@n] = 0.
Recalling (5.4), we have a contradiction to (5.7). This establishes (5.3)

and concludes the proof of the lemma. q.e.d.

Proof of Lemma 3.5. In the following ¥ and W; are as in Defini-
tion 3.1 and the subscript ¢ stands for the subscript E;. We denote
by X, the associated velocity field, that is, X; := ¥y o v, ! In particu-
lar, by (3.2) we have that

(512) Xt VE = [aytwt] on 8Et

Fix t € (0,T), set &, := Wy, 0 ¥, !, and note that (@) se(—t,7—1) 18
an admissible one-parameter family of diffeomorphisms according to
Definition 2.1. Then we may apply Theorem 2.2 to get

d d
*J(Et) = fJ(q)s(Et)) = / (Ht + 4’}/Ut)Xt sVt d?‘l2
dt ds s=0  JOE,
(3:1) / Wt Xt Vy dHZ (5 12) / (0 [8,/7511)75} dHQ
8Et 8Et
= — / ’Dth dx )
T3

where the last equality follows from integration by parts and the fact
that w; is harmonic in T3 \ dF;. This establishes (3.4). In order to
get (3.5), we need to introduce some auxiliary functions: For each t €
(0,T), we let d; denote the signed distance function from Ey, which, we
recall, is smooth in a suitable tubular neighborhood of dF;. We then
set vy := Ddy, Hy := Ady = div iy, and B, := D?d;, = Dy,. Note that vy,
H;, and B; represent smooth extensions of the outer unit normal field,
the mean curvature and the second fundamental form, respectively, to
a neighborhood of F;. We start by recalling the following identity (see
[6, Lemma 3.8]):

(513) 8,, Ht == DHt sV = —‘Bt|2 on 3Et,
t
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and
. 0
(5.14) = %VHS o —D. (Xt 1) = —DT([&jtwt]) on 0E;,
where the last equality follows again by (5.12). Moreover, by dif-
ferentiating with respect to s the identity Dvyis[vits] = 0, we get
Dvi[v] + Dyfvy] = 0. Multiplying the latter equality by v, and re-
calling that Dvy is symmetric we get Dvy[vy] - vy = —Dwgfny] - vy = 0. In
turn, this implies that
(5.15) div, vy = divyy on OF;.
Also,
0 (Hyyps 0 ®y) Hy+ DH; - X
JE— O f— . prm—
88 t+s s s=0 t t t
(5.15) .. .
(5 16) = leT vy + 8yHt(Xt . I/t) + DTHt . Xt
513) .. .
( == ) leT vy — |Bt|2[8,,twt] + DTHt . Xt
(5.14)

= —AT[&jtwt] — ]Bt]2[8ytwt} + DTHt . Xt.

We can now compute

d (1
— Dw;.s|*d
i (3 ], 1wt ae)

d (1
= (2 /Et |(Dwyys) o s> J®, d:z)

1
=~ | |DwPdivX;dz+ | Duwy- (D*wi[Xy] + Diiy) da
(5.17) . Er

1
= / div(|Dw¢|*X;) dz 4+ [ Duwy - Duinda
2 Et Et

s=0

s=0

1
= / \Dwt_\th-utd’HQ—i—/ Wy Dy w; dH?
2 8Et 8Et

1

- /6E \Dw;” 20, w,] dH? + /8E oy Bywy dH2.
In order to write w, explicitly we use
Wy = Hips + 4y vi4s on OF s,
which in turn is equivalent to
wi 0Py =Hi 0P +4yviys 0P on 0F;.
By differentiating the above identity with respect to s at s = 0, we get

w; 4+ Dw; - Xy = Hy + DHy - Xy + 4yiy + 4y Dvg - Xy on OE;.
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We now use (5.16) (and of course (5.12)) to get
Wy = — (O, wy ) [Opwi] — Ar[Oy,wi] — |Bt|2[al/twt]
+ 4y 0y + 4y 0y, 04[Oy, wi] + D (Hy + dy vy — wy) - X
= — (O wy ) [0y, we] — Ar[Opwy] — |Bt|2[6wwt]
+ 4y 0y + 4y Oy, 0[Oy, W] on OFE;,

(5.18)

where in the last equality we have used the fact that w; = Hy + 4y v on
OFE;. Therefore, from (2.5), (5.17) and (5.18) we get

1
4 < |Dwt|2d:1:> =— Dy wi Ar[0,,wy] dH?
dt \2 Jg, OE,

/ |Bt|28,,tw; [0y, wy] dH?
OE;
(5.19) +8v/" Gops (2, ) gy () (D ()] dH2 () dH2 (x)
OFE; JOFE;
+ 4y / D0t Oy wy [Oy,wy] dH?
OF:

1
+ = / | Dw; |*[0y,wy] dH? — / (D, w; )20y, we) dH.
2 8Et aEt

The analogous calculations in T3 \ E; yield

d (1
— / | Dwy|? dx :/ Oy w;t N[0y, wi] dH?
dt \ 2 T3\ E; OE;

+/ |Bt|2(9l,tw;r [0y, w¢] dH?
OE;
(5.20) —w/ Grps (2, y) it () (B, wi(y)) dH? (y)dH (x)
OFE; JOE:
— 4y / D, vt Oy wt [Oy,wy] dH?
OFE;

1 / | Dw; |2[0y,wy) dH? + / (D, w;H) %[0y, we) dH.
2 Jog, OF,

Combining (5.19) and (5.20), integrating by parts, and recalling (2.9)
we get

% (; /TS ]Dthdx) — _02J(E) [[@twt]]

+ / (B, wi)? = (Byywi)?) [Buywr) dH?
OF;

1
- 2/ (IDw/ [ = [Dw; [)[8y,wi] dH?.
Ey
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The result follows from the identity

’Dwzr|2 - |Dw;|2 = (al/tw15+)2 - (6,,#0;)2 = (81/1:1”1?r + autw;)[autwt]'
q.e.d.

We now prove Proposition 3.6.

Proof of Proposition 3.6. To simplify the notation, throughout the
proof we write v instead of vg.
Proof of (i): Observe that we may write u as

u(e) = | Grale,y)f ) dH(w).
Note that Gps(z,y) = h(xr —y) + r(x — y) where h is one-periodic,
smooth away from 0 and h(t) = ﬁlt\ in a neighborhood of 0, while
r is smooth and one-periodic. The conclusion then follows since for

v(z) = [op \i(—yzil dH?(y) it holds

[vllzrom) < Cll fllLrom)-
Proof of (ii): Here we adapt the proof of [26] to the periodic setting.
First observe that since u is harmonic in £ C T? we have

(5.21) div (2(Du - ) Du — |Dul*x + uDu) = 0.

Moreover, by the C1“-regularity of OF there exist > 0, Cy and N,
depending on the C® bounds on OF, such that we may cover JF with
at most N balls B, (z)) such that, up to a translation,

1
(5.22) oA <z-v(r)<Cy for x € OF N Boy(zy,).
0

Therefore, if 0 < ¢ < 1 is a smooth function with compact support in
Bo,(z) such that ¢ =1 in B,(zy) and |Dyy| < C/r, by integrating

div (¢, (2(Du - ) Du — | Du|*z + uDu))
over E and using (5.21) we easily get

/ cpk\&,u_\z(x V) — (pk]DTu]2(x V) dH?
OF

= —/ orud,u” dH?* — 2/ or(Dyu - £)0,u~ dH>
oF oF
+/ Dyy - (2(Du - ) Du — |Duf*z + uDu) dz.
E
This implies using the Poincaré inequality on the torus (recall that u
has zero average) and (5.22)

/ |8,,u_|2d’H2§C/ (u2+]DTu\2)d’H2+C/ (u?® + | Dul?)dx
OENB (1) OF T3

<C | (u*+ |Dul?)dH* + C'/ | Dul|* dz.
oF T3
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Adding up all the estimates and repeating the argument for T3 \ E we
get

/(layu_2+|8,,u+|2)d7—[2§€ (u2+|DTu|2)dH2+c/ \Dul? dz.
OF T3

(2]
The result follows by observing that

|Du|2dm:/ u(dyu~ — dyu™) dH>.
T3 oF

Proof of (iii): The result would follow from the boundary estimates
on C'-domains established in [18]. However, it turns out that in the
case of C1*-domains the argument can be greatly simplified, as shown
in the following.

Let us define

Kf(z):= - Dy Grs(x,y) - v(x) f(y) dH*(y) -
We first show that the above integral is defined for every z € OF and
that

(5.23) 1K fllror) < Cllfllzrom)-

By the decomposition recalled at the beginning of the proof we have
D,Grps(z,y) = Dyh(z—y)+ Dyr(x —y), where Dyh(x—y) = —ﬁﬁ
in a neighborhood of the origin and D,r(z — y) is smooth. Thus, by a
standard partition of unity argument we may localize the estimate and
reduce to show that if o € C1*(R?) and U C R? is a bounded domain,

setting I" := {(2/, p(2')) : 2’ € U} and
x—y) vz
110y = [ C D ) ) s e
r |z—yl
where v is the upper normal to I', then T'f(x) is well defined at every
xz €l and

1T fllzery < CllfllLe -
To show this we observe that we may write

Tf(z) = / o(z') — o(y') — Do(x') - (' —3/)

(VP + (ala) — e | )

Therefore,
‘ZL’ ’1+a

I <0 [ ot s W o) dy
Co [ MWl

U |£L'/ _ y/|27a

Thus, the estimate (5.23) follows from a standard convolution estimate.
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For x € E we have

Du(@) = | DuGrs(a.0) ) aH2(0).
Therefore, for x € OF it holds

Du(z —tv(z)) - v(z) = - D,Gys(z — tv(z),y) - v(z)f(y) dH3(y).

We claim that
(21)  Jim Du(e — t(x)) - vle) = Kf(2) + 3 f(0),

for every x € OF. Then the result follows from (5.23) and (5.24).
To show (5.24) we first recall that for z € F and for x € OF it holds

. D,Gra(z,y) - v(y) dH?(y) = 1 — |E],
(5.25)

1
DyGrs(z,y) - v(y) dH*(y) = = — |E].
OF 2

Therefore, we may write
Du(z —tv(z)) - v(z)
= | DyGps(x —tv(x),y) - v(e)(fly) — fz)) dH*(y)
(5.26) o8
@) [ DaGns(a = tla).n) - (@) = vi) ()

+ f(z)(1 = [El).

Let us now prove that

lim [ DyGrs(a = tv(a).y) - (@) (f(4) = F(2)) dH2(y)
oE

= | DyGra(x,y) - v(z)(f(y) — f(x)) dH(y).
OF

To establish this, first observe that since dF is C! then for |¢| sufficiently
small we have

1
(5.27) |z —y —tv(z)| > §|aj—y\ for all y € OF.

Then, in view of the decomposition of D,G recalled before, it is enough
to show that

lim (x —y —tv(x)) - v(x)
t=0 Jop | —y—tv(x)]?

-/ @9 V@) (py ) dH(y).
oF

|z —yl3

(f(y) — f(x)) dH*(y)

which follows from the Dominated Convergence Theorem, after observ-
ing that due to the a-Hdélder continuity of f and to (5.27), the absolute
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value of both integrands can be estimated from above by C/|z — y|?>~¢
for some constant C' > 0.
Hence, (5.24) follows by letting ¢ — 0 in (5.26) and recalling (5.25).
Proof of (iv): Fix p > 2 and 8 € (0,1%2). As before, due to
the properties of the Green’s function it is sufficient to establish the
statement for the function

v(x) ::/ /) dH(y) .

oE |7 — Y

For x4, x9 € OF we have

[o(w1) — v(as)| < /BE YO ik T Tk 1| YIRS

21— yllz2 -yl
In turn, by an elementary inequality, we have
[l21 = y"7 + Jwa —y|' 7|
21—yl |z2 =y

[lz1 =yl — |z2 — |

]wl — LU2|B .
lz1 =yl lz2 — 9]

<C(B)

Thus, by Holder inequality we have

jo(z1) — v(as)
[ I
<c) /8 i e
< @) fllwrler — zl?,

where we set

dH*(y) |z1 — ol

L

C'(p) = 20(5)( sup /8 . d%2<y>) "

21,22€8E E |Zl - y|5p/ ‘22 - y‘p/

Proof of (v): We start by observing that

1 1
[ fllz20m) < CHfH?ﬂ(@E)HfHJZL[—l(aE)v
where C is a constant depending only on the C'® bounds on 0F. If
p > 2 we have also, see Lemma, 4.5,
p—2 2

1A llzoom) < CUA o112 o)

Therefore, by combining the two previous inequalities we get that for
p=>2
p—1 1

1oz < CUA i om | F 11 om-

Hence, the claim follows once we show

1flz-10m) < Cllullz2E)-
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Let us fix ¢ € H(OF) and with abuse of notation denote its harmonic
extension to T2 by ¢. Then by integrating by parts twice and by (ii)
we get,

/ of dH? = — / uldho) dAH2 < ull 2o 102l 2 o)
oF oF

<Ilullz20m) (10T I 20E) + 1009~ [l L20E))
< Cllull 2@ lell H o8-

Therefore,

1 flaiom = sup /aESOde2§0”U|L2(aE)- qed.

||‘P||H1(3E)§1
We now prove Lemma 3.7. Before that we recall that for £ C T? the

H%@E) Gagliardo seminorm of a function f € L?(OF) is defined by
setting

) — 2

Starting from this definition and using a standard partition of unity
argument in order to straighten the boundary of E locally, the reader
may reconstruct the proof of the following technical lemma.

Lemma 5.1. Let E C T2 be an open set of class C for some
a € (0,1). For every v € [0,3), there exists a constant C depending

only on v and on the C* bounds on OE such that if f € H%((?E) and
g € WHYOE) then

Faly < Ol + 171 e 9l D-gll}3")

Next lemma is probably well known to the expert, but we give its
proof for reader’s convenience.

Lemma 5.2. Let F,U be as in Lemma 3.7. Let E be a set in
f)}\’f‘(F, U), for some a > 0. If Hpp € H%((?E), then E is of class
W32 and

2
IVl 20y < COD(1+ [Hasly ).
where Vg is defined as in (3.3).

Proof. To simplify the notation we will drop the subscript from ¢ g
and Hyp. Fix € > 0. By straightening locally the boundary of F', we
may reduce to the case where the function 1 is defined in a disk B’ ¢ R?
and [[9[|c1(pry < e. Fix a cut-off function ¢ with compact support in
B’. Then

D? Dy D
(5:28)  Alpw) — PLEPE — ot T TDUP + Rz, DY),
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where the remainder term R is a smooth Lipschitz function. Then, using
Lemma 5.1 with v = 0 and recalling that ||¢||c1 < e, we estimate

[Alpw)]y < C(M) (2D (pw)]1 + [H]1 (1+ || DYl|z=)

1
2
+ I Hllpa (L + [$llwza) + 1+ [$l[F2a).
Observe that by Calderén—Zygmund estimates ||||yy2.4(py < C(M)(1+

|H|[z4(9E)). Moreover, a simple integration by parts argument shows
that if u is a smooth function with compact support in R? then

[Au]y po = [D*u]1 g
Thus, choosing ¢ sufficiently small, we may conclude that

(D20l < CON(HH]y et | aiom) < CODAHIHIE, Y.

From this estimate the conclusion follows. q.e.d.
Proof of Lemma 3.7. Step 1. Throughout the proof we write wy,,

H,,, and v, instead of wg, , Hog, , and vg,, respectively. Moreover, we
denote by 1, the average of w, in T? and we set @, = U%E wy, dH?

and H,, = DCBEn H, dH?. First, recall that

(5.29) w, = H, +4vyv, on 0E, and sup ||vnlgre sy < +o0.
n

The last bound follows from standard elliptic estimates. Moreover, from
the trace inequality

(530) Jwn— bl <l —inl?, n)<C/T3|Dwn’2dx,

(OEn) (OF
with C' depending only on the C'-bounds on 0F,,. We claim that

(5.31) sup || Hy|| < o0.
n

H3 (0E,)

To see this note that by the uniform C!'-bounds on 0F,,, we may find
a fixed cylinder of the form C := B’ x (—L, L), with B’ C R? a ball
centered at the origin, and functions f,,, with

(5.32) sup | fullen 7 < o0

such that 0E, N C = {(2/,2,) € B' x (=L,L) : x, = fu(2')} with
respect to a suitable coordinate frame (depending on n). Thus, we have

/(Hn—ﬁn)dx’+ﬁln|3’|=/ div(w) dz’
: ' V14 |V fl?
vx’fn x 1

S © P ———
oB’ \/1+‘vx’fn‘2 ’$|
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Hence, recalling (5.32) and the fact that || H, — g”HH%(aE | is bounded

thanks to (5.29) and (5.30), we get that H, are bounded. Therefore,
the claim (5.31) follows.

By applying the Sobolev embedding theorem on each connected com-
ponent of OF we have that || Hy[|z4(sE,) is bounded. This fact, together

with the uniform C! bounds on OF,, implies that if we write
OE, = {x +¢p(x)vp(x): z € OF},

then sup,, [[¢n|lw249r) < +00. This follows by standard elliptic esti-
mates, see [1, Lemma 7.2 and Remark 7.3]. Thus, up to a (not relabeled)
subsequence, there exists a set I’ such that

Y — hp in CY(QF) and v, — v in CHA(T3) |

for all a € (0, %) and $ € (0,1). From (5.31) and Lemma 5.2 we have

that the functions 1, are bounded in Wg’Q(E)F ). Hence, the first part
of the statement follows.

Step 2. For the second part we first observe that if
/ | Dwy,|? dz — 0,
T3

then the above arguments yield the existence of A € R and a (not

relabelled) subsequence such that wy, (- +¢,(-)vp()) — X in H%((?F)
In turn,

Hy (-4 (vp()) = A=4yvp (-+¢p (vp() = Hop (- +0p ()vr(-)

in H? (OF). To conclude the proof we need to show that v, converge to
=Yg in W%’Q(aF). To this aim, fix € > 0. By straightening locally
the boundary of F', we may always reduce to the case where the functions
1y, are defined on a disk B’ C R?, are bounded in Wg’Z(B’ ), converge
in W2P(B') for all p € [1,4) to ¢ € W32(B') and || D[ (pr) < . We
fix a cut-off function ¢ with compact support in B’ and we write
Alptn)  Alpy)
VI+D6.P 1+ DoP

DYDY
= (D) — D (i) — 2PV
7 AT Dep)
D, Dy, Dy Dy
+D2( 1/’71)( 3 3)
PN T D2 (4 Do)

+ @(Hy — H) + R(x, ¢on, Dpn) — R(x,, DY) ,

where the remainder term is R is similar to the one in (5.28). Then,
using Lemma 5.1 with v € (0, %), an argument similar to the one of the
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proof of Lemma 5.2 shows that
Alptn)  Alpy)
VI [Dya? /14 [Dy[2]s
+ D% (etn) = D ()] 4 1D 1D 157
+ [D*(ptn)] 1 [ Don — Do
+ D% (etn)ll 4 1Dn = DIl Foe (1D ] 4 + |D*]|4) "7
o = H Ly + 0 — $llw2)
Using Lemma 5.1 again to estimate [A(pty,) — A(gm/})]% with the semi-

< C(M)(*[D*(p4n) — D*(p0))]

D=

norm on the left hand side of the previous inequality and arguing as in
the proof of Lemma 5.2 we, finally, get

2 2
[D*(oton) — D*()]y < COM)(llton = ]| o, 5
1Dt = Dl + [ Ha — HI ),
from which the conclusion follows. q.e.d.
5.2. The surface diffusion flow: proof of technical lemmas. We

start by providing the computations leading to the crucial energy iden-
tities of Lemma 4.4.

Proof of Lemma 4.4. Let ¥, ¥, X; be as in the proof of Lemma 3.5,
and note that by (4.1) we have
(533) Xt sV = ATHt on 8Et

Fix t € (0,T), and as in Lemma 3.5 set &5 := Wy 50 \Ilt_l, so that
(®)se(—t,r—t) is an admissible one-parameter family of diffeomorphisms
according to Definition 2.1. Then, by Theorem 2.2 we get

d d
—J(Ey) = —J(®,(E
57 (B) = - J(2s(E0)) .
= HX; vy dH? = H;A Hy dH* = — / |D, Hy|> dH? .
O0FE: OE: O0FE:

This establishes (4.2). Let us fix a time ¢t > 0. To continue we observe
that, by redefining the velocity field if needed (in a time interval centered
at t), we may assume that X; has only a normal component on 0FE};
that is,

(534) Xt = (Xt . Vt)yt on 8Et

Recall that all the geometric quantities can be extended in a neighbor-
hood of OF; by means of the gradient of the signed distance function
from F; (see the proof of Lemma 3.5). Now, arguing as in (5.14), we
have

(535) I)t = —DT(Xt . Z/t) = —D‘,-A-,-Ht on OEt,
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where the last equality follows again by (5.33). In turn, using also (5.34)
and (5.14)

)
(5.36) 95 DHerso®s)

| = Ddive () + D?H[X{]

Ss=

= —D(A(ALH))) + (A H,)D*H,v,

on OF;. Denoting by D, the tangential differential on dF; s and by
J-®, the tangential Jacobian of ®,, we have

d (1
— (= D, Hy. s|?dH?
dS (2 /8Et+5 | e | )

d (1
== D, . Hiio|? 0o ®,J, @, dH?
ds(Q/BEt’ el H)

s=0

(5.37) X =0
= / |D, Hy|? div, (A, Hy vg) dH>
2 Jor,
0
D H; = (D,,, Hiis0®, dH>.
+ OF, ¢ 83 ( ths U ° ) s=0
We write the last term as
-DTt+SHt+8 ody = [I — Vs 0 Ps @ upys0 (I)s] DHyyso0 @,
and get by (5.34), (5.13), (5.35) and (5.36)
0
% (DTt+SHt+S o CI)S) s=0
. . 0
(5.38) = (- Qv -1 @u)DH + [l — v @1y é(DHt o &)

= —|B;|*D,;AH, — DH, - i} v
— D;ACAH 4+ AL H (I — v @ v] D*Hywg
In order to calculate D?Hyv; we differentiate equation (5.13) and get
—D|B,|?> = D(DH, - v;) = D*H,v; + Dv,DH,.
Therefore, since By = Dvy and By = 0 we get
D?Hyv; = —D|By|?> — BD. H;.

Plugging the last identity in (5.38) and using again (5.35), we may
continue from (5.37) to obtain

(5.39)

d (1 1

@ / D, Hyyo|? dH2 ( — - [ H/D,H,2A, H, dH>

ds 2 OF; s s=0 2 OF;

- / |By|? D H, - DA H, dH? — D,H; - D,A,A,H; dH?
8Et 8Et

_ / (A Hy)D,|By|? - D.Hy dH? — / B[D, Hy)A, Hy dH?.
OFy OFy
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Integrating the third term on the right-hand side by parts twice, we get
— D H;, - D.AAH, dH? = — / |D;AH |2 dH? .
aEt 8Et

Integrating the second last term on the right-hand side by parts once,
we have

—/ (A+H;)Dy|By|? - D H; dH?
oFE;

_/ |Bt|2DTHt-DTATth7-l2+/ | By || A, Hy|* dH?.
OE; OE;

Plugging the last two identities into (5.39) and recalling (2.9) (with
~v = 0), the identity (4.3) follows. q.e.d.

Proof of Lemma 4.6. In the following proof, in order to simplify the
notation we drop the dependence on JF from all the geometric objects
and the LP spaces involved. Let us first show

(5.40) / \DEde’HQgC/ \ATfyzd’H2+C/ |B|?| D, | dH>.
oF oE oF

Indeed, recalling the following formula (see [20, Eq. (10.16)])
(5.41) 51(5] = 5]61 + (VZ'(Sij — ujdiuk)ék,

and integrating by parts we get
| prsrard = [ @) @60 an?
OFE OFE
= / (51(5Jf) ((5J(51f) ng + / (51(5Jf)(1/1(5jl/k — ujéiuk)dkf d?‘[2
OF OF
= / 8, f (0:;0;0:f) dH? + / Hu;d; f (8;6,f) dH?
oFE oF
+ / (8:6, F) (vidvk — vjdivy.)Or f dH?
OF
< [ 55 @asan?+C [ |BID.f|Di|are.
OFE OFE
Using (5.41) and integrating by parts again, we obtain
| D2 @R < [ 66) @) ar an?
OF OF
o [ |BIID.s| D2 ax
OFE

The inequality (5.40) follows since A, f = 0;0; f.
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We estimate the last term in (5.40) by Lemma 4.5:
| 1BRD s < |BIRD A

< C|B|l74 (1DZ fllz2 D7 fllz2 + 1D £1172) -
Plugging in (5.40) and by an application of Young’s inequality, we get
ID2f172 < C ([I1A+f1172 + 1D+ fII72 (1Bl 74 + |1 Bl 74))
< C([|AfII72 + |1 D fII72(1 4 || Bl 14)) -

Now, note that (with the same notation introduced in Lemma 4.5)
D7 == [ gacpant=- [ (1= fafan
oF oK

<Wf = fle2llAcfllzz < CUD-fll2ll Az £l e -

Note that in the second equality above we have used the fact that A, f
has zero average on each connected component of F. Thus, from (5.42)
we deduce

(5.42)

(5.43)

ID2f1172 < CIIA-fII72(1+ Bl 74)-
By a standard application of Calderén-Zygmund estimate we have
[Bllza < C(1+[|H| 1),

with C' depending on only the C'-bounds on OF, and the conclusion
follows. q.e.d.

We now show the geometric interpolation used in the proof of Theo-
rem 4.3.

Proof of Lemma 4.7. Also here to simplify the notation we drop the
dependence on JF both from the geometric objects and the LP spaces.
First by Holder’s inequality

) 2/3
[ i aps ke < aclus ([ B0, P ae)
OF OF

By the Poincaré Inequality stated in Lemma 4.5 we get
A7 H|| s < C||[Dr(ArH)|| 2.

In turn, Holder’s inequality implies

, 2/3
(/ |B|2|DTH\3dH2>
oF

1/2 1/6
< (/ ]DTH|4dH2) (/ ]B\6d7-t2> :
(o)) (o))

1/2
( | rDTH|4dH2) < C (|D2H |2l Do Hll g2 + | Dy HIZ)

Lemma 4.5 yields
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Combining all the inequalities above, we get
/ \B|| D, H|2| A, H| dH2
oF

< C||Dr(A-H) | 2 | Bllzo | D H | g2 (|D2H || 2 + || D= H| 2).-

By Lemma 4.6 and (5.43) (with D,;H in place of D, f), the right-hand
side of the above inequality can be estimated from above by

C|D-(A-H)ll 2 || Bllzs | A-Hl[ 2 | D Hl| 2 (1 + [ H|7)-
The conclusion follows from the Poincaré Inequality
[A-H|| 2 < C||[Dr(ArH)|| 2,
and the Calderén—Zygmund estimate
[Bllzs < C(1+ [[H||Ls) - q.e.d.

We conclude with the proof of the geometric Poincaré Inequality
stated in Lemma 4.8.

Proof of Lemma 4.8. Since faE(HaE — Hpp)ve dH? = 0, we may ap-
ply Lemma 2.6, with ¢ = 1 and ¢ := Hyg — Hyg, and recall (2.9) (with
v = 0) to obtain

0’/ |Hyp — Hop|* dH?
OF
S/ |DTH8E|2dH2/ |Bog|*|Hor — Hop|? dH?
OF oFE

s/ |D;Hyp|? dH? .
OF

The conclusion follows. q.e.d.
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