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Abstract

We prove an extension of the nonabelian Hodge theorem [Sim92]
in which the underlying objects are twisted torsors over a smooth
complex projective variety. In the prototypical case of G L,-torsors,
one side of this correspondence consists of vector bundles equipped
with an action of a sheaf of twisted differential operators in the
sense of Beilinson and Bernstein [BB93[; on the other side, we
endow them with appropriately defined twisted Higgs data.

The proof we present here is formal, in the sense that we do not
delve into the analysis involved in the classical nonabelian Hodge
correspondence. Instead, we use homotopy-theoretic methods—
chief among them the theory of principal co-bundles [NSS12a]—

to reduce our statement to classical, untwisted Hodge theory [Sim02].

CONTENTS

1. Introduction
1.1. Twisted vector bundles
1.2. Twisted connections and twisted Higgs fields
1.3. Groups other then GL,,
1.4. The route to the proof
2.  Geometrizing twisted torsors
2.1.  Gerbes
2.2. Torsors on gerbes
2.3.  Gerbes as principal co-bundles
3. Hodge theory

458
458
460
465
468
470
470
471
474
477

3.1.  1-localic oo-bundles-topoi and their hypercompletions 477

3.2. Towards cohesive structures
3.3. The case of a smooth projective variety

Mathematics Subject Classification. 58A14 (58A12, 32J25, 14C30, 14D23).

Key words and phrases. Nonabelian Hodge theory, gerbes, principal co-bundles.

Received April 22, 2013.

478
482



A. GARCIA-RABOSO

3.4. Analytification 485

The twisted correspondence 487
4.1. Torsion phenomena in the vector bundle case 487

4.2. A digression on algebraic groups 492

4.3. Recapitulation: statement of the main theorem 494

The proof 496
5.1. Torusless gerbes and rectifiability 496

5.2. Lifting flat and Higgs A-gerbes 501
Twisted vector bundles redux 506
6.1. Vector bundles with trivial determinant 507

6.2. The case of nontrivial determinant 509
Appendix A. oo-groups and their actions 510
References 514

The study of twisted sheaves has experienced a resurgence in the
last decade. Introduced by Giraud [Gir71] in his work on nonabelian
cohomology in the early 1970s, they were promptly forgotten. It was
not until the turn of the century that Caldararu [C&al00] undertook a
systematic study of their derived categories and developed a theory of
Fourier—-Mukai transforms between them, bringing some attention back
to them. A few of the more interesting recent developments concerning

twisted sheaves include the following:

e A conjecture of Caldararu’s relating twisted Fourier—Mukai trans-

forms to Hodge isometries of K3 lattices was proved a few years
later by Huybrechts and Stellari [HS05, HS06].

Kontsevich [Kon95] had conjectured that they effect first-order
infinitesimal deformations of categories of coherent sheaves—an
idea that was put on firm ground by Lowen and van den Bergh
[LVdBO05, LVdBO06] (see also [Tod09]). Ben-Bassat, Block and
Pantev [BBBPO07]| extended this to formal deformations in the
case of complex tori, while Sawon [Saw12] recently constructed
actual families of generalized K3 surfaces realizing them.

Donagi and Pantev [DPO08] proved a duality theorem for genus
one fibrations that connects twisted sheaves to Tate—Shafarevich
groups—a kind of Pontrjagin duality for commutative group stacks,
as Arinkin reflects in an appendix to loc.cit.

On a different direction, Lieblich [Lie07] and Yoshioka [Yos06]
constructed moduli spaces of twisted sheaves satisfying appropri-
ate stability conditions.
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e A (unpublished!) theorem of Gabber’s upholding an old conjec-
ture of Grothendieck’s [Gro68b] about the relationship between
the Azumaya and cohomological Brauer groups of quasi-projective
varieties was reproved by de Jong [dJ03] using twisted sheaves.

It is only natural to explore what Hodge theory might be able to say
about twisted sheaves. After all, one of the areas in which nonabelian
cohomology has featured quite prominently is in the study of nonabelian
Hodge theory (see, e.g., [Sim96a, Sim02]).

Abstract considerations notwithstanding, the original motivation for
this work came from the tamely ramified version of the Geometric Lang-
lands Correspondence (GLC). The program set forth in [DP09] advo-
cates viewing the GLC as a quantization of a certain Fourier—Mukai
transform—the quantization being mediated by appropriate nonabelian
Hodge correspondences. In the compact case, it is the classical non-
abelian Hodge theorem of Simpson’s [Sim92] that applies. In the tamely
ramified case, on the other hand, the objects that should appear are
some sort of twisted bundles with parabolic structure along a divisor.

Although some approaches to defining twisted vector bundles with
twisted flat connections have been made before [Mur96, Cha98, Bry08,
DPORO04], the Higgs side has remained virtually unexplored until now—
as has the case of principal bundles (for which we prefer the term torsor).
In this paper we propose a definition of twisted torsors with twisted con-
nections and twisted Higgs fields that results in a twisted nonabelian
Hodge correspondence.

Our results represent a first step towards the correspondence needed
to attack the GLC in the case of tame ramification: here we only deal
with twisted torsors over smooth complex projective varieties, leaving
the parabolic case to future work.

Even though our main theorems—Theorem 4.1 for vector bundles,
and Theorem 4.6 in the general case—are relatively easy to understand,
their full statement and our proofs use the language and the machinery
of co-topoi [TV05, TV08, Lur09], and, in particular, the beautiful
theory of principal co-bundles [NSS12a, NSS12b]. In the hopes that
the reader unfamiliar with this rather abstract framework will still want
to get a feeling for them, we have devoted §1 to presenting Cech-like
versions of them—Theorems 1.8 and 1.15—as candidly as possible, em-
phasizing the train of thought over the somewhat gruesome technical
details. We defer a discussion of the remaining contents of this paper
until the end of that section.

Let us remark that in this article we only explore the Hodge-theoretic
aspects of twisted bundles: we leave the possibility of a twisted ver-

!See http://mathoverflow.net/questions/158614.
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sion of the Riemann—Hilbert correspondence—which would be related
to the study of projective representations of fundamental groups of
smooth projective varieties (see, e.g., the recent [Coul5])—for future
work.
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1. Introduction
1.1. Twisted vector bundles.

1.1.1. Let X be a smooth projective variety over C, considered either
as a scheme with the étale topology or as a complex analytic space
endowed with the classical topology. Given o € H?(X, 0%), we can
always? choose an open cover { = {U; = X}ier of X such that there
exists a Cech 2-cocycle a = {aj} € Z2(U, O%) representing the class
«. The following definition goes back to Giraud’s work on nonabelian
cohomology [Gir71]:

Definition 1.1. An a-twisted sheaf on X is a collection

<§ = {&}ier, g= {gij}i,jel),

2In the analytic case, take a good open cover; for the étale topology, see [Mil180,
Theorem I11.2.17].
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of sheaves &; of Ox-modules on Uj;, together with isomorphisms
gij : Ejlu,; — Eiluy,
satisfying g;; = idg,;, gij = gj_l-l, and the a-twisted cocycle condition,
9ij9ikGki = Qujk idg;,
on Uy, for any 4,5,k € I. Given two a-twisted sheaves, (é, g) and
(£ , @), a morphism between them is given by a collection ¢ = {; }ier

of morphisms ¢; : & — F; intertwining the transition functions; i.e.,
such that ¢;g;; = hijp;.

Although this definition uses a particular representative for the class
a, it can be shown [C&l00] that the category of such objects is inde-
pendent, up to equivalence, of the choice of cover 4 and representing
cocycle a, justifying the choice of labeling them with the class « in sheaf
cohomology instead of the cocycle « itself.

In what follows we will be concerned not with the whole category
of a-twisted sheaves but with the subgroupoid ,Uec,(X) of a-twisted
vector bundles of fixed rank n and isomorphisms between them; to wit,
those a-twisted sheaves (§ , g) for which each &; is a vector bundle of
rank n, with morphisms the invertible ones.

1.1.2. Definition 1.1 makes it clear that the twisting « should be con-
sidered as the substrate on which a-twisted vector bundles live.

Definition 1.2. A i-G,,-gerbe over X is the datum of a 2-cocycle
a € Z%(4,G,).

3-G,,-gerbes form a strict 2-category—a 2-groupoid, in fact—, with
the 1-morphisms given by Cech 1-cochains and the 2-morphisms by Cech
0-cochains. This category is not independent of the choice of cover i;
nevertheless, taking a refinement U of U produces a functor from the
category of 4-G,,-gerbes to that of B-G,,-gerbes?.

We will later give a more abstract definition—that of a G,,-gerbe
(Definitions 2.3 and 2.11)—that does not depend on the choice of a
cover, and which provides a true geometric realization for classes in
sheaf cohomology.

Definition 1.3. A basic* vector bundle on a U-G,,-gerbe o over X
is an a-twisted vector bundle (£, g) on X.

3This functor is injective at the level of equivalence classes of objects if we restrict
to an appropriate class of covers (see footnote 2).

1Classically these are known as weight 1 vector bundles on a. In the more general
setting in which we prove our result—twisted torsors for groups other than GL,—,
a simple weight does not suffice; hence the need for a different terminology. See §2.2.
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At this point, this definition seems unnecessary—and we will, in fact,
keep using the term a-twisted vector bundle. Its convenience will be-
come manifest in just a few short pages when we introduce twisted
connections and twisted Higgs fields.

1.1.3. We make two important remarks about this category ,Uec,(X)
of a-twisted vector bundles.

e For a fixed class a € H*(X, 0% ), there may be no a-twisted vector
bundles of rank n. In general this is a difficult question concerning
the relationship between the Azumaya Brauer group of X and its
cohomological Brauer group [Gro68b]. A short survey of these
issues can be found in [DPO08, §2.1.3]. We simply observe that
oLec, (X) is empty unless « is n-torsion. Indeed, if there is an
object (§, g) € oPec, (X), then det g = {det g;;}i jer provides an
element of C'' (4, O%) whose Cech differential equals ™.

e From an a-twisted vector bundle of rank n we can produce an hon-
est, untwisted P~ !-bundle by projectivizing all the locally defined
vector bundles: the twisting a goes away because it is contained
in the kernel of the map GL,, — PG L,—which coincides with the
center of GL,. This construction is clearly functorial.

These facts will appear once again when we talk about twisted connec-
tions and twisted Higgs fields below. Their recurrence will be explicated
thoroughly in §4.1.

1.2. Twisted connections and twisted Higgs fields.

1.2.1. The (classical) nonabelian Hodge theorem. Let £ be a vec-
tor bundle on X. Recall that a connection on £ is a C-linear map
V:E€— Q_lx ® & satisfying the Leibniz rule

V(fv)=df @ v+ fVv, for fe Ox,vef.

A connection V naturally extends to a collection of C-linear maps V*) :
Qlj( ®RE — QI)‘?I ® & defined by the graded Leibniz identity

VE (a@v)=da®@v+ (—1)fa AV, forve& ac k.

The compositions V#+D o V) are then Ox-linear, and we define the
curvature C(V) of V to be the image of V() o V under the standard
duality isomorphism

Homp , (£,0% ® £) = Homp,, (Ox, Q% ® End(€))

=~ T(X,0% ® End(E)).
A connection is said to be flat if its curvature vanishes; it is then cus-
tomary to call the pair (S,V) a flat vector bundle. The difference of

any two connections V1 and V5 on the same vector bundle £ is an Ox-
linear map and can also be considered as a 1-form with values in the

(1.1)
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endomorphism bundle of £ through the isomorphisms
Homo (€, 2y ® €) = Homo, (Ox, x @ End(E))
=~ T(X, Q% ® End(E)).

On the other hand, a Higgs bundle is a pair (]: , qb) of a vector bundle
F together with an Ox-linear map ¢ : F — Q_lx ® F—usually referred
to as a Higgs field—satisfying

0=¢AoecT(X,0% @ End(F)),

where ¢ A ¢ is called the curvature C(¢) of ¢ in analogy with the case
of a connection. Two Higgs fields ¢ and ¢5 on the same vector bundle
F also differ by a 1-form with values in End(F).

The nonabelian Hodge theorem [Sim92] (see [GRR14] for a review)
establishes an equivalence between the category of flat vector bundles
on X and a certain full subcategory of the category of Higgs bundles on
the same variety. The latter is specified by two conditions on objects.

e The first one is purely topological: the components of the first and
second Chern characters of F along the hyperplane class [H] €
H?(X,C) of X (which we refer to as the Chern numbers of F)
should vanish:

chy(F) - [H]dimX—l = 0 = chy(F) - [H]dimX—Z.

Equivalently, the first and second Chern classes of F vanish along [H].
e The second condition depends on the holomorphic structure of

the underlying vector bundle as well as on the Higgs field: a Higgs

bundle (.7-" , (b) is said to be semistable if for every subbundle ' C

F preserved by the Higgs field—i.e., such that ¢(F') C Q% & F'—

we have p(F') < u(F). Here the slope p of a vector bundle is

defined as the quotient of its degree by its rank.

The first of these conditions implies the vanishing of the slope of any
Higgs bundle in this subcategory, since chy(F) - [H]4mX~1 is its de-
gree; the second condition then reduces to saying that any ¢-invariant
subbundle of F has non-positive degree.

1.2.2. Twisted connections. The first step towards formulating a
twisted version of the nonabelian Hodge theorem is to determine what
a “flat connection” on an a-twisted vector bundle (§, g) should be.
The naive definition consists of equipping each &; with a flat connec-
tion

Vi: & —>le®5@

in such a way that the following diagram is commutative for every
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i,jel:

V; 1
&y, ——— O, @&,

lgij lgij
Vi 1
Ely, — S 0l 6,
More compactly, V; — ¢;;V; gigl = 0.

There is, however, a natural weakening of these requirements that
yields a more general and interesting class of objects: namely, to allow
for the locally defined connections to

e differ on double intersections by 1-forms with values in the center
of the appropriate endomorphism bundle, and
e have nonzero central curvature.
This amounts to choosing cochains

w={w;} e C' W, Q%) and F={F}ecC'4 Q%)
diagonally embedded in C1 (8, Q% ® End(£)) and C°(U, Q% ® End(€)),
respectively, and demanding the V; to satisfy the equations

Vi—9ijV; 9291 =w;; and C(V;) = F,.

Of course we cannot pick w and F arbitrarily. Rather, there is a
set, of compatibility conditions coming from the fact that the V; are
connections:

Wik = wij +wjr — dlog ajr  on Usjp,
(1.2) Fz — FJ = dwij on Uij,
dF; =0 on Uj;.

These are precisely the relations needed to make the triple (g, w, F )
into a Cech 2-cocycle in hypercohomology of the multiplicative de Rham
complex of X:

(13) RS = |0 d

dlog 1
\
Q
X

y 02 1 }

To fix notation, recall that, given a complex (E®,d) of sheaves on X, its
hypercohomology with respect to a cover 4 is defined as the cohomology
of the total complex of the double complex

s Tos Ts
cr, B0 —s ey, BY) —2 oLy, B?) L

Ts Ts Ts

C«O(u’ EO) L C'O(ﬂ, El) L) éo(ﬂ, EQ) L)
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Definition 1.4. A flat U-G,,-gerbe over X is a 2-cocycle
(@w, F) € Z* (8, dRS").

The category of flat U-G,,-gerbes is again a 2-groupoid, with 1- and
2-morphisms given by Cech 1- and O-cochains, respectively. The corre-
sponding cover-independent concept is that of a flat G,,-gerbe (Defini-
tion 3.6).

The notions of flat 4-G,,,-gerbes and flat G,,,-gerbes have appeared in
similar form in the literature before under the names of Dixmier—-Douady
sheaves of groupoids with connective structure and curving [Bry08|,
bundle gerbes with connection and curvature [Mur96], and gerbs with
0- and l-connection [Cha98]. Our approach in this introduction is
similar to that of the last reference, while the point of view in the
remainder is closer in spirit to the first two.

Definition 1.5. A basic vector bundle on a flat U-G,,-gerbe (g, w, E)
over X is a collection (§ ,V, g) consisting of an a-twisted vector bundle
(§ ) g) on X together with connections V; on &; satisfying the equations

Vi—=9ijV; gigl =w;; and C(V;) = F.

Having fixed a flat U-G,,,-gerbe (g, w, ) , we can consider the groupoid
of basic vector bundles on it. Its morphisms are given by those isomor-
phisms of the underlying a-twisted vector bundles that commute with
the connections. A straightforward computation shows that an element
of C! (il, dR%”) giving an equivalence between two flat U-G,,-gerbes
also provides an equivalence of their respective categories of basic vec-
tor bundles. Arguing as in [Cal00], it is possible to prove that refining
the cover 4 does not affect this category up to equivalence.

If the cocycle a is composed of locally constant functions—so that
dlog a = 0—, equations (1.2) satisfied by the 1- and 2-form parts of a
flat U-G,,-gerbe do not involve «. In this case, we can separate the data
of a flat 4-G,,-gerbe into the bare U-G,,-gerbe a and the pair (g, F )
The latter, which defines a class in H' (4, oL — Qg&%, gives rise to
a sheaf of twisted differential operators (TDOs) on X in the sense of
Beilinson and Bernstein [BB93], and basic vector bundles on (g, w, F )
can then be described as a-twisted vector bundles equipped with an
action of this sheaf of TDOs.

The fact that « is n-torsion (remember §1.1.3) implies that we can
always choose a representing cocycle « that is indeed locally constant.
Not only that, but, given a flat U-G,,,-gerbe, we can always find an equiv-
alent one for which the part in Z2 (U4, 0% ) is locally constant. Hence, we
can realize basic vector bundles on a flat {-G,,-gerbe as twisted vector
bundles with an action of a sheaf of TDOs. In fact, more is true: the
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class of (g, F ) in hypercohomology—equivalently, the sheaf of TDOs
it yields—must also be n-torsion (see Lemma 4.2 and the discussion
thereunder).

There is yet one more thing that carries over from the case of bare
twisted vector bundles of §1.1: projectivizing kills all central data, and
so a basic vector bundle of rank n on a flat {-G,,-gerbe yields a P~ !-
bundle with flat connection on X.

1.2.3. Twisted Higgs fields. After the discussion above, it is clear
how we should proceed on the Higgs bundle side. Given an o/-twisted
vector bundle, (§’ , g’ ), pick cochains

W = {ng} e CH U, Q%) and F' ={F/}c %, 0%)
equip each &£ with a Higgs field ¢;, and require that they fulfill the
equations
6i = gijbi (9;) " =wy; and C(¢n) = F}.
The compatibility conditions in this case are
wyy, = wy; + Wl on Uy,
F/ =F; on Ujj,
which say that the triple (g’ W F ) assembles into a Cech 2-cocycle in

hypercohomology of the multiplicative Dolbeault complex:

Dol = 0§ —— 0k — 0% —2 -],

The following parallel Definitions 1.4 and 1.5, and the comments be-
low those about the corresponding categories apply verbatim, as well as
our recurring remarks about torsion and projectivization (cf. §1.1.3).

Definition 1.6. A Higgs I-G,,-gerbe over X is a 2-cocycle
(o/,o, F') € Z* (4, Dol g™).

Definition 1.7. A basic vector bundle on a Higgs U-G,,-gerbe
(o/,w', F") over X is a collection (£',¢,g’) consisting of an o/-twisted
vector bundle (§’ .9 ) on X together with Higgs fields ¢; on & satisfying
the equations

bi — gz,'j(bj (ng)_l = wz,'j and  C(¢;) = ‘Fi,’

1.2.4. The nonabelian Hodge correspondence for twisted vec-
tor bundles. We are, finally, in a position to state a form of the first
main theorem of this paper.

Theorem 1.8. Let (g,g,ﬂ) be a flat U-G,,-gerbe over X. Then
there is a Higgs U-G,,-gerbe (g’,g’,E’) over X for which there is an
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equivalence of categories

~

— < basic vector bundles of

{Basz’c vector bundles of
rank n on (g’,g’,E’)

Semistable
rank n on (g,g,ﬂ) }
Conversely, given a Higgs -G, -gerbe, (g/,g/,ﬂ’), there exists a flat
U-G,,-gerbe, (g, w, E), for which the same conclusion holds.

The meaning of the word semistable here will not be elucidated until
§5. For the moment, suffice it to say that it includes a form of the
vanishing of Chern numbers condition in the nonabelian Hodge theorem.

1.3. Groups other then GL,.

1.3.1. The (classical) nonabelian Hodge theorem. Let G be a
linear algebraic group over C, viewed either as a group scheme in the
étale topology or as complex Lie group, and denote g = Lie G.

Let P — X be an G-torsor® on X. Denote by R : P x G — P
the canonical right action of G on P, and by Ry : P — P (g € G)
and R, : G — P (p € P) the obvious restrictions. A connection on
P — X is a global section n € H(P,QL ® g) satisfying the following
two conditions:

o (Ad-equivariance) under right multiplication by G, the connection
form 7 transforms via the adjoint representation of G on g, i.e.,
(Rg)*n = Ady-1(n) for every g € G; and

e for every p € P, the pullback (R,)*n coincides with the Maurer—
Cartan form of G.

The difference between two connections, n; and 7, is, evidently, a global
section of the same bundle, while the curvature of a connection 7 is
defined through the Cartan formula:

C(n) = dn + % [n,n] € H(P,Q} @ g),
where [—,—] is the symmetric bilinear product consisting of the Lie
bracket on g and the wedge product of one-forms. A G-torsor equipped
with a connection of vanishing curvature is called flat.

On the surface, this seems different than the case of vector bundles:
here the relevant forms live on the total space of the torsor rather than
on the base. However, they are of a very special kind: both n; — 2 and
C(n) are Ad-equivariant and horizontal—that is, their pullbacks by R,

®Going forward we will often use the same letter for denoting a linear algebraic
group over C and the sheaf on X obtained by pullback. The reader should use the
second interpretation in order to bring our use of the term torsor in line with the
usual definition in algebraic geometry. As an example of future appearances of this
convention, we write Gn,-gerbes for what some authors (e.g., [DP08]) call O%-gerbes.
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vanish for every p € P. Forms on P satisfying these two conditions are
called tensorial®, and are in one-to-one correspondence with forms on
X with values in the adjoint bundle AdP = P X449 — X. We shall
henceforth make no notational distinction between forms on X with
values in Ad P and their corresponding forms on P with values in g.

A Higgs G-torsor is a G-torsor Q — X equipped with a global section
¢ € H'(X, Q% ® AdQ). The curvature C(¢) of ¢ is defined as [¢, ¢] €
HY(X,0% ® AdQ). Differences between Higgs fields also belong to
HY(X, Q' ® AdQ).

A version of the nonabelian Hodge theorem for G-torsors follows for-
mally from that of vector bundles and Tannakian considerations [Sim92,
§6]. Roughly, a linear representation p : G — End V' determines a pair
of functors mapping flat G-torsors (resp., Higgs G-torsors) to flat bun-
dles (resp., Higgs bundles)—at the level of the underlying, bare torsors,
this is just the associated bundle construction. A Higgs G-torsor is
said to be semistable and to have vanishing Chern numbers if so does
the Higgs bundle associated to it by any representation of G. We then
have an equivalence between the category of flat G-torsors on X, on the
one hand, and that of semistable Higgs G-torsors with vanishing Chern
numbers on the other.

1.3.2. The nonabelian Hodge correspondence for twisted tor-
sors. Let H be a linear algebraic group over C, and A C H a closed
central subgroup’. As in §1.1, we view them either as group schemes in
the étale topology, or as complex Lie groups endowed with their analytic
topology. In both cases, the quotient K = H/A is again a linear alge-
braic group over C (see §4.2.1). Denote by h, a and ¢ the Lie algebras
of H, A and K, respectively.

Since A is central in H, so is a in . The adjoint bundle of any
H-torsor thus contains the trivial vector bundle with fiber a as a sub-
bundle. In particular, we can consider forms on the base with values in
a as Ad-equivariant, horizontal forms on the total space of the H-torsor.

We now state the obvious generalizations of Definitions 1.2—1.7 with-
out further comment.

Definition 1.9 (cf. Definition 1.2). A 4-A-gerbe over X is a 2-
cocycle a € Z%(4, A).

Definition 1.10 (cf. Definition 1.3). A basic H-torsor on a {-A-
gerbe a over X is a collection

5The term basic is also in use in the literature, but it conflicts with our use of that
word.
"Nothing is lost by assuming that A is, in fact, the whole center of H.
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(2= {Pier, b= {hij}iger),
of H-torsors P; on U, together with isomorphisms h;; : Pilu,, — Pilu,,
satisfying h;; = idp,, h;j = hj_il, and the a-twisted cocycle condition,

hijhjkhg; = aijridp,,

on Ujj, for any 4, j,k € I. In parallel with the case of the GL,,, we also
use the term a-twisted H-torsor on X (cf. Definition 1.1).

Definition 1.11 (cf. Definition 1.4). A flat $1-A-gerbe over X is the
datum of a 2-cocycle (g, w, E) e 7? (Ll, dR‘;‘(), where
is the A-de Rham complex of X.

The map we denoted a — a~'da above is perhaps most clearly ex-
pressed in differential-geometric terms: it sends a local section a : U —
A to the 1-form with values in a whose value at © € U corresponds to

(Lafl(z))*

T, X % Ty A T.Aa.

For A = G,, it is just the logarithmic exterior derivative of (1.3), while
for A = G, it reduces to the usual exterior derivative.

Definition 1.12 (cf. Definition 1.5). A basic H-torsor on a flat
U-A-gerbe (g, W, E) over X is a collection (E, 1, ﬁ) consisting of a basic
H-torsor (B, ﬁ) on « together with connections 7; on P; satisfying the
equations

mi—hgnihi;' =wy; and  C(m) = Fi.

Definition 1.13 (cf. Definition 1.6). A Higgs $-A-gerbe over X is

the datum of a 2-cocycle (o/,w’, F’) € Z*(4, Dolf;‘(), where

Doly = {A#Qk@a#f}%{@a#n-}
is the A-Dolbeault complex of X.

Definition 1.14 (cf. Definition 1.7). A basic H-torsor on a Higgs $1-
A-gerbe (g’, g’,E/) over X is a collection (B/,Q, E) consisting of a basic
H-torsor (B’ ) E) on « together with Higgs fields ¢; on P/ satisfying the
equations

¢i — hijo; (hi) ™' =wi; and C(¢i) = F.

With these definitions, it is easy to write down the analogue of Theo-
rem 1.8 for twisted H-torsors. Its validity, however, is constrained by a
technical condition on the group H: that it be connected (see Remark
4.5). Subject to this assumption, we have the following statement:
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Theorem 1.15. Let (Q,Q,E) be a flat 31-A-gerbe over X . Then there
is a Higgs t1-A-gerbe (g’, W, E’) over X for which there is an equivalence
of categories

— < basic H-torsors

{Basic H-torsors
on (o/,w', F')

Semistable
on (a,w, F) }
Conversely, given a Higgs $-A-gerbe, (g/,g’,E’), there exists a flat 3-
A-gerbe, (g, w, E), for which the same conclusion holds.

Once again, we withhold the definition of semistability until §5.

1.4. The route to the proof.

1.4.1. For all that Theorems 1.8 and 1.15 do offer twisted versions of
the nonabelian Hodge theorem, they are not without several important
shortcomings.

e The most obvious one is that they are stated in terms of choices,
not only of a cover U of X, but also of explicit representatives
for all of the objects involved. It is possible—though rather la-
borious and utterly unilluminating—to show by brute force that
the statements are indeed independent of such choices. However,
their explicit dependence becomes truly problematic when trying
to provide proofs based on the classical nonabelian Hodge theo-
rem, for the latter requires the compactness assumption on the
base manifold; that is, we cannot just break up these twisted cor-
respondences into local pieces.

e Closely related is the issue of defining what the word semistable
should mean: in these local formulations, it is unclear how to do
so. Once again, the only hope comes from trying to use Simpson’s
theorem.

e On a different note, the decision to allow the locally defined con-
nections and Higgs fields to have central curvature and to differ by
something central on double intersections seems arbitrary at best.

A significant portion of our proofs of Theorems 1.8 and 1.15 consists
of finding manifestly cover- and cocycle-independent versions of them
(Theorems 4.1 and 4.6) that not only rid us of choices but also reveal
the naturality of considering central twistings.

1.4.2. Organization of this paper. In §2.1 we look at a particular
class of (1-)stacks: A-banded gerbes. These provide a geometric real-
ization of degree 2 cohomology classes with values in A, and twisted
H-torsors on their base can be thought of as honest H-torsors on them
(see §2.2).
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The setting of classical (1-)stacks [DMG69] is, however, not enough for
our purposes. The main limitation of the definition of A-banded gerbes
in §2.1 is that it still depends on the existence of a cover of the base. As
such, it does not work over nongeometric bases—which we need in order
to define flat and Higgs gerbes. The existence of a classifying (2-)stack
for A-banded gerbes in the theory of principal co-bundles [NSS12a] of
§2.3 overcomes this difficulty while providing us with a host of powerful
techniques that enable us to reduce statements about twisted torsors to
simpler ones about untwisted torsors and gerbes.

After a technical interlude (§3.1), we recall (§3.2) the theory of the
de Rham construction [ST97] from the perspective of oo-stacks. In
§3.3 we restate Simpson’s nonabelian Hodge theorem in this language,
and reinterpret some classical abelian Hodge theory results as a Hodge
correspondence for gerbes®. The passage between the algebraic and the
analytic worlds is the object of §3.4.

In §4.1 we go back to the original case of twisted vector bundles,
now seen in the light of all the tools developed in previous sections.
The failure of the obvious strategy of proof—as well as how it needs to
be modified—is already visible in this the simplest of examples. After
explaining in what generality we hope to be able to prove our result and
why (§4.2), we take a step back and collect together the exact statements
we will prove in §5, as well as the assumptions they rely on.

We close (§6) by returning one final time to the case of twisted vector
bundles, this time to make connection between the more abstract no-
tions developed in §2-§5 and the more down-to-earth approach of this
Introduction—if only in a case with no connections and no Higgs fields.

Appendix A collects some basic definitions, results and notation con-
cerning oo-group actions in co-topoi, drawing heavily from [NSS12al].

1.4.3. An important remark about topologies. At the beginning
of this introduction we mentioned that we work either in the analytic or
the étale topologies. More precisely, throughout this paper we consider
sheaves, stacks and oco-stacks over any one of the following Grothendieck
sites:

o (Affc,ét): the category of affine complex schemes equipped with
the étale topology, or

e (An,ét): the site of complex analytic spaces endowed with the
topology in which covers are jointly surjective collections of local
isomorphisms—also known as the analytic étale topology.

In a couple of sections (§3.2 and §3.4) we also need the auxiliary site

8These results bear a close resemblance to those in [KPTOS].
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o (Affc g, 6ét): the full subsite of (Affc, ét) consisting of affine schemes
of finite type over Spec C with the induced topology.

Many of our arguments are of a homotopical character: they deal
with the formal structure of the co-topoi in which the objects involved
live in. As such, they are rather topology-agnostic: about the only fact
that is explicitly dependent on the sites detailed above is that

1-A—-H—-K-—=1

is a short exact sequence of (O-truncated oo-)group objects, with A
contained in the center of H (see §4.2.1).

The reader should keep in mind that all of our arguments and results
are to be understood to hold in both topologies of interest unless other-
wise stated. In particular, §2, §4.1 and §5 are deliberately vague, while
63, 4.2 and §4.3 are explicit in the choice of topology.

2. Geometrizing twisted torsors
2.1. Gerbes.

Definition 2.1 ([Gir71]). Let 2) be a (1-)stack over X. We say that
) is a gerbe over X if it is locally nonempty and locally connected.

The first of these conditions means that there exists an open cover
{U; = X }ier of X such that the canonical maps Q) x x U; — U; all have
global sections, while the second one ensures that we can choose said
cover such that the groupoid of global sections of each Q) xx U; — U;
contains a single isomorphism class.

Definition 2.2 ([Gir71, Bre90]). Let G be a linear algebraic group
over C, and ) be a (1-)stack over X. We say that ) is a G-gerbe over
X if it is locally isomorphic to BG x X.

Equivalently, we have ) x x U; ~ BG x U; over U; for each i € I in
a suitable cover. As a sanity check, note that a G-gerbe is a gerbe.

The attentive reader might have noticed that the concept of a G-gerbe
bears a striking similarity to that of a fiber bundle, only now both the
fiber BG and the structure group Aut(BG) are bona fide stacks—rather
than O-truncated objects. We will formalize this thought in §2.3 using
the notion of co-bundles [NSS12a].

However, we can manage with the theory of crossed modules [Whi46]
to prove that G-gerbes are classified by H!(X, Aut(BG)) [Bre90]. Here
the automorphism stack of BG—which goes also by the name of the au-
tomorphism 2-group of G [BL04]—is represented by the crossed module
G — Aut(Q), and H! refers to crossed module cohomology. The exact
sequence of crossed modules,
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(21) 1— [G — Inn(G)] — [G — Aut(G)} — [1 — Out(G)] — 1,

induces an exact sequence of pointed sets,

HY(X,G — Inn(GQ)) — HYX,G — Aut(Q))
2.2
22) Ly HY(X, Out(@)).

Given a G-gerbe ) over X, the Out(G)-torsor classified by S([)]) is
called the G-band of Q).

Definition 2.3. A G-gerbe over X is called a G-banded gerbe if its
G-band is the trivial Out(G)-torsor on X.

In case G = A is abelian, the diagram (2.1) simplifies to
1— [A — 1} — [A — Aut(A)] — {1 — Aut(A)} — 1,
and the sequence (2.2) yields
0= HX(X,A) — H'(X, A — Aut(4)) 2 H(X, Aut(A)).
Proposition 2.4. A-banded gerbes over X are classified by H*(X, A).

In the remainder, we will only deal with A-banded gerbes, so we will
abuse terminology and call them simply A-gerbes, or even just gerbes
if the group A is clear from the context.

2.2. Torsors on gerbes.

2.2.1. Presentations of gerbes. We briefly recall here a presentation
of A-gerbes by gluings of the local pieces BA x U;. Much of the material
and the notation in this section is borrowed from [DPO08|, which the
reader is encouraged to consult for an extended exposition.

Given a class a € H%(X, A), denote by X the A-gerbe that it clas-
sifies”. With the choice of a cover {4 = {U; — X}ies of X and a
representing cocycle a = {aiji}ijrer € Z%(4, A), we have compatible
groupoid presentations of X,

(23) < m = |_|i,j€I UZ] :i:)) U = I_Iie] UZ 7mai7 e>7
and of o, X,
(24) <R::|_|i,j€[UijXA:.::))U:LlieIUi7m7ive>’

The maps in (2.3) are the obvious ones. Those in the presentation (2.4)
of ,X are as follows:
e The source and target morphisms come from those of (2.3) and
the canonical projection 7: R >R ass=somand t =tom.

9More precisely, take X to be any A-gerbe whose equivalence class is given by
a.
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e The identity and the inverse are given by

i

U————R R y R

(Hf,i) N <($;i7i>7 1A) ((x7i7j)7a) — ((1’,j, i)aCLil)

e Finally, the multiplication m is the one encoding the class of the
gerbe:

R xeus R ' R
((x,i,j),a) X (($,j, k)vb) — ((x7i7k)7aijk(x)ab)

We denote by p; and p, the canonical projections R x; s R = R onto
the first and second factors, respectively.

2.2.2. Given the groupoid presentation (2.4) of ,X, descent theory
tells us that an H-torsor on ,X is given by an H-torsor P — U to-
gether with an isomorphism j : t*P — s*P rendering commutative
the following diagram:

j2¥]
pis*P — " pit*P

AN
/

p3s*P
m*j A
m*t* P =———= p5t'P
The map j breaks up into a collection of isomorphisms of H-torsors:
{hij . t*P

*
UinA s P

UinA}i,jez'

These induce isomorphisms h;;(z, a) of the fiber H over each point (z, a)
of the base U;; x A commuting with the tautological right action of H
on itself; that is to say, each h;j(x,a) acts as left multiplication by an
element of H. In terms of these the cocycle condition (2.5) results in
the equation

(2.6) hij(x,a)hji(x,b) = hi(z, ogji(z)ab),

for x € Uijk-

Though the H-torsors s*P = n*s*P and t"P = #n*t*P obviously
descend to R, there is in general no hope for j to do so too unless
we impose some additional constraint on it. Since we are performing
descent along the A-torsor 7 : R — ‘R, it is clear that we need to equip
s*P and t* P with A-equivariant structures—Ilifts of the A-action on R
to the total spaces of these torsors—and ask for 7 to be equivariant with
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respect to them. There are two natural choices for such a lift coming
from the trivial and tautological maps from A to H. Indeed, since s*P
and t*P are H-torsors, they come equipped with a right action of H
preserving the fibers of their respective projections to R. Composing
this action with the two maps above yields fiberwise actions of A on
s*P and t*P, respectively. Collating these with the A-action on the
base R yields the required A-equivariant structures on these torsors.

Definition 2.5. We say that an H-torsor (P, j) on X is basic if j is
A-equivariant for the trivial and tautological A-equivariant structures
on t*P and s* P, respectively.

With this choice of A-equivariant structures, j is equivariant if
hij(:E, a)b = hij(:E, ab)

Defining
{hij : t*P‘U — §*P
ij

Uiy }i,jel’

by hij(z) == h;j(x,1) (this abuse of notation should not cause any con-
fusion), equation (2.6) is equivalent to hijhji = a;jrhig, which, in turn,
implies—and is implied by—the conditions

(27) h” = 1, hij == hj_z-l, and hljh]kh]“ = Qj-
The following statement is now clear.

Proposition 2.6. The category of a-twisted H-torsors on X is equiv-
alent to the category of basic H-torsors on the A-gerbe X.

2.2.3. Obstruction gerbes. Given a K-torsor Q — X we can ask
whether there exists an H-torsor giving rise to it through the obvious
map in the long exact sequence of cohomology

(2.8)  HY(X,A) — HYX,H) — H'(X,K) 245 H(X, A).

It is clear that a necessary and sufficient condition is for the A-gerbe
classified by oba([Q — X]) to be trivial; i.e., globally equivalent to
BA x X. We call the latter the obstruction A-gerbe of the K-torsor
@ — X. If it is not trivial, we can only lift @ — X to an ob([Q — X])-
twisted H-torsor on X—this is the reason why some authors prefer the
term lifting gerbe.

To show this, choose a cover U = {U; — X}ier of X that trivial-
izes Q — X, so that the K-torsor is specified solely by the transition
functions k = {k;;}ijer € Z' (U, K). Over each U;, our K-torsor is
trivial and hence liftable to the trivial H-torsor on U;. Over each dou-
ble intersection U;; we can lift the transition function £;; to an element
hij € I'(U;;, H). But in general we cannot make h = {h;;} € C*(U, H)
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into a 1-cocycle; rather,
a= {az’jk = hijhjkhki}

provides a representative for the class of the obstruction gerbe of Q — X.
Different choices of lifts h;; produce different representatives for the class
[a] € H?(4, A).

On the other hand, notice (cf. §1.1.3) that an a-twisted H-torsor
S — X induces an untwisted K-torsor on X by change of fiber: namely,
SxpgK—X.

e 724, A)

i,J,k€l

2.3. Gerbes as principal co-bundles.

2.3.1. In this section, we up the homotopical ante and place our-
selves squarely in the world of oo-topoi (in essence, oco-categories of
oo-stacks on some Grothendieck site). The reader unfamiliar with these
objects is strongly encouraged to peruse the literature before continu-
ing. For oo-categories and oo-topoi, the canonical reference has come
to be [Lur09] (the point of view of [TV05, TVO08| might be more ap-
pealing to algebraic geometers, but we stick with Lurie’s terminology).
Those wanting an introduction to co-categories instead of an encyclope-
dic treatise can read [Grol0]. A short account, particularly tailored to
our purposes, of what an co-topos is can be found in [NSS12a], where
the notion of a principal co-bundle first appeared.

To avoid excessive interruption of our exposition, we refer the reader
to Appendix A for a review of some co-categorical notions and notation.

2.3.2. One of the most important insights of [NSS12a] is that the
classical notion of principal bundle find its most natural home in the
context of oo-topoi. The classical definition requires not only an action
of the structure group on the total space of the bundle, but also the
freeness of said action and a local triviality condition. The authors
of loc.cit. explain how this freeness condition is an artifice: it is only
necessary if we insist on the base of the bundle being a space—that is, a
O-truncated object of the appropriate co-topos. The local triviality, on
the other hand, is tautological when understood in a generalized sense
that is natural from the point of view of co-topoi—the magic words here
being effective epimorphism (Definition A.3).

But once we are willing to accept stacks as bases for these bundles,
we should also admit them as total spaces, and even as structure groups.

Definition 2.7 ([NSS12a, Definition 3.4]).1% Let H be an oo-topos,
G an oo-group object in it, and X € H. A G-principal co-bundle over

10See Appendix A for an explanation of the notation.
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X is an object (P — X) € H/x equipped with a G-action such that
P — X exhibits the quotient X ~ [P//G].

The oo-category of G-principal co-bundles over X is, in fact, an co-
groupoid, denoted GBund(X). The following result states that the de-
looping BG of G classifies these objects.

Theorem 2.8 ([NSS12a, Theorem 3.19]). For all X € H and every
oco-group G, there is a natural equivalence of co-groupoids

GBund(X) ~ Mapy (X, BG),

which, on vertices, maps a bundle P — X to a morphism X — BG (its
classifying morphism, denoted [P — X|) for which P — X — BG is a
fiber sequence.

Although they do not make it explicit, the authors of [NSS12a] do
define the co-category GBund of G-principal co-bundles over arbitrary
bases. Morphisms between G-principal co-bundles over different bases
are defined in the obvious way: if f € Mapg(X,Y), and P — X and
@ — Y are G-principal oo-bundles over X and Y, respectively, we can
pull back Q — Y to X by f, and consider morphisms over X between
P— X and Q xy; X — X.

Corollary 2.9. For every co-group G, there is a natural equivalence
of co-categories
GBund ~ H pg.
We can now use the description of mapping spaces in overcategories
of [Lur09, Lemma 5.5.5.12] to give the following characterization of the
mapping spaces in GBund.

Lemma 2.10. For G an co-group, and P — X and Q — Y any two
G-principal co-bundles, there are natural equivalences of oco-groupoids

Map g (P — X,Q =)
~ MapH/BG ([P — X, [Q — Y])

*
l[P—>X]

~ lim

Mapy (X, Y) &) Mapgy (X, BG)

To simplify notation, we write Map(—,—) for the mapping space
Mapg(—, —) whenever the co-topos H is clear from the context. We
also denote a G-principal co-bundle by its total space whenever no con-
fusion could arise about what the G-action is, and use Mapg(—, —) for
the mapping space Mapapunq(—, —)- In these terms, the conclusion of

Lemma 2.10 reads
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Map (P, Q) ~ lim l[P]

This last bit of notation is meant to evoque the classical case, in direct
analogy of which we refer to the elements of Map (P, Q) as G-equivariant
morphisms between P and Q.

2.3.3. In the case that occupies us, an abelian algebraic group A
gives rise (by delooping) to an oo-group object both in the oco-topos
of complex-analytic co-stacks, and in that of étale co-stacks'!: the clas-
sifying stack BA of A-torsors—the group operation being given by con-
volution of A-torsors.

Definition 2.11. An A-gerbe over a stack X is a B A-principal co-bundle
over X.

This definition generalizes Definition 2.3: it purges it from the choice
of a cover of the base, and thus it works over nongeometric bases too. By
Theorem 2.8, the co-groupoid of such objects is given by the mapping
space Map (%, B2A). The latter is a 2-category, with equivalence classes
given by 7o Map (%, B2A) &~ H?(X, A), in accordance with Proposition
2.4. Following the notation of §2.2.1, we denote by ,X the (any) A-gerbe
over X classified by a € Map (%, B2A)O.12

2.3.4. Consider now the exact sequence of sheaves
1 A—H—>K—1.

It gives rise to a long fiber sequence of stacks—the Puppe sequence—,

1A~ H—- K- BA— BH — BK 24 B2A,

that exhibits BH, the classifying stack of H-torsors, as an A-gerbe over
BK—and induces (2.8) after passage to cohomology.

Definition 2.12 (cf. Definition 2.5).'3 A basic H-torsor on an
A-gerbe ,X is an H-torsor on ,X whose classifying morphism is BA-
equivariant. The category of such objects is the mapping space

Mapg, (a%, BH).

A direct application of Lemma 2.10 provides a presentation of this
(1-)category as a limit:

At this point, any sensible notion of the co-topos of complex-analytic (resp.,
étale) co-stacks can be used. In §3.1 we will make a particular choice.

12We will abuse language by conflating the two, saying that « itself is an A-gerbe.

13A definition in the same spirit appeared in [SSS12].
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MapBA (a%7 BH)

*

(2.9) : la
~ lim )
Map(%, BK) A, Map(%, B2A)

In words: a basic H-torsor on X is given by a K-torsor on X together
with an equivalence between the obstruction A-gerbe of the latter and
oX (cf. §1.1.3).

A remark is in order: in higher homotopical situations, equivariance
is usually extra structure. In the case of Definition 2.12, however, it
truly is just a condition, since both BA and BH are 1-truncated oo-
stacks—in agreement with Definition 2.5.

3. Hodge theory

3.1. 1-localic co-bundles-topoi and their hypercompletions.

3.1.1. Let (C,7) be a Grothendieck site admitting finite limits. There
are two closely related variants of the co-topos of oco-stacks over it:

e We denote by St(C,7)" the hypercomplete oo-topos presented by
both the local injective [Jar87] and local projective [Bla01, Dug01]
model structures on the category [C°P, sSet] of simplicial presheaves
on C. These can also be realized as left Bousfield localizations at
the collection of all hypercovers of the global injective and global
projective model structures, respectively, on [C°P,sSet] [DHIO4].

e Localizing any of the global model structures at the smaller class
of Cech hypercovers yields the so-called I-localic co-topos of co-
stacks on (C,7) [Lur09, Definition 6.4.5.8], which we simply de-
note by St(C, 7).

From their descriptions as left Bousfield localizations it should come
as no surprise that there is a geometric morphism of co-topoi,

St(C,m)" T st(C, ),

in which the right adjoint is fully faithful. This exhibits St(C,7)" as a
reflective sub-oo-category of St(C,7), and is referred to as its hypercom-
pletion (see the discussion above [Lur09, Lemma 6.5.2.9]). Its objects—
which are then said to be hypercomplete—can be described as those oo-
stacks that satisfy descent with respect to all hypercovers, as opposed to
only with respect to Cech hypercovers [Lur09, Theorem 6.5.3.12]. This
difference between descent and hyperdescent disappears if we only work
with truncated objects—that is, oo-stacks whose homotopy sheaves van-
ish above some finite level—; indeed, these are always hypercomplete
[Lur09, Lemma 6.5.2.9]. Notice too that this implies that the 1-topoi of
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0-truncated objects of these two co-topoi coincide: they can be realized
as (the nerve of) the classical 1-topos of sheaves of sets on (C, 7):

7<0St(C,7)" ~ 7<St(C,7) ~ Sh(C, 7).
3.1.2. The key technical advantage of the 1-localic version over its hy-
percompletion lies in the fact that geometric morphisms are determined
by their O-truncations. The concrete statement, letting Fun,(X,Y) de-
note the oco-category of geometric morphisms between two oco-topoi X
and Y (with the right adjoint mapping X to Y), is the following:

Proposition 3.1 ([Lur09, Lemma 6.4.5.6]). For any oo-topos X,
restriction induces an equivalence

Fun*(DC, St(C, T)) — Fun*(TS():X:, Tgost(c, T)) .

In the succeeding sections, we will encounter several sites together
with functors between them that are classically known to induce geomet-
ric morphisms between their associated 1-topoi of sheaves of sets—they
are either continuous or cocontinuous in the terminology of [SGA4;].
We will then immediately be able to lift this geometric morphisms to
the 1-localic co-topoi of co-stacks over them.

The reader that feels more comfortable working in the hypercomplete
oo-topos St(C,7)" can breathe a sigh of relief knowing that these two oo-
topoi coincide when the 1-topos of their O-truncated objects has enough
points—which is certainly the case for the sites that we examine below.

3.2. Towards cohesive structures.

In this section, we recall the theory of the de Rham construction for
oo-stacks of [ST97]. Almost all of the material is contained in loc. cit.
Perhaps the only novelty resides in the pervasive use of the language of
oo-categories. On the one hand, this streamlines certains aspects of the
theory; on the other, it allows us to state all of the results at the oo-
categorical level and not only at the level of their homotopy categories.
3.2.1. Let (C,7) be any one of the following Grothendieck sites:

o (Affc,ét): the category of affine complex schemes equipped with
the étale topology;
o (Affc g, ét): the full subcategory of the above consisting of affine
schemes of finite type over Spec C with the induced topology; or
e (An,ét): the site of complex analytic spaces endowed with the
topology in which covers are jointly surjective collections of local
isomorphisms—also known as the analytic étale topology.
Of course these three sites are intimately related: the first two in the
obvious fashion, and the last two through the analytification functor—
of which we will say more in §3.4. In this section, we generically refer
to an object in any of these categories as a representable space.
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For any of the choices above, let C,.q be the full subcategory of C
consisting of geometrically reduced representable spaces—made into a
site by giving it the induced topology. The inclusion functor j possesses
a right adjoint, red, that exhibits the first as a coreflective subcategory
of the second:

(3'1) C {—red —

I'ed ;]_)C

The usual yoga of functoriality of categories of presheaves [SGA4;, Ex-
posé 1, §5] yields an adjoint quadruple,

(3.2) G4 g 2redy 4 g Xred* 4 ' =red,,
between the categories [C°P,Set] and [Cf‘;,Set] of presheaves of sets

on C and C,eq, respectively. Since both j and red are continuous and
cocontinuous [SGA4;, Exposé III], these four functors descend to give
another adjoint quadruple of functors, this time between their respective
categories of sheaves of sets. Furthermore, C and C..q both possess
finite limits, and hence we can use Proposition 3.1 to lift the last three
functors'# of (3.2) to their 1-localic co-topoi of co-stacks:

F
(33) St(credvT) s St(C)T)'
— 7 —

Denote by Red = j o red the idempotent comonad associated to the
pair (3.1), which sends a representable space to its induced reduced
representable subspace. The adjoint quadruple (3.2) induces an adjoint
triple

Red = jioj* 4 Red”2j"oj. - Red.=j.oj,
of endofunctors on [C°P,Set]; again, the last two can be lifted all the
way to the oo-level:

——

(34) St(C,T) <— (*)dR_ St(ch)7
where, following the notation of [ST97, Proposition 3.3|, we denote the
functors Red® and Red, (at the level of the oo-topoi) by (—)qr and 9,
respectively. The first of these receives the name of de Rham functor,
and the image of an oco-stack X under it is its de Rham stack, XqRr.

The counit Red — id of the comonad Red induces a natural transfor-
mation id — (—)qgr of co-functors. We say that an oo-stack X is formally

HSince j does not preserve finite limits, ji does not either and hence the pair
Jr =47 is not a geometric morphism.
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smooth if the natural morphism X — X4g is an effective epimorphism—
that is, if its de Rham stack is (equivalent to) the co-colimit of the Cech
nerve of X — Xgg. If X is O-truncated this definition coincides with the

classical one, which is nothing but the infinitesimal lifting property.
3.2.2. Let * denote the terminal category. We can extend (3.1) to a

diagram

Here 7 (resp., meq) is the unique functor to #, and its right adjoint
i (resp., ireq) takes the unique object of * to the terminal object of C
(resp., Creq). The following relations are easy to check:

(3.5)  meqored =7, TWOj=Tred, JOlred =71 Tedoi= iyq.
As before, we obtain an adjoint quadruple of functors,
(3.6) m oA o=y A om = A o=,

(37) (reS}l, Tred,! . W:Cd = Z‘red,! = Trred,* = i;kod = 7T1!red = Z‘red,* )7
between the appropriate categories of presheaves of sets. Now, i (resp.,
ired) is both continuous and cocontinuous and hence the last three func-
tors in (3.6) (resp., (3.7)) descend to the categories of sheaves of sets!®
, and then lift via Proposition 3.1 to the 1-localic co-topoi of oco-stacks.
From its avatar as ¢* (resp., %) it is obvious that 7, (resp., Tyed «) is
nothing but the canonical functor of global sections, which we denote
by I' (resp., I';eq) following the standard terminology; its left adjoint, 7*
(resp., m}4), is then the extension to oo-stacks of the locally constant
sheaf functor, which we denote by const (resp. constyeq). All in all, we
have the following diagram of oo-functors:

.l

—j —
St(Creq, 7) — j» — St(C, 1)

— i —
N
RN\

ooGpd
The equalities (3.5) yield a natural equivalence of geometric mor-
phisms of co-topoi,

151t is easy to get fooled into thinking that 7 (resp., Tred) preserves covers. The
fact that this is not true stems from the fact that there are empty representable
spaces in C (resp. Cred). I thank Urs Schreiber for clearing my confusion about this
point.
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(3.9) ju 0 constreq ~ const 4 '~ Tyeq 0 j,

which, together with the counit of the adjunction const,eq = I'veq, implies
the existence of a natural transformation

dis := const o I' ~ j, o constyeq © 'veq Oj! — Jx Oj! ~ 4,

from the functor that associates to an oo-stack the constant oco-stack
on its global sections, to the right adjoint to the de Rham functor. In
the case (C,7) = (An,ét), the relationship between these two is ex-
tremely simple for stacks that are deloopings of 0-truncated group ob-
jects.

Proposition 3.2 ([ST97, Proposition 3.3]).
(i) For any complex Lie group G, 6(BG) ~ B(dis(G)).
(ii) For any abelian complex Lie group A, 6(B™A) ~ B"(dis(A)).

3.2.3. Although the functor const (resp., constq) might not have a
further left adjoint—and even if it does, the latter is never induced by
m (resp., Tred,)—it does preserve finite limits and hence possesses a
pro-left adjoint [SGA4;, Exposé I, §8.11] known as the fundamental
pro-oo-groupoid functor [Hoy13| (see also [Lurl2, Appendix A] and
[Sim96b)):
I : St(C,7) — Pro(ocoGpd),
(resp., Ioored : St(Cred, 7) — Pro(coGpd) ).

We will go no further in the study of this functor. Here we simply
note that the natural equivalence (3.9) of geometric morphisms implies
a natural equivalence of co-functors,

(310) Hoorod o ]* =~ HOO,

that we will use below in a cohomology computation.

3.2.4. We close this section with a comment about its title. Inspired by
work of Lawvere [Law05, Law07] in the context of 1-topoi, Schreiber
defines a cohesive oo-topos [Sch13, §3.4] to be an oco-topos H whose
global sections geometric morphism extends to a quadruple

« >
r—s
(3'11) H <— const —

ooGpd,

of adjoint oo-functors in which both adjoints to I' are fully faithful
oo-functors, and Il preserves finite products. In similar form, this
structure already appears in [ST97] and [KRO0O].

We have come close to exhibiting our co-topoi St(C,7) as cohesive
oo-topoi. Indeed, we are only missing that the pro-left adjoint to const
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should actually land in coGpd rather than in Pro(coGpd), and that it
preserves finite products. It seems altogether possible that this is true in
the analytic category, for [ST97, §2.16] constructs this functor explicitly
at the level of the homotopy category. It is doubtful, though, that
the same holds in the algebraic context, since there Il,, should encode,
among other things, the étale fundamental group, which is often a true
pro-algebraic group.

If 5 in (3.2) also lifts to the oo-level, (3.3) realizes what Schreiber
calls an infinitesimal cohesive neighborhood [Sch13, §3.5]. Although we
do believe that this should be the case for any and all of our choices of
(C,7), we do not have a proof of this fact.

3.3. The case of a smooth projective variety.

In this section, we restrict ourselves to the analytic topology. The alge-
braic counterpart is the concern of the next section.

3.3.1. The classical nonabelian Hodge correspondence. For X
a smooth projective variety, the (n + 1)-simplices of the Cech nerve of
X — Xgr are given by the formal completion of the main diagonal
in X*". Furthermore, the oo-colimit of this simplicial object agrees
with the ordinary colimit of its 1-truncation, and so Xggr can be simply
realized as the quotient of X by the formal completion of the diagonal
in X x X:
Xar = [(XxX)g:;X .

Coherent sheaves over Xgr are then easily seen to be the same thing as
crystals of coherent sheaves on X in the sense of Grothendieck [Gro68al:
that is, vector bundles with flat connection.

On the other hand, Higgs bundles can be codified as vector bundles
on the so-called Dolbeault stack of X. The latter is the deformation of
X4r to the normal cone, and can be realized as the quotient of X by the
formal completion of the zero section in the total space of its tangent
bundle [Sim97a]:

Xpo| = [TXS = X].
The nonabelian Hodge theorem can be succinctly expressed in terms of

these stacks.

Theorem 3.3 ([Sim92]). For G a linear algebraic group over C,
there is an equivalence

Map(XdR, BG) ~ Map (XD017 BG) SS,O?
where Map(XDol,BG)S&O is the full subcategory of Map(XDolvBG)

whose objects are semistable Higgs bundles with vanishing first and sec-
ond Chern numbers. This correspondence is natural in G.
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Let us remark that the use of mapping co-groupoids—as opposed to
mapping oo-stacks—is essential in this statement.

3.3.2. Let A be an abelian linear algebraic group over C. The coho-
mology of Xgr (resp., Xpo1) with coefficients in A can be expressed in
terms of the de Rham (resp., Dolbeault) complex of X with coefficients
in A introduced in Definition 1.11 (resp., Definition 1.13):

dRA — [Am)%@a#gg(@a#...}’
(resp., Dol§ = [A#Q&@a#&)g(@a#%u] )
Lemma 3.4. 7; Map(Xgr, B¥A) 2 HF~/(X, dR%).

Proof. The holomorphic Poincaré lemma asserts that dRﬁz is a reso-
lution of the sheaf dis(A). Using (3.4) and Proposition 3.2, we have

7 Map (Xar, B¥A) = m; Map (X, §(B"A))
=~ m; Map (X, B¥(dis(A)))
= H"(X,dis(A))
~ H*(X,dR%). q.e.d.
Lemma 3.5. 7; Map(Xp,l, BFA) = H*=# (X, Dol%).

Proof. An abelian linear algebraic group factors as a direct sum of
copies of G,,, G, and a finite abelian group (see §4.2.1). Since delooping
commutes with finite products, it is enough to check each of these cases
separately. For A = G, the calculation is classical (see, e.g., [SIm97b,
Proposition 3.1]) and we omit the proof.

Let F' be a discrete group—a class to which finite groups belong—,
so that F' ~ dis(F’). Since dis = constoI and const has Il as a pro-left
adjoint, we have

Map(.’{, BkF) ~ Map(.’{, const Bk(FF)) ~ Map(Hoo.’{, Bk(FF));

that is, the cohomology of a stack X with coefficients in I’ depends only
on its fundamental pro-oco-groupoid. We now claim that

(3.12) Moo Xpot = Moo X,

which implies the lemma for A = F.

In order to prove (3.12), we proceed by a series of reductions'®. For
the first one we observe that Xpg is defined as the quotient of X by
TX7), and that II, commutes with co-colimits. Hence it is enough to
check that

oo (TXH) ™ ~ T X,

Pun definitely intended.
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for every m > 1. But TX{ is given as the colimit of the infinitesimal
neighborhoods T'X [8] of the zero section in T'X, and so we only need to

show that
o (TX )™ ~ T X,

for every m > 1 and s > 1. Now, since both X and (TX[S])XXm
are representable spaces (in the terminology of the last section), and

Red(TX[g])XXm = X, we have
7 (X)) = rea (rx) ™)
= red o j o ved ((TX13) ™)
= red(X) = *(X),
and (3.10) finishes the proof:
Moo (TXEN) ™ ~ T 0 57 ((TX[S]) me> ~ Tored © 75 (X) = T X,

Finally, the exponential sequence and the cases of G, and Z—a dis-
crete group for sure—imply the statement for A = G,,. q.e.d.

The above computations suggest what our coveted cover- and cocycle-
independent versions of Definitions 1.11 and 1.13 should be.

Definition 3.6. A flat A-gerbe over X is an A-gerbe over XyR.
Definition 3.7. A Higgs A-gerbe over X is an A-gerbe over Xpg.

3.3.3. The Hodge correspondence for gerbes. Since the coefficient
groups of gerbes are abelian, we might expect that abelian Hodge the-
ory should relate their flat and Higgs versions. There is, however, one
important restriction—which is, in fact, the only thing that makes the
twisted correspondence we aim to prove non-trivial. Namely, that A can-
not contain any algebraic torus. Indeed, there is no hope of establishing
an equivalence between Map(XdR, B2Gm) and Map (XDOl, Bsz) or
a full subcategory thereof, for the automorphism 1-categories of objects
in these (2-)categories are given by

QMap (Xar, B*G,) ~ Map(Xqr, BGy,),
and

Q Map(XD017 B2Gm) = Map (XD017 BGm)7
respectively. But Theorem 3.3 establishes an equivalence between the
first of these and the full subcategory of the second on the degree zero
Higgs G,,-torsors (the semistability condition is trivial in this case, as is
the vanishing of the second rational Chern class: see below). This shows
that any relation between Map (XdR,Bsz) and Map (XDOl,Bsz)
would have to involve restrictions not only on objects, but also on 1-
morphisms.
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Proposition 3.8. Suppose A= GY™ @ F, where F is a finite group.
Then, there is a equivalence of co-groupoids,

Map (Xqr, B2A) ~ Map(Xpo1, B2A),
which is natural in A.

Proof. As in the proof of Lemma 3.5, it is enough to show the state-
ment independently for the cases A = G, and A = p,,. The first follows
from abelian Hodge theory, while the second holds true because pu,, has
trivial Lie algebra, and hence the natural projections X — Xgr and
X — Xpg) induce equivalences

Map (Xar, B*in) ~ Map (X, B*1,,) ~ Map(Xpol, B*ts,)-
Naturality follows from [Sim92, Lemma 2.2]. q.e.d.

3.3.4. Although Proposition 3.8 concerns gerbes, it also contains within
itself a statement about the category of A-torsors on Xpg, since the lat-
ter appears as the automorphism 1-category of the distinguished object
of Map (XDOl, B2A). Namely, that the conditions on semistability and
vanishing of Chern classes of Theorem 3.3 are always satisfied. As we
remarked above, this is not quite so for G,,-torsors on Xpe: we do need
to impose that they are of degree zero—semistability follows from it.

Indeed, a G,,-torsor on Xp,, £, sends an irreducible representation of
G,,—that is, a character—to a Higgs line bundle, for which the semista-
bility condition is obviously vacuous, as is the vanishing of the second
Chern class. If we require that the first rational Chern class of these
line bundles coming from irreps also vanish, then £ sends an arbitrary
representation of G, to a direct sum of degree zero Higgs line bundles,
which is certainly semistable.

We can also prove the claim for A = u,, and A = G, without invoking
the Hodge correspondence for gerbes. In the first case we can use the
same argument of the last paragraph, complemented with the observa-
tion that the Higgs line bundles we obtain now are torsion, and so their
first rational Chern class vanishes automatically.

For A = G, the resulting vector bundles are unipotent, and the Higgs
fields on them, nilpotent. These Higgs bundles can hence be written as
successive extensions of the trivial line bundle equipped with the zero
Higgs field. We finish by observing that the category of semistable Higgs
bundles with vanishing first and second rational Chern classes is closed
under extensions.

3.4. Analytification.

The main purpose of this section is to show that the Hodge correspon-
dences—Theorem 3.3 and Proposition 3.8—also hold in the algebraic
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setting under appropriate assumptions. Our results here will allow us
to work in §5 without explicit reference to the étale or analytic topologies
(see §4.3).
3.4.1. Finiteness conditions on the algebraic side. Let

a: Afoft — Aff(c

denote the inclusion functor of the category of complex affine schemes
of finite type into that of all complex affine schemes. With respect to
the étale topologies on both sides, a is both continuous and cocontinu-
ous and preserves finite limits, and hence the triple of adjoint functors
ar - a* 4 a, between categories of presheaves of sets descends to their
respective categories of sheaves of sets, and ultimately lifts to their 1-
localic co-topoi of co-stacks via Proposition 3.1:

—a—
St(Afoft, ét) ——a*
— a,—>

St(Affc, ét).

An object X € St(Affc,ét) is said to be almost locally of finite type
[Gaill] if it belongs to the essential image of a). Because ay preserves
oo-colimits and finite oco-limits, it is easy to see from their constructions
that the de Rham and Dolbeault stacks of a smooth projective variety
do belong in this subcategory, as is the case for linear algebraic groups
over C.

3.4.2. The analytification functor. Given a complex affine scheme
of finite type, we can produce a complex analytic space & la Serre [Ser56]
in a functorial manner. This analytification functor, an : Affc i, — Anc,
is continuous with respect to the étale topologies on both sides and
preserves finite limits; the same procedure we have used several times
now produces an adjoint pair

St(Affc g1, 6t) — 2. St(An, ét).

The left adjoint, which we have denoted an abusing terminology, is
induced by an; and extends the original analytification functor to all
those oco-stacks on the étale site that are almost locally of finite type.

Given a smooth complex projective variety X, denote by Xqr (resp.
Xpo1) its de Rham (resp. Dolbeault) stack as constructed in the étale
topology following the recipe of §3.3.1. Considering X as a complex-
analytic space through the analytification functor above, we can also
look at its de Rham (resp,. Dolbeault) stack, this time constructed
in the analytic sense; we temporarily denote the latter by X3 (resp.,
XP2). Because analytification commutes with oo-colimits and finite
oo-limits, we have

an(Xgr) ~ X3k (resp., an(Xpol) =~ X]%%l)'
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Moreover, if G is a linear algebraic group over C (resp. A is an abelian
linear algebraic group over C), considered as an étale scheme, denote by
G (resp. A*") its analytification.

The following proposition expresses the fact that the categories we
are interested in are the same in the algebraic and analytic cases, so
that Theorem 3.3 and Proposition 3.8 also hold in the étale topology.

Proposition 3.9. For G a linear algebraic group over C, and A =
GP™ @ F, where F is a finite group, we have

(i) Map(XdR,BG) ~ Map(Xgﬁ,BG“”),

(i) Map(Xpoi, BG)™ ~ Map (X, BG™)*™",
(iii) Map(XdR,BkA) ~ Map(Xgﬁ,BkA“"),
(iv) Map(XDOl,BkA) ~ Map(X]%%I,BkA“”).

Proof. For (i), we refer the reader to [Sim96a, Theorem 9.2]; for a
proof of (ii), to [Sim92, §6].

For the case A = G, (iii) follows from the usual comparison theorem
of de Rham cohomology in the algebraic and analytic settings [Gro68al],
while (iv) is once again a direct consequence of GAGA. The comparison
theorem between étale and analytic cohomology [Mil80, Theorem 3.12]
proves both (iii) and (iv) in case A is a finite abelian group. q.e.d.

4. The twisted correspondence

4.1. Torsion phenomena in the vector bundle case.

With all the technical baggage of the last two sections under our belt,
we return here to the case of vector bundles—or, rather, G L,,-torsors.
Our discussion, in this section, will serve to illustrate the chief diffi-
culty in the obvious approach to proving a twisted nonabelian Hodge
correspondence and point out the main idea of the workaround.

4.1.1. Recall that in §1 we defined twisted vector bundles, twisted
connections and twisted Higgs fields in terms of a cover U of our smooth
complex projective variety X. We condensed all of these concepts into
a few definitions, that we detail in the following table:

de Rham side Dolbeault side
Flat U-G,,,-gerbe Higgs U-G,,,-gerbe
(Definition 1.4) (Definition 1.6)
Basic vector bundle on Basic vector bundle on
a flat U-G,,,-gerbe a Higgs U-G,,,-gerbe

(Definition 1.5) (Definition 1.7)
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Our work in the §2 and §3 was aimed at giving cover- and cocycle-
independent versions of all of these definitions. We remarked at the end
of §3.3.2 that we had succeeded in doing so for the objects in the first row
of the table above. The appropriate counterparts to the definitions in
the second row are simply given by Definition 2.12 applied to Definitions
3.6 and 3.7.

de Rham side Dolbeault side
Flat G,,-gerbe Higgs G,,-gerbe
(Definition 3.6, A = G,,) (Definition 3.7, A = G,,)

Basic GGL,,-torsor on Basic GL,-torsor on

a flat G,,,-gerbe a Higgs G,,-gerbe

Definition 2.12, Definition 2.12,
A=Gy,,,H=GL, A=G,,H=GL,

X = XdR X = XDol

The relation between these two tables is that between Cech and
sheaf cohomology. Indeed, suppose (g, w, F ) e 72 (Ll, dRi?{”) is a flat
U-G,,-gerbe, and let 8 € Map (XdR, B2Gm)0 be a flat G,,,-gerbe. Then,
if the obvious compatibility condition between these two pieces of data—
namely, that the image of [(g, w, F )] € H? (Ll, dRi?{”) in sheaf cohomol-
ogy coincides with [0] € H? (X, ng’")—, the category of basic vec-
tor bundles on (g, w, F ) is equivalent to that of basic GL,-torsors on
9(Xqr). Of course, the parallel statement about basic vector bundles
on Higgs U-G,,-gerbes and basic G L,-torsors on Higgs G,,-gerbes also

holds.
Theorem 1.8 follows then from what will be the final form of our

theorem for the case of vector bundles.
Theorem 4.1. Let
6 € Map(Xar, B°Gn),,
be a flat G,,-gerbe over X. Then there is a Higgs G,,-gerbe over X,
0 € Map(Xpol, B2Gn),,
for which there is an equivalence
Map g, (9(Xar), BGLn) ~ Mappg, (5(Xpol), BGLy)™,

between the category of basic GLy-torsors on g(Xgr), and that of semi-
stable basic G Ly,-torsors on 5(Xpe1) (see paragraph below).
Conversely, given a Higgs G,,-gerbe over X,

6 €Map (Xpol, B°Gn),,
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we can find a flat G,,-gerbe over X,
6 € Map (Xar, B°Gp),,
for which the same conclusion holds.

The conditions that define the right hand side of this correspondence,
Map g, (7(Xpo1), BGLn)™,

as a full subcategory of the category of basic G'L,-torsors on z(Xpol)
are rather difficult to state. We will build the requisite language in §5.1,
and elucidate them in §5.2 (Definitions 5.9 and 5.11). Until then, we
remind the reader that under the moniker semistable we are hiding not
only semistability conditions proper, but also a form of the vanishing of
Chern numbers condition of Theorem 3.3.

4.1.2. Let 0 € Map(XdR,Bsz)O be a flat G,,-gerbe over X, and

0 e Map (XDOl, BQGm)O a Higgs G,,-gerbe over the same variety. Ac-
cording to (2.9), we can express the categories of basic GL,,-torsors on
one and the other as limits:

Map e, (6(Xar), BGLy,)

*

. le
~ lim )

Map (Xqr, BPGL,) —22s Map (Xag, B2G,,)

(4.1)
Mappgg, (g(XDol), BGL,)

*

~ lim le

Map (Xpot, BPGL,) —222 Map (Xpel, BGy,)

Notice how, as we mentioned several times in the introduction, a basic
G Ly-torsor on g(Xqr) (resp., 5(Xpo1)) determines an honest, untwisted
PG L, -torsor on X4r (resp., Xpol).

The natural attempt at proving Theorem 4.1 would be to try to
relate the terms in one of these limits to the matching ones in the
other in a functorial manner. Omne of the comparisons is easy: the
classical nonabelian Hodge correspondence (Theorem 3.3) provides an
equivalence

Map (XdR, B]P)GLn) ~ Map (XDoh BPGLTL)SS,O’

between the category of flat PG L,,-torsors on X and the full subcategory
of the category of Higgs PG L,-torsors on X on the semistable objects
with vanishing Chern numbers—this is, in fact, one of the two stability
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conditions we will need to impose on the Dolbeault side of our corre-
spondence. However, as we saw in §3.3.3, the Hodge correspondence
fails for G,,-gerbes.

Observe, though, that the above presentation (4.1) of the category
of basic G L,-torsors on g(XDol) as a limit implies that isomorphisms in
Map (XDOl, Bsz) enter into it at the level of objects: restricting these
would then be a restriction on objects of Mappgg (g(XDol), BGLn) and
so the hope for the existence of a twisted nonabelian Hodge correspon-
dence is not all lost.

4.1.3. It is the torsion phenomena that we referred to in the introduc-
tion that allows us to bypass this difficulty; they all stem from the fact
that the determinant map det : GL,, — G,, is a surjective group homo-
morphism that remains surjective when restricted to its center. These
surjectivity properties allow us to write the following commutative di-
agram of linear algebraic groups and homomorphisms with exact rows
and columns:

1 1

L

1— Un — SL, > PGL, — 1

L

(4.2) 1—G,, — GL, > PGL, — 1
l( ) ldet
— Gy,
l |
1 1

From the Puppe sequences associated to the exact sequences above, we
deduce a diagram of oo-stacks, in which the rows and the column are
fiber sequences:

ob,,,
BSL, —— BPGL,, ——— B2y,

Jn
| | [,

b
(4.3) BGL, —— BPGL, —~ B%G,,
e
B%G,,

The second named horizontal map is the universal obstruction G,,-gerbe
for PG L,-torsors, in the sense that, for every oco-stack X, it induces the
map that associates to a PGL,-torsor on X its obstruction G,,-gerbe
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(see §2.2.3). The fact that this map factors through B2, shows that
the nth-power of the obstruction G,,-gerbe of a PG L,,-torsor is always
trivializable.

Lemma 4.2. Let o« € Map (%, B2Gm)0 be a G, -gerbe over an co-stack
X. Then, the category of basic GL,-torsors on ,X is empty unless o'
18 a trivializable G, -gerbe.

Proof. If o™ is not trivializable, the images of the two morphisms into
Map (%, Bsz) in

Mappg,, (a%, BGLn)
*

~ lim la ,

Map (X, BPGL,) —25= Map(X, BG,,)

land in different connected components. q.e.d.

This provides a uniform explanation for all the occurrences of torsion
in the introduction, from that of the bare, underlying G,,-gerbe to that
of the twisted connections and twisted Higgs fields. It also suggests how
we might get around the fact that the Hodge correspondence does not
hold for G,,-gerbes: by using that it does for u,-gerbes. Indeed, lifting
0 e Map(XdR, B2Gm)0 (resp., geMap (XDOl, B2Gm)0) to a u,-gerbe
0" € Map(Xar, Bz,un)o (resp., ¢’ e Map (XDot, B2um)0), the approach
of §4.1.2 establishes an equivalence between
*
lim l ,

Map (Xqr, BPGL,) —2 Map(Xag, B2fim)

and a subcategory of

*

lim lel

Map(Xpot, BEGL,) —22 Map(Xpoi, B i)

\
It is now a matter of

e studying the set of possible liftings, and
e establishing the relationship between these limits and that those
defining the categories

Mappg,, (o(Xar), BGLy),

and
MapBGm (g(XDol)a BGLn) .
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Before doing this in §5, we investigate how to generalize (4.2) to groups
other than GL,,.

4.2. A digression on algebraic groups.

4.2.1. In this section, we deal with linear (equivalently, affine) alge-
braic groups over C. Their theory, as worked out in, e.g., [DG70],
regards them as sheaves on the big fppf site of SpecC. Our first obser-
vation says that we can lift the whole theory to the étale topology.

Lemma 4.3. Let G be a linear algebraic group over C, and N a
closed normal subgroup. Then,
1) N s a linear algebraic group,
2) the fppf quotient G/N is representable by a linear algebraic group,
and
3) the fppf quotient G/N 1is also a quotient in the étale topology.

Proof. The first statement is obvious, since a closed subscheme of an
affine scheme is affine. The second is [DG70, III, §3, 5.6]. To prove the
third one, notice that the quotient map G — G/N is an fppf morphism
[DGT70, 111, §3, 2.5 a)] with smooth fibers—all of them are isomorphic
to N, which is smooth by a theorem of Cartier’s [DG70, II, §6, 1.1
a)]—, hence smooth; and smooth morphisms have sections étale-locally.

q.e.d.

Should we want to stay on the algebraic—by which of course we mean
étale—side, the preceding lemma is all we need. If, however, we want to
work in the analytic topology, we have to take one more step and use the
analytification functor of §3.4. But because the latter is exact and all of
our constructions rely only on finite limits and colimits, the statements
we use from their structure theory—for which we refer to [Bor91] (see
also [Mil12a, Mil12b])—come through without any problem.

4.2.2. Let H be a connected linear algebraic group over C, A a closed
subgroup contained in its center, and K = H/A. Because A is abelian
it decomposes as a product A = F x G2 x GP* with F finite abelian.

Proposition 4.4. There is a surjective homomorphism of linear al-
gebraic groups k : H — GE" such that the composition A — H - G&"
18 also surjective.

Proof. We can assume that A coincides with the center of H; other-
wise compose the homomorphism constructed below with a projection
onto a torus of the appropriate rank in such a way that the induced map
from the Lie algebra of A to that of the torus becomes an isomorphism.
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Write H as an extension of its maximal reductive quotient H,.q by
its unipotent radical R, H:

1—-R,H — H — Hyoq — 1.

The structure theorem of reductive groups gives a decomposition of
H,cq as the almost-direct product of its radical RH,.q and its derived
subgroup DH,eq:

1— RH.qNDHyeq — RHyoq X DHyoq — Hpoq — 1.

Here RH,eq is the maximal subtorus in Z(H,eq), and the intersection
RH.cq N DH,q is finite.

The canonical projection RH.oq X DHyeq — RHy,eq descends to a
surjective homomorphism

RHred
RHred N DHred 7
that is obviously surjective when restricted to its center. Notice that the
target of this map is again a torus, of the same rank as RH,.q. Compos-
ing with the projection H — H,oq provides the required homomorphism.
q.e.d.

Hred —

Remark 4.5. We insist on the connectedness assumption on H only
because we do not know whether we can extend this last proposition to
the non-connected case. The requirement is superfluous whenever we
can lift the homomorphism above from the connected component of the
identity to the whole group. Since these fit in the exact sequence

1 H' 5 H - moH — 1,

all of our results hold, for example, for groups for which the latter is a
split sequence.

It is an instructive exercise to follow the steps of this last proof in
the case H = GL,, for it exactly reconstructs the determinant map.
Remember that it was the surjectivity of this map—and that of its re-
striction to the center of GL,—that allowed us to construct (4.2). Since
k enjoys the same properties, we have another commutative diagram
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with exact rows and columns:
1

|

1
l
1 > A’ > H' > K > 1
Ll
(4.4) 1 > A > H > K > 1
ol
Ger — G
Lol
1 1

Here we slightly abuse notation by denoting the restriction of x to A by
the same letter. There are two important remarks that we should make
about the kernel A’ of the latter:

e By construction, x is trivial when restricted to the unipotent part
of A, which is hence fully contained in A’.

e On the other hand, the restriction of x to the non-unipotent part
of A induces an isomorphism at the level of Lie algebras, which
in turn leads us to the crucial statement about A’: it contains no
torus part. In other words, A’ satisfies the hypotheses of Proposi-
tion 3.8.

4.3. Recapitulation: statement of the main theorem.

As promised in the introduction, the most general form of our main
theorem involves basic H-torsors on A-gerbes over the de Rham and
Dolbeault stacks of X, where H is a connected'” linear algebraic group
over C, and A a closed subgroup of its center. Under the assumptions
detailed below, the following statement holds.

Theorem 4.6. Let
6 € Map(Xar, B°A),
be a flat A-gerbe over X. Then there is a Higgs A-gerbe over X,
0 € Map(Xp, B2A),),
for which there is an equivalence
Mapg 4 (¢(Xar), BH) = Mapp 4 (35(Xpo), BH)™

between the category of basic H-torsors on ¢(Xgr), and that of semi-
stable basic H-torsors on g(XDol)-

7See Remark 4.5.
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Conversely, given a Higgs A-gerbe over X,
6 €Map (Xpo, B24),,
we can find a flat A-gerbe over X,
6 € Map (Xar, B*A),,

for which the same conclusion holds.

Once again, we defer the precise statement of the semistability con-
ditions on the Dolbeault side to §5.2 (Definitions 5.9 and 5.11). Notice
that Theorem 4.6 recovers Theorem 4.1 when A = G,
H=GL,.
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5. The proof
5.1. Torusless gerbes and rectifiability.

5.1.1. We situate ourselves in the setup introduced in §4.2.2: i.e., we
let H be a connected linear algebraic group over C, A a closed subgroup
contained in its center, and K = H/A. Recall that A decomposes as
A2 F x GPr x GP* with F finite abelian.

Following the same reasoning that took us from (4.2) to (4.3), diagram
(4.4) leads us to the following diagrams of co-stacks:

b ’
BH —— BK —2 4 g2y

L
oby
(5.1) BH —— BK —— B2A
ln
B*GYr
where again the rows and the column are fiber sequences, and k is

induced by the map constructed in Proposition 4.4. It is now clear
what takes on the role that torsion had in the vector bundle case.

Definition 5.1. We say that an A-gerbe over X is k-torsion if its
image under the map
Map (X, B*A) —— Map (X, B*G))
is a trivializable G2 -gerbe.
Lemma 5.2 (cf. Lemma 4.2). Let « € Map(X, BQA)0 be an A-

gerbe over an oco-stack X. Then, the category of basic H-torsors on X
is empty unless X is k-torsion.

Proof. If k(«) is not trivializable, the images of the two morphisms
into Map(%, BQA) in

*

Map (X, BH) ~ lim b la ,
Map (X, BK) —*~ Map (X, B*A)

land in different connected components. q.e.d.

5.1.2. We now seek to give a different presentation of the category
of basic H-torsors on a k-torsion A-gerbe—one that drops the explicit
dependence on the category of A-gerbes in favor of that of A’-gerbes,
for which the Hodge correspondence holds.
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Consider the antidiagonal actions of A’ on A’ x A and H' x A. They
give rise to an exact sequence of augmented simplicial objects in the
category of linear algebraic groups over C'®:

1—> AAXxAJJA — H xAJJA —— K [/[x —— 1

@ b

1 > A > H > K > 1

The augmentations of each of these are, in fact, the quotient maps
of the corresponding actions. Notice that, although the action of A’
described by the leftmost simplicial object seems to be twisted, it is
actually isomorphic to the trivial A’-action on A’ x A.

The Puppe sequences of the rows in (5.2) yield the following diagram
of augmented groupoid objects in the appropriate co-topos of co-stacks:

BE JJs — 2 pagr s 2 BRar

(5.3) l N l

BK > B2A

Here the augmentation of the groupoid object on the left is trivially an
effective epimorphism, while that of the groupoid object on the right is
so because it is induced by the quotient of the trivial A’-torsor on A.
The horizontal maps are composed of the universal obstruction A’- and
A-gerbe for K-torsors, and the trivial maps that pick the natural points
out of B2A’ and B2A.

Now, for any oo-stack X, apply the oco-functor Map (%, —) to (5.3).
After choosing a k-torsion A-gerbe on X, a € Map (.’{, B2A)O, and a lift
o/ € Map(X, B2A’)0 to an A’-gerbe on X, we can extend the resulting
diagram of augmented groupoid objects in co-groupoids to:

(oba,%)//x Map(X, B?A') N //*
Map (X, BK) |/« ——— « Map (X, B2A) //Map ,B2A") ———— /%

R S

Map (X, BK) > Map (}:7 B2A) 4 .

Once again, each vertical map in this diagram realizes the quotient of
the groupoid object above it. Taking limits along the rows we arrive at
the following statement.

¥0nce again, we remind the reader of Appendix A.
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Proposition 5.3. There is an augmented groupoid object in the oco-
topos of oo-groupoids,

M (X, BH')
aps Map (X, BA')
X Map 3€ BA

m

Mappgy (a%, BH)
encoding an action of the (I1-truncated) co-group Map (X, BA’) on
Mapg 4/ (a/.’{, BH/) X Map(%7 BA).
We refer to the augmentation map m above as the multiplication map.

This multiplication m is unfortunately not an effective epimorphism!?

. It turns into one, however, if we restrict to certain connected compo-
nents of the target (see Proposition A.4).

5.1.3. Before exploring this last claim, let us describe what the objects
and morphisms in Proposition 5.3 look like in concrete terms. From the
realization (2.9) of the category of basic H-torsors on ,X as a limit, we
see that its objects are given by pairs

(5.4) (Q SX, oba(Q = X) s aae),

of a K-torsor on X—which we dub the underlying K -torsor of the pair—
together with an equivalence between its obstruction A-gerbe and ,X.
A similar description could be made of basic H'-torsors on X, but
there is a slightly different characterization of these that will later prove
useful for our purposes.

Indeed, recall from (5.1) that the following is a fiber sequence of oo-
groupoids:

A/
Map (X, B2A") —~2 Map (X, B2A) — Map (X, B*GZ").

We can read this as saying that an A’-gerbe can be seen as a (k-torsion)
A-gerbe together with the choice of a trivialization of its image under x.

In particular, think of the obstruction A’-gerbe of a K-torsor @ — X as
its obstruction A-gerbe together with a trivialization

k(oba(Q — X)) —2 920, o pGEr
Similarly, a lift o/ of a can be expressed as the choice of a trivialization

K(aX) —“ X x BGE".

YEffective epimorphisms constitute the left part of an orthogonal factorization
system in any co-topos, which is not necessarily preserved by co-limits [Lur09, §5.2.8]



A TWISTED NONABELIAN HODGE CORRESPONDENCE 499

In this language, to give a basic H'-torsor on X is the same as giving
a triple
(5.5)

(0ba(@ = %)) s k(%)

Q= X, 0ba(Q = %) L5 X, ObA,Q%N Ir /

X x BGEr

The existence of a homotopy F filling the last diagram is what says that
~ is part of an equivalence of A’-gerbes—given by the choice of such a
homotopy.

The first two pieces of data in (5.5) define a basic H-torsor on X
(5.4), and forgetting the homotopy F' is precisely the forgetful func-
tor

(5.6) Mappy (X, BH') —— Mapp, (X, BH)

obtained by taking limits along the rows of the following diagram:

Map (X, BK) o Map (X, B24’) o

In the other direction, completing a pair (Q,) to a triple (Q,~, F) is
not a trivial task, but rather a strong condition on (@, y)—and one that
depends on the choice of o/. Indeed, for a fixed o/, we have two trivi-
alizations of k(0b(Q — X)): namely, o/ o (7) and oba (Q — X). But
the category of trivializations of a trivializable G2"-gerbe is (noncanon-
ically) equivalent to Map (.’{, BG%T), and we have no reason to expect
the two to belong to the same connected component.

On the other hand, the category of equivalences between two (equiv-
alent) A-gerbes is (again, noncanonically) equivalent to Map (%, BA),
and so we have an action map

Mapy 4 (oX, BH) x Map(%, BA) —— Mapp, (X, BH)

(5.7)
((Q,7).L) v > (Q, L)

We can, finally, write the multiplication map m as the appropriate com-
position of the forgetful functor (5.6) and this last map:
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m

| |

Mapp, (X, BH') 7xid Mappgy(oX,BH) o
e p) T N gy~ Mapsa(uX BH)

((Qa’Ya F),E) _ ((Q,’Y),»C) — (Q,ﬁ’}/)

For the sake of completeness, let us also give an expression for the
action of Map (%, BA ) in Proposition 5.3. Seeing A’-torsors as pairs
(L', ) consisting of an A-torsor and a trivialization of its image under
r—just as we did for A’-gerbes—, it is given by

!
Mjrl)\/'iA/ (?/%xéilj ) RN Mapy 4 (o X, BH')
ap(X, x Map (x7 B A)

(5.8) x Map (X, BA')

((Qa’YaF)a'cv (‘C',v:u)) — ((QwC,’%FOM)a('C/)_l‘C)'

5.1.4. With these descriptions in hand, we return to the claim at the
end of §5.1.2.

Definition 5.4. A basic H-torsor on ,X is said to be o/ -rectifiable if
it belongs to the image of the multiplication map m in Proposition 5.3.

In other words, m is an effective epimorphism onto the category of
o/-rectifiable basic H-torsors on ,X, which, in turn, realizes the latter
as the quotient of the co-group action in Proposition 5.3

Lemma 5.5.
Mapp . (X, BH') x Map (X, BA)
Map(%, BA’) '

Map ;4 (o X, BH)” " ~

Proposition 5.6. A basic H-torsor on ,X is o -rectifiable if and
only if the obstruction A’-gerbe of its underlying K -torsor is equivalent
to a’%-

Proof. Necessity is clear, so we just need to prove sufficiency. Let
(Q,7) be a basic H-torsor on ,X, and suppose oba/(Q — X) is equivalent
to o+X. This amounts to the existence of a pair

k(0ba(Q — %)) — Dy k(L)

ObA(Q — %) i) a%7 obA/(Q%%\‘ U/ /

X x BGZr
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Since the category of equivalences between two (equivalent) A-gerbes is
equivalent to Map (%, BA), we can find an A-torsor £ such that ¢ = L.

Hence m((Q, ¢, H), L) = (Q, L) = (Q,7). q.e.d.

Definition 5.7. Let [o] € mo Map (X, B2A). We define L(X)([o]) as
the set of equivalence classes of liftings of the A-gerbe ,X to an A’-gerbe:

L(x)([a)) = {[o’] € mo Map(%, B2A') | ob4([o']) = [a]}.
Corollary 5.8. Let ,X be a k-torsion A-gerbe. Then,

MapBA (ax, BH) ~ H MapBA (a%7 BH) a'—rect.
[o/]eL(X)([a])

Proof. By Proposition 5.6, every basic H-torsor (Q,~y) on X is 0b4/(Q
X)-rectifiable. q.e.d.

Let us make two quick remarks about this sets of equivalence classes
of liftings.

e The concept is only meaningful if ,X is k-torsion, for otherwise
L(X)([a]) is empty. Nevertheless, Corollary 5.8 remains true in
this case by virtue of Lemma 5.2.

e Even if ,X is k-torsion, it is not necessarily true that every ele-
ment in L(X)([a]) is hit by an element of 7o Map (X, BK); that is,

Mapp 4 (X, BH) ofrect might be empty for some [o/] € L(X)([a]).
We could, therefore, restrict the index set of the union in Corollary
5.8 to the intersection of L(X)([a]) and the image of

7o Map (X, BK) —22 1 Map (X, B2A'),

without altering its validity.

5.2. Lifting flat and Higgs A-gerbes.

5.2.1. Choose a pair
0’ € Map(Xar, B*4'),, 0 € Map(Xpo, BA'),

consisting of a flat A’-gerbe on X and a Higgs A’-gerbe on X that
are related to each other under the Hodge correspondence for gerbes
(Proposition 3.8), and denote by

0 == b} (¢') € Map(Xqr, B2A),,,
6 :=ob4 (0) € Map(XDol,B2A)O
the induced (k-torsion) A-gerbes.

Definition 5.9. A basic H’-torsor on 6~,(XD01) is called semistable
if its underlying K-torsor on Xpg is semistable and has zero first and
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second rational Chern numbers. We denote by
Map 4 (5 (Xpol), BH')™.
the full subcategory of the category of basic H’-torsors on 7(XDol) on

the semistable objects.

Proposition 5.10.
Map 4 (¢ (Xar), BH') =~ Mapp 4 (5 (Xpol), BH') ™.

Proof. This is just the obvious attempt that we described in §4.1.2,
only now the Hodge correspondence does hold for A’-gerbes. Indeed,
the two categories in the statement are given by limits,

MapBA, (9/ (XdR)7 BH,)
*

~ lim l ,

Map(Xqr, BK) —24 s Map (Xqn, B2A')
and

Map 4 (5 (Xpo1), BH')”

*

~ lim le,

Map (Xpo1, BK)™° —24% Map(Xpo1, B2A')

respectively, whose constituents correspond to each other—through The-
orem 3.3 for the lower left corners, and Proposition 3.8 for the lower
right ones. These correspondences are compatible, in the sense that the
diagram

Map (Xar, BK) —— Map(Xpo1, BK)™’

lObA/ lObA/

Map (X, B2A') —— Map(Xp,), B24')

is commutative, by grace of [Sim92, Lemma 2.2]. q.e.d.

Definition 5.11. A @'-rectifiable H-torsor on g(XDol) is called semi-
stable if it is the image under the multiplication map m in Proposition
5.3 of a semistable basic H’-torsor on 7 (Xpo1) and a semistable A-torsor
on Xpo with zero first Chern class. We denote the category of these
objects by

0’-rect,ss

Map g (5(Xpol), BH)
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Since the multiplication map m is a quotient map, there is the ques-
tion of whether this definition of semistability depends on the choice of
inverse image. Any two objects of

Mapp 4 (5 (Xpol), BH') x Map(Xpol, BA)

giving rise to the same basic H-torsor on g(XDol) differ by the action
of an A’-torsor on Xp, as in (5.8). However, the latter are always
semistable of degree zero because A’ contains no algebraic torus, and
they remain so after taking their image under obﬁl. Hence, if one of
the objects consists of a semistable basic H’-torsor on (;,(XDol) and a
semistable A-torsor on Xp, with zero first Chern class, so does the
other. In other words, the action of Map(XDOl,BA’ ) preserves the
subcategory

ss,0

Map 4 (5(Xpo1), BH')* x Map(Xp,l, BA)
C Mappu (5 (Xpol), BH') x Map(Xp,1, BA).
Corollary 5.12.

Mappy (9 (Xdr)s BH) §'-rect ~ Mappgy (g(XDol), BH) 9'—7"ect,ss'

Proof. Once again, the obvious approach works: the terms in the
definitions of both of the categories on both sides of this equivalence,

MapBA (6 (XdR)7 BH) 0’-rect
N MapBA, (gl(XdR), BH/) X Map (XdRa BA)
B Map (Xqr, BA') ’

and

6'-rect,ss

Map 4 (5(Xpol), BH)

_ Mapgy (7(Xpo1), BH')™ x Map(Xpo1, BA)

- Map (Xpol, BA) ’
exactly correspond to each other under Theorem 3.3. q.e.d.
5.2.2. In the last paragraph we proved something that puts us very
close to the statement of Theorem 4.6. Indeed, we now have the cate-
gories of interest there written as disjoint unions of categories that are

equivalent to each other through the various Hodge correspondences
(see Corollary 5.12):

Map g4 (9(Xar), BH) ~ H Mapp 4 (¢(Xar), BH)
[0"]e L(Xar)([0])

MapBA (g(XDol), BH) o H MapBA (g(XDol), BH) 9’—rect,ss.
[0)€L(Xpor)([6])

ss,0

0'-rect
M
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All that is left for us to do is match the index sets L(Xggr)([f]) and

L(Xpol)([0])-

Lemma 5.13. The Hodge correspondence for gerbes (Proposition
3.8) induces a surjective group homomorphism

0 Map(XdR, B2A)K_t0r —>» 710 Map (XDob B2A) /i—tor,

between the sets of equivalences classes of k-torsion A-gerbes on Xgr
and Xpel, respectively.

Proof. Consider the following diagram:

0 Map(XdR, BG%T) ——— 19 Map (XDoh BG%T)

| |

mo Map (XdRa BzA/) i} w9 Map (XD017 BQA/)

(5.9) lobg' lobﬁf

™0 Map(XdR,B2A)H_tor ™0 Map(XDol,BzA)H_tor
0 0

The columns are constructed from the Puppe sequence of the exact se-
quence 0 — A" — A — GP" — 0 of abelian linear algebraic groups over
C appearing in (4.4), and are exact sequences of abelian groups. The hor-
izontal morphisms are given by the nonabelian Hodge correspondence
for torsors and the Hodge correspondence for gerbes, respectively.

The existence of the homomorphism in the statement follows from the
realizations of g Map(XdR,BQA)m_tOlr and Map(XDOl,B2A)H_tor
as cokernels. Its surjectiveness is a trivial exercise in homological alge-
bra. q.e.d.

Lemma 5.14. Let [0] € g Map(XdR,BQA)K_tOr be an equivalence

class of k-torsion flat A-gerbes on X, and let [6] be the equivalence class
of k-torsion Higgs A-gerbes associated to it by Lemma 5.13. There is
an injective function

L(Xar)([0]) < L(Xpo1)([0])-

Proof. The set L(Xqr)([0]) (resp., L(Xpo1)([0])) is the inverse image
of [0] (resp., [6]) by ob4’ in (5.9). q.e.d.

On the surface, it now seems like there are more pieces on the Dol-
beault side than there are on the de Rham side. However, remember
that )

Map s (s(Xar), BH)" ™
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<resp., Mappg 4 (g(XDol), BH) el_reCt’ss>

is empty unless

[9’] € im <7T() Map(XdR, BK) Ob—A/> ™0 Map(XdR, B2A/)>

- .0 0by
(resp.7 [0] € im <7ro Map(XDOl,BK)bb’O Bt N Map (Xpai, BZA’)) >

Owing to this next lemma, this last observation finishes the proof of
Theorem 4.6.

Lemma 5.15. In the situation of Lemma 5.14, we have
im (71’0 Map(XdR, BK) % ™0 Map(XdR, BZAI)> n L(XdR)([e]),

5570 ObA/ -~

~im <7T0 1\/Iap(AXDO]7 BK) — T Map(XDO], BZAI)) n L(XDOI)([‘Q])-

Proof. Out of (5.1), Theorem 3.3, Proposition 3.8 and Lemma 5.13,
we construct the following commutative diagram of sets:

~

mo Map (XdR, BQA’) > T Map (XD017 BQA’)

ym/ 0@/

by’ mo Map (Xqr, BK) = w9 Map (XDOl, BK)SS’0 b

ﬁm Ob:\/

™0 Map (XdR, BQA) rtor > ™0 Map (XDob BQA) rtor

Let

Y ss,0 ©0bas

[0'] € im <7To Map (Xpol, BK)™" — 7 Map(Xpol, BzA/)) N L(Xpo1)(0]),

and perform the following operations:

1) lift [¢'] through obas to get an isomorphism class of semistable
Higgs K-torsors on X with vanishing Chern numbers;

2) use the nonabelian Hodge correspondence to obtain an isomor-
phism class of flat K-torsors on X; and

3) push the latter forward by obss to an element

[9/] € mo Map (XdR, B2A/) .

The commutativity of the diagram ensures that

[9/} € im (7T0 Map(XdR,BK) % ™0 Map(XdR,BzA/)) n L(XdR)([GD,
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and that [¢'] — [¢'] under the map

L(Xar)([6]) = L(Xpa)([6)),
of Lemma 5.14. q.e.d.

6. Twisted vector bundles redux

In this section, we examine a particular case of Corollary 5.8: namely,
that in which

e X = X is a smooth complex algebraic variety (not necessarily

projective), considered as a complex-analytic space;

o A=Gy,, H=_GLy,; and

e [a] =1 is the trivial class in H?(X,G,,).
The absence of connections and Higgs fields will allows us to flesh out
this statement in the Cech-like terms of §1—the analysis of the full-
blown correspondence would be much too cumbersome to be of value.
But beyond the pedagogical benefits of explicating some of the higher
homotopical arguments of §5, we believe the following Proposition to be
interesting in its own, for it provides an application of twisted bundles
to the study of objects as classical as vector bundles.

One word with respect to notation: for A = G,, and A = p,,, we will
use the symbol 1 to denote both the natural point

x* — B%A,
and the induced
* ~ Map (X,*) — Map (X, B*4),
which, at the level of equivalence classes of objects, picks out the trivial
class in H?(X, A).
Proposition 6.1. There is an equivalence of categories
Mapg,,, (arX, BSLn) x Map (X, BGm)

Map(x, 1) [] MR e ()

[o']

where [/] ranges over the set
L(X)(1) = ker { H*(X, p,) — H*(X,Gyp,)}.
Proof. Notice that
Mappg, (1X,BGL,) ~ Mappg, (X x BGy,, BGLy,)
~ Map (X, BPGLy) X}K/Iap(X,Bmm)J *
~Map (X, BPGLy Xfng, 1 *)
~ Map (X, BGL,) .
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In words: basic G L,-torsors on the trivial(izable) gerbe 1 X are simply
G L,-torsors on the base X.
Apply now Corollary 5.8 and Lemma 5.5. q.e.d.

6.1. Vector bundles with trivial determinant.

6.1.1. Let £ be a vector bundle of rank n on X. It is an easy fact that
& can be written as the tensor product F ® L of a vector bundle F with
trivial determinant and a line bundle £ if and only if the determinant
line bundle det £ admits an nth root. Indeed, if £ = F ® L, then

det& 2 det F @ L= L"
Conversely, if det £ 2 L™ we can write £ 2 F @ £ with F =& @ L1,

There is, however, an overdeterminacy in this representation of £ as a
tensor product: if £’ is another nth root of det £, then £’ = LN, where
N is a line bundle satisfying N = Ox, and we can write £ = F' @ L'
by choosing ' := F @ N~ 1.

The functoriality of these statements is, however, not immediately
clear. The naive guess would be that the assignment (F, L) — F @ L
extends to an equivalence between

e the category consisting of pairs (F, L) of a vector bundle F of
rank n with trivial determinant and a line bundle £, modulo that
of n-torsion line bundles AN; and

e that of vector bundles whose determinant line bundle admits an
nth root.

Alas, we need to incorporate the trivializations of both det F and N™
for such an equivalence to hold.

6.1.2. In terms of their frame bundles, a pair (F,det F = Ox) of a
vector bundle F of rank n and a trivialization of its determinant line
bundle is an object in the homotopy fiber

hofiber (Map (X, BGL,) %' Map (X, BGm)>
= Map (X’ BGLH) ><(}ilet,Map(X,B(Gm),1 *
~ Map (X7 BGL,, cht,BGm,l *)
~ Map (X, BSL,)
In a more classical terminology, a choice of a trivialization of det F is
equivalent to a choice of reduction of the structure group GL,, of F to
its subgroup SL,,.

Similarly, a pair (M, N"™ = Ox) of a line bundle N together with a
trivialization of its nth power is an object of

hofiber <Map (X, BG,,) " Map (X, B(Gm)>
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= Map (X, BGyn) X(_)x Map(x.56,).1 *

~ Map (X, Buy,) .
Noticing that

Map (X, BSL;,) ~ Mapg,,, (1X7 BSLn),

we see that a piece of Proposition 6.1 is the equivalence between the
category of 1-rectifiable G L,-torsors on X, and the quotient

Map (X, BSL,) x Map (X, G,,) /Map (X, pn)

mediated by the multiplication map of Proposition 5.3—which is noth-
ing but a translation of the tensor product of vector bundles to their
corresponding frame bundles.

Proposition 6.2. There is an equivalence of categories between

e the category consisting of triples (F,det F =2 Ox; L), modulo®®
that of pairs (N, N™ = Ox); and

e that of vector bundles whose determinant line bundle admits an
nth root.

It is induced by the functor (F,det F = Ox; L) — F @ L.

6.1.3. In view of our arguments above, the only thing left to prove is
the following characterization of the essential image of this functor.

Lemma 6.3. A GL,-torsor on X is l-rectifiable if and only if its
determinant G,,,-torsor admits an nth root.

Instead of giving a proper, cover-independent proof of this result, we
will explore a Cech-type argument—the interested reader can translate
it back to such a proof.

Fix a good open cover 4 = {U; };er of X. Torsors (resp., gerbes) on
the open sets U; of 4l are always trivial, and thus torsors (resp., gerbes)
on the whole of X are completely specified by giving a 1-cocycle (resp.,
a 2-cocycle) with respect to 4l with values in the appropriate group.

It will be notationally convenient to identify SL,-valued 1-cocycles
with GL,-valued 1-cocycles with trivial determinant via the isomor-
phism

7ML, SL,) = ker { Z (4, GL,) % 714, G,)}
coming from the exact sequence
0 — ZY 8, SL,) — ZY 8, GL,) —2 214, G,p).

20The notion of quotient here can be extracted from Proposition 5.3.
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Similar considerations will apply to the exact sequences

0 — CY(8L, SL,) — CY(8, GL,) —2s CH(WU, Gyy),

and
0 — CH(, 1) — CF(SL, Gr) =2y EF(81, G),

0 — ZF(W ) — 28U, Gp) L ZH (WU, ),
for k=1,2.

Proof. Suppose that the determinant of g = {g;;} € Z'(4,GL,) ad-
mits an nth root, i.e., that there is m = {m;;} € Z'(U,G,,) satis-
fying detg = m". We can then write g = (gm_l)m with gm_l €
ZY (4, SL,)—the very definition of 1-rectifiability (Definition 5.4).

Conversely, if g € Z Y4, GL,) is 1-rectifiable—that is, if g = hm for
some h € Z' (8, SL,) and m € Z' (U, G,,)—, then detg = m".  q.e.d.

6.2. The case of nontrivial determinant.

6.2.1. It is now clear that the other components on the right hand
side of the equivalence in Proposition 6.1 correspond to vector bundles
whose determinant does mot admit an nth root. We can, in fact, be
more precise.

Proposition 6.4 (cf. Lemma 6.3). A GL,,-torsor on X is o -rectifiable
if and only if o is the image of the inverse of its determinant G,,-torsor
under the map

Map(X, BG,,) — Map(X, B*,)

nduced by the Kummer sequence

0—>un—>Gmi>Gm—>0.

Proof. Once again, we forgo a cover-independent proof in favor of an
argument in terms of cocycles (and cochains) with respect to a good
open cover i = {U; }ier of X.

Let g € ZY(4,GL,) be a vector bundle. A representative for the
image of detg € Z' (4, G,) in H2(8L, y,,) can be computed as follows:
because U;; is simply-connected, we can find m € C L4, G,,) such that
det g = m™; take then

C(det g) = 6CCChm € 22 (u7 /1/77/)
If [c(det g)] = (/) 71, there is a cocycle representative o/ € Z2(8L, )

of o/ € H*(X, ju,) for which c(det g) = (/)" on the nose. Moreover,

because o/ maps to the trivial class in H? (U, G,,), there is a 1-cochain
k€ CY(U,G,,) satisfying d¢enk =0 € Z2(4,G,p).



510 A. GARCIA-RABOSO

Define now h = gm_l and [ = mk. Then
deth = det(gm_l) = (detg)m " =1,

-1
5Cechh = (5Cechg) (5Cechm ) = Q,’
say that h is a basic SL,-torsor on the p,-gerbe X, while

6Cechl = (5Cechm) (5Cechk) = (g/)_lgl = l

implies that [ is a l-cocycle—hence representing a line bundle. The
product hl is then a basic GL,-torsor on the trivial(izable) G,,-gerbe
o X, since 0¢, (Rl) = . But the trivialization k of o/, viewed as a
2-cocycle with values in G,,, establishes an equivalence of the category
of these objects with that of (untwisted) vector bundles on X (cf. the
remarks below Definition 1.5), and sends hl to hl o g—in other
words, g is o/-rectifiable. a

Conversely, choose a representing cocycle o € Z2 (L, py,) of the class
o € H*(X,u,), together with a trivialization k € C'(4,G,,) of its
image in Z2(U,G,,). If h € C'(4,SL,) is a basic SL,-torsor on the
Ln-gerbe X, and [ € Z L(4,G,,) is a line bundle on X, the product
g =hlk " is a vector bundle on X satisfying [c(det g)] = (a/)7!. q.e.d.

Appendix A. oco-groups and their actions
A.1. Mapping co-groupoids in an co-topos.

Definition A.1. Let H be an co-topos. For any two objects X, Y €
H, we denote by Mapg (X,Y') the mapping co-groupoid of morphisms
from X to Y.

Mapping oco-stacks will never appear in our discussion—the main rea-
son being Theorem 3.3 does not hold for the latter.

A.2. Effective epimorphisms in an oco-topos.

Definition A.2. For any morphism X — Y in H, the simplicial
object
C(X =Y): A —— H,

[n] — x5

is called the Cech nerve of X — Y. The map X — Y itself provides an
augmentation of this simplicial object.

Definition A.3. A morphism X — Y in H is an effective epimor-
phism if it is the colimit cocone of its own Cech nerve, i.e., if the map

colimC(X - Y) =Y

induced by the augmentation C'(X — Y)g = X — Y is an equivalence.
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Proposition A.4. A morphism f: X — Y in an oco-topos H is an
effective epimorphism if and only if its O-truncation 1o f : 70X — 1Y is
an epimorphism in the 1-topos ToH.

In particular, every morphism can be factored into an effective epi-
morphism followed by the inclusion of a full subcategory.

A.3. Groupoid objects in an oco-topos.

Definition A.5. Let H be an oo-topos. A groupoid object in H is
a simplicial object G : A — H all of whose groupoidal Segal maps
are equivalences, i.e., such that for every n € N and every partition
[k] U [K'] = [n] into subsets such that [k] N [k] = {*}, the canonical
diagram

gn — gk

[

G —— Go

is an oo-pullback diagram. We write
Grpd(H) C Func(A? H),
for the full subcategory of the co-category of simplicial objects in H on

the groupoid objects.

Lemma A.6. The Cech nerve of a morphism X — Y in H is a
groupoid object.

In fact, all groupoid objects in an co-topos are of this form.

Theorem A.7. There is a natural equivalence of oco-categories
Grpd(H) ~ (HAM)CH,

where (HAM)eH is the full subcategory of the arrow category HAL of H
on the effective epimorphisms. This equivalence is realized by associat-
g to a groupoid object G the map from its object of 0-simplices to its
colimit,

Gy — colim G,
and to an effective epimorphism X — Y its Cech nerve C(X —Y).

A.4. oco-groups.

Definition A.8. An co-group in H is an A, -algebra G in H such
that the sheaf of connected components oG is a group object in the
1-topos 7<oH. Write Grp(H) for the oco-category of oco-groups in H.

Theorem A.9. There is a natural equivalence of co-categories

Q— *
(Q4B): Grp(H) T, HY,
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mediated by the usual looping—delooping adjunction, where H*Z/l 1s the

full subcategory of the category H*/ of pointed objects in H on the con-
nected objects.

We systematically abuse notation by also denoting by B the compos-
ite of the delooping functor with the one that forgets the basepoint and
the connectivity:

Grp(H) = HY, — H.
Combining Theorems A.7 and A.9 yields the following result.

Corollary A.10. There is a natural equivalence of oo-categories
Grp(H) =~ Grpd(H)>1,

where Grpd(H)>1 is the full subcategory of the oco-category of groupoid
objects in H on the objects G satisfying Gy ~ *. This equivalence is
realized by associating to an co-group G the Cech nerve of the effec-
tive epimorphism * — BG, and to a groupoid object G its object of
1-simplices Gy.

These Cech nerves are of the form
. g GxG E, G —= %

and denoted *//G (see next section). Together with the augmentation,
we write

x)/G — BG.

The fact that this augmentation is an effective epimorphism means that
[¥//G] = colim /G —— BG.
A.5. oco-group actions.

Definition A.11. For G € Grp(H) an oco-group object in H, we say
a G-action on an object P € H is a groupoid object P//G of the form

= rxoxG==Pxo=p
1

such that d; : P x G — P is the canonical projection, and such that
the degreewise projections P x G*" — G*" constitute a morphism of
groupoid objects

P|G= - == PxGxG=—=3PxG=——=3P

! | l |

x )G = ---%GXGE}G:;*
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As above, we denote
[P)G] == colim P)|G,

and call it the (0o-)quotient of the groupoid object P/G. The diagram
above then induces a morphism

[P)G] — [*)G] ~ BG.

In fact,
— [P/ G]

!

is an oco-pullback diagram—with effective epimorphisms as rows—, and
so we can recover the whole action from the knowledge of the morphism

[P/G] — BG,
by taking
[P)G]
P ~lim l )
* —— BG

PJ/G ~ C(P — [P)G)),
*/|G ~ C(x — BG).

In other words, P is a G-principal oco-bundle over [P//G| classified by
the morphism [P/ G] — BG.

Definition 2.7. Let G be an co-group object in H, and X € H. A G-
principal co-bundle over X is an object (P — X) € H,x equipped with
a G-action on P such that P — X exhibits the quotient X ~ [P/ G].

Theorem 2.8. For all X € H and every oco-group G, there is a
natural equivalence of co-groupoids

GBund(X) ~ Mapy (X, BG),
which, on vertices, maps a bundle P — X to a morphism X — BG (its

classifying morphism, denoted [P — X|) for which P — X — BG is a
fiber sequence.

Corollary 2.9. For every co-group G, there is a natural equivalence
of oo-categories
GBund ~ H pg.
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