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PROPERLY IMMERSED SURFACES IN HYPERBOLIC
3-MANIFOLDS

WiLLIAM H. MEEKS III & Arvaro K. RAMOS

Abstract

We study complete finite topology immersed surfaces ¥ in com-
plete Riemannian 3-manifolds N with sectional curvature Ky <
—a? < 0, such that the absolute mean curvature function of ¥ is
bounded from above by a and its injectivity radius function is not
bounded away from zero on each of its annular end representa-
tives. We prove that such a surface ¥ must be proper in N and
its total curvature must be equal to 2wy (X). If NV is a hyperbolic
3-manifold of finite volume and ¥ is a properly immersed surface
of finite topology with nonnegative constant mean curvature less
than 1, then we prove that each end of ¥ is asymptotic (with finite
positive integer multiplicity) to a totally umbilic annulus, properly
embedded in N.

1. Introduction

In the celebrated paper [4], Colding and Minicozzi proved that com-
plete minimal surfaces of finite topology embedded in R? are proper.
Based on the proof of this result, Meeks and Rosenberg [15] showed
that complete, connected minimal surfaces with positive injectivity ra-
dius embedded in R? are proper. Meecks and Tinaglia [16] then extended
both results by proving that complete surfaces with constant mean cur-
vature embedded in R? are proper if they have finite topology or positive
injectivity radius. It is natural to ask to what extent similar properness
results hold for complete surfaces of finite topology in other ambient
spaces, where the surfaces are not necessarily embedded or have con-
stant mean curvature.
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In this paper we investigate relationships between properness of a
complete immersed surface of finite topology in a 3-manifold of non-
positive sectional curvature under certain restrictions on its injectivity
radius function and on its mean curvature function. We first derive area
estimates for certain compact surfaces with bounded absolute mean cur-
vature in Hadamard 3-manifolds. We next apply these area estimates
to obtain sufficient conditions for a complete finite topology surface im-
mersed in a complete 3-manifold with nonpositive sectional curvature
to be proper, as described in Theorem 1.2 below. In order to state this
result we need the following definition.

Definition 1.1. Let e be an end of a complete Riemannian surface X
whose injectivity radius function we denote by Is;: ¥ — (0,00). Let E(e)
be the collection of proper subdomains £ C ¥, with compact boundary,
that represents e. We define the (lower) asymptotic injectivity radius of
e by

IX(e) = sup{i%fIE]E | E € &(e)} €[0,00].

Note that if ¥ has an end e which admits a one-ended representative
E, then I¥(e) = liminfg Ix|p. If 3 has finite topology, then every
end of ¥ has a one-ended representative which is an annulus (i.e., a
surface with the topology of S! x [0, 00)), hence, this simpler definition
can be used. Moreover, Lemma 5.1 in the Appendix shows that if 3
has nonpositive Gaussian curvature and an end e has a representative £/
which is an annulus, then for every divergent sequence of points {py, } nen
on F,

lim Ix(pn) = I (e).
n—oo

We define the mean curvature function of an immersed two-sided
surface ¥ with a given unit normal field in a Riemannian 3-manifold to
be the pointwise average of its principal curvatures; note that if ¥ does
not have a unit normal field, then the absolute value |Hy| of the mean
curvature function of ¥ still makes sense because a unit normal field
locally exists on 3 and under a change of this local choice, the principal
curvatures change sign.

Theorem 1.2. Let N be a complete 3-manifold with sectional cur-
vature Ky < —a? < 0, for some a > 0. Let p: % — N be an isometric
immersion of a complete surface X with finite topology, whose mean cur-
vature function satisfies |Hy,| < a. Then 3 has nonpositive Gaussian
curvature and the following hold:

A. If N is simply connected, then I (e) = oo for every end e of 3.

B. If N has positive injectivity radius Inj(N) = 6 > 0, then every end
e of ¥ satisfies I°(e) > 0. In particular, 3 has positive injectivity
radius.
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C. If I, is bounded, then 3 has finite total curvature

/E Ky = 2mx(%),

where x(X) is the Euler characteristic of ¥. Furthermore, for each
annular end representative E of X, the induced map p.: m(E) —
m1(N) on fundamental groups is injective.

D. If I°(e) = 0 for each end e of ¥, then ¢ is proper.

The other main theorem of the paper, Theorem 1.3 below, describes,
among other things, results on the asymptotic behavior of complete,
properly immersed finite topology surfaces of constant absolute mean
curvature H € [0, 1) in hyperbolic 3-manifolds of finite volume; througout
the paper, the term hyperbolic 3-manifold of finite volume will refer to
noncompact examples. Our asymptotic description of these surfaces was
inspired by Theorem 1.1 of Collin, Hauswirth and Rosenberg [5] who
obtained it in the special case that H = 0.

For any connected, noncompact, orientable surface of finite topology
S different from an annulus or a plane, there exists a hyperbolic 3-
manifold Ng of finite volume that admits a properly embedded surface
3, that is totally geodesic in Ng, homeomorphic to S and such that
each end of Ng contains at most one end of X; then a “t-parallel”
surface to Y is a properly immersed surface of constant mean curvature
H(t) = tanh(¢). As t ranges from 0 to oo, this gives examples with
all the possible mean curvatures H € [0, 1). Moreover, for ¢ sufficiently
small, such parallel surfaces can be shown to be embedded, see [1].

Theorem 1.3. Let N be a complete, noncompact hyperbolic 3-mani-
fold of finite volume and H € [0,1). Let ¥ be a complete, properly
immersed surface in N with |Hy| < H. Then:

1) ¥ has finite area and a finite number of connected components.

2) For any divergent sequence of points {pplnen C %,
limy, o0 I (pn) =0.

3) 3 has total curvature

(1) /ZKE =21y (D).

4) If ¥ has infinite topology, then the norm of its second fundamental
form is unbounded.

5) If Hy, = H, then every annular end representative of an end of 3
is asymptotic (with finite multiplicity) in the C*-norm, to a totally
umbilic annulus properly embedded in N. In particular, if ¥ has
finite topology, then the norm of the second fundamental form of
> is bounded.

The totally umbilic annuli described in the item 5 of last theorem are
properly embedded annular ends in N whose lifts to hyperbolic 3-space
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are contained in equidistant surfaces to totally geodesic planes; see the
discussion in Section 4.3 for a complete description.

An immediate consequence of item 2 of Theorem 1.3 and of item D
of Theorem 1.2 is the following corollary.

Corollary 1.4. Let N be a hyperbolic manifold of finite volume and
let H € [0,1). Then a complete immersed surface ¥ in N with finite
topology and mean curvature function |Hx| < H is proper if and only
I (e) =0 for each end e of ¥.

We remark that the hypothesis H < 1 in the statement of Theo-
rem 1.3 is a necessary one. Proposition 4.8 shows that for any H > 1,
every complete hyperbolic 3-manifold N of finite volume admits a prop-
erly immersed, complete annulus ¥ of constant mean curvature H with
positive injectivity radius and infinite area.

The paper is organized as follows. In Section 2, we prove isoperimetric
inequalities for certain compact surfaces with boundary in Hadamard
3-manifolds. These isoperimetric inequalities yield area estimates which
are applied in Section 3 to prove Theorem 1.2. In Section 4, we prove
Theorem 1.3.

2. An isoperimetric inequality in Hadamard manifolds

In this section, we obtain an isoperimetric inequality for certain hy-
persurfaces in Hadamard manifolds, see Theorem 2.1 below. By
Hadamard manifold we mean a simply connected manifold with non-
positive sectional curvature.

Theorem 2.1. Let N be a Hadamard manifold of dimension 8 with
sectional curvature Ky < —a? < 0 and let T be a complete geodesic
of N. Given r > 0, there ezists a C = C(a,r) > 0 such that every
smooth, immersed, compact orientable surface ¥ C N with mean cur-
vature |Hy| < a and that stays at a finite distance less than r from T,
satisfies

(2) Area(X) < C Length(9Y%).

Proof. Let I' C N be a complete geodesic, R = dy(-,I") be the am-
bient distance function to I' and r > 0 be given. We will prove the
theorem using the following claim:

Claim 2.2. Fized r > 0, there exist a smooth function f: [0,r] — R
and constants C1, Cy > 0, whose construction depends uniquely on the
constants r and a, such that for all x € [0,r],

(3) 0< fi(z) <G
holds and that, for every smooth compact surface ¥ immersed in
R7Y([0,7)) with mean curvature function satisfying |Hx| < a, then

(4) AE(fOR) > 025 in N.
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Before we prove the claim, we apply it to obtain the constant C'
of Theorem 2.1. First, note that R is differentiable in N \ I', with
lgrad(R)|| = 1 in N \I'. Let f be the function provided by the claim
and let X be a surface satisfying the hypothesis of the theorem. Denoting
by v the conormal vector field along 9%, we can apply the divergence
theorem to obtain that

/ Ax(foR) = / (f' o R){grad(R), v) < C; Length(dY),
b 0%
where last inequality comes from (3). On the other hand, (4) implies
(6) / Ax(foR) > CyArea(X).
by

By defining C' = C1/Cy, (5) and (6) show that (2) holds for ¥, thereby
providing the constant C' of Theorem 2.1.
Next, we prove the claim.

Proof of Claim 2.2. Let ¥ be as in the claim and let f: [0, 7] — R
be some smooth function, to be chosen a posteriori, such that f' > 0.
Since R is not smooth in points of I', we will first show that (4) holds in
N\ I'; however, our choice of f will be of an even function, then fo R
will be smooth in N and (4) will hold everywhere by continuity.

Consider {Ej, Ea} an orthogonal frame to ¥ and let  be a normal
unitary vector field orienting . A straightforward calculation shows
that

2 2
Ag(foR):(f’oR)ZHess( )(Ei, Ei)+(f" o R) Zgrad )2
] 1=1

(7) + 2Hy(f" o R)(grad(R), n),

where we denote grad = grad , and Hess(R)(X, V) = (Vxgrad(R), Y),
respectively, the gradient and the Hessian with respect to the ambient
space.

As R is the distance function to the geodesic I', the Hessian of R
satisfies a matrix valued Riccati type differential equation, where the
independent term is the curvature tensor of N. Then, since N has
sectional curvature satisfying Ky < —a? < 0, it follows from the com-
parison principle to the Riccati equation, a Hessian comparison principle
for the distance function R, given below in (8) (see, for instance, Propo-
sition 5.4 of [7] or the main result of [8]), which we now describe. For
p>0,let C, = R '({p}) be the geodesic cylinder of radius p around I'
and S, be a geodesic sphere of radius p centered at a point I'(s) of I'.
Let 0y be a unitary vector field tangent to C,N .S, and let 5 be unitary
such that {grad(R), 0s, Jp} is an orthonormal frame in N, away from
I'; see Figure 1. Then
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Figure 1. The frame {0y, 0s, grad(R)}.

(8) Hess(R) (0, Og) > up(R), Hess(R)(0s, 05) > us(R),

where 19, 115 are the functions that realize equalities in (8) in the spaces
of constant sectional curvature —a?, and are defined by

9
(Mz(m) _ { Cll/i(jtl;f(zxi, Oif a>0  p(z) = { gvt;nclll(;wa), ifa>0 .
We use (8) to estimate Hess(R)(E;, E;). Since
(Va,grad(R), 0p) = 0 = (Vy,grad(R), 0s),
and also
E; = (Ei, grad(R))grad(R) + (Ej, 05)0s + (Ei, 99)0p,
then (8) gives
Hess(R)(E;, E;) = (E;, 9s)*Hess(R)(0s, 0s) + (E;, 0g)*Hess(R)(0y, 9p)
(10) > (Ei, 05)’s(R) + (Ei, 99)* 1o (R).

We sum (10) for i = 1, 2 and use that ps < pp to obtain a lower estimate
for the first term of (7). We suppress the variable R in the functions s,
and pg to simplify the notation.

V

2 2 2
> Hess(R)(Ei, Ei) > ps Y (Ei, 05)° + o »_(Ei, 9p)°
=1 =1 =1
= ps — ps(n, 0s)* + g — po(n, 9p)°
> s+ po — po ((n, 8s)> + (n, 09))

(11) = s+ po(n, grad(R))”.

Let (8 be the angle between grad(R) and 7. Since f’ > 0, then (11)
and (7) imply that
As(foR) > f'(ns+pycos’(8)) + f"(1 = cos®(B)) + 2Hx f' cos(B)
(12) = (f'uo — f") cos®(B) + 2Hz f' cos(B) + f'us + £

At this point, we are able to finish the proof in the case a = 0, where
ps(R) = 0, ug(R) = 1/R and Hy = 0. By choosing f(z) = 2, (12)
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gives
AE (R2) > 27
and we can set C; = f'(r) = 2r and Cy = 2, which proves the claim
and gives the constant C(0,7) = r in the theorem.
Next, assume that a > 0. If we suppose that f'ug — f” > 0 (this will
be shown to hold for our choice of f), algebraic manipulation in (12)
gives

/ 2
Bs(roR) = (Fuo— 1) (cos(e) + s L)
_ 72 (f,)2 / "
HEf/Me_f,,+fﬂs+f
/ " orr2 (f/)Q
(13) 2 f MS + f HE f/,ug _ f//‘

Using that pspg = a® and HZ < a?, we obtain the following estimate

()2(a® = H3) + f"(f'no = [" ~ I'ps)
P = 17

" _f%>
f@ Fro—F7)°

We now make our choice of f. Fix k£ € N and let fr: R — R be a
solution to

As(foR) >

v

(14)

(15) F@ns(@) = =7 (f'(@)no(2) = f"(2)),
which can be explicitly expressed by
(16) i) = ———"

a(cosh(a:n))% '

The derivatives of f; are

, tanh(ax)
17 felx) = ——,
) <) (cosh(ax))*®
1) fl) = [k 1~ cosh®(aw))

k(cosh(az)) &

and, by (15) and (17) we conclude that f} g — f;/ > 0; hence, (14) gives
the inequality

k41 — cosh?(aR)
k(k + 1)(cosh(aR)) "

Let gi: [0,7] — R be defined by the expression in the right hand side
of (19), ie.,

(19) As(foR)>a

k4 1 — cosh?(ax)
gr(x) =a ST
k(k + 1)(cosh(az)) &
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To prove the claim it suffices to find a lower positive bound for g, as
f;. is nonnegative and bounded by C = 1. Note that gi(z) > 0 if and
only if

cosh?(az) < k + 1.

Choose n € N such that cosh?(ar) < n 4 1. Then f, is a function that
satisfies (3) in [0, |, for C1 = 1. A direct calculation of the derivative
of g, shows that it is a decreasing function in [0,r]; thus, if we set
Cy = gn(r) > 0, it follows that g,(x) > Cy > 0 for x € [0,7]. Since n
was chosen independently of 3 and C, C'y depend uniquely on f,, this
completes the proof of the claim in the case when a > 0. q.e.d.

As explained immediately after the statement of Claim 2.2, the theorem
is now proved. q.e.d.

Remark 2.3. The hypothesis |Hy| < a in Theorem 2.1 cannot be
improved. Indeed, if N is simply connected, of constant sectional cur-
vature Ky = —a? < 0, then, for each H > a, there exists a geodesic
cylinder of constant mean curvature H, containing compact subdomains
with constant boundary length and with arbitrarily large area.

The next corollary is an immediate consequence of Theorem 2.1. One
only needs to check that if the boundary of the compact surface ¥ given
below has length L, then ¥ is contained in a solid geodesic cylinder of
radius L/2, which follows from the mean curvature comparison princi-
ple.

Corollary 2.4 (Area estimate for surfaces with two boundary com-
ponents). Let N be a Hadamard 3-manifold with sectional curvature
Ky < —a? <0. Then, for each L > 0, there is a constant C = C(a, L)
such that the following holds.

Let ¥ C N be a compact surface immersed in N with |Hs| < a. If the
boundary of 3 consists on one or two components and has total length
at most L, then

(20) Area(X) < C L.

3. The proof of Theorem 1.2

Throughout this section N will be a complete Riemannian 3-manifold
with sectional curvature Ky < —a® < 0, and p: X — N will be an iso-
metric immersion of a finite topology surface ¥ such that the mean
curvature function H, of the immersion satisfies |[H,| < a. A simple
consequence of the Gauss equation is that the Gaussian curvature func-
tion Ky, of ¥ is nonpositive; hence, if p € ¥ and Ix(p) is finite, then
there is a closed geodesic loop based at p in ¥ of length 271 (p) (see, for
instance, Proposition 2.12, Chapter 13 of [6]). Moreover, it follows from
the Gauss-Bonnet formula that such loop is homotopically nontrivial in
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3.. The existence of such loops will be used in the proofs of the next
two propositions.

Proposition 3.1. Suppose N is simply connected and E = S' x
[0, +00) is a complete, noncompact Riemannian annulus. If o: E — N
is an isometric immersion with |H,| < a, then the asymptotic injectivity
radius of E, which we denote by I3, is infinite. In particular, item A
of Theorem 1.2 holds.

Proof. An elementary calculation shows that there is an ¢ > 0 in-
dependent of E such that intrinsic balls Bg(p,e) C E — OF have area
greater than some fixed positive constant; see Theorem 3 and Remark 4
in the appendix of [9]. In particular, since E is noncompact, complete
and has compact boundary, then E has infinite area.

Arguing by contradiction, suppose that the asymptotic injectivity
radius of £ is Iy = L € [0, oo). By the definition of I3, there is an
intrinsically divergent sequence of points {¢, }, in E such that

lim Ig(qn) = L.
n—o0

After replacing by a subsequence, Ig(q,) < L+ 1, {dg(qn, OF)}, is
increasing, dp(q1,0F) > L+1 and dg(qn, gn+1) > 2L+ 2. Hence, there
exist homotopically nontrivial geodesic loops v, with base points g, and
lengths equal to 21g(q,) < 2L + 2, which are pairwise disjoint by the
triangle inequality.

For n > 1, let E, be the compact annular region of F bounded by
~1 and 7y,. Since the total length of OF,, is less than 4L + 4, it follows
from Corollary 2.4 that there is a constant C' such that F,, satisfies the
uniform area estimate (20):

Area(E,) < C(4L +4).

In particular, F has finite area, which contradicts our previous obser-
vation that the area of E was infinite, and completes the proof that
Iy = oo. q.e.d.

Proposition 3.2. Suppose p: E — N is an isometric immersion of
a complete annulus E = S x [0, +00) in N satisfying |Hy| < a. Then:

I If Iy € [0,00), then the induced homomorphism ¢.: T (E) —

m1(N) is injective.

II. I > Inj(N), where Inj(N) denotes the injectivity radius of N.
III. If I = 0, then ¢ is proper.

Proof. We first prove item I of the proposition. Arguing by contra-
diction, suppose I7 is finite and

st T (E) = w1 (N)

is not injective. Since 71(FE) is isomorphic to Z, the kernel K of ¢, is
a cyclic subgroup of index n, for some n € N. Let II: £ — E be the
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n-sheeted covering space of E corresponding to the subgroup K. Note
that F is an annulus of nonpositive Gaussian curvature, I%O is less than
or equal to nlg (since y € II"*(z) = I5(y) < nlg(x)) and the induced
map from the fundamental group of E to N is trivial. By covering
space theory, (¢ o II): E — N lifts isometrically to the universal cover
N of N , which is a Hadamard manifold with respect to the pulled-back
metric. Since I is finite, Proposition 3.1 gives a contradiction, thereby
completing the proof of item I.

We next prove statement II. Suppose that I3 < Inj(/N). Then there
exists a geodesic loop v in E with length less than 2Inj(/V). Since 7 is
homotopically nontrivial in £ and lies in a simply connected ball in NV,
then for any p € ~, the induced map ¢,: 71 (E,p) — w1 (N, p) is trivial,
contradicting item 1.

Finally, we prove II1. If ¢ were not proper, there would exist an intrin-
sically divergent sequence of points ¢, € F, such that ¢(g,) converges to
apoint ¢ € N. Lemma 5.1 in the Appendix implies lim,, o I£(gn) = 0;
hence, after replacing by a subsequence, ¢, € By (q, In(q)/2) and there
exist homotopically nontrivial geodesic loops 7, based at ¢, with lengths
2IE(qn) < In(g). By the triangle inequality, the loops ¢(7,) are con-
tained in the simply connected geodesic ball By (g, In(q)), contradicting
item I. Thus, ¢ is proper. q.e.d.

All of the assertions in Theorem 1.2, except for the first statement
of item C of Theorem 1.2, follow immediately from Propositions 3.1
and 3.2. The Cohn-Vossen [3] inequality implies that for any complete
surface M of nonpositive curvature,

(21) /M Ky < 2mx(M).

In our setting where M = X and each end e of ¥ satisfies I3°(e) is
bounded, Theorem 11 of Huber [12] implies

/ZKE = 2mx (%),

which completes the proof of Theorem 1.2.

4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3, which describes, among other
things, the asymptotic behavior of certain immersed surfaces in hyper-
bolic manifolds of finite volume. Before we prove this result, we set
up the notation that we use and give a brief review of the structure of
the ends of orientable hyperbolic manifolds of finite volume, called cusp
ends.
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We will use the half-space model for the hyperbolic space:
H® = {(z, 9, 2) € R® | 2 > 0},
dx? + dy? + dz?

5 In this model, the
z

endowed with the metric ds® =

horizontal planes
H(t) = {(z,y,2) e B’ | 2 =t}

are horospheres, with constant mean curvature 1 with respect to its
upward pointing unit normal field. Vertical planes are totally geodesic
and isometric to the hyperbolic plane H?.

Fix two linearly independent horizontal vectors u = (ug, uy, 0), v =
(vz, vy, 0) € R? and let G(u,v) be the group of parabolic translations of
H3 generated by u, v, i.e., G(u, v) = {T(m,n) | (m,n) € Z x Z}, where
each 7(m,n) is the parabolic isometry of H? defined by 7(m,n)(p) =
p + mu + nv. In coordinates,

(22) T(m,n): 3 — M3,
(,y,2) — (x4 mugy + nvg,y + muy + nvy, 2).

If N is a complete, orientable, noncompact hyperbolic 3-manifold of
finite volume, it has a finite number of ends C;, i = 1, 2, ..., n, called the
cusp ends of N. For each C; there exists ¢; > 0 and linearly independent
horizontal vectors u;, v;, such that C; is represented by, and, henceforth,
isometrically identified with, the quotient of

(23) M(t) = | JHE) ={(x,y,2) e B | 2 > 1,}

t>t,

by the action of the group G(u;, v;). Since G(u;,v;) leaves every horo-
sphere H(t) invariant and M(¢;) is foliated by {H(t)}¢>+,, each C; ad-
mits a product foliation by the family of constant mean curvature 1 tori
{T(t) = H(t)/G(ui,v;) }+>t,. Also, the fundamental group of each C; is
naturally isomorphic to G(u;,v;), viewed as the subgroup of isometries
of M(t;) that commute with the covering map v;: M(t;) — C;.

4.1. Proof of items 1-4 of Theorem 1.3. With the notation con-
cerning the structure of the cusp ends of N discussed above, we next
prove the first four items of Theorem 1.3.

Let ¢: ¥ — N be the immersed surface given in the statement of the
theorem. Let Cy, Co, ...,C, be cusp end representatives of the ends of
N and let Np = N\ (C;UC2U...UC,). Since ¢ is a proper map and
Nrp is compact, it holds that ¢(3) N Np is compact. Without loss of
generality, we may assume that N7 is transverse to ¢(X) and consists
of a finite collection of immersed closed curves.

To prove that X has finite area, it suffices to show that each inter-
section ¢(X) N C; has finite area. Let C be one of the cusp ends C;. Up
to a reparameterization, we may assume that C = U;>17 (t). We define
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Figure 2. The immersed compact region ¢(E(t)).

E(C) = ¢ 1(C) Cc £ and E(t) = ¢~ (User 9T (s)). We also use the
notation ¢ = ¢|g(c)-

Let R: C — [0, co) be the distance function to 7(1). By following
the arguments in the proof of Theorem 2.1, one can obtain under the
assumptions of the theorem that the intrinsic Laplacian of Ro satisfies

(24) Apc)(Rop) < H*—1<0.

Let t > 1 be a regular value for R o ¢ and let I'y = o~ }(7(t)). Also,
we denote I'y = OFE(C), then 0E(t) = 'y UT;. Integrating (24) over
E(t), we obtain

(25) - Age)(Rop) < (H* — 1)Area(E(t)).

Applying the divergence theorem to the left hand side of (25), gives
(26)
Apey(Rop) = /(gradE(C) (Row), v1) + /(gfadE(C)(R °p), Vi),
E(t) Iy I
where v; and v; denote respectively the outward pointing conormal vec-
tors to E(t) along I'y and I'; (see Figure 2). It follows from (25) and
(26) that
(27)
(1=H)Area(B(1) < [ (gradpe)(Rop). )= (gradpic) (Ro), w).
1 t
Since ¢ is an isometric immersion and 1; is tangent to E(C),
(gradgey(R o @), v) = (grad(R), dp(r1)). Moreover, by the definition
of E(t), along ¢(T';) we have
(grad(R), dp()) > 0.
Hence, (gradgcy(R o ¢), vt) > 0 and (27) implies that
(28)
Area(E(t)) <

1 1
_1_1{2/F1<gradE(C)(Ro‘P)v n) < T

It follows that Area(E(C)) is bounded by ﬁLength(Fl), which proves
that X has finite area.

Length(I'y).



PROPERLY IMMERSED SURFACES IN HYPERBOLIC 3-MANIFOLDS 245

To finish the proof of item 1, just note that each connected component
E of ¥ must be such that ¢(E) N Np # 0, otherwise ¢(FE) would be
contained in a cusp end C of N; since ¢ is proper, this implies that
R o ¢|p would attain a minimal value ¢* on an interior point p* € E.
Then, the mean curvature comparison principle applied to 7 (t*) and to
©(F) at p(p*) gives a contradiction, since the mean curvature of 7 (¢*) is
1, p(F) lies in the mean convex side of 7 (¢*) and the mean curvature of
©o(E) at p(p*) is strictly less than 1. Finally, since ¢ is proper, ¢~ (N7)
must contain a finite number of connected components.

The second item of the theorem follows from item 1, as we next
explain. Suppose there exist an € > 0 and a divergent sequence of points
{pn}nen in X such that In(p,) > €. After replacing by a subsequence,
we may assume that {Bs(pp, €) }nen is a collection of pairwise disjoint
disks. Since ¥ has nonpositive curvature, comparison theorems imply
that Area(Bs(pn, €)) > me?. Hence, ¥ has infinite area, contradicting
item 1, which proves item 2.

Next, we prove item 3. Since ¥ has a finite number of connected
components by item 1, if ¥ has infinite topology, then its Euler char-
acteristic is x(X) = —oo. Hence, Cohn-Vossen inequality (21) implies
that X has infinite total curvature, which proves item 3 in this case. In
the case where X has finite topology, item 2 implies that Iy is bounded;
therefore, equation (1) holds by item C of Theorem 1.2.

To prove that ¢(3) has unbounded norm of the second fundamental
form when it has infinite topology, just note that a uniform bound
on [|Ay,||, with the assumption that |H,| < H, would imply that Ky
is uniformly bounded, by Gauss’ equation. In particular, since 3 has
finite area it would have finite total curvature, contradicting item 3,
which proves item 4.

4.2. Bounds on the second fundamental form. A key step in ob-
taining the asymptotic description of the annular ends of 3 in the con-
stant mean curvature setting, is the boundedness of the second funda-
mental form of each such end.

Proposition 4.1. Let N be a complete, noncompact hyperbolic 3-
manifold of finite volume and H € [0, 1). If E is a complete, properly
immersed annulus in N with constant mean curvature H, then o(FE)
has bounded norm of its second fundamental form.

Proof. Since ¢ is a proper map, then there exist a cusp end C of
N and a subannular end E' C E such that ¢(FE’) is contained in C;
since it suffices to prove that E’ has bounded second fundamental form,
we may assume that ¢(FE) C C. Up to a reparameterization, we write
C = Up>1T (t); in particular, o(OF) C Uy, )7 (t), for some to > 1.
Using this notation, we prove next claim.
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Claim 4.2. For almost everyt > to, @(E) meets the torus T (t) trans-
versely and for each such t there is a unique homotopically nontrivial
closed curve oy C E such that p(ay) is contained in T (t). Moreover,
the annular subend E' of E determined by oy is immersed in Us>,T (s)
and the induced map ¢ : T (E') — w1 (Us>¢T () is injective.

Proof of Claim 4.2. Sard’s Theorem implies that for almost all ¢ >
to, ¢ is transverse to 7 (t) and for such t, I'y = ¢ }(T(t)) is a finite
collection of pairwise disjoint simple closed curves in E. Fix a regular
value t; > t9. We next prove that exactly one of the curves in I'y, is
homotopically nontrivial in E. Since ¢~ (Ui 4,7 (t)) is a compact
surface (possibly disconnected) containing JF, then the 1-cycle OF is
Zs-homologous to the collection of unoriented curves in I'y,. Since OF
represents the nontrivial element in H;(FE,Z2), then at least one of the
curves in I'y, is homotopically nontrivial.

Concerning the uniqueness part of the claim, assume that there are
two homotopically nontrivial curves, a, ag, in E such that ¢(a;) and
() are both contained in 7 (¢1). Consider the subends Ei, Ey C E
determined respectively by a1, as and assume that Fs C F;. Let ECE
be the compact annulus bounded by oy and as. Then, either p(F)
intersects Uiy, T(t) or it is contained in Uy, T(t). If the first case

~

occurs, there is a t, < £; such that ¢(E) intersects T (t.) but does not
intersect 7 (t) for any ¢t < t,. Because the mean curvature vector of
every torus 7T (t) has length 1 and points into the cusp subend of C
determined by 7T (t), the mean curvature comparison principle for the
surfaces (E) and T (t,) at a point in ¢(E)NT (t,) gives a contradiction,
therefore, @(E) C U, T (t). Since ¢(E) meets T (t1) transversely, it
follows that ¢(FE2) contains points in Uy, 7 (¢) near ¢(ag), and we may
find ! < t1, where ¢ is the smallest ¢ such that ¢(Es) intersects T (t),
which by the previous argument gives a contradiction. This proves that
¢ induces an immersion ¢': E' — Ug>,T (s).

By item 2 of Theorem 1.3, Iy is bounded. Thus, by part C of The-
orem 1.2, ¢ : m(E') — m1(Us>¢T (s)) is injective. This completes the
proof of Claim 4.2. q.e.d.

We next fix some notation. Because of Claim 4.2 we, henceforth,
assume, without loss of generality, that tgp = 1 and that ¢(F) intersects
0C = T(1) transversely in the set OE = «;. Moreover, we assume
that C is isometric to the quotient space M(1)/G(u,v), for two linearly
independent horizontal vectors u and v. Let ¢: M(1) — C be the
covering of C associated to G(u,v) and let II: E — E be the universal
cover of E. Choose a base point p € E and consider o(I(p)) € C.
After choosing p € ¥~ (p(Il(p))), covering space theory implies that
there exists a unique immersion ¢: E — M(1) such that ¢(p) = p
and ¢ o ¢ = @ oll; in particular, it follows that ¢ is proper, since
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Figure 3. The immersions ¢ and ¢ and the covering
maps II: £ — E and ¢: M(1) — C.

s T1(E) = 71 (Us>¢T (s)) is injective. Moreover, ¢(E) is an immersed
half-plane in H3. See Figure 3.

To prove Proposition 4.1, it suffices to prove that qb(E’) has bounded
norm of the second fundamental form [|[Ag||. Arguing by contradic-
tion, assume there exists a sequence of points {p,}nen in E such that
|Agll(Dn) > n, where we denote p, = ¢(p,). Since [|A,| is bounded
on compact sets, the sequence of the image points {¢(p,) }nen C ©(F)
is intrinsically (thus, extrinsically, since ¢ is proper) divergent. Af-
ter choosing a subsequence, we may assume de(¢¥(pp), ¥(Pm)) > 2, for
n # m; hence, the sequence {P,}nen in H? is extrinsically divergent
and dys (Dn, Pm) > 2 for n # m. For the construction that follows, see
Figure 4.

Without loss of generality, we may assume that the spheres
{0Bys (P, 1)}, are transverse to ¢. For n € N, let C, C E be the
connected component of ¢! (Bys(pn, 1)) containing py,. Consider the
function

far Cn — R, B
z = [|Ag]l(¢(2))dss (¢(x), OBy (D, 1))

Let g, € C,, be a point where f,, achieves its maximum. Let ¢, = ¢(qy)-
Then,

(29) HA¢H(Z]\n)d(ana 8BH3(ﬁn7 1)) = fn(Qn) > fn(pn) = HA¢H(]/7\71) > n.

Let A, = [|[A44]/(¢n) and 6, = dys(qn, OBys(Pn, 1)). Note that, if
z € C, and ¢(x) € Bys(qn, 6,/2), then [|Ayl|(¢(z)) < 2A,, since
dys (qb(l‘), (/]\n) < 5n/2
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2N
\ 5

Figure 4. The domain C,, containing p,, is immersed in
By (Pny 1), g is a maximal point to f,, and the subdo-
main G, 3 gy, is such that ¢(G),) is an embedded graph
over TqA"gZ)(E).

In this proof we use the following notation: for A > 0 and a Riemann-
ian manifold M = (M, g), we denote AM = (M, A\?g) the Riemannian
manifold given by a scaling of the metric of M by A.

Using exponential coordinates in H? centered at the point @,, con-
sider A, Bys(@n, 6,/2) to be a ball of radius \,6,/2 in R® with g,
at the origin. From (29), we have \,d, — oo, and so the sequence
{AnBus(qn, 6n/2)}nen of Riemannian balls converges to the Euclidean
space R? with its flat metric. Let C), = #(Cr) N Bygs (Gn, 6n/2) and, for
r > 0, let By(r) = By, w3 (qn,7) = MBgs(Gn, r/An). The scaled sur-
faces \,C,, are immersed in B, (A6, /2), with constant mean curvature
H, = H/\, and satisfy

(30) 14,60l <2 1Ay &,l1(@n) = 1.

This uniform bound on the second fundamental form of An@n implies
that there is a § > 0 such that for every n € N, there exists a connected
domain G, of C),, containing ¢, and such that:

1) )‘n¢(Gn) C Bn<5)a

2) A @(Gr)] = A\o(0Gy,) C 0B, (9);

3) \@(G,) is embedded and it is a graph over its projection to

15, M¢(Gy), with graphing function having uniformly bounded
gradient, for all n € N.

A subsequence of the graphs {\,¢(Gp)}nen (which we still denote
by {A¢(Gr)}nen) converges, as n — oo, to a minimal graph G C
R3, embedded in Bps(0,0) and with 0Gs C 0Bgs(0,d). We next use
the Gauss map g: Goo — S? of G4 to prove that E has infinite total
curvature, from which we obtain a contradiction.

AH? is well-known to be isometric to a Lie group together with a
left invariant metric. This Lie group is the semidirect product of R?
with R having associated homomorphism f: R — Gl(2,R) given by
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f(t) = exp(tly) € GI(2,R), where I, is the 2 x 2 diagonal matrix with
1/X as diagonal entries; see, for instance, [14]. In this R*-coordinate
model for NH? the horizontal planes are left and right cosets of the
normal subgroup R? of the Lie group, which we view as being the (z, y)-
plane with the metric at the origin (0,0,0) corresponding to the usual
metric on R3; also left translations by elements in R? correspond to
parabolic isometries in the previous upper halfspace model for AH? given
by translations by horizontal vectors.

From this point of view, for each n € N, the metric of \,H? is left
invariant and there is a left invariant Gauss map, defined for any ori-
ented surface immersed in \,H? and taking values in the unit sphere S?
of the tangent space to the identity element of this semidirect product.
Denote by gn: A\d(Gr) — S? the left invariant Gauss map of the ori-
ented embedded surface \,¢(G,,) C A\, H3. Since the group structures of
A H3 converge to the abelian group structure of R3, then g, converges
to g: Goo — S?, the Gauss map of G. This convergence is explained
n [13], in the last paragraph of Step 4 of the proof of Theorem 4.1.

Note that (30) implies that

el <2, [[Ac.lI(0) =

Hence, g is injective near 0 € Goo7 since G is a minimal surface of R3
with Gaussian curvature —1/2 at 0. It follows that there exists & € (0, 8)
such that the graph Goo N Bgs(0,0) is a disk and g: Goo N Bgs(0,8) — S?
is an injective diffeomorphism with its image. Note that there exists
some € > 0 such that for all z € G ﬂBRz(ﬁ, 9) and X € T,G it holds
ldg(X)|| > e[| X||. Then, the fact that g, — g in the C1*topology
implies that there exists a &’ € (0,8) such that, for n sufficiently large,
In: And(Gr) N B, (8') — S? is also injective.

The fact that G, is not flat also implies that Go, N Bgs(0,d’) has
strictly negative total curvature; hence, there is Ky > 0 such that, for n
sufficiently large, A, ¢(Gy) N B, (') has total curvature less than —KZ.
Since total curvature is invariant under scalings, it follows that

(31) / K< —K¢ <.
GnNo—1(Bn(8))

The assumption d¢(¢¥(pn),¥(Pm)) > 2 if n # m implies that, for
n # m, I(G,) NT(Gy,) = 0, therefore, {II(G,, N ¢~ (Bn(d"))) }nen is
a collection of pairwise disjoint domains of E. Furthermore, the as-
sumption that the restriction of g, to B,(d’) is injective implies that
Ul4-1(B,(5"))nc,, is injective, then each domain II(G;, N ¢~ H(Bn(d))) has
negative total curvature, uniformly bounded away from zero by (31).
Hence, we conclude that the total curvature of F is infinite.

On the other hand, we next prove the total curvature of F is finite.
Let {pn}tnen C E be a divergent sequence of points. The proofs of
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items 1 and 2 apply and show that lim,, o Ip(p,) = 0; in particular,
Ig is bounded. Since E has nonpositive Gaussian curvature, there are
geodesic loops v, based at each p,, and, as explained in the proof of
Theorem 1.2, v and 7y, bound a compact annulus E,, such that { £, },,en
exhaust a subend E’ of E. A simple argument using Gauss-Bonnet
formula shows that E’ has finite absolute total curvature at most 2m,
which implies that E has finite total curvature. This contradiction shows
that ||Ag|| is bounded, finishing the proof of Proposition 4.1. q.e.d.

4.3. Asymptotics of annular ends of p(X): proof of item 5. Next,
we proceed with the proof of the theorem by proving item 5, where we
analyze the asymptotic behavior of ¢(FE), where E is an annular end
representative of an end e of ¥. Fix a cusp end C = M(1)/G(u,v) of N.
We now describe the standard constant mean curvature annular ends in
C. Consider (k1,k2) € Z x Z \ {(0,0)} such that the greatest common
divisor of k; and ko equals 1. Let 7(ki, k2) be the parabolic isometry
of H? given by (22) and let again 1: M(1) — C denote the universal
covering transformation related to G(u,v) and ¢(E) € M(1) be an
immersed half-plane as in the proof of Proposition 4.1 (see Figure 3).
For each ¢ € R, let Py .(k1, k2) be the vertical plane defined by

Po.c(k1, k2)={(x,y, 2) EH?| (kyuy+kovy )z —(k1uz+kov, )y+c=0, z > 0}.
Then, 7(ki, ko) leaves invariant Py (K1, k2); hence,
Ao,c(k1, k2) = ¥(Po,c(k1, k2) N M(1))

is a properly embedded totally geodesic annulus in C. Note that the
family {Ao(k1,k2)}cer is periodic in the sense that there exists > 0
such that for any ¢ € R, Ag.(ki,k2) = Ao,cti1(k1, k2), since for each
(m,n) € Z xZ,

T(m7 n)(PO,C(kh k2)) = PO,C-{—(kln—k’zm)(uzvy—uyvz) (kh k2)

Finally, for each ¢ € R, we consider the two families {P;} k1,
k2)tmeon) and {Py.(k1,k2)}meo) of equidistant surfaces to
Po.c(k1, kz), formed by tilted planes of constant mean curvature H €
(0,1) that meet {z = 0} along the line {(k1uy+kovy)x — (k1uz+kovy)y+
¢ = 0}, see Figure 5. Each 73;0(161, k2) is also invariant by 7(k1, k2), and
so each of the surfaces 73]? (K1, k2) N M(1) descends to C as a properly
embedded annulus Ai (K1, k2) of constant mean curvature H, and the
family {A7; (k1,k2)}eer is also periodic with respect to c.

We will p}ove item 5 by showing that there is a pair of integers (k1, k2)
such that ¢(E) is asymptotic either to 73;;70(]{:1, ka) or to P o(k1, k2),
with multiplicity 1. Furthermore, we will show that ¢(E) = ¢(E) is as-
ymptotic to Aﬁo(kl, k) or to A;I’O(krl, k2), with some finite multiplicity
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Po.c(k1, k2)

Figure 5. The tilted plane 73;}’ (k1,k2) has constant
mean curvature H = cos(a) € (0,1), where « is the
angle to the plane {z = 0}, and is equidistant to the
totally geodesic vertical plane Py .(k1, k2).

k. Since Pg,c(kb k) is asymptotic to 73;}70(1@1, k2) (and also Py .(k1, k2)
is asymptotic to Pf_l,o(klv k2)) for every ¢ € R, this proves the result.

Let [a1] be the generator of m1(E). Since 7(C) = Z X Z, we can
consider @, ([a1]) to be an element of Z x Z. Claim 4.2 implies that
©«([a1]) is not the trivial element, hence, there are relatively prime
integers ki, ko € Z and some k € N such that p.([a1]) = k(k1, k2).
Thus, the map 7 = 7(kk1, kk2)

T HP — HB3,
p = p+k(kiu+ kov)
is such that 7(¢(E)) = ¢(E).

Having fixed k, k1, ko, we simplify the notation to 7313;,6 = 73[:570(]61, k2)
and, in the ¢ = 0 case, to PE = Pﬁo(kl, k2). We also let a = kkjuy, +
kkav, and b = kkiu, + kkovy, so the’xt the map 7 of (32) is
T: H3 — H3,

(z,y,2) = (z4+a,y+0,2),

(32)

(33)

the vertical planes Py . are
Poc = {(x,y,2) EH® | bx —ay +c =0, z > 0},
and the equidistant surfaces 77;—; . are the tilted planes with boundary
at {z = 0} given by the lines {bx — ay + ¢ = 0}.
Since 0¢(E) C H(1) is invariant under the action of 7 and it is a

properly immersed curve, it follows that 8¢(E) stays at a finite distance
to the line {(x,y,1) | bx — ay = 0}. Thus, there is some ¢ > 0 such that

0¢(E) C {(x,y,1) € H* | bz — ay| < c}.
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/1)
Pae .

Figure 6. The region R, limited by the three planes
H(1), Py . and Pj; ., and the constant mean curvature
H hyperspheres Sy,

With this, we can prove the following convex hull type property, see
Figure 6.

Claim 4.3. ¢(E) is contained in the region R of M(1), whose bound-
ary contains pieces of all the three planes Py ., H(1) and ’P;{L_C.

Proof of Claim 4.3. First, note that ¢(E) C Ui T (t). Hence, ¢(E)
is contained in M(1), and, thus, it is never below H(1). Next, we show
that ¢(E) is also never below Py .- In the plane {z = 0}, let {C;,},~0
be a continuous family of circles of radius r, contained in the half plane
{bx —ay +c < 0} N{z = 0} and converging, when r — oo, to the line
{bx —ay + c =0} N{z =0}. Let S, be the upper half sphere of radius
r, centered in the center of the circle C.. Then, S, is a totally geodesic
surface of H? and the family {S,},~¢ converges, when » — oo, to the
vertical half-plane Py ..

Let Sg» be an equidistant surface to S, with constant mean curvature
H with respect to the upwards orientation, see Figure 6. When r — oo,
Su,» converges to Py e Each Sy, does not intersect d¢(E), by its
construction. Moreover, for r sufficiently small, Sg7» does not intersect
M(1), so it also does not intersect ¢(E). Thus, it follows from the
maximum principle that Sy, N ¢(F) = 0 for all r > 0, hence, there is
no point of ¢(E) below P .- The same argument proves that there is

no point of (b(E) below 77;; _.» proving the claim. q.e.d.

Consider the family of hyperbolic isometries of H? defined, for each
t >0, by
ot H3 — H3,
(z,9,2) — e '(z,9,2).
The planes Py and P}il are invariant under the action of oy, for all £ > 0,
however, the same does not hold for ¢ # 0, since 0¢(Po.) = Pyt and
(P ,) = Pﬁ o—t.- In particular, for every c fixed, o4(Po,) converges to

(34)
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Py and Ut(P;th) converges to Pz when t — co. Moreover, oy(H(1)) =
Hie ).

Let R; = 04(R) and let E;, = o,(¢(E)). Then R, is the region of
M(e™") bounded by pieces of P e—ter H(et) and ’PI—;—e*tc and E; C R,.
We also let Roo = limy_soo R: be the region of H? in between the two
planes Py, and 73;;. With this notation, we prove the next claim.

Claim 4.4. Consider the limit set of the family {Et}tZO; Eow = {pe
H3 | p = 1limy, 00 Py Pn € Etn, limy, o0 t, = 00} C Roo. Then, for each
p € E. there ezists a complete smooth surface L C Eoo, of constant
mean curvature H, containing p. Moreover, L is invariant under a
1-parameter group of parabolic isometries which contains T.

Proof of Claim 4.J. Let p € Eno. Since E; = Ut(gb(E)) and o; is an
ambient isometry, it follows that E, is a constant mean curvature H
surface with uniformly bounded norm of the second fundamental form.
Hence, there is a ¢ € (0, 1) such that for every ¢t > 0 and every ¢ € E} of
distance at least 1 from aEt, there exists some closed disk component of
q in E; N Bys(q,d), with boundary contained in dBys(g,d), which is a
graph G? in exponential coordinates, over a disk in T, th, with graphing
function having gradient less than 1. We will also assume that § is chosen
sufficiently small so that, for r» € (0,4], each of the spheres dBys(q, 1)
intersects GY transversely in a simple closed curve; now, define G?(r) to
be the corresponding closed subdisk of G¢ = G%(4) in the closed ball of
radius r € (0, 6] and centered at g.

In order to prove the existence of £ as claimed, consider the sequences
{tn}neny C R and {pp }nen suc~h that lim, o0 t, = 00, limy, 00 P = P
and, for every n € N, p, € E; . For each n € N and r € (0,6], let
Gn(r) = GPr(r) C E,, be the graphs described above, based at py;
without loss of generality, we may assume that every p, € Etn has
distance at least 1 from OF;, and so the graph G, := G, () exists.
Then {G,}nen, up to a subsequence, converges to a constant mean
curvature H graph Goo C H?, with p € Gu; by its construction it
follows that G, C Fs. Since § as above was uniform, we can iterate
this argument to extend G, to a complete surface £ C E'oo, containing
p and of constant mean curvature H.

For s € R, let 7,: H?> — H? be the parabolic isometry defined by

Ts(2,y,2) = (& + as,y + bs, 2);
recall that 7 = 7 corresponds to the generating covering transformation

7 of E and 7 leaves invariant ¢(E). Our next argument is to prove that
for all s € R, 75(£) C £, which finishes the proof of Claim 4.4.
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Since 0y 07 = 7,1 0 0y and T(H(E)) = ¢(E), it follows that

Tewtn (Ety) = Tomtn (01, (9(E))) = 01, (T($(E))) = By, ;

in particular, 7,-+, leaves invariant Etn.
Consider the graphs G, (r) as above. We claim that there exists an
Ny € N such that for n > Ny,

(35) Te=tn (Gn(8/3)) C Gn(6/2).

Arguing by contradiction, suppose the above statement fails for some
n arbitrarily large, and so, after replacing by a subsequence, we may
assume that equation (35) fails for all n sufficiently large. Note that the
isometries 7,-:, converge uniformly on compact subsets of H? to the
identity map as n approaches infinity. In particular, for n sufficiently
large, we have that 7.+, (Bys(pn,6/3)) C Bys(pn,d/2). However, since
E,, is invariant under 7, , it follows that 7,—+, (Gn(8/3)) C Ey, ; hence,
there exist disks F,,, H, C E such that

01, (0(Fn)) = Gn(0/2), 01,(¢(Hn)) = Te-tn (Gn(0/3)).

Since G, (0/2) and 7.+, (G,(6/3)) have their boundaries in the dis-
joint respective spheres OBys(pn,d/2) and 7., (0Bys(pn,d/3)), then
elementary separation properties imply that H, C F,, F, C H, or
H, N F, = (. Note that H,, ¢ F, since (35) is assumed to fail, and
F, ¢ H, since OF, is clearly disjoint from H,; hence, H, N F, = (.

The property that H, N F,, = () gives that the generating covering
transformation 7 of the covering space II: £ — E induced by 7 is such
that 771(H,,) C F, is disjoint from H,. In particular, 7(H,) is disjoint
from H,, which implies that II|z, is injective, for n sufficiently large.
Since lim,,_,~ t, = 00, then, after replacing by a subsequence, we may
assume that the projected disks II(H,) C FE are pairwise disjoint for
n € N. Since the areas of the disks II(H,,) are bounded from below by
some £ > 0 and there are an infinite number of them, we conclude that
the area of F is infinite; this contradicts item 1 of Theorem 1.3, proving
that equation (35) holds for n sufficiently large.

Next, we prove the claim that £ is invariant under the 1-parameter
group of isometries {7;}secr, that is, 75(£) = L for every s € R. Let
I'y, = {7s5(pn) | s € R} denote the orbit curve of each p,, through the
action of {7s}ser. Also letting I' = {75(p) | s € R} be the orbit curve of
p, then the curves I';, converge to I' uniformly as n — oc.

The arguments used to derive equation (35) also show that for any
k € N there exists an N € N such that for n > Ny,

(36) Te-tn (Gn(8/(k +1))) C Gn(8/k).
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After iteration of (36), we have that for any positive integer j < k, when
n is sufficiently large,

Te—jtn (Gn(é/(kf + 1))) C Gy.

Hence, for any positive integer j < k, T.—jtn (pn) € Gy when n is suf-
ficiently large. Therefore, as k is arbitrary, I'), intersects GG, in an ar-
bitrarily large number of points as n — oo. Since the analytic arcs
I',, converge smoothly to the analytic arc I' on compact subsets of H3,
the analytic curve I' has infinite order contact with the disk G, which
implies that I is contained in L. Since p was chosen arbitrarily, this
proves that the orbit of any ¢ € £, under the action of {7s}ser is also
contained in £, which completes the proof of Claim 4.4. q.e.d.

Claim 4.5. For any leaf L as given in Claim /.4, then either L = 73;}
or L ="Py.

Proof of Claim 4.5. Any surface invariant under a 1-parameter group
G of parabolic isometries is called a parabolic-invariant surface, and the
intersection of any such surface with a totally geodesic surface perpen-
dicular to the orbit curves of G is called a profile curve. The classifi-
cation of constant mean curvature parabolic-invariant surfaces is well-
explained by Gomes in Chapter 3 of his doctoral thesis [10]. It follows
from this classification that a constant mean curvature parabolic invari-
ant surface contained in R, is either 77;;, Py or, after a homothety,
it is a certain surface §. Furthermore, such a surface & has a specific
value of its mean curvature, is symmetric with respect to the plane Py
and attains a maximal height, which is isolated in any profile curve, see
Figure 7. Our next argument rules out the possibility £ = S, proving
the claim.

Arguing by contradiction, suppose £ = S. Then there exists p € L
where the height function of £ attains its maximal value; in particular,
T,L is a horizontal plane in the sense that T,L = T,H(h1), for some
hi1 > 0. _

The uniform bound on the second fundamental form of ¢(FE) yields
a 0 > 0 such that for all £ > 0 and every point x € Et, a neighborhood
of Et containing = is a graph over a disk of radius § in T, Et We
may assume such ¢ is sufficiently small so that a neighborhood G C L
containing p is a vertical graph of small gradient over the horizontal
disk D = B(p,d) C H(h1). Hence, the height function f of G may be
written as f: D — R, a function over D in such a way that

G = {(x,y,f(ﬂs,y)) | (x7y7h1) € D}

Consider a sequence of points p,, € E’tn such that lim,, ., p, = p and
limy, 00 tn, = 00. After passing to a subsequence, we may assume that
there are neighborhoods G,, C E;, containing p,, which are also vertical
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Figure 7. If £L = S, a neighborhood G of £ containing
p is a horizontal graph over a domain D in the plane
H(ho)'.

graphs over D, in the sense that there exist functions f,,: D — R such
that

Gn = {(xvyufn(x7y)) | (x7y7h’1) € D}

Since Gy, converges smoothly to G, the sequence (f,)nen converges in
the C%® norm to f.

Let I" be the profile curve of £ through p. Since the height function
of I' attains a strict local maximum at p, there is hy < hi such that
H(ho) intersects I' in two points; in particular, H(hg) intersects G in two
disjoint horizontal segments a1, asg, that separate GG into three disjoint
regions (see Figure 7, right). Let ¢ = @ > 0, then there exist ng € N
and open, connected and disjoint domains 21, {29, Q3 C D such that
for every n > ng it holds:

fn < hg—e¢ in Q1 UQs,
fn > ho+e in Q.

In particular, D\ (21 UQ2UQ3) is composed by two disjoint, connected
domains Cy, Cs such that «; C C;.

For each n > ng, consider f,, '({ho}) C D. It contains two connected
curves, one contained in C and the other contained in Cs, which map
via f, to two disjoint curves y1, v2 C G, N H(hg). Using the same
arguments of the proof of Claim 4.4, we can fix points ¢} € v}, ¢2 € 72
and obtain that the action of 7,—¢, is such that both 7,-, (¢}) € 7} and
Te-t (07) € 77

Fix any such n > ngy and let

Th =04, (W) CO(E), T2=0_,(72) C ¢(E),

Oy =0-1,(an) €Ty, @ =01, (a7) €T7.
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Since 7, (q) € 7}, it follows that 7(g.) € T'L, hence, = '(II(T'}))
contains a nontrivial closed curve 8! in E. Analogously, o~ '(II(I'2))
also contains a nontrivial closed curve 82 in E.

We next show that 8} N 32 = () for n sufficiently large; this proves the
claim since I', T's € H(e'"hq) gives p(BL), ©(B2) C ¢~ 1T (e'»hg), which
is a contradiction with Claim 4.2 (since ho can be chosen generically).
Note that G(u,v), o, and 75 preserve the left invariant Gauss map (see
the discussion in the proof of Proposition 4.1) of ¢(E), g: B — S2.
Moreover, when n — oo, ¢ g1 and 9| g2 converge respectively to the
values of the Gauss map of £ along a; and as, which are distinct. In
particular, for n large enough we have 31N 32 = (). As explained before,
this is a contradiction that proves the claim. q.e.d.

Claim 4.6. There exists t. > 1 such that $(E)NM(t.) is a topological
half-plane which is a horizontal graph over Py.

Proof. Fix ¢ > 0. By Claim 4.5, there exist ¢y depending on &
such that the left invariant Gauss map g of ¢(E) N M(tg) lies in an
e-neighborhood of v, v, which are the values assumed by the left in-
variant Gauss maps of 73;[, Py;. We denote such neighborhoods respec-
tively by VT, V= and note that, if € is sufficiently small, VT NV~ =0
and both VT, V™~ stay at a positive distance to the great circle in S? of
vectors perpendicular to the image vector of the Gauss map of Py.

Note that ¢¢ is such that 7 (¢) intersects ¢(E) transversely for all
t > to. Let @ C E be the unique homotopically nontrivial closed curve
in o~ (T (o)) given by Claim 4.2 and let E' C E be the subannular end
of E determined by a, then ¢(E') = ¢(E) N Uz, T (t), hence, if B/ =
II"L(E’), then it is topologically a half plane and ¢~(M(ty)) = E.

To finish the proof of the claim, note that the image g(¢(E")) of
the Gauss map of ¢(E’) is connected; hence, either g(¢(E')) C V* or
g(¢(E")) C V~. In either case, it follows that ¢(E') = ¢(E) N M(to) is
a graph over Py. q.e.d.

Note that when H = 0, Eoo = Py by Claim 4.4. Hence, Claim 4.6
gives that E. contains a single leaf £ = Py, from which the asymptotic
behavior follows. This special case was proved previously by Collin,
Hauswirth and Rosenberg in [5], Theorem 1.1.

Assume now that H € (0,1) and that ¢(E) is oriented by its mean
curvature vector H. To complete the proof of item 5, we use the notation
in the proof of Claim 4.6: if g(¢(E) N M(to)) C V't (resp. V™), then
E. contains a single leaf £ = P;LI (resp. Pp). In either case, the
restriction of ¢(E) to M(ty) is a graph over its limit set. Since | Agll is
uniformly bounded, this graphing function converges, with multiplicity
1, smoothly to 0 along H(t), when ¢t — oo.



258 W. H. MEEKS III & A. K. RAMOS

Note that the covering transformation ¢: M(1) — C is a finite multi-
ple k of a generator (ki, k2) in the fundamental group 1 (C). Therefore,
¢(E) = (¢(E)) is asymptotic, with multiplicity &, to the embedded
annulus A, = ¢(P;;) or Ay = ¥ (Pg). This completes the proof of
Theorem 1.3.

4.4. Some remarks on Theorem 1.3. A simple consequence of The-
orem 1.3 is the following corollary, which generalizes to the bounded
mean curvature case some of the corollaries of Theorem 1.1 of [5].

Corollary 4.7. Let N be a complete, noncompact, hyperbolic 3-
manifold of finite volume. Let 3 be a complete, properly immersed sur-
face in N of finite topology with mean curvature function Hy, satisfying
|Hx| < H < 1. Then, the area of ¥ satisfies

27
by
where x(X) is the Euler characteristic of ¥ and equality in (37) holds

if and only if 3 is a totally umbilic surface of constant mean curvature
H. In particular, if 3 has genus zero, it has at least three ends.

(37) Area(X) <

Proof. The proof is straightforward and relies only on item 3 of The-
orem 1.3 and on the Gauss equation, after observing that if 3 has genus
g and n ends, x(X) = 2 — 2g — n. The details are left to the reader.

q.e.d.

The next proposition demonstrates some differences between the H < 1
case treated in Theorem 1.3 and the H > 1 case.

Proposition 4.8. For any H > 1 and any hyperbolic 3-manifold N
of finite volume there exists a complete, properly immersed annulus A
with constant mean curvature H, and A can be chosen to satisfy:

1) A has infinite area, positive injectivity radius and bounded norm
of its second fundamental form.

2) Any lift of A to the hyperbolic 3-space is a properly embedded ro-
tationally symmetric annulus.

Proof. After possibly passing to the oriented two-sheeted covering
of N, we may assume that N is orientable. Let C = U;>1T(t) be a
parameterized cusp end of N as described in the proof of Theorem 1.3.
Let II: H? — N be the universal covering map of N and assume without
loss of generality that II({z = t}) = T(¢). Consider the fundamental
group I' = 71 (N) C ISO(H?) of N as a subgroup of the isometry group
of H?; each element ¢ € T satisfies Il o ¢ = II. Since N has finite
volume there exists a subgroup G of I' isomorphic to Z x Z such that
{z > 1}/G ~ C, and there exists some a € '\ G.

Let p € O5,H? be the point at infinity of the horospheres {z = ¢}.
Note that a induces a map on d5H? such that a(p) # p. Let ¢ = a(p)
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and let v be the complete geodesic of H? whose points at infinity are p
and ¢g. Let A be an embedded rotationally symmetric annulus around
~ of constant mean curvature H. If H > 1, A is a Delaunay surface
(see [11]), which is periodic and, therefore, is a bounded distance from
~; in particular, II(A) is properly immersed in N. If H = 1, then A
is called a catenoid cousin (see, for instance, [2]) and the intersections
ANn{z =t}, Ana({z = t}) are circles for ¢ sufficiently large, hence,
again II(A) is a properly immersed surface in N. In either case, the
properties 1 and 2 hold. q.e.d.

5. Appendix

The proof of item D of Theorem 1.2 used the next elementary intrinsic
result for annular ends of complete surfaces of nonpositive Gaussian
curvature. As we did not find its statement in the literature, we present
its proof in this appendix.

Lemma 5.1. Let X be a complete surface of finite topology with non-
positive Gaussian curvature. Let e be an end of ¥ and E be an annular
end representative. Then for any divergent sequence of points {pn}nen
m B,

Jim Is(pn) = I5(e) € [0, 00].

Proof. When ¥ is simply connected, Iy, is infinite at every point of ¥;
hence, the lemma holds in this case. Assume now that ¥ is not simply
connected, thus, In(p) is finite for every p € ¥. Let e and E be as
in the statement of the lemma and let /g denote the restriction of the
injectivity radius function of ¥ to E.

To prove the lemma it suffices to show that given any two intrinsically
divergent sequences of points {p, }nen, {qntnen in E, then the two limits
limy, 00 IE(pn), limy, o0 IE(gy) exist in [0, oo] and

lim Ig(p,) = lim Ig(g,).
n—oo n—oo
The failure of the previous statement implies that (after possibly passing

to subsequences) there exist intrinsically divergent sequences {py }nen,
{gn}nen in E such that

lim Ig(p,) =£€0,00), lim Ig(g,) =L € (¢, o<l
n—00 n—oo
There exist embedded geodesic loops v,, I';, based respectively at the

points pn, ¢, with Length(vy,) = 2Ig(p,) = 2¢,, Length(l,) =
215(qn) = 2Ly, and such that, for all n € N,

(38) b, <l+e, Ly >+ 3¢,

for some ¢ > 0. After passing to subsequences, we will assume that

1) the geodesic loops 7, form a pairwise disjoint family;
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2) for all n,k € N, p,4 lies in the annular subend W,, of E with
boundary vy;
3) qn lies in the compact annulus in E bounded by ~,, and ~,41.

Since Ig is continuous and W, is connected, there exists a point
q, € Wp \ Wypi1 with I(q),) € (¢ + 3e,£ + 4¢). Hence, replacing the
points ¢, by the points ¢/,, we may assume that L is a finite number.

Let E,, be the compact annulus in £ bounded by I';, and [',,+1. By
the same argument as in the proof of Proposition 3.1, since ¢ and L
are finite, we may assume that {7,, I';,},en is a collection of pairwise
disjoint curves, with ~,, C F,.

We claim that there exists a smooth, homotopically nontrivial, sim-
ple closed geodesic «,, C Int(FE,), with length at most ¢,,. Let A,, be
the set of simple closed rectifiable curves in E,, homotopic to ~,. If
B € A, admits a point p in N Bgr(gn,€), then Length(5) > 24,. In-
deed, if Length(g8) < 2¢,, it would follow from the triangle inequality
and from (38) that, for every x €  we have dg(g¢n,z) < L,. Since
Bg(gn, Ly) is simply connected, § is homotopically trivial in F, which
implies that it is also homotopically trivial in E,, contradicting 5 € A,,.
A similar argument shows that if § admits a point p € Bg(gn+1,€), then
Length(8) > 24,,.

Hence, any minimizing sequence in A,, can be assumed to stay at least
at a distance € from the pair of points ¢, ¢n+1, where the boundary
of E, is not smooth. Then standard minimization arguments imply
that there exists a smooth closed geodesic a,, € A, which minimizes
the lengths of curves in A,, and, since F,, is an annulus and «, is the
generator of the fundamental group of E,, «a,, is a simple closed geodesic.

The Gauss-Bonnet formula implies that each compact annulus A,
bounded by «; and a1 is flat, thus, F has a subend A, that is
isometric to a flat cylinder with boundary being a simple closed geodesic.
In fact, the flat A is easily seen to be isometric to a metric product of a
circle with [0, 00), which implies that the injectivity radius function has
the constant value Length(c;)/2 on As. This contradicts (38), proving
the lemma. q.e.d.
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