J. DIFFERENTIAL GEOMETRY
107 (2017) 395-453

DEGENERATIONS OF ABELIAN DIFFERENTIALS

DaAawel CHEN

Abstract

Consider degenerations of Abelian differentials with prescribed
number and multiplicity of zeros and poles. Motivated by the the-
ory of limit linear series, we define twisted canonical divisors on
pointed nodal curves to study degenerate differentials, give dimen-
sion bounds for their moduli spaces, and establish smoothability
criteria. As applications, we show that the spin parity of holomor-
phic and meromorphic differentials extends to distinguish twisted
canonical divisors in the locus of stable pointed curves of pseudo-
compact type. We also justify whether zeros and poles on gen-
eral curves in a stratum of differentials can be Weierstrass points.
Moreover, we classify twisted canonical divisors on curves with
at most two nodes in the minimal stratum in genus three. Our
techniques combine algebraic geometry and flat geometry. Their
interplay is a main flavor of the paper.
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1. Introduction

An Abelian differential defines a flat metric on the underlying Rie-
mann surface with conical singularities at its zeros. Varying the flat
structure by GL3 (R) induces an action on the moduli space of Abelian
differentials, called Teichmiiller dynamics. A number of questions about
the geometry of a Riemann surface boil down to the study of its GL3 (R)-
orbit, which has provided abundant results in various fields. To name a
few, Kontsevich and Zorich ([KZ]) classified connected components of
strata of Abelian differentials with prescribed number and multiplicity
of zeros. Surprisingly those strata can have up to three connected com-
ponents, due to hyperelliptic and spin structures. Eskin and Okounkov
([EOQ]) used symmetric group representations and modular forms to
enumerate special GL3 (R)-orbits arising from covers of tori with only
one branch point, which allows them to compute volume asymptotics
of strata of Abelian differentials. Eskin and Masur ([EMa]) proved
that the number of families of bounded closed geodesics on generic flat
surfaces in a GL; (R)-orbit closure has quadratic asymptotics, whose
leading term satisfies a formula of Siegel-Veech type. Eskin, Kontse-
vich, and Zorich ([EKZ]) further related a version of this Siegel-Veech
constant to the sum of Lyapunov exponents under the Teichmiiller geo-
desic flow. In joint work with Méller ([CM1, CM2]) the author applied
intersection theory on moduli spaces of curves to prove a nonvarying
phenomenon of sums of Lyapunov exponents for Teichmiiller curves in
low genus. A recent breakthrough by Eskin, Mirzakhani, and Moham-
madi ([EMi, EMM]) showed that the closure of any GLj (R)-orbit is
an affine invariant manifold, i.e., locally it is cut out by linear equations
of relative period coordinates with real coefficients. More recently Filip
([F]) proved that all affine invariant manifolds are algebraic varieties
defined over Q, generalizing Moller’s earlier work on Teichmiiller curves
(IM&)).

Despite the analytic guise in the definition of Teichmiiller dynam-
ics, there is a fascinating and profound algebro-geometric foundation
behind the story, already suggested by some of the results mentioned
above. In order to borrow tools from algebraic geometry, the upshot is
to understanding degenerations of Abelian differentials, or equivalently,
describing a compactification of strata of Abelian differentials, analo-
gous to the Deligne-Mumford compactification of the moduli space of
curves by adding stable nodal curves. This is the focus of the current
paper.

We use g to denote the genus of a Riemann surface or a smooth,
complex algebraic curve. Let u = (my,...,m,) be a partition of 2g —
2. Consider the space H(u) parameterizing pairs (C,w), where C' is
a smooth, connected, compact complex curve of genus g, and w is a
holomorphic Abelian differential on C' such that (w)o = mip1 + -+ +
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mypy, for distincet points py, ..., p, € C. We say that H(u) is the stratum
of (holomorphic) Abelian differentials with signature p. For a family of
differentials in H(u), if the underlying smooth curves degenerate to a
nodal curve, what is the corresponding limit object of the differentials?
In other words, is there a geometrically meaningful compactification of
H(p) and can we describe its boundary elements?

The space of all Abelian differentials on genus g curves forms a vector
bundle H of rank g, called the Hodge bundle, over the moduli space M,
of smooth genus g curves. Let ﬂg be the Deligne—Mumford moduli
space of stable nodal genus g curves. The Hodge bundle H extends to
a rank g vector bundle H over M,. If C is nodal, the fiber of H over C
can be identified with H%(C, K), where K is the dualizing line bundle of
C. Geometrically speaking, H°(C, K) is the space of stable differentials
w such that @ has at worst simple pole at each node of C' with residues
at the two branches of every node adding to zero (see, e.g., [HMo,
Chapter 3.A]).

Thus it is natural to degenerate Abelian differentials to stable differ-
entials, i.e., to consider the closure of H(u) in H. Denote by H(u) the
closure of H(p) in H. For (C,w) € H, let C be the normalization of C.
First consider the case when w has isolated zeros and simple poles, i.e.,
it does not vanish entirely on any irreducible component of C'. Identify
w with a stable differential @ on C'. Suppose that

( O_ oo —Zalzz“‘Z b,h/ +b”h” _Z(p;g"i'p/k/),

k
where the z; are the zeros of @ in the smooth locus of C, the hl, h] are
the preimages of the node h; which is not a pole of w, and the pj, p/
are the simple poles of @ on the preimages of the node p,. Moreover,
a; > 1 is the vanishing order of @ at z;, and b;, b;’ > 0 are the vanishing
orders of w on h;, h j’ , respectively. Our first result describes which strata
closures in H contain such (C,w).

Theorem 1.1. In the above setting, we have
(C,w) € H(-+ ,ai, - ,b;-—i—l,b;/—‘rl,”').

Comparing to the signature of @, the notation (-~ -, a;, -+, b;+1,b7+
1,---) means keeping all a; unchanged, adding one to all b;,b;’ , and

getting rid of all —1. We remark that when w vanishes on a component
of C, we prove a similar result (see Corollary 3.4).

Even though H has a nice vector bundle structure, a disadvantage of
compactifying H(p) in H is that sometimes it loses information of the
limit positions of the zeros of w, especially if w vanishes on a component
of the underlying curve. Alternatively, we can consider degenerations in
the Deligne—Mumford moduli space ngn of stable genus g curves with
n ordered marked points by marking the zeros of differentials in H(u).
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For 1 = (m1,...,my,) an ordered partition of 2g—2, let P(u) C My
parameterize pointed stable curves (C, z1,..., 2z,), where mjz; + -+ +
My 2y 1S a canonical divisor on a smooth curve C. We say that P(u) is
the stratum of (holomorphic) canonical divisors with signature p. If we
do not order the zeros, then P(u) is just the projectivization of H(u),
parameterizing differentials modulo scaling. Denote by P(1u) the closure
of P(p) in Mgy

Inspired by the theory of limit linear series [EH1], we focus on nodal
curves of the following type in M, ,,. A nodal curve is of compact type if
every node is separating, i.e., removing it makes the whole curve discon-
nected. A nodal curve is of pseudocompact type if every node is either
separating or a self-intersection point of an irreducible component. We
call a node of the latter type a self-node or an internal node, since both
have been used in the literature. Note that curves of compact type are
special cases of pseudocompact type, where all irreducible components
are smooth.

For the reader to get a feel, let us first consider curves of compact
type with only one node. Suppose (C,z1,...,2,) € Mg, such that
C = C1 U, Co, where C; is smooth and has genus g;, and ¢ is a node
connecting C7 and Cs. In particular, the marked points z; are different
from . Define

as the sum of zero orders in each component of C. Our next re-
sult determines when the stratum closure P(u) in M, ,, contains such

(Cyz1y. .y 2n).

Theorem 1.2. In the above setting, (C,z1,...,2,) € P(p) if and
only if
Z mjz; + (29; — 2 — M;)q ~ K,
ZjGCi

fori=1,2, where ~ stands for linear equivalence.

For curves of (pseudo)compact type with more nodes, we prove a
more general result (see Theorem 4.14 and Remark 4.15). In general,
we remark that for a pointed nodal curve of pseudocompact type to be
contained in P (1), the linear equivalence condition as above is necessary,
but it may fail to be sufficient (see Example 4.5 and Proposition 4.6).

For curves of non-pseudocompact type, extra complication comes into
play when blowing up a non-separating node and inserting chains of ra-
tional curves in order to obtain a regular smoothing family of the curve.
We explain this issue and discuss a possible solution in Section 4.5. We
also treat certain curves of non-pseudocompact type in low genus by an
ad hoc method (see Section 7).
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A useful idea is to thinking of the pair

> omizi+ (200 —2— Mg, Y myzi+ (292 — 2 — Ma)q |
z;€C 2;€C3

appearing in Theorem 1.2 as a twisted canonical divisor (see Section 4.1),
in the sense that each entry is an ordinary canonical divisor on C;. Note
that if 2g; — 2 — M; < 0, then it is not effective, i.e., the corresponding
differential on Cj; is meromorphic with a pole. In general, we call such
C; a polar component. Conversely if on C; a twisted canonical divisor
is effective, we call it a holomorphic component.

Therefore, it is natural to enlarge our study by considering meromor-
phic differentials and their degenerations, also for the sake of complete-
ness. Take a sequence of integers u = (ki,...,kr,—l1,...,—ls) such

that k;,1; > 0, and
k=Y =292
i=1 j=1

We still use H(u) to denote the stratum of meromorphic differentials
with signature p, parameterizing meromorphic differentials w on con-
nected, closed genus g Riemann surfaces C' such that

(w)o — ( oo—zkzl lepj,

for distinct z;, p; € C. We sometimes allow the case k; = 0 by treating
z; as a marked point irrelevant to the differential. Let P(u) be the
corresponding stratum of meromorphic canonical divisors with signature
1. As in the case of holomorphic differentials, ordering and marking the
zeros and poles, we denote by P(u) the closure of P(u) in My, with
n =r+s. As an analogue of Theorem 1.2, we have the following result.

Theorem 1.3. Suppose C = (C1UyCa, 21, ..., 21, D1,y - - -1 Ds) € Mg
is a curve of compact type with one node q such that C; has genus g;
and both C; are polar components. Then C € P(ky,... kp, —l1,...,—ls)
if and only if

D kjzi— > Inpn + (290 — 2 — My)g ~ Ko,

Z]'GC' preC;
fori=1,2, where My =3 ¢,k theCi I
Again, here we treat the pair ZZ co, kizj =2 e, npn + (29i — 2 —

M;)q as a twisted meromorphic canomcal dwz’sor on C. For curves of
(pseudo)compact type with more nodes, we prove a more general result
for twisted meromorphic canonical divisors (see Theorem 4.20). We re-
mark that in both holomorphic and meromorphic cases, the upshot of
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our proof is to establish certain dimension bounds for irreducible com-
ponents of moduli spaces of twisted canonical divisors (see Section 4.2).

Note that for special signatures p, P(u) can be disconnected. Kont-
sevich and Zorich ([KZ]) classified connected components for strata
of holomorphic differentials. In general, P(u) may have up to three
connected components, distinguished by hyperelliptic, odd or even spin
structures. When these components exist, we adapt the same notation
as [KZ], using “hyp”, “odd” and “even” to distinguish them. Recently
Boissy ([Bo]) classified connected components for strata of meromorphic
differentials, which are similarly distinguished by hyperelliptic and spin
structures. Therefore, when P(x) has more than one connected compo-
nent, one can naturally ask how to distinguish the boundary points in
the closures of its connected components.

For hyperelliptic components, it is well-known that a degenerate hy-
perelliptic curve in M, can be described explicitly using the theory of
admissible covers ([HMul), by comparing to the moduli space of sta-
ble genus zero curves with 2g + 2 marked points, where the marked
points correspond to the 2g + 2 branch points of a hyperelliptic double
cover. In this way we have a good understanding of compactifications
of hyperelliptic components. For spin components, the following result
distinguishes their boundary points in the locus of curves of pseudocom-
pact type.

Theorem 1.4. Let P(u) be a stratum of holomorphic or meromor-
phic differentials with signature p that possesses two spin components
P(1)°% and P(p)eve™. Then P(p)°% and P(u)v™ are disjoint in the
locus of curves of pseudocompact type.

However, we remark that in the locus of curves of non-pseudocompact
type in Mg,n, these components can intersect (see Theorem 5.3).

For a point p on a genus g Riemann surface C, if h%(C, gp) > 2, we
say that p is a Weierstrass point. The study of Weierstrass points has
been a rich source for understanding the geometry of Riemann surfaces
(see, e.g., [ACGH, Chapter I, Exercises EJ]). In the context of strata
of holomorphic differentials, for example, if myzy + -+ + mp2, is a
canonical divisor of C' such that m; > g, then it is easy to see that z;
is a Weierstrass point. Furthermore, the Weierstrass gap sequences of
the unique zero of general differentials in the minimal strata P(2g — 2)
were calculated by Bullock ([Bu]). Using techniques developed in this
paper, we can prove the following result.

Theorem 1.5. Let (C,z1,...,2,Dp1,...,Ds) be a general curve in (the
non-hyperelliptic components of ) P(ki, ..., ky,—l1,...,—ls) with s > 0.
Then z; is not a Weierstrass point.

We also establish similar results as above in a number of other cases
(see Propositions 6.5 and 6.6).
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This paper is organized as follows. In Section 2, we introduce basic
tools that are necessary to prove our results, such as limit linear se-
ries and admissible covers. In Section 3, we consider degenerations of
Abelian differentials in the Hodge bundle H and prove Theorem 1.1. In
Section 4, we consider degenerations of canonical divisors in M, , and
prove Theorems 1.2 and 1.3. In Section 5, we consider boundary points
of connected components of H(u) and prove Theorem 1.4. In Section 6,
we study Weierstrass point behavior for general differentials in #H(u)
and prove Theorem 1.5. Finally, in Section 7, we carry out a case study
by analyzing the boundary of P(4) in M3 ; in detail.

Our techniques combine both algebraic geometry and flat geometry.
The interplay between the two fields is a main flavor throughout the
paper. For that reason, we will often identify smooth, complex alge-
braic curves with Riemann surfaces and switch our language back and
forth.

A cknowledgments. The author is grateful to Madhav Nori and Anand
Patel for many stimulating discussions. The author also wants to thank
Matt Bainbridge, Gabriel Bujokas, Izzet Coskun, Eduard Duryev, Alex
Eskin, Eduardo Esteves, Simion Filip, Sam Grushevsky, Joe Harris,
Yongnam Lee, Martin Moller, Nicola Tarasca, and Anton Zorich for
relevant conversations and their interests in this work. Quentin Gen-
dron informed the author that he has obtained some of the results in
Sections 5 and 7 independently (|G]), the methods being in some cases
related, in some cases disjoint, and the author thanks him for commu-
nications and comments on an earlier draft of this work. Results in this
paper were announced at the conference “Hyperbolicity in Algebraic
Geometry”, Ilhabela, January 2015. The author thanks the organizers
Sasha Anan’in, Ivan Cheltsov, and Carlos Grossi for their invitation and
hospitality. Finally, the author thanks the referees for helpful comments
on the paper.

2. Preliminaries

In this section, we review basic background material and introduce
necessary techniques that will be used later in the paper.

2.1. Abelian differentials and translation surfaces. A translation
surface (also called a flat surface) is a compact topological surface C'
(without boundary) together with a finite set ¥ C C such that:

e There is an atlas of charts from C'\¥ — C with transition functions
given by translation.

e For each p € 3, under the Euclidean metric of C the total angle
at pis (2m) - k for some k € Z7.

We say that p is a saddle point of cone angle (2) - k.
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Equivalently, a translation surface is a closed Riemann surface C' with
a holomorphic Abelian differential w, not identically zero:

e The set of zeros of w corresponds to X in the first definition.
e If p is a zero of w of order m, then the cone angle at p is (27) -
(m+1).

Let us briefly explain the equivalence between translation surfaces
and Abelian differentials. Given a translation surface, away from its
saddle points differentiating the local coordinates yields a globally de-
fined holomorphic differential. Conversely, integrating an Abelian dif-
ferential away from its zeros provides an atlas of charts with transition
functions given by translation. Moreover, a saddle point p has cone
angle (27) - (m + 1) if and only if locally w = d(z™*!) ~ 2™dz for a
suitable coordinate z, hence if and only if p is a zero of w of order m.
We refer to [Z] for a comprehensive introduction to translation surfaces.

2.2. Strata of Abelian differentials and canonical divisors. Take
a sequence of positive integers p = (my,...,my) such that Y ;" m; =
2g — 2. We say that u is a partition of 2g — 2. Define

H(p) = {(C, w) | C is a closed, connected Riemann surface of genus g,
w is an Abelian differential on C such that (w)p = mip1 + - -—i—mnpn}.

We say that H(u) is the stratum of (holomorphic) Abelian differentials
with signature . Using the description in Section 2.1, equivalently H (u)
parameterizes translation surfaces with n saddle points, each having
cone angle (m; + 1) - (27). By using relative period coordinates (see,
e.g., [Z, Section 3.3]), H(u) can be regarded as a complex orbifold of
dimension

dime H(p) =29+ n —1,

where n is the number of entries in p.

For special partitions p, H(u) can be disconnected. Kontsevich and
Zorich ([KZ, Theorems 1 and 2]) classified connected components of
H(p) for all p. If a translation surface (C,w) has C being hyperelliptic,
(w)o = (29—2)z or (w)o = (9—1)(21+22), where z is a Weierstrass point
of C' in the former or z; and zo are conjugate under the hyperelliptic
involution of C' in the latter, we say that (C,w) is a hyperelliptic trans-
lation surface. Note that being a hyperelliptic translation surface not
only requires C to be hyperelliptic, but also imposes extra conditions
on w (see [KZ, Definition 2 and Remark 3]).

In addition, for a nonhyperelliptic translation surface (C,w), if (w)g =
2ki1z1 + - - - + 2k, z,, then the line bundle

OC (i kizi>
i=1
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is a square root of K¢, which is called a theta characteristic. Such a
theta characteristic along with its parity, i.e.,

RO (C’, Zkzzz> (mod 2)
i=1

is called a spin structure (see Section 2.7 for more details). In general,
H(p) may have up to three connected components, distinguished by
possible hyperelliptic structures and the parity of spin structures.

Note that two Abelian differentials are multiples of each other if
and only if their associated zero divisors are the same. Therefore, it
makes sense to define the stratum of canonical divisors with signature
pin My, denoted by P(u), parameterizing (C, 21,...,2y,) such that
2?21 m;z; is a canonical divisor in C. Here we choose to order the
zeros only for the convenience of stating related results. Alternatively if
one considers the corresponding stratum of canonical divisors without
ordering the zeros, it is just the projectivization of H(u). In particular,

dime P(p) = dime H(p) —1 =29 +n — 2.

2.3. Meromorphic differentials and translation surfaces with
poles. One can also consider the flat geometry associated to meromor-
phic differentials on Riemann surfaces. In this case we obtain flat sur-
faces with infinite area, called translation surfaces with poles.

For ky,...,k,l1,...,ls € ZT such that ;| k; — dimli =292,
denote by

Hki, .o ke, —l,. .., =),
the stratum of meromorphic differentials parameterizing (C,w), where
w is a meromorphic differential on a closed, connected genus g Riemann
surface C' such that w has zeros of order kq,...,k, and poles of order
l1,...,ls, respectively. The dimension and connected components of
H(ky,...,ky,—l1,...,—ls) have been determined by Boissy ([Bo, The-
orems 1.1, 1.2 and Lemma 3.5]), using an infinite zippered rectangle
construction. In particular, if s > 0, i.e., if there is at least one pole,
then
dime H(k1, ... kr,—l1,...,=ls) =29 —2+ 71 +s.

If we consider meromorphic differentials modulo scaling, i.e., meromor-
phic canonical divisors, then the corresponding stratum has dimension

dime Pk, ... kry —l1, ..., —l) =29 — 3+ 71 +s.

As in the case of holomorphic differentials, H(k1,..., k., —l1,...,—ls)
can be disconnected due to possible hyperelliptic and spin structures
([Bo, Section 5]), but all connected components of a stratum have the
same dimension.

A special case is when w has a simple pole at p. Under flat geometry,
the local neighborhood of p can be visualized as a half-infinite cylinder
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(see [Bo, Figure 3]). The width of the cylinder corresponds to the
residue of w at p.

For a pole of order m > 2, one can glue 2m — 2 basic domains appro-
priately to form a flat-geometric presentation (see [Bo, Section 3.3]).
Each basic domain is a “broken half-plane” whose boundary consists of
a half-line to the left and a parallel half-line to the right, connected by
finitely many broken line segments. In particular, the residue of a pole
can be read off from the complex lengths of the broken line segments
and the gluing pattern.

For example, for k > 0 the differential z*dz has a zero of order k, so
locally one can glue 2k + 2 half-disks consecutively to form a cone of
angle 27 - (k + 1), see Figure 1.

B2 A2 BK+1 Ak+1

B2 A3 Bk+1

NN

Figure 1. A zero of order k.

Now let w = 1/z, and the differential with respect to w has a pole of
degree k + 2 with zero residue. In terms of the flat-geometric language,
the 2k + 2 half-disks transform to 2k + 2 half-planes (with the disks
removed), where the newborn left and right half-line boundaries are
identified in pairs by the same gluing pattern, see Figure 2.

Figure 2. Half-planes transformed from half-disks.

Furthermore, varying the positions of the half-line boundaries with
suitable rotating and scaling can produce poles of order k + 2 with
arbitrary nonzero residues (see [Bo, Section 2.2]).
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2.4. Deligne—Mumford stable curves and stable one-forms. Let
Mg,n be the Deligne—Mumford moduli space of stable nodal genus g
curves with n ordered marked points (C,p1,...,pn). The stability con-
dition means that Aut(C,p1,...,p,) is finite, or equivalently, the nor-
malization of every rational component of C' contains at least three spe-
cial points (preimages of a node or marked points). For S C {1,...,n},
denote by A;.s the boundary component of M, ,, whose general point
parameterizes two smooth curves of genus i and g—i, respectively, glued
at a node such that the genus ¢ component only contains the marked
points labeled by S in the smooth locus. For i = 0 (resp. i = g), we
require that |S| > 2 (resp. |S| < n —2) to fulfill the stability condition.
The codimension of A;.g in Mg,n is one, so we call it a boundary divisor.

The Hodge bundle H is a rank g vector bundle on M, (in the orbifold
sense). Formally it is defined as

H = Tele /7,

where 7 : C — Mg is the universal curve and w, /M, is the relative

dualizing line bundle of m. Geometrically speaking, the fiber of H over
Cis H(C, K), where K is the dualizing line bundle of C. If C' is nodal,
then HY(C, K) can be identified with the space of stable differentials on
the normalization C of C. A stable differential w on Cisa meromorphic
differential that is holomorphic away from preimages of nodes of C' and
has at worst simple pole at the preimages of a node, with residues
on the two branches of a polar node adding to zero (see, e.g., [HMo,
Chapter 3.A]).

2.5. Admissible covers. Harris and Mumford ([HMu]) developed the
theory of admissible covers to deal with degenerations of branched covers
of smooth curves to covers of nodal curves. Let f : C'— D be a finite
morphism of nodal curves satisfying the following conditions:

e f maps the smooth locus of C' to the smooth locus of D and maps
the nodes of C' to the nodes of D.

e Suppose f(p) = ¢ for a node p € C' and a node ¢ € D. Then there
exist suitable local coordinates x,y for the two branches at p, and
local coordinates u, v for the two branches at ¢, such that

u=f(z)=2a", v=[f(y) =y"

for some m € Z™, see Figure 3.

We say that such a map f is an admissible cover. The reader can refer
to [HMo, Chapter 3.G] for a comprehensive introduction to admissible
covers. In this paper we will only use admissible double covers of rational
curves as degenerations of hyperelliptic coverings of P'. In particular,
the closure of the locus of hyperelliptic curves in Mg is isomorphic to
the moduli space ﬂ0729+2 /G244 of stable genus zero curves with 2g+2
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Figure 3. An admissible cover with a node of order m.

unordered marked points, where the 2¢g + 2 marked points correspond
to the branch points of a hyperelliptic double cover and the action of
the symmetric group Gg442 is induced by permuting them.

2.6. Limit linear series. A linear series g on a smooth curve C
consists of a degree d line bundle L with a subspace V c H°(C, L)
such that dimV = r 4 1. For a point z € C, take a basis oy, ..., o, of
V' such that the vanishing orders a; = ord,(o;) are strictly increasing.
We say that 0 < ag < -+ < a, is the vanishing sequence of (L,V) at z,
which is obviously independent of the choices of a basis. Set a; = a; — 1.
The sequence 0 < a9 < --- < a, is called the ramification sequence of
(L, V).

Now consider a nodal curve C'. Recall that if removing any node
makes the whole curve disconnected, C' is called of compact type. Equiv-
alently, a nodal curve is of compact type if and only if its Jacobian is
compact, which is then isomorphic to the product of Jacobians of its
irreducible components. One more equivalent definition uses the dual
graph of a nodal curve, whose vertices correspond to components of the
curve and two vertices are linked by an edge if and only if the corre-
sponding two components intersect at a node. It is easy to see that a
curve is of compact type if and only if its dual graph is a tree.

Eisenbud and Harris ([EH1]) established a theory of limit linear
series as a powerful tool to study degenerations of linear series from
smooth curves to curves of compact type. If C' is a curve of compact
type with irreducible components C1, ..., Cy, a (refined) limit linear se-
ries g} is a collection of ordinary g}’s (L;, V;) on each C; such that if
C; and Cj intersect at a node ¢ and if (ao,...,a,) and (bo,...,b,) are
the vanishing sequences of (L;, V;) and (L;, V) at ¢, respectively, then
a; + b,_; = d for all [.

Eisenbud and Harris showed that if a family of g/;’s on smooth curves
degenerate to a curve of compact type, then the limit object is a limit
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linear series g);. Furthermore, they constructed a limit linear series
moduli scheme G, that is compatible with imposing ramification con-
ditions to points in the smooth locus of a curve, came up with a lower
bound on the dimension of any irreducible component of G, and used
it to study smoothability of limit linear series. They also remarked that
the method works for a larger class of curves, called tree-like curves,
which we call of pseudocompact type in our context. Recall that a curve
is of pseudocompact type, if every node is either separating or a self-
node, i.e., arising from the self-intersection of an irreducible component
of the curve. Equivalently, a curve is of pseudocompact type if any
simple closed path in its dual graph is a loop connecting a vertex to
itself.

We want to apply limit linear series to the situation when canoni-
cal divisors with n distinct zeros with prescribed vanishing orders de-
generate in the Deligne-Mumford moduli space My ,,. In this context

o . . -1
we need to treat the case of limit canonical series g3 4—2» because on a

smooth genus g curve a ggg__lz is uniquely given by the canonical line
bundle along with the space of holomorphic Abelian differentials. We
illustrate this idea in some cases (see Example 4.5 and Proposition 4.6).
Nevertheless, in general our situation is slightly different, since an ele-
ment in a stratum of differentials is a single section of the canonical line
bundle, not the whole space of sections. In principle keeping track of
degenerations of ggg__12 along with a special section could provide finer
information, but in practice it seems complicated to work with. Instead,
in Section 4.1, we introduce the notion of twisted canonical divisors that
play the role of “limit canonical divisors” on curves of pseudocompact
type. We also discuss a possible extension of twisted canonical divisors
to curves of non-pseudocompact type in Section 4.5.

2.7. Moduli of spin structures. Recall that a theta characteristic
is a line bundle L on a smooth curve C such that L®? = K¢, ie., L
is a square root of the canonical line bundle. A theta characteristic is
also called a spin structure, whose parity is given by h°(C, L) (mod 2).
In particular, a spin structure is either even or odd, and the parity
is deformation invariant (see [A, Mu]). Cornalba ([Co]) constructed
a compactified moduli space of spin curves S, = gg U 3; over M,,
which defines limit spin structures and further distinguishes odd and
even parities.

Let us first consider spin structures on curves of compact type. Take
a nodal curve C' with two smooth components C'; and C5 union at a
node g. Blow up ¢ to insert a P! between C; and Cy with new nodes
¢ = C; NP for i = 1,2. Such P! is called an exceptional component.
Then a spin structure n on C' consists of the data

(771,772, O(l))7



408 D. CHEN

where 7; is an ordinary theta characteristic on C; and O(1) is a line
bundle of degree one on the exceptional component. Note that the total
degree of 7 is

(Gr—D+(-D+1=9-1
which remains to be one half of the degree of K¢. Since h°(P!, O(1)) =
2, the parity of n is determined by

hO(Cl,m) +h0(02,772) (mod 2)

In other words, 7 is even (resp. odd) if and only if 1; and 72 have the
same (resp. opposite) parity. If there is no confusion, we will simply
drop the exceptional component and treat (11,72) as a limit theta char-
acteristic. The same description works for spin structures on a curve of
compact type with more nodes, by inserting an exceptional P! between
any two adjacent components, and the parity is determined by the sum
of the parities on each non-exceptional component.

_If C'is anodal curve of non-compact type, say, by identifying ¢, g2 €
C to form a non-separating node g, there are two kinds of spin structures
on C. The spin structures of the first kinds are just square roots of K¢,
which can be obtained as follows. Take a line bundle L on C such that
L®% = C(q1 + q2). For each parity, there is precisely one way to identify
the fibers of L over ¢; and ¢o, such that it descends to a square root of
K¢ with the desired parity. The spin structures of the second kinds are
obtained by blowing up ¢ to insert a P! attached to C' at g1 and g2, and
suitably gluing a theta characteristic L on C' to O(1) on the exceptional
component. In this case the parity is the same as that of L.

3. Degenerations in the Hodge bundle

In this section, we consider degenerations of holomorphic Abelian
differentials in the Hodge bundle H over M,. Let us first prove The-
orem 1.1. Recall that C is the normalization of C. Identify w with a
stable differential & on C satisfying

( 0— oo = Z a;z; + Z b/ h/ b”h” Z(p;c +p/k/)7
k
where the z; are the zeros of @ in the smooth locus of C, the h;, h}’ are
the preimages of the node h; which is not a pole of @, and the pj , p} are
the simple poles of @ on the preimages of the node pg, see Figure 4.

Moreover, a; > 1 is the vanishing order of W at z;, and b;,b;’ >0
are the vanishing orders of @ on h , h;, respectively. Then Theorem 1.1
states that (C,w) is contained in the closure of H(--- ,a;,- -, b;»—l—l, b;-’—i—
1,---) in the Hodge bundle over M,.

Proof of Theorem 1.1. We will carry out two local operations. First,
we need to smooth out a holomorphic node h with zero order &’ and b”
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h

Figure 4. A nodal curve with zeros and holomorphic
and polar nodes.

on the two branches of h to two smooth points of zero order ¥’ + 1 and
b" + 1, respectively. Secondly, we need to smooth out simple poles.

Let us describe the first operation. Recall the notation that the preim-
ages of h in the normalization C are &’ and h”. In C, take any two suffi-
ciently small parallel intervals of equal length to connect A’ to a nearby
point ¢” and connect h” to a nearby point ¢’ in reverse directions, cut
along the intervals, and finally identify the edges by translation as in

Figure 5.

Figure 5. Two parallel interval slits.

Locally we obtain two new zeros h’ = ¢’ and h” = ¢" of order v'+1 and
b"+1, respectively. The zero orders increase by one for each, because the
cone angles at ¢’ and at ¢” are both 27, so after this operation the new
cone angle at each zero gain an extra 27. In particular, as long as the
interval is small enough but nonzero, it gives rise to a differential on a
genus g Riemann surface, which preserves the other zero and pole orders
of w. Now shrinking the interval to a point, this operation amounts to
identifying A’ and h”, thus recovering the stable differential (C,w).

Next, let p be a simple pole with preimages p’ and p” in C. As
mentioned in Section 2.3, the local flat geometry of @ at p’ and p”
presented by two half-infinite cylinders with p’ = 400 and p” = —oo,
see Figure 6, where the sides of the cylinders with the same labeling are
glued via translation.

The condition Res, (@) + Res,(w) = 0 implies that both cylinders
have the same width. Truncate the half-infinite cylinders by two parallel
vectors (given by the residues) and identify the top and bottom by
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Figure 6. Half-infinite cylinders around simple poles.

translation as in Figure 7, where the sides of the cylinders with the
same labeling are glued via translation as before.

Figure 7. Local view of plumbing a cylinder.

The cylinders become of finite length, i.e., locally the simple pole dis-
appears. This operation is called plumbing a cylinder in the literature,
see Figure 8. In particular, the plumbing operation does not produce

Figure 8. Global view of plumbing a cylinder.
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any new zeros or poles. Conversely, extending the two finite cylinders
to infinity on both ends, we recover the pair of simple poles. The reader
can refer to [W, Section 6.3] for an explicit example of analytically
plumbing an Abelian differential at a simple pole.

Now carrying out the two operations locally for all holomorphic nodes
and simple poles one by one, we thus conclude that the stable differential
(C,w) can be realized as a degeneration of holomorphic differentials in
the desired stratum. q.e.d.

Corollary 3.1. Let w € H°(C,K) on a nodal curve C. If (w)y =
miz1 + -+ mpzy such that every z; is in the smooth locus of C, then

(C,w) € H(ma,...,my).

Proof. We first remark that by assumption C' cannot have separating
nodes. Otherwise if X was a connected component of C separated by
such a node g, since the restriction of K¢ to X is Kx/(q), it would have
a base point at ¢, contradicting that w has no zero in the nodal locus
of C. Now let us proceed with the proof of the corollary. Identify w
with a stable differential W on the normalization of C'. By assumption,
w has simple poles at preimages of each node of C, and hence there is
no holomorphic node. The desired result thus follows as a special case
of Theorem 1.1. q.e.d.

Nori ([N]) informed the author that the above corollary can also be
proved by studying first-order deformations of such (C,w).

Example 3.2. Let C consist of two elliptic curves C” and C” meeting
at two nodes p; and ps. Let p; € C' and p; € C” be the preimages of
p; in the normalization of C. Let w be a section of K¢ such that w|cr
has a double zero at a smooth point z; and two simple poles at p, p),
and w|c» has a double zero at a smooth point zo and two simple poles
at pf,pf, see Figure 9.

c c"
z2 z1

p2
Figure 9. A curve in #(2,2)°%.

In other words, 221 ~ p} + p) in C’ and 229 ~ pf + p§ in C” with
the residue condition Res (W) + Resyy(w) = 0 for ¢ = 1,2. It follows
from Theorem 1.1 that (C,w) € H(2,2). Note that H(2,2) has two
connected components H(2,2)™P and #(2,2)°. In this example, C
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is in the closure of locus of genus three hyperelliptic curves. However,
by assumption z; and zo are ramification points of the corresponding
admissible double cover, hence they are not conjugate under the hy-
perelliptic involution. We thus conclude that (C,w) € H(2,2)° and
(C,w) & H(2,2)hvp.

Remark 3.3. In Theorem 1.1, the zero orders ' and b’ on both
branches of a holomorphic node matter, not only their sum. For exam-
ple, translation surfaces in H(2) cannot degenerate to two flat tori E;
and Fy attached at one point ¢ such that both have nonzero area (in
this case b’ = b = 0, hence Theorem 1.1 only implies smoothing into
H(1,1)). This is because the dualizing line bundle restricted to E; is
Og,(q), which has degree one. In particular, it cannot have a double
zero, unless the stable differential vanishes entirely on FE;. However, if
we forget the flat structure and only keep track of the limit position
of the double zero, using the notion of twisted canonical divisors (Sec-
tion 4.1) we will see that points in E; that are 2-torsions to ¢ appear as
all possible limits of the double zero.

We have discussed the case when w has isolated zeros. If w vanishes
on a component of C', we can obtain a similar result by tracking the zero
orders on the branches of the nodes contained in the complement of the
vanishing component. For ease of statement, let us deal with the case
when w vanishes on only one component C’, where C’ is a connected
subcurve of C'. The general case that w vanishes on more components
can be similarly tackled without further difficulty.

Let C” = C\C'" and C'NC" ={q1,...,qm}. Since w vanishes on C’,

all g1, ..., ¢mn are holomorphic nodes. In the normalization C , let ¢/ and

/' be the preimages of ¢; contained in C’ and in C”, respectively, for
l=1,...,m N
Consider @ restricted to C” such that

Bloo Flor)e = S vecs S04 4158~k + 2t
k

where z; are the isolated zeros of @ in the smooth locus of C, h}, hf are
the preimages of the node h; that is not a pole of W and not contained
in C’, and pj, p} are the snnple poles of @ on the preimages of the node
Dk - As before, az > 1 is the vanishing order of @ at z;, b, b7 > 0 are the
vanishing orders of w on the preimages h’ h” of the holomorphic node
h], respectively, and ¢/ > 0 is the vamshmg order of w on the preimage

q/ of ¢ contained in C” .

Suppose the arithmetic genus of C” is ¢’. Let i/ be a partition of 2¢g’—2
such that C” has a differential w’ with signature (c},...,¢}, di,...,ds),
where ¢} is the vanishing order of w" at ¢) and d, . .., d; are the vanishing
orders of w’ at the zeros other than the ¢ in C".
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Corollary 3.4. In the above setting, we have
(C,w) Eﬁ(--- TR ,b;+1,b;-’+1,--- ,62—1—1,02’4—1,"' ey ).

Proof. Consider the nodal flat surface given by w’ on C’ and w on
C" union at qq,...,qn. Apply the local operations as in the proof of
Theorem 1.1 to smooth out z;, hj, pi, ¢, and d; into the desired stratum.
Meanwhile, scaling w’ by t-w’ as t — 0 (and we require that the length
of the intervals used in the local operations tends to zero faster than
t), the area of the flat surface (C’,t - w') tends to zero while w on C”
remains unchanged. The limit flat surface restricted to C’ corresponds
to the identically zero differential on C’, hence equal to w|cr. We thus
obtain (C,w) as a degeneration of differentials in the desired stratum.

q.e.d.

Example 3.5. Let C consist of two smooth curves C’ and C”, both
of genus two, attached at a node q. Let ¢’ € C' and ¢” € C” be the
preimages of ¢ in the normalization of C. Let w be a section of K¢,
identified with a stable differential w on the normalization of C, such
that w|cr = 0 and (@0|cr)p = 22" for a smooth point 2” € C”. In this
case, ¢ = 2. Take y/ = (2) and w’ € H(2) on C’ such that (w')g = 22/
for a smooth point 2’ € C’, see Figure 10.

c

o
Figure 10. A curve in H(2,1,1,2).

Then we have ¢’ = ¢’ = 0 and a = d = 2 in the above notation. By
Corollary 3.4, we conclude that (C,w) € H(2,1,1,2).

4. Degenerations in the Deligne—-Mumford space

As we have seen, a stable differential in the closure H (i) C H may
vanish entirely on a component of the underlying curve. In this case
when Abelian differentials in H(u) degenerate to it, we lose the infor-
mation about the vanishing component as well as the limit positions of
the zeros. Below we describe a refined compactification that resolves
this issue. Note that modulo scaling, an Abelian differential is uniquely
determined by its zeros, i.e., the corresponding canonical divisor. Recall
that P(u) parameterizes canonical divisors with signature p. Viewing
it as a subset in M, ,, by marking the zeros, we can take the closure
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P(u) C Mg,n- The question reduces to analyzing which stable pointed
curves appear in the boundary of P(u).

Inspired by the theory of limit linear series, we introduce the notion
of twisted canonical divisors, first on curves of pseudocompact type.
The upshot is that when canonical divisors in P(u) degenerate from
underlying smooth curves to a curve of pseudocompact type, the limit
object in ﬂg’n must be a twisted canonical divisor. Conversely, in a
number of cases twisted canonical divisors do appear as such limits, but
not always. In the end we also discuss how to extend this notion to
curves of non-pseudocompact type.

4.1. Twisted canonical divisors. For the reader to get a feel, let us
begin with curves of compact type with only one node. Suppose that a
curve C has a node ¢ connecting two smooth components C; and Cs of
genera g; and g9, respectively, with g1 +¢2 = g. Moreover, suppose that
C is the limit of a family of smooth genus g curves C over a punctured
disk T, see Figure 11.

Ct C1

c2

Figure 11. A curve of compact type in a family of curves.

Let X — T be the universal curve. The dualizing line bundle K¢
serves as a limit of canonical line bundles K¢, as ¢t — 0. However, this
limit is not unique. Because for any m; € Z,

2
(1) Ox (Z mz‘@') lc ® Ko

is also a limit of K¢, .
Observe that
Ox(C1 + Ch)le = Oc,
OX<CQ)‘C1 = 001 (CJ),
OX(Cl)‘CH = 001(_(1)'
Hence, restricted to C, such limit line bundles are determined by the
twisting coefficients m; and independent of the smoothing family X'. We
say that the line bundle in (1) is a twisted canonical line bundle on C.

Equivalently in this case, a twisted canonical line bundle consists of the
data

(K¢, (a19), Key(a2q)),
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where a; + a2 = 2. From the viewpoint of differentials, K¢, (a;q) is
the sheaf of meromorphic differentials on C; that are holomorphic away
from g and have pole order at most a; at q.

The degree of K¢;(a;q) is di = 2g; — 2 + a;. We say that the bidegree
of (K¢, (a1q9), Kcy(azq)) is (di,dz), where dy + d2 = 2g — 2. In partic-
ular, the dualizing line bundle K¢ corresponds to (K¢, (q), K¢, (q)) of
bidegree (291 — 1,292 — 1). Note that knowing either one of the a; or
one of the d; suffices to determine a twisted canonical line bundle on C.

Remark 4.1. Recall that a nodal curve is called of pseudocompact
type, if each of its nodes is either separating or is an internal node of
an irreducible component. Curves of compact type are special cases of
pseudocompact type. As in the theory of limit linear series ([HMo, p.
265-266]), the above analysis also applies to curves of pseudocompact
type by treating K¢, as the dualizing line bundle of an irreducible com-
ponent C;, if C; contains self-nodes, and g; stands for the arithmetic
genus of ;. In contrast, for a curve of non-pseudocompact type, even
if we fix the line bundles restricted to each of its components, in gen-
eral they do not determine the total line bundle. There are extra so
called enriched structures coming into play (see [Ma]), which depend
on first-order deformations of the curve.

Now suppose that a family of canonical divisors mjzi(t) + --- +
mpzn(t) on Cy degenerates to mizy + - -+ + myz, on C, where all the z;
are contained in the smooth locus of C'. Define

for 7 = 1,2, measuring the total vanishing orders of the limit zeros in
) )
C;. We use “~” to denote linear equivalence between two divisors on a
7
curve.

Proposition 4.2. In the above setting, we have
(2) > myzi+ (200 — 2 — My)g ~ Ko,
z;€C;
fori=1,2.

In particular, this proposition proves the “only if” part of Theo-
rem 1.2.

Proof. Let m : X — T be the universal curve and wy 7 the relative
dualizing line bundle. Denote by Z; the section of 7 corresponding to
the zero z;(t) for i = 1,...,n. Define a line bundle £ on X" by

L:=wyr @Ox((M — 291 +1)C2) ®(’)X< Zm, Z).
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Note that for ¢ # 0, Y1, m;z(t) is a canonical divisor of Cy, and C;
and C are disjoint. It follows that

Llc, = Ke, (— ZW%(U) = Oc,.
i=1

Moreover,

Lle, = Ko, | (Mi —2gi+2)g — Y myz |,
ZjGCi
fori =1,2.
Consider the direct image sheaf m,L. For t # 0,

(mL)|c, = H(C;, 0) = C.

It follows from semicontinuity that h(L|c) > 1. Note that L], is a
line bundle of degree zero for i = 1,2. We claim that L|¢, is the trivial
line bundle on C;. Proof by contradiction. If say L|c, # O¢,, then
for any section ¢ € H°(L|¢), o|lc, € HY(L|c,), hence o|lc, = 0. In
particular, o(q) = 0, hence o|c, = 0 and ¢ = 0 on C, contradicting that
ho(ﬁ‘c) > 1.

Since L|c, = Oc¢;, it follows that

Ko, ~ (2gi—2— Mg+ Y myzj,
szCi

for 1 = 1,2, thus proving the proposition. q.e.d.

From the viewpoint of differentials, Relation (2) means there exists
a (possibly meromorphic) differential on C; such that its zero order at
zj € C; is m; and its zero or pole order at ¢ is 2g; — 2 — M;. Note that

(291 —2—M1)+(292—2—M1) = 2.

Relation (2) also implies that 2g; —2— M; # —1, for otherwise ¢ is a base
point of K¢;(¢) and hence some zero z; would coincide with ¢, leading to
a contradiction. As a consequence, exactly one of 2¢g; —2— M, is negative,
and we call the corresponding component C; a polar component of C.

For (C,z1,..., z,) satisfying (2), we say that Y_!" ; m;z; is a twisted
canonical divisor. By definition, a twisted canonical divisor uniquely
determines the corresponding twisted canonical line bundle whose re-
striction to C} is the line bundle

Note that C; is a polar component if and only if the restriction of the
twisted canonical line bundle has degree M; strictly bigger than 2¢g; — 2.
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The essence of Proposition 4.2 says that limits of canonical divisors in
P(u) are twisted canonical divisors in the locus of curves of pseudocom-
pact type. Clearly the concepts of twisted canonical line bundles and
twisted canonical divisors as well as Proposition 4.2 can be generalized
without any difficulty to curves of pseudocompact type with arbitrarily
many nodes. Nevertheless, for curves of pseudocompact type with more
nodes, there exist twisted canonical divisors that do not appear as lim-
its of ordinary canonical divisors. This is one place where the theory
of limit linear series can help us extract more delicate information (see
Example 4.5 and Proposition 4.6).

Remark 4.3. If the universal curve X is not smooth at a separating
node of C'; by blowing up and making finite base change successively, we
can resolve the singularity. The resulting special fiber amounts to in-
serting chains of rational curves between the two components connected
by the node. In this case, the curve is still of pseudocompact type, hence
the above argument works and we can deduce the same result (see [EH1,
Theorem 2.6 and Remark after]). In addition, we do not have to resolve
the surface singularity at a self-node, because locally at such a node the
corresponding component of C'is still a Cartier divisor of X’ (see, e.g.,
[EM, Section 1.3]). However, for a curve of non-pseudocompact type,
inserting chains of rational curves at a non-separating and external node
may change significantly the possible types of twisted canonical divisors.
We analyze this issue in detail in Section 4.5.

4.2. Dimension bounds on spaces of twisted canonical divisors.
Recall that u = (my,...,m,) is a partition of 2g — 2. Let 7 : X — B
be a smoothing family of genus g curves of compact type with n sec-
tions z1,...,2n, in the sense of [EH1, p. 354]. Inspired by [EHI,
Theorem 3.3, we show that there exists a variety P(X/B;pu) param-
eterizing (C, z1,...,2,) € B such that ) " | m;z; is a twisted canoni-
cal divisor on C. Moreover, P(X/B; ) has a determinantal structure,
which gives rise to a lower bound for every irreducible component of

P(X/B; p).

Theorem 4.4. There exists a variety P(X /B;p) over B, compatible
with base change, whose point over any q in B (if not empty) corre-
sponds to a twisted canonical divisor given by miz1(q) + -+ mpzn(q).
Furthermore, every irreducible component of P(X/B; i) has dimension
>dimB —g.

Proof. Our argument follows from [EH1, Proof of Theorem 3.3]. Let
X, be the fiber of X over ¢. If in X no nodes are smoothed, it is clear
how to define the variety of twisted canonical divisors, by taking the
union of strata of ordinary (possibly meromorphic) canonical divisors
on each component of X.
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Suppose now some of the nodes of fibers of m are smoothed in the
generic fiber. It suffices to deal with the case when the general fiber
of X is smooth. Then for an arbitrary smoothing family, one regards
the family as being obtained from several families, in each of which all
nodes are smoothed (see [EH1, Figure in p. 355]).

It remains to prove the result when the general fiber of X" is smooth.
Since the problem is local on B, we assume that B is affine. Take a
relatively ample divisor D on X such that D is contained in the smooth
locus of m and disjoint from the sections z;. Replacing D with a high
multiple of itself, we may assume that it intersects every component of
a reducible fiber with high degree. Denote by d the total degree of D
relative over B.

Let w, be a twisted relative canonical line bundle on X such that
restricted to each fiber (C, z1, ..., z,) it is the unique twisted canonical
line bundle of multi-degree 2,ec, Mj ON every component C; of C. The
existence of w,, is explained in [EH1, p. 359]. It follows that m.w,(D)
is a vector bundle of rank

l—g+(2¢—2+d) =g—1+d,

by Riemann—Roch. Let P’ be the corresponding projective bundle with
fiber dimension g — 2 + d over B. A point of P’ over ¢’ € B is thus a
section o € HY(w,(D)| X, ), up to the equivalence o ~ Ao for a nonzero
scalar .

Consider the subvariety P/(X/B;u) in P’ cut out by the following
groups of equations:

e Vanishing on D. We require that ¢ vanishes on D.
e Ramification at z;. For each section z;, ¢ vanishes on z; with
multiplicity > m;,.

The vanishing condition on D is given by d equations. The ramifica-
tion condition at each z; imposes m; equations, so the total ramification
conditions impose ;" ; m; = 29 — 2 equations. It follows that the di-
mension of every irreducible component of P/(X/B; u) is at least

dmB+(9—2+d)—d—(2g—2)=dim B — g.

Let U be an irreducible component of P'(X/B; ). For a general point
o € U, there are two possibilities. First, if o vanishes on a component
of the underlying curve C, then this property holds for all sections
parameterized in U. The other case is that ¢ has isolated zeros in C.
Then it follows from the construction that

n
(U)O = Zm’izi + Da
=1

which gives rise to a twisted canonical divisor by subtracting the fixed
part D. Conversely, a twisted canonical divisor determines such a o
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up to scaling, where ¢ has isolated zeros in C. By collecting irreducible
components of P'(X/B; 1) of the latter type, we thus obtain the desired
P(X/B; ) parameterizing twisted canonical divisors with signature .

q.e.d.

We present an example to show that the dimension bound in Theo-
rem 4.4 can be attained.

Example 4.5. Consider y = (1,1) in g = 2. Let B; be the locus of
curves of compact type in ﬂgg. Let Uy be the irreducible locus in Mg,z
parameterizing pointed curves C' that consist of two elliptic curves Fj
and Es, connected by a rational curve R, where the two marked points
z1 and 29 are contained in R. Let ¢; = E; N R for ¢ = 1,2, see Figure 12.

Figure 12. Two elliptic curves connected by a rational
curve with two simple zeros.

Since 21422 ~ q1+q2 in R = P!, elements in U, are twisted canonical
divisors with signature (1,1). Note that dim B; = dim M2 = 5 and
dim U; = 3. Hence, the dimension of U is equal to dim By — g.

Similarly, for u = (2) in g = 2, consider Uy C My parameterizing
the same underlying curve as in Uj, where the unique marked point z
is contained in R, see Figure 13.

El

ql

E2
Figure 13. Two elliptic curves connected by a rational

curve with a double zero.

Since 2z ~ q1 +¢2 in R, elements in Uz are twisted canonical divisors
with signature (2). Note that dim By = dim Mjy; = 4 and dim U, = 2.
Hence, the dimension of U; is equal to dim By — g.
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We further classify which twisted canonical divisors in the above ex-
amples come from degenerations of ordinary canonical divisors.

Proposition 4.6. In the above setting, (C, 21, 22) € Uy is contained
in P(1,1) if and only if z1 + z2 is a section in the linear serieig% on R
induced by 2q1 ~ 2qa2. On the other hand, Us is disjoint with P(2).

Proof. First consider (C, z1, z2) in Uy. If it is a degeneration of canon-
ical divisors from P(1,1), the canonical limit series on C' possesses a
section zj + 2o in its aspect g3 on R (see [EH1] for the definition of
aspects of limit linear series). By the compatibility condition on vanish-
ing sequences (see Section 2.6), the aspect on E; has vanishing sequence
(0,2) at g; for i = 1,2. Hence, the vanishing sequences of the aspect
on R at ¢; and ¢ are both equal to (0,2). It implies that the aspect
gs on R is induced by 2q; ~ 2¢q, i.e., a double cover of P! ramified at
q1,q2 and mapping z1, zo to the same image. Conversely, if z; + 29 is a
section of such g on R, using either the smoothability result of limit
linear series or admissible double covers, we see that (C, z1, z2) can be
smoothed into P(1,1).

The same argument works for (C,z) in U,. If it was contained in
P(2), the limit g3 on R would be a double cover of P! ramified at q1, o
and z, contradicting the fact that such a cover has only two ramification
points. q.e.d.

The proposition implies that there exist twisted canonical divisors
that cannot be smoothed. Before studying in general which twisted
canonical divisors appear in the boundary of P(u), we point out that
as a component of space of twisted canonical divisors over M, ,, the
dimension of P(u) is indeed one larger than the dimension bound in
Theorem 4.4:

dimP(pu) =29g+n—-2=dimM,, — (g —1).

The reason is that on a genus g curve, the dimension of space of holo-
morphic sections for the canonical line bundle is one larger than the
other line bundles of degree 29 — 2. Under certain extra assumptions,
we can take this into account and come up with a refined dimension
bound as follows.

Proposition 4.7. In the setting of Theorem 4.4, suppose that the
twisted canonical line bundle on each fiber curve over B has exactly g-
dimensional space of sections. Then the dimension of every irreducible
component of P(X/B;p) is at least

dimB — (g — 1).

Compared to Theorem 4.4, we say that dim B — (g — 1) is the refined
dimension bound. We remark that in the case B = M, ,, i.e., smooth
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curves with n marked points, P(X'/B; p) is just the stratum P (), hence
has dimension equal to the refined dimension bound.

Proof. The argument is similar to the proof of Theorem 4.4. The
only difference is that we do not twist by a very ample divisor D. In-
stead, by assumption m.w,, is a vector bundle of rank g over B. After
projectivization and imposing the vanishing conditions on z;, we obtain
the desired dimension lower bound as

dimB+(¢g—1)—(29—2)=dimB — (g — 1). q.e.d.

Corollary 4.8. In the setting of Theorem 4.4, suppose that B pa-
rameterizes curves of compact type that have at most one node q such
that h9(Cy, (2g; — 2 — M;)q) = 1 for any holomorphic component C;.
Then every irreducible component of P(X/B; ) has dimension at least

dimB — (g — 1).

Proof. Suppose C' = C1 Uy Cy is a nodal curve in B. Recall that M;
is the sum of zero orders for those zeros contained in C;. Without loss
of generality, assume that M; > 2g1 — 2 and My < 2go — 2. Then C} is
a polar component and Cs is holomorphic. Let K; be the restriction of
the corresponding twisted canonical line bundle K, to Cj, i.e.,

Ki = K¢, (M; — 2g; + 2)q),

which has degree M; for i = 1,2. Since M1 > 2g; —2, by Riemann—Roch
we have

RO(C1, K1) =1 — g1 + M.
On (s, we have
RO(Cy, Ky) = h%(Cy, (292 — 2 — My)q) +1 — go + My = 2 — go + M.
It implies that
h(C,K,) = h%(C1, K1) + h% (O, Ka) — 1 =g,

where we subtract one because gluing two sections of K7 and Ks at ¢
imposes one condition. Now the desired dimension bound follows from
Proposition 4.7. q.e.d.

4.3. Smoothing twisted canonical divisors. Inspired by [EH1,
Theorem 3.4], using dimension bounds on P(X/B;u) we obtain the
following smoothability result of twisted canonical divisors.

Proposition 4.9. In the setting of Proposition 4.7, suppose a pointed
curve (C,z1,...,2,) € B is contained in an irreducible component U of
P(X/B;p) such that dimU = dim B—(g—1), i.e., the refined dimension
bound is attained. Then (C,z1,...,2,) € P(u).
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Proof. We adapt the proof of [EH1, Theorem 3.4] to our case. Let
X — B be the versal family of pointed curves around (C, z1,. .., z,).
Let f: B — B be the map locally inducing X — B with n sections
of marked points. Let U be a component of ’P(X/B w) such that U
is a component of f*U and let C be the point in U corresponding to
the pointed curve C. Since the dimension of space of sections does not
drop under specialization, the family X — B satisfies the assumption
in Proposition 4.7, hence by the refined dimension bound we have

dimU > dim B — (g — 1).

If U does not lie entirely in the discriminant locus of X / B parameter-
izing nodal curves, then it implies that a general point of U parameter-
izes an ordinary canonical divisor with signature g on a smooth curve,
and hence we are done. Suppose on the contrary that U lies over a
component B’ of the discriminant locus. Note that B’ is a hypersurface
in B , hence

dimU > dim B — (g — 1) > dim B’ — (g — 1).

Thus every component of f*ﬁ, including U, has dimension > dim B —
(g — 1), contradicting the assumption that dimU = dim B — (g — 1).
q.e.d.

Example 4.10. Consider the boundary divisor B = Ay} in ﬂgJ
parameterizing curves C' = Cy Uy Co, where C has genus g1 = 1, (5
has genus go = g — 1, and the unique marked point z is contained in Cj,
see Figure 14. In this case C] is a holomorphic component with M; = 0

c1

c

Figure 14. An elliptic curve union a pointed curve of
genus g — 1.

and 2g; — 2 — My = 0. Since h°(C;,0) = 1, B satisfies the assumption
of Corollary 4.8. A twisted canonical divisor with signature (2¢g — 2) in
this case is given by a curve in P(2g — 2, —2) glued to C; at the double
pole. Hence, we conclude that

dimP(X/B;2g—2) =dimP(2g—2,-2)+1=2g—2=dimB—(¢g—1).
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By Proposition 4.9, P(X/B;2g — 2) is contained in P(2g — 2). Note
that it proves the “if” part of Theorem 1.2 in this special case.

On the other hand, if C contains z, then My = 0, C5 is a holomorphic
component, and 2gy — 2 — My = 2g — 4. But h°(Cs, (2g — 4)q) > 1 for
any g > 4, hence Proposition 4.9 does not directly apply.

Now let us prove the “if” part of Theorem 1.2 in general. The up-
shot is a direct dimension count using the dimension of strata of mero-
morphic differentials, combined with an explicit deformation using the
flat-geometric description of a higher order pole.

Proof of Theorem 1.2, the “if” part. Without loss of generality, as-
sume that C' = (C1U,Cy, 21, . . ., 2p) where 21, ..., 2, € Cy and zg41, . . .,
zn, € Oy, satisfying Relation (2), which is equivalent to

(Cl,zl,...,zk,q) e P = P(ml,...,mk,le —Q—Ml),

(027 Rk+1s- -5 ”n, Q) € Py = P(mk-‘rlv ey M, 292 — 2 — MZ)
Recall that M1 +Ms = 2g—2 and g1+g2 = ¢. In particular, 2¢;—2—M; =
—1 cannot hold for ¢ = 1, 2, for otherwise ¢ would coincide with some z;,
because K¢|c, = K¢,(¢) has a base point at ¢. It follows that exactly
one of Py and P is a stratum of meromorphic differentials with a pole
at g (see Section 2.3). Without loss of generality, further assume that
291 —2— M; > 0 and 2g2 — 2 — Ms < 0. By [Bo, Lemma 3.6], we have

(3) d1m731+d1m732: (291—2+(l€+1))+(292—3+(TL—]€+1))
=29 —-3+n.

Note that P; may have more than one connected component, but all
components have the same dimension, hence all irreducible components
of P; x Py have dimension 2g — 3 + n given by (3).

Let AZI; (1,..k} be the open dense subset of the boundary divisor
Ay, k that parameterizes curves with only one node, i.e., nodal
curves of the same topological type as that of C. We have proved that

P(,U) N Agl;{l,...,k} C Pl X PQ.

Suppose U = U; x Us is an irreducible component of P; x Py that

intersects P(u) non-empty, where U; is an irreducible component of P;.
Then

dim(U NP (p)) > dim P(pu) + dim Ay, .qq gy — dim M,
=dimP(p) — 1
=dimU,
which implies that U C P(u) by the irreducibility of U.
It remains to show that every irreducible component U; x Us of Py x Pa

intersects P(u). We prove it by an explicit procedure, inspired by [Bo].
Take a translation surface X = (Cy, z1, ..., 2k, q¢) parameterized in Uy,
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where ¢ is the zero of order 2¢g; —2— M;. The flat-geometric local neigh-
borhood of ¢ can be obtained by gluing 2¢g; — 1 — M; disks D;, each with
a radius slit whose edges are labeled by A; and B;, where B; is identi-
fied with A;y1. Then the centers of the disks are identified as the same
point ¢, with desired cone angle (2g; — 1 — M;) - (27). Now, expand
the boundary of each D; to infinity such that D; becomes the stan-
dard Euclidean plane, while preserving the gluing pattern of the radius
slits. At the same time, inside each D; remove a small neighborhood F;
around ¢, where the F;’s have suitable polygon boundaries and gluing
pattern, such that the newborn (2¢g; — 1 — M) broken Euclidean planes
are glued to form a (possibly special) element Y = (Co, 2k11, .-, 2n,q)
in Uy, where the pole sits at the infinity of the D;’s (identified alto-
gether) with pole order (2g1 — 1 — M;) + 1 = —(2¢g2 — 2 — M>) by [Bo,
Section 3|, see Figure 15.

Figure 15. Remove a neighborhood of a zero and ex-
pand to a pole.

Note that in the intermediate stage when D; is relatively large com-
pared to E;, but still of finite area, the above operation provides a
translation surface in H(u), with zeros at z1,..., 2, and no pole. If we
shrink each F; to a point, it gives rise to X € Uy. Alternatively, shrink-
ing F; is equivalent to expanding D; modulo scaling, hence it also gives
rise to Y € Us. Therefore, the limit object of this shrinking/expanding
process consists of X union Y as a stable curve. In other words, we have
exhibited an explicit family of translation surfaces in H(u) degenerating
to an element in Uy x Us, thus finishing the proof. q.e.d.

Example 4.11. Consider a small flat torus Y embedded in a big flat
torus X as in Figure 16.

The region X\Y represents a translation surface in H(2), where the
inner vertex z is the double zero. Expanding the boundary of X to
infinity, we obtain a flat torus E; in H(2, —2), where the double pole is
at the infinity (see [Bo, Figure 4]). Up to rescaling, this procedure is
the same as shrinking Y to a point g. We thus obtain another flat torus
Es in H(0), with g is marked as the attachment point to the double pole
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X

Figure 16. A small flat torus embedded in a big one.

of E1. It matches with our theory of twisted canonical divisors applied
to this case.

Example 4.12. Let C consist of two smooth curves C; and Cy, of
genus one and two respectively, meeting at a node q. Take a Weierstrass
point zo € (9 and a 2-torsion point z; € C7 with respect to ¢, see
Figure 17. In this setting, 223 — 2¢ ~ K¢, and 229 ~ Kc¢,, hence

Figure 17. An elliptic curve marked at a 2-torsion
union a genus two curve marked at a Weierstrass point.

Theorem 1.2 implies that (C, 21, 22) € P(2,2).

Example 4.13. Motivated by the expanding/shrinking idea, we give
an example when the degenerate differential lies on a curve of non-
compact type. Take the translation surface X\Y as in Figure 16, rep-
resenting a differential in #H(2). Instead of shrinking Y, we shrink a
saddle connection given by a pair of identified parallel edges of Y. The
resulting surface is a torus with two points identified, where the two
points are the end points of the other pair of parallel edges of Y. As
a stable (unmarked) curve, it is a one-nodal curve of geometric genus
one, where the double zero z degenerates to the node, see the left hand
side of Figure 18. If we mark the node, its stable model as a marked
curve consists of the torus union a P! at two points p; and py given by
normalizing the node, where z is contained in the smooth locus of P!,
see the right hand side of Figure 18.
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pl
z z
P

p2

Figure 18. A curve marked at the node and its stable model.

On the other hand, let us decompose X\Y into two regions as in
Figure 19, where the edges with the same labelings are identified by
translation. Suppose d is the saddle connection that becomes arbitrarily

al a2
e e
cl c2
b d d b
z cl c2
f f
al a2

Figure 19. Shrink d or alternatively expand the other
labeled edges.

short. Up to scaling, it amounts to expanding all the other labeled edges
to be of arbitrarily long. Then we obtain two pairs of basic domains in
the sense of [Bo|, which gives rise to two double poles p; and psy, and
the double zero z remains there. Therefore, the underlying surface is P!,
and the corresponding meromorphic differential w satisfies (w) = 2z —
2p1 — 2ps. We thus uncover the flat-geometric picture of the exceptional
P!-component in the preceding paragraph.

In Section 4.5, we will study degenerate differentials in the locus of
curves of non-(pseudo)compact type in general.

Now let us consider curves of compact type with more nodes. Suppose
a curve C of compact type has m+1 irreducible components Cy, . .., Cyp,
of genus go, . . . , gm, respectively. Then C possesses m nodes qi, .. ., ¢m-
The locus B of such pointed curves in ﬁg,n has dimension

dimB =39 —3+n—m.
As before, define M; = szeci m; for i = 0,...,m. We have

m g
Y gi=g Y Mi=29-2
1=0 1=0
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Let X be the universal n-pointed curve over B. There exists a unique
twisted canonical line bundle £, independent of X', such that the re-
striction £|¢, has degree M; for all i. Suppose that

‘C|C¢ ® OCl‘ Z SZJQJ = KCZ"
q;€C;

for some s;; € Z. In particular,

Z Sz‘j 2291—2—M¢-
¢;€C;

Recall that Cj is called a polar component of C, if at least one s;; < 0.
Conversely If all s;; > 0, we call C; a holomorphic component. In other
words, a component is holomorphic (resp. polar) if the corresponding
twisted canonical divisor restricted to it is effective (resp. not effective).

Suppose that C' possesses IV polar components. Let ¢; be a node con-
necting two components C; and Cj. Then s;; + s; = —2. In particular,
if C; is a tail of C, i.e., if C; meets the closure of its complement in C'
at only one point, then s;; # —1, again because ¢; is a base point of
K¢, (gj)- It immediately follows that

N <m.

In other words, at least one component of C' is holomorphic.
Consider the extremal case when N = m.

Theorem 4.14. For (C,z1,...,2,) € My, in the above setting, if it
is contained in P(u), then

(4) > omizi+ Y s~ Ko,

z;€C; q;€C;
holds for alli. Conversely, if Relation (4) holds and further assume that
C' has only one holomorphic component, then it is contained in P(u).

Proof. The first part of the result follows from the same proof as in
Proposition 4.2. For the other part, by assumption there exists at least
one tail of C, denoted by X, which is a polar component. Let Y = C\ X
and ¢ = X NY. Suppose sx < 0 and sy > 0 are the signatures of the
twisted canonical line bundle restricted to X and to Y at ¢. Suppose
the genera of X and Y are gx and gy, respectively, and the vanishing
orders of the marked points in X and in Y are of signature ux and uy,
respectively. We have g = gx + gy, 1 = (ux, py), and sy + sy = —2.
By Theorem 1.2, every one-nodal curve in P(ux, sx) X P(uy, Sy) can be
smoothed into P(u). Now treat ¢ as a marked point in Y with signature
sy > 0. By assumption, all components of Y but one are polar, hence
the desired result follows from induction on the number of components
of the underlying curve. q.e.d.
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Remark 4.15. Theorem 4.14 also holds for C' of pseudocompact type
under the same assumption, by treating K¢, as the dualizing line bundle
of C; and taking the g;’s from the set of separating nodes of C' only.
The same proof works for the first part as explained in Remark 4.1.
To see the smoothability part, note that at the two branches of a self-
node the (stable) differential has simple poles. Therefore, one can first
smooth out all self-nodes by the plumbing operation as in the proof of
Theorem 1.1, and then reduce it to the case of compact type.

Example 4.16. Suppose a smooth curve C is attached to m tails
Ci,...,Cy, as in Figure 20.

co

Figure 20. A curve with m tails.

Suppose further that the zero orders of marked points in C; add up
to d; > 2g; for ¢ > 0 and that they satisfy Relation (4). Then C; is
a polar component for ¢ = 1,...,m. Therefore, by Theorem 4.14 this
pointed curve is contained in P ().

Example 4.17. Let C be a chain of elliptic curves Fy,..., E, such
that ¢ = E; N E;1q for i = 1,...,9 — 1. Suppose that I, contains a
marked point z, see Figure 21.

at ag-1
- T Ty ‘_}<.\

Figure 21. A chain of elliptic curves.

Further suppose that (29 — 2)z ~ (29 — 2)qg—1 in Ey, (29 —4)gg—1 ~
(29—4)qg—2in Ey_1,...,2q2 ~ 2q; in Ey. In this setting, £ is the only
holomorphic component, and Relation (4) holds on every component of
C. By Theorem 4.14, we conclude that (C,z) € P(2g — 2).

We remark that for a pointed curve of pseudocompact type with
more than one separating node, Relation (4) may fail to be sufficient
for proving that it is contained in P(u), if the curve has more than one
holomorphic component (see Example 4.5).
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4.4. Twisted meromorphic canonical divisors. Take a sequence of
integers pu = (k1,...,kp, —l1,...,—ls) such that k; > 0,1; >0, >"7 | ki—
ijl l; =29 —2and s > 0, i.e., we consider meromorphic differentials
with at least one pole. We use z; to denote a zero of order k;, and
p;j for a pole of order /;. For pointed nodal curves of pseudocompact
type, the notion of twisted canonical divisors can be defined in the same
way in the meromorphic setting, by allowing sections of marked points
to have negative coefficients if they correspond to poles. Below we
establish similar dimension bounds for components of space of twisted
meromorphic canonical divisors as well as smoothability results.

Theorem 4.18. Let w : X — B be a smoothing family of genus
g curves of compact type with n = r 4+ s sections z1,...,2p, D1, .- -, Ps-
Then there exists a variety P(X/B;u) over B, compatible with base
change, whose point over any q in B (if not empty) corresponds to a
twisted meromorphic canonical divisor given by kiz1(q)+- -+ kr2.(q) —
lipi(q) — -+ — lsps(q). Furthermore, every irreducible component of
P(X/B;u) has dimension > dim B — g.

Proof. As explained in the proof of Theorem 4.4, it suffices to prove
the result when the general fiber of X is smooth. Since the problem is
local on B, we assume that B is affine. Take a relatively ample divisor
D on X such that D is contained in the smooth locus of m and disjoint
from the sections z; and p;. Replacing D with a high multiple of itself,
we may assume that it intersects every component of a reducible fiber
with high degree. Denote by d the total degree of D relative over B.

Let w, be a twisted relative canonical line bundle on & such that
restricted to each fiber (C,z1,...,2,,p1,...,ps) it is the unique twisted
canonical line bundle of degree > €0 k; — th cc; ln on every compo-
nent C; of C. It follows that

S
Wy Z lipj +D
j=1

is a vector bundle of rank

S S
l—g+ |20=2+4) lLi+d|=g—1+d+> 1
Jj=1 Jj=1

by Riemann-Roch. Let P’ be the corresponding projective bundle with
fiber dimension g —2+d+377_, l; over B. A point of P’ over ¢’ € B is
thus a section o € HY(w,(D + > 5=11ipj)lx, ), modulo the equivalence
o ~ Ao for a nonzero scalar .

Consider the subvariety P/(X/B;u) in P’ cut out by the following
groups of equations:

e Vanishing on D. We require that ¢ vanishes on D.
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e Ramification at z;. For each section z;, ¢ vanishes on z; with
multiplicity > k;.

The vanishing condition on D is given by d equations. The ramifica-
tion condition on each z; imposes k; equations, so in total they impose
> i1 ki =29 —2+ 377 1; equations. It follows that the dimension of
every irreducible component of P/(X/B; u) is at least

dim B + g—2+d—|—le —d— 29—2—}—le =dim B — g.
=1 =

Let U be an irreducible component of P'(X'/B; ). For a general point
o € U, there are two possibilities. First, if o vanishes on a component
of the underlying curve C', then this property holds for all sections
parametrized in U. The other case is that ¢ has isolated zeros in C.
Then it follows from construction that

T S
O‘)o = Zk‘izi + D qu—i—D—l—lepj,
i=1 j=1

hence Y7 kizi— .} j=1jp; is a twisted meromorphic canonical divisor
restricted to C'. Conversely, a twisted meromorphic canonical divisor de-
termines such a o up to scaling. By collecting irreducible components of
P'(X/B; i) of the latter type, we thus obtain the desired P(X/B; ) pa-
rameterizing twisted meromorphic canonical divisors with signature u.

q.e.d.

Proposition 4.19. In the above suppose (C,z1,...,2r,D1,-..,Ps) €
B is contained in an irreducible component U of P(X/B;u) such that
dimU =dim B — g. Then (C,z1,...,27,p1,--.,Ds) € P(p).

Proof. Let X — B be the versal family around (C, z1,..., 27, p1,. ..,
ps). Let f: B — B be the map locally inducing X' — B w1th n=r+s
sections of marked points. Let U be a component of P(X /B; 1) such

that U is a component of f *U and let C be the point in U corresponding
to the pointed curve C. By Theorem 4.18 we have

dim U > dim B — g.

If U does not lie entirely in the discriminant locus of X / B parame-
terizing nodal curves, then it implies that a general point of U parame-
terizes an ordinary meromorphic canonical divisor with signature y on
a smooth curve, and hence we are done. Suppose on the contrary that

U lies over a component B’ of the discriminant locus. Note that B’ is a
hypersurface in B, hence

dimU > dim B — g > dim B’ — g.
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Thus every component of f *ﬁ7 including U, has dimension > dim B —g,
contradicting the assumption that dimU = dim B — g. q.e.d.

Now we consider twisted meromorphic canonical divisors on curves of
compact type. Suppose C'is a pointed curve of compact type with m—+1

irreducible components Cy, . . ., C,, of genus go, . . . , gm, respectively, and
with q1,...,qmn as the nodes. Let z,...,%.,p1,...,ps be the marked
points in C' with respect to the signature u = (k1,...,ky, —l1,...,—ls).

Denote by M; the sum of zero orders minus pole orders for the zeros z;,
and poles py, contained in each C;. Since C' is of compact type, there
exists a unique twisted canonical line bundle whose restriction to each
C; has degree M; and is of type Kci(zg-”:l tijq;) for t;; € Z. Recall that
C; is a polar component if either C; contains some p;, or contains some
qj with t;; > 0.

Theorem 4.20. In the above setting, if C € P(u), then we have

(5) > kiz— Y I — Yty ~ Ko,
j=1

z€C; preC;

for all i. Conversely, assume that Relation (5) holds and also that all
C; are polar components, then C € P(p).

Proof. The first part of the result follows from the same proof as
Proposition 4.2. Conversely, suppose Relation (5) holds. Let B C M.,
be the locus of nodal curves that are of the same topological type as
C. Tt is an open dense subset of the corresponding boundary stratum
of ﬂg,n, where n = r + s, hence

dim B = dim M,,, —m =39 — 3 +n —m.

Consider the space of twisted meromorphic canonical divisors with sig-
nature p over B. Restricted to each Cj, it is the stratum of ordinary
meromorphic canonical divisors with zeros at z;, and poles at pj,, and
have zero or pole of order —t;; at ¢;. By assumption C; is polar, hence
it contains at least one pole. Therefore, using the dimensions of strata
of meromorphic differentials, we have

dimP(X/B;pu) = Z(Qgi—3)+r+s+2m
=0
2g—-3+n—m
= dim B —g.

The desired smoothability conclusion thus follows from Proposition 4.19.
q.e.d.

Remark 4.21. Analogous to Remark 4.15, Theorem 4.20 also holds
for C' of pseudocompact type under the same assumption, by treating
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K¢, as the dualizing line bundle of C; and only taking the separating
nodes ¢; into account. Again, the first part follows from the explanation
of Remark 4.1, and the smoothability part follows from smoothing out
all self-nodes by the plumbing operation to reduce to the case of compact

type.

Note that Theorem 1.3 is a special case of the above result for curves
of compact type with one node.

4.5. Curves of non-pseudocompact type. Let us study the closure
of P(u) in the locus of curves of non-pseudocompact type. It is possible
to extend the notion of twisted canonical divisors to a curve of non-
pseudocompact type, but we need to consider semistable models of the
curve by inserting chains of rational curves at a non-separating and
external node, as already considered in the study of limit linear series
(see, e.g., [EM, O]). We explain this issue in detail in the following
example.

Some setup first. Let m: X — T be a one-parameter family of genus
g curves over a disk such that the generic fiber C; is smooth and the
central fiber C is nodal. We say that X is a smoothing of C. If X
is smooth everywhere but possibly at those nodes of C' that are self-
intersections of each of its irreducible components, we say that X is a
reqular smoothing. The reason to consider regular smoothing families
is that every irreducible component of C' is a Cartier divisor on such
X. In particular, if C' is of compact type, then every regular smoothing
family is smooth everywhere. The reader can refer to [EM, Section 1.3]
for more details on this setting.

Now, let C'y be a nodal curve consisting of two components X and
R intersecting at two nodes ¢q; and g2, where X is smooth of genus two
and R = P'. Let z be a marked point contained in R. Therefore, (C1, 2)
is a stable pointed curve parameterized in ﬂg’l. Furthermore, assume
that ¢ is a Weierstrass point of X, i.e., 2¢1 ~ Kx. Let C3 be the
semistable model of C; by blowing up ¢; and inserting two exceptional
P!-components, denoted by E; and Fs, see Figure 22.

ct a

Figure 22. A curve with a semistable model.
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Here the subscript ¢ of C; stands for the length of the chain of rational
curves between ¢; and ¢s.

Proposition 4.22. In the above setting, we have (Cy, z) € P(4)°%4,
In addition, any one-dimensional smoothing family of (C1, z) into P(4)
must be singular. However, there exists a one-dimensional reqular
smoothing family of (Cs,z) into P(4).

Proof. 1f we forget z and blow down R, then we get a one-nodal curve
Cy with a node ¢. By assumption, Cj is not in the closure of genus three
hyperelliptic curves, hence it admits a canonical embedding as a plane
nodal quartic (see [H, Proposition 2.3]). The section 3¢; + ¢2 of the
dualizing line bundle Ky (q1 + g2) corresponds to a line L in P? that has
total contact order four to Cy at ¢, that is, contact order three to the
branch of ¢; and transversal to the branch of go, see Figure 23.

L

Figure 23. A nodal quartic with a hyperflex at the node.

Note that the space of plane quartics that have contact order four to
L at q is irreducible, and its general element corresponds to a smooth,
non-hyperelliptic curve C with a hyperflex ¢, i.e., 4¢g ~ K¢, and hence
(C,q) € P(4)°%. Blowing up Cp at ¢ yields the stable pointed curve
(C1, 2), thus proving the first part of the proposition.

Next, suppose there is a smoothing family 7 : X — T such that
X is everywhere smooth with a section Z, C is the special fiber with
Z(0) = z, and the generic fiber (Cy, Z(t)) € P(4). Let w, be the relative
dualizing line bundle of the family. Consider the direct image sheaf

F =m(wre(2X —47)).

By assumption, F|¢, = H(Cy, O) = C, hence F|¢, must have a section
not identically zero. Note that

wﬂ—(2X_4Z)‘X:KX(_q1_q2)7 (A)ﬂ—(2X—4Z)‘R:O]}D1.

It implies that ¢; + g2 ~ Ky, contradicting the assumption that
2(]1 ~ Kx.

Finally, fix ¢ € L C P? in the first paragraph. Among all plane
quartics that have contact order four to L at ¢, take a general one
and denote it by (). Consider the pencil of plane quartics generated by
tQ+Cy, where t is the base parameter. Locally around (¢ = (0,0),¢ = 0)
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this family can be written as t(y — 2*) + 2(y — 23), hence has an Aj3-
singularity at the origin. Running stable reduction by resolving it as
well as other base points of the pencil, it is easy to see that (Cs, z) arises
as the central fiber in the resulting everywhere regular family (see also
the proof of Theorem 5.3 for a concrete and harder example of stable
reduction). q.e.d.

Remark 4.23. In the above proof, when theta characteristics 7; on
smooth curves C; € 77(4)°dd degenerate to Cp, it is not hard to see that
the limit theta characteristic 7y is of the second kind (see Section 2.7),
i.e., it consists of (Ox(q1), Or(1)) on the semistable model C; of Cy
without the marked point. The parity of 79 equals h°(X,¢;) = 1, hence
it is odd, as already predicted by Proposition 4.22. See Remark 5.4 for
a comparable example.

In essence, Proposition 4.22 says that in order to prove that (C1, 2)
is contained in P(4), it is necessary to insert chains of rational curves
at a non-separating and external node, and consider semistable models.
For a curve C of pseudocompact type, after this procedure it remains
to be of pseudocompact type, and in Section 4.1, we have seen that the
twisting operation can provide a unique twisted canonical line bundle
that has the desired degree M; on each component of C' and has degree
zero on the exceptional P'-components. However, for curves of non-
pseudocompact type, inserting extra rational chains at non-separating
and external nodes can change the twisting pattern significantly.

Let us study this issue in general. Suppose C'is a pointed nodal curve
(possibly semistable) with n = r 4+ s marked points and m irreducible
components C1, ..., Cy,. Denote by a;; the number of nodes contained
in C;NCj for i # j. Set a; = — Z#i a;j for all i. The m x m matrix
L(C) = (ai;) (or sometimes —L(C')) is called the Laplacian matriz of the
dual graph of C. In particular, L(C) is symmetric, zero is an eigenvalue
of L(C), and (1,...,1)! is an eigenvector associated to zero.

Now take a signature u = (ky,..., k., —l1,...,—ls). As before, let M;
be the sum of zero orders minus the pole orders for those marked points
contained in C;.

Proposition 4.24. In the above setting, if there is a regular smooth-
ing family m1 : X — T of C into P(u), then there exists an integer
sequence (bi,...,by), unique modulo (1,...,1), such that

(6) L(C) - (by,...,bp) = (My —2g1 +2,..., My, — 29, +2)".

Moreover, Y i kizi — 2;21 lijpj is a twisted meromorphic canonical
dwvisor with respect to the twisted canonical line bundle w. (> i~ b:Ci)|c.

Proof. Let Z; and P; denote the sections of z; and p; in &, respec-
tively. Since X is a regular smoothing, every component C; is a Cartier
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divisor of X'. Note that ) ;_, k;Z; —>%_, I; Pj restricted to the open lo-
cus X° = X\C, as a meromorphic section of m,w;|xe, extends uniquely
to> kiZi— ijl i P; =" b;C; as a meromorphic section of mywy
for some b; € Z. Therefore, restricted to the central fiber C' we conclude
that > i_; kizi — D271 1jpj is a twisted canonical divisor with respect
to the twisted canonical line bundle Ko @ Ox (31", b;C;)c. Moreover,
deg Ox(Cj)|c, = aij, hence Relation (6) follows by taking the degree on
each C;. Finally, the uniqueness of (b, ..., by,) modulo (1,...,1) follows
from the fact that Ox (3", d;C;) is trivial if and only if (di, ..., dy,) is
a multiple of (1,...,1). Alternatively, it also follows from the fact that
the algebraic multiplicity of the zero eigenvalue is one for the Laplacian
matrix of any connected graph (see, e.g., [Ch, Lemma 1.7]), which is
our case because C' is connected. q.e.d.

Corollary 4.25. If a pointed stable nodal curve C' is contained in
P(u), then C' admits a semistable model of C obtained by inserting
chains of rational curves at the nodes of C' such that there exists a
reqular smoothing family 7 : X — T of C into P(u), and hence C
satisfies the properties described in Proposition 4.24.

Proof. By assumption, there exists a smoothing family of C’ into
P(p). If it is not regular, running semistable reduction explained in
[EM, Section 2.7] yields the desired regular smoothing family with a
semistable model C' as the new central fiber. The rest part of the corol-
lary follows from Proposition 4.24. q.e.d.

In the following example we illustrate how to apply the above results.

Example 4.26. Recall the semistable model (C3,z) of the stable
curve (C1, z) described in Proposition 4.22. Line up the components of
('3 in the order X, R, E; and Es. Then the Laplacian matrix of C5 is

2 1 0 1
1 -2 1 0

L=y 1 o 1
1 0 1 -2

Since deg K¢, |x = 4 and deg K¢, |r = deg K¢y |, = 0 and we want the
twisted canonical line bundle to have degree four on R and degree zero
on the other components, one checks that

L(C3) - (0,3, -2, —1)" = (—4,4,0,0)".
Therefore, for a regular smoothing family 7 : X — T of Cs
L= wﬂ—(—3R — 2E1 — EQ)

is the twisted relative canonical line bundle whose restriction to C5 has
the desired degree on each component. Note that

£|X :Kx(—qu), £|R:Op1(4), £|Ez :O[pl.
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If 4z is a section of L|c,, then L|c,(—4z) has degree zero on every
component of C3 and has a section not identically zero, hence it is
trivial restricted to every component of Cs. It follows that 2¢; ~ Kx
and ¢ is a Weierstrass point of X. This provides an inverse statement
to Proposition 4.22, that is, if such (C3, z) can be smoothed into P(4)
via a regular smoothing family, then ¢; is a Weierstrass point of X.

5. Boundary of hyperelliptic and spin components

Let us first prove Theorem 1.4. We treat the cases of holomorphic
and meromorphic differentials simultaneously.

Proof of Theorem 1.4. Let p = (2ky,...,2k,, =201, ..., —2l;) be a par-
tition of 2g—2 with k;,1; € Z*. If s = 0, it is just a signature of holomor-
phic differentials. Let P (1)°d4 and P ()" be the two spin components
of P(u). Prove by contradiction. Suppose (C, z1,...,2r,p1,...,Ps) €
Mg,n with n = r 4+ s is a curve of pseudocompact type contained in
both P(12)°d and P(p)eve". Let 7 : X — T be a smoothing family of
spin curves (C, z1(t),...,z(t),p1(t),...,ps(t)) in P(u) degenerating to
the pointed curve C. Let Z; and P; be the sections corresponding to
zi(t) and p;(t), respectively. Denote by

m=0c, | Y k() =Y Lpi(t) |,
i=1 Jj=1

the theta characteristic on a generic fiber C;.

To describe the limit spin structure when 7; degenerates to C, as de-
scribed in Section 2.7, we blow up each separating node of C to insert
an exceptional P'-component. The resulting curve remains of pseudo-
compact type, and we still denote by C' the special fiber. In particular,
the marked points z; and py, are contained in the non-exceptional com-
ponents of C only. Let Cy,...,C,, be the irreducible components of
C, and let ¢1,...,qn_1 be the separating nodes of C. For each non-
exceptional component Cj, let ; be the limit spin structure restricted
to C;, and on an exceptional P! it is O(1) (see Section 2.7). Also
denote by ny the universal theta characteristic line bundle such that
77X|C’z = n; and ny|c = n. Since C is of pseudocompact type and
Zj vki —> -1l = g — 1 = degn, there exists a unique twisted
umversal theta characteristic

m
N = Nx (Z bz‘Ci> )
i=1
for some b; € Z, independent of X and depending on C' only, such that

degnulo, = > kj— > In,

Z]'ECi thCj
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for non-exceptional components C; and degn,|c;, = 0 when Cj is excep-
tional. Denote by

r s
,C:nﬂ —ijZj+Zthh ,
j=1 h=1

and consider the direct image sheaf F = m,L. By assumption, F|c, =
H°(Cy,0) = C, hence Flc = H°(C, L|¢) has a section not identically
zero. Since the degree of L restricted to every component of C' is zero
and C is connected, it implies that £ is the trivial line bundle, and hence

e, = Oc, | Y kjzi— D lupn

ZjGCZ' phECj

It follows that
m
i = nX|C7, ="M <_ Z b’LC’L> |C¢7
i=1

which is independent of X and depends on C' only. Thus the parity of
the limit spin structure  on C is given by Y"1 | h%(C;,m;) (mod 2), and
hence cannot be both even and odd, leading to a contradiction. q.e.d.

Remark 5.1. The above proof implies that if an irreducible compo-
nent C; has self-nodes, then 7; is of the first kind (see Section 2.7), i.e.,
n;m = K¢,, where K¢, is regarded as the dualizing line bundle of Cj.
In other words, the zeros and poles do not degenerate to a self-node, so
we do not blow up a self-node to insert an exceptional P!, and hence ;
cannot be of the second kind.

Moreover, for the signature (2kq,...,2k,,—1,—1) with k; > 0, the
corresponding stratum of meromorphic differentials also has two spin
components (see [Bo, Section 5.3]). Suppose X is a pointed smooth
curve contained in this stratum with p; and po as the two simple poles.
Identifying p; and py, we obtain an irreducible one-nodal curve X’.
Let 1 = Ox/(3_7_; kj2;). Since n'®? = Kx/, 1 is a spin structure of
the first kind on X', and the parity of 1’ determines that of X. Now
suppose X degenerates to a pointed curve C' of pseudocompact type.
As long as p; and p- are contained in the same irreducible component
of C, identifying them as a node yields a curve C’, which is still of
pseudocompact type. Therefore, keeping track of ” on X’ degenerating
to C’, the same proof as above goes through, and hence the closures of
the two spin components of H(2ky,...,2k,,—1, —1) remain disjoint in
the locus of such pointed nodal curves.

Example 5.2. Let us explicitly determine the limit spin structure
for a pointed one-nodal curve C' = C; Uy C contained in P(u) for
w = (2ky,...,2k,, —2ly,...,—2ls), which can help the reader capture
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the upshot of the above proof. Blow up ¢ to insert an exceptional P!-
component between C; and Cy. Let ¢; = C;NPL. Let n = (1,72, O(1))
be the limit spin structure, where O(1) is the unique degree one line
bundle on P! and 7; is an ordinary theta characteristic on C;. For

i = 1,2, denote by
N= Y k- Y h
ZjECi phECi

Then we have

n; = Oci Z kaj — Z Ippn + (gz' ol Ni)Qi 5
z€C; preC

for i = 1, 2. Hence, the parity of (C,7) is given by h°(C1, n1)+h°(C2, n2)
(mod 2).

In general, if we consider all possible types of pointed stable curves,
then P(u)"WP, P(1)° and P(p)V*" can intersect, illustrated by the
following result.

Consider the stratum P(4) in genus three. It consists of two con-
nected components P(4)"P and P(4)°%. In this case the hyperelliptic
component coincides with the even spin component. Let C' be the union
of X and P!, attached at two nodes ¢; and ¢2, where X is a smooth curve
of genus two, g1 and ¢o are conjugate under the hyperelliptic involution
of X, and P! contains a marked point z, see Figure 24.

Figure 24. A stable curve of non-pseudocompact type.

In particular, as a pointed curve (C, z) is stable and is not of pseu-
docompact type.

Theorem 5.3. P(4)P and P(4)°% intersect in M3 1, both contain-
ing (C,z).

Proof. Since q1 and ¢o are hyperelliptic conjugate in X, it implies that
C admits an admissible double cover with z as a ramification point, and
hence (C, ) is contained in P(4)™P, see Figure 25.

To prove that it is contained in P(4)°%, take a pencil of plane quartics
generated by Qo and @1, where () is a double conic tangent to a line
L at z, and ()7 is general among all plane quartics that are tangent to
L at z with multiplicity four, see Figure 26.
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Figure 25. A degenerate hyperelliptic double cover.

L

Q1 Q0

Figure 26. Quartics degenerate to a double conic with
a common hyperflex.

Let us carry out stable reduction to this pencil to see that the stabi-
lization of (Qq, z) is (C,z). Suppose the pencil is given by (y — 2?)? +
t(x* + yf(x,y)) with ¢ the base parameter, where f(z,y) is general of
degree three. All curves in this family share a common hyperflex line
defined by y = 0. Let Z be the section of hyperflex points given by
x =y = 0. Let C be the reduced central fiber when ¢t = 0, i.e., the
double conic is 2C. At x = y = t = 0, the total family as a surface
has an As-singularity, i.e., locally of type uv = w*. First, blowing it
up reduces the singularity to of type Aj, and the proper transform of
C meets the new singularity, where the two exceptional curves F; and
FE5 meet, and Z meets exactly one of Fy and Es. Blowing up the sin-
gularity again makes the family smooth, and now C' meets the interior
of the new exceptional curve F3. The pencil has six other base points,
which are all A;-singularities. Blowing them up yields six exceptional
curves By,...,Bg. All the E; and B; have self-intersection —2. Let
bj =B;NC, e =FE;NE3fori=1,2, and e3 = F3N C. At this stage
the central fiber of the family consists of

6
2C + By + By +2E3+ Y By,
j=1
see Figure 27.

Take a base change of degree two branched along all B;, Fy and Es. In
particular, b; and eq, e are branch points on C and on Ej, respectively.
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B1

B6

Figure 27. The central fiber after resolving the singularities.

Pull back the central fiber and divide it by two. We obtain the new
central fiber reduced and consisting of

6
C+E1+E2—|—E3—|—ZB]',
j=1
see Figure 28.

Figure 28. The central fiber after a base change.

Here C is a double cover of C' branched at all bj, hence of genus
two, Eg is a double cover of EF3 branched at eq,es, Eg = —4, and
EJQ = Ef = —1 for ¢ = 1,2 and for all 5. Moreover, Eg meets C at
two points q1, ¢2 € C that are the inverse images of ez under the double
cover, hence ¢; and g2 are conjugate under the hyperelliptic involution
of C. Finally, blowing down El, Eg and Bj, we obtain the desired curve
configuration as (C, z). Since Z meets exactly one of E; and Ej, after

blowing down E; and Ez, Z only meets E’g in the central fiber, and
hence as a marked curve F3 along with ¢, ¢2 and z is stable. q.e.d.

Remark 5.4. In the above setting, let Cy be the stable model of
C after forgetting z, i.e., Cp is obtained by identifying ¢; and g2 in
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X as a node. When theta characteristics 17, = O¢,(2z) degenerate
to Cp from smooth curves C; € P(4), it is not hard to see that the
limit spin structure 7o is of the first kind, whose pullback 7 on X is
o = Ox(q1 + ¢2) = Kx. There are two ways to identify fibers of 7
over q; and go such that it descends to 19 on Cy with h%(Co,m9) = 1
and h?(Co,no) = 2, respectively, hence both parities can appear.

6. Weierstrass point behavior of general differentials

Suppose P(u) is a stratum (component) of effective canonical divisors
with signature g = (mq,...,my). If m; > g, then by Riemann—Roch,

hO(Ca 92’1) - h’O(C7 (ml - g)Zl + mozo + -+ mnzn) +1 > 27

hence by definition z; is a Weierstrass point for all (C,z1,...,2,) €
P(u). Now assume that my < g. Then it is natural to expect that for a
general (C,z1,...,2,) € P(u), 21 is not a Weierstrass point. Similarly,
for a stratum (component) of meromorphic canonical divisors P(u) with
w=(ki,...,kr,—ly,...,—ls), it is natural to expect that for a general
(Cyz1,y. oy 2r,p1,---,Ds) € P(n), z1 and py are not Weierstrass points.

We first consider hyperelliptic components of holomorphic differen-
tials (see [KZ, Definition 2]). For (C,z) € P(2g — 2)™P, we have seen
that z is a Weierstrass point of C. For (C, 21, 20) € P(g — 1,9 — 1)vP,
the two zeros z; and 29 are conjugate under the hyperelliptic involu-
tion, hence they are not Weierstrass points. Now consider hyperelliptic
components of meromorphic differentials (see [Bo, Proposition 5.3]).
For (C,z,p) € P(2k, —21)"P both z and p are Weierstrass points. For
(C,z,p1,p2) € P(2k,—1,—1)"P, 2 is a Weierstrass point, but p; and
po are conjugate under the hyperelliptic involution, hence they are not.
For (C, 21, 22,p) € P(k, k, —21)™P, p is a Weierstrass point, but z; and
zo are conjugate under the hyperelliptic involution, hence they are not.
Finally, for (C, z1, 22, p1,p2) € P(k, k, =1, —1)™P, z; and 2 (resp. p; and
p2) are conjugate under the hyperelliptic involution, hence all of them
are not Weierstrass point. Therefore, for the rest of the section when we
speak of a stratum (component), we assume that it is not hyperelliptic.

Below we explore several approaches and analyze a number of non-
hyperelliptic strata.

6.1. Merging zeros and poles. First, we point out that the case of
P(mq,...,my) can be reduced to P(my,29 — 2 —mq).

Lemma 6.1. For m; < g, if z1 in a general curve (C,z1,22) €
P(mi,29 — 2 —mq) is not a Weierstrass point, then neither is z1 in a
general curve (C, z1,...2p) € P(ma,...,my).

Proof. By [KZ], a zero of order 2g — 2 —mj3 = mg + -+ + m,, can
be split off as distinct zeros of order mo, ..., m,, respectively. In other
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words, marking z; and lifting the strata into ﬂg,l, then P(my,2g —
2 — my) is contained in the closure of P(my,...,my). If a general
curve (C,z1,...2,) € P(my,...,my) has z; as a Weierstrass point,
then the closure of the locus of Weierstrass points in M, contains
P(mq,...,my), and hence contains P(m1,2g9 — 2 — m1), contradicting
the assumption that z; in a general curve (C, 21, z2) € P(m1,2g—2—m;)
is not a Weierstrass point. q.e.d.

Next, for the case of meromorphic differentials. There is a similar
procedure of merging poles.

Lemma 6.2. A pole of order d = di + do can be split off as two
poles of order di and ds, respectively. In other words, a meromorphic
differential in H(ki, ... ky,—d,—l1,...,—ls) is a limit of differentials
m H(kil, ey kr, *dl, *dg, *ll, PN *ls).

Proof. Let p be a pole of order d. As we have seen, the local flat-
geometric neighborhood of p can be constructed by gluing d — 1 pairs
of basic domains D;t, where D;r has boundary rays a; and [;, and D;
has boundary rays a; and l;41, see Figure 29.

D+

Figure 29. A pair of broken half-planes as basic domains.

+
di+1

upward. Truncate a; in D] and lg, 41 in D, by a vertical half-line y
downward. We choose the truncated line segments in a; (resp. inlg,+1)
such that they can still be glued under translation, see Figure 30.
After this operation, D, , ..., Dy 4,D4UDy and Df, ..., Djl_l, Df
form a flat-geometric neighborhood of a pole of order d;. Similarly, the
remaining basic domains form a pole of order ds. If we reverse this pro-
cess by extending the line segments in a; and in [4, 41 arbitrarily long,
the two poles thus merge to a single pole of order dy +ds = d. q.e.d.

Now truncate a; in D} and lg, 1 in D by a vertical half-line z

Remark 6.3. Note that one cannot always merge a zero and a pole.
For instance, differentials in H (2, —1,—1) cannot specialize to a differ-
ential in H(1, —1), because differentials of the latter type do not exist.
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D1- Dd-

Figure 30. Basic domains after truncation.

We can reduce the case P(ki,...,kp,—l1, - ,=ls) to P(ki,...,
kr,—1), where [ = >0 [ 11 + - + 1.

Lemma 6.4. If p in general (C,z1,...,2r,p) € P(k1,..., kp,—1) is
not a Weierstrass point, neither is p; in general (C, z1, ... 2p,D1,...,Ds) €
Pk, kpy =1y, —ls).

Proof. The same proof as in Lemma 6.1 works, with merging poles
instead of zeros guaranteed by Lemma 6.2. q.e.d.

6.2. Curves with an elliptic tail. As already used in [EH2| and
[Bu], degenerating to nodal curves with an elliptic tail provides a pow-
erful method to study the geometry of general curves.

Proposition 6.5. Suppose (X, z21,...,2,) € P(m1 —2,ma,...,my,)
is a general pointed curve such that zy is not a Weierstrass point and
that my 1 g. Then z1 in a general curve (C, z1,...,2,) € P(mi,...,my)
1s not a Weierstrass point.

Proof. By assumption, we can take a general curve (X, q, z2,...,2,) €
P(my — 2,ma,...,my) such that ¢ is not a Weierstrass point in X.
Attach to X at ¢ an elliptic curve E with an mq-torsion point z1 to g,
i.e., mizy ~miqin E, such that gz % gq, see Figure 31.

Such z; in E exists because m; t g. By Theorem 1.2, the union of
X and E with the marked points z;’s is contained in P(my,...,my,).
Since gz1 % gq in E, it implies that z; is not a limit of Weierstrass
points degenerating from smooth curves to X union E (see [HMo,
Theorem 5.45]). It follows that z; in a general curve (C,z1,...,2,) €
P(mq,...,my) is not a Weierstrass point.

One subtlety is when P(mq,mo,...,m,) has two spin components
(we have already discussed hyperelliptic components). In this case
P(my — 2,ma,...,my) also has two spin components. Since X union
FE is of compact type, the spin parity still holds by Theorem 1.4, and
is determined by that of each component. Therefore, we can take a
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E

Figure 31. A curve union an elliptic tail marked at an
mq-torsion point.

general X in each of the spin components of P(mj —2,ma, ..., my) and
carry out the above smoothing argument, which will lead to each of
the spin components of P(my, ma,...,m,) (see also [Bu] for a similar
discussion). q.e.d.

Proposition 6.6. Let (X, 21,...,2,01,...,0s) € P(k1,... kp,—l1—
2,—lg,...,—ls) be a general curve. Suppose that py is not a Weierstrass
point and that 1y 1 g. Then py in a general curve (C,z1,...2p,p1,. ..,
ps) € P(ki,... kp,—l1,--+,—ls) is not a Weierstrass point.

Proof. Take general (X, z21,...2,q,p2,...,0s) € P(k1,... kp,—l1 —
2, —la, ..., —ls) such that ¢ is not a Weierstrass point. Attach to X at
q an elliptic curve E with an [{-torsion point p; to q, i.e., [1p; ~ l1q in
FE, such that gp; # gq, see Figure 32.

Figure 32. A curve union an elliptic tail marked at an
[1-torsion point.

Such p; exists because [; 1 g. By Theorem 4.20, the union of X and
E with the marked points is contained in P(ky,..., ky, —l1, -+, —ls).
Since gp1 # gq in E, it implies that p; is not a limit of Weierstrass
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points degenerating from smooth curves to X union E, thus proving the
desired claim. The case when the stratum consists of spin components
can be treated by the same argument as in the proof of Proposition 6.5.

q.e.d.

Let us prove Theorem 1.5. For the reader’s convenience, we recall its
content as follows.

Theorem 6.7. For a general curve (C,z1,...,2p,p1,...,ps) in (the
non-hyperelliptic component of) P(ki, ..., kp,—l1,...,—ls), z1 is not a
Weierstrass point.

Proof. Let k=3 i, and I = > % ;. Then 29 —2 =k —I. Analogous
to Lemmas 6.1 and 6.4, it suffices to prove the result for P(k, —1). Do
induction on g. The case g = 1 is trivial, because there is no Weierstrass
point on an elliptic curve. Suppose the claim holds for ¢ — 1. Take
(X,q,p) € P(k —2,-1) such that ¢ is not a Weierstrass point. Attach
to X an elliptic curve E at ¢q. Take a k-torsion z with respect to ¢ in
FE such that z and ¢ are not g-torsion to each other. This is feasible
because k =29 — 2+ [ > g. By Theorem 4.20 we have (X U, E, z,p) €
P(k,—1), and z is not a limit Weierstrass point, thus proving the desired
result by induction. Again, the case when the stratum consists of spin
components can be treated by the same argument as in Proposition 6.5.

q.e.d.

6.3. Chains of elliptic curves. For the sake of completeness, let us
analyze limits of Weierstrass points as smooth curves degenerate to a
chain C' of g elliptic curves E,...,E,;. Suppose E; N E;11 = ¢; for
1=1,...,9 — 1. Let g4 € E,; be a smooth point, see Figure 33.

TPy e

E1 E2 Eg-1 Eg

Figure 33. A chain of elliptic curves marked in the last component.

Denote by t(x,y) the torsion order of x and y in an elliptic curve,
i.e., the minimal positive integer ¢ such that tx ~ ty. If such ¢t does
not exist, set t(x,y) = oo. In particular, let t; = t(¢;—1,¢;) in E; for
1=2,...,4.

Proposition 6.8. In the above setting, qq is a limit Weierstrass point
if and only if there exists an integer sequence g = kg > kg1 > -+ >
ko > k1 > 2 such that k;q; — k;—1q;—1 is an effective divisor class in F;
fori=2...,g.

Proof. Note that g, is a limit Weierstrass point if and only if there
exists an admissible cover of degree g, totally ramified at g, as in Fig-
ure 34.
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Figure 34. An admissible cover totally ramified at g,.

Suppose that k; encodes the ramification order of the cover at ¢; €
E; 1. Start from F, and keep track of the cover along the chain at each
node gg_1,...,q1. The desired result follows right away. q.e.d.

Remark 6.9. If k; > k;_1, the effectiveness of k;q; — ki—1q;—1 always
holds by the group structure of elliptic curves. On the other hand, if
k; = ki1, then the effectiveness condition implies that ¢; | &;.

Corollary 6.10. In the above setting, if t; | i for some i, then q4 is
a limit Weierstrass point.

Proof. Take k; = j+ 1 for j <i—1and k; = [ for [ > 4. Since
ig; ~ iq;—1, the result follows from Proposition 6.8. q.e.d.

7. Boundary of the minimal stratum in genus three

In genus three, the minimal stratum P(4) consists of two connected
components P(4)P and P(4)°4. Denote by z the unique zero. We
would like to classify which stable nodal curve (C,z) € M3 is con-
tained in P(4)™P and in P(4)°. As we have seen before, using ad-
missible double covers provides us a good understanding of P(4)"WP.
Moreover, in this case P(4)¢V" coincides with P(4)"™P hence the result
in Theorem 1.4 also applies. Below we will classify boundary points of
P(4)™P and P(4)°% for curves with at most two nodes. We separate
the discussion by the number of nodes and the topological type of a
curve.

7.1. Curves with one node. There are three cases for (C,z) € Ms
such that C' has one node, see Figure 35.

Here we denote by ¢ the node, z the marked point, and label the
geometric genus of each component of C.

e Case (I). By Theorem 1.2, (C,2) € P(4) if and only if 4z ~ 4q in

C1 and 2qg ~ K¢, in (. In particular, the condition on C'y implies

that ¢ is a Weierstrass point of Cs. It suffices to distinguish which

component of P(4) contains (C, z). As in the proof of Theorem 1.4,
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2 z z

Cl:g=1 C2:g=2  Clig=1 C2:g=2 Cig=2
0 (N (111

Figure 35. Stable pointed genus three curves with one node.

the limit spin structure on C'is (O¢, (22—2q), Oc¢, (q)) (we drop the
exceptional P1), hence the parity is even if and only if 2z ~ 2¢ in
C1. We thus conclude that (C, z) € P(4)™P if and only if 2z ~ 2¢
in C; and 2¢ ~ K¢, in Oy, and (C,z) € P(4)°! if and only if
4z ~ 4q, 2z 4 2q, and 2q ~ K¢, .

e Case (II). As above, (C,z) € P(4) if and only if 42 ~ 2¢ + K¢,
in Cy. The limit spin structure on C' is (O¢,, Oc, (22 — q)). Its
parity is even if and only if 2z — ¢ is effective in (5. Note that
2z — q is effective if and only if z is a Weierstrass point of Cj,
ie., 2z ~ Kg,, which further implies that 2z ~ 2q. We thus
conclude that (C,z) € P(4)™P if and only if 22 ~ 2¢ ~ K¢,, and
(C,2) € P(4)°% if and only if 42 ~ 2¢ + K¢, and 2z o K¢,.

e Case (III). Let C be the normalization of C, and q1,q2 € C the
preimages of ¢g. A stable one-form on C with a zero of multiplicity
four at 2z corresponds to a section of Kz(q1+¢2). By Theorem 1.1,
(C,z) € P(4) if and only if 4z € K54 ¢1+¢2 in C. The limit spin
structure on C is given by O¢(2z). Hence, it is even if and only
if C'is a (degenerate) hyperelliptic curve and z is a ramification
point of the corresponding admissible double cover, i.e., if and only
if 22 ~ q1 + g2 ~ K5. We thus conclude that (C,z) € P(4)™P if
and only if g1 + g2 ~ 2z ~ K~, and (C, 2) € P(4)° if and only if

o
4Z€K6+Q1+QQ but 227(/K6,

7.2. Curves with two nodes. There are ten cases for (C,z2) € Ms
such that C' has two nodes, see Figure 36.

Again, we denote by q1,q2 the two nodes, z the marked point, and
label the geometric genus of each component of C

e Case (IV). Note that C is of compact type. If (C,z2) € P(4),
the limit spin structure on C' would be (O¢,(—1), Oc,, Oc,(g2)),
hence its parity is even, which implies that (C,z) € P(4)™P. Nev-
ertheless, by analyzing possible admissible double covers f on C,
it follows that f|c, has ramification at g1, ¢2 and z, contradicting
the fact that on Cy =2 P! there are only two ramification points by
Riemann-Hurwitz. We thus conclude that P(4) is disjoint from
the locus of curves of type (IV).
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Figure 36. Stable pointed genus three curves with two nodes.

e Case (V). If (C,2) € P(4), necessarily we have 4z ~ 4¢q; in C}
and 2q; ~ 2¢2 in Cy by Proposition 4.2. In addition, the limit
spin structure on C'is (O¢, (22 — 2q1), Oc, (1 — q2), Ocy). 1t is
even if and only if 2z ~ 2¢;. In this case, again using admissible
covers we see that (C,z) € P(4)™P if and only if 2z ~ 2¢; in Cy
and 2q; ~ 2g2 in Cy. Moreover, (C,z) € P(4)°4 if and only if
2q1 ~ 2qs in Co, 4z ~ 4q1 but 2z o 2¢; in C1, where the “if” part
follows from Theorem 4.14 because Cj is the only holomorphic
component.

e Case (VI). If (C,2) € P(4), necessarily we have 4z ~ 221 + 229 in
(. The limit spin structure on C'is (O¢,, Oc, (22 —q1 —q2), Ocy),
hence it is odd if and only if 2z ~ g1 + ¢2 in Cs. Using admissible
covers we see that (O, z) € P(4)™P if and only if 22 ~ 2¢1 ~ 2¢o
in Cs. On the other hand, if 2z ~ ¢ + ¢o, then certainly 2z ¢ 2¢;
for i = 1,2. Furthermore, if there exists a limit g2 on C such
that the vanishing sequences of its aspect on Cy at z, ¢ and g9
are (0,1,4), (0,2,3) and (0, 2, 3), respectively, such g2 imposes two
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conditions to pointed curves of type (VI), matching the adjusted
Brill-Noether number by imposing vanishing sequence (0, 1,4) to
z. Hence, by the smoothability criterion of limit linear series
([EH1, Theorem 3.4]) such (C, z) appears in P(4)°d,

e Case (VII). Note that C is of pseudocompact type, so the discus-
sion of twisted canonical divisors and limit spin structures also
applies. The situation is very similar to Case (II). Let ¢} and ¢f
be the preimages of ¢, in C;. Then (C, z) € P(4)"P if and only if
2z ~ 2gy ~ ¢y + qf in C1, again easily seen by admissible covers.
On the other hand, (C, z) € P(4)°% if and only if 42 ~ 2g2+¢ +q/
and 2z %4 2qo, where the “if” part follows from plumbing a cylinder
at g1 in the proof of Theorem 1.1 and applying Theorem 1.2.

e Case (VIII). This is similar to Case (I). We conclude that (C, z) €
P(4)MP if and only if 2g2 ~ ¢} + ¢/ in Cy and 2z ~ 2¢o in Cs by
admissible covers, and (C, z) € P(4)°4 if and only if 2¢o ~ ¢} + ¢/
in Cq, 4z ~ 4qo and 2z +# 2¢s in Cs.

e Case (IX). This is similar to Case (I). We conclude that (C,z) €
P(4)™P if and only if 2¢2 ~ K¢, and ¢}, ¢} are conjugate under
the double cover induced by 2z ~ 2¢3 on C~’1. On the other hand,
(C,z) € P(4)°% if and only if 2¢2 ~ K¢, and z, go are primitive
4-torsions in the rational nodal curve Cf.

e Case (X). This is similar to Case (II). We conclude that (C,z) €
P(4)MP if and only if 22 ~ 2g2 in Ca, and (C, 2) € P(4)°4 if and
only if 4z ~ 2¢2 + K¢, and 2z ¢ Kc¢,.

e Case (XI). Suppose (C,z) € P(4). The limit spin structure is
(001 (2z -1 - Q2), OP1(1)7 O]P’l(l)? 002)7 after blowing up qi, g2
and inserting two exceptional P'-components. The parity is de-
termined by h°(C1,2z — q1 — q2) + h°(Ca, O), hence it is even if
and only if 2z ~ g1 + ¢o in Oy, i.e., if and only if (Cy, 2) € P(4)P
by using admissible covers. Now suppose (C,z) € P(4)°! and
2z & g1 4+ q2. We claim that 4z ~ 2q; + 2¢2 in C, which can be
seen as follows. Embed C to P3 by the linear system |2¢; + 2¢o|
as an elliptic normal quartic. Let H be the plane in P3 that cuts
out 2¢q1 + 2¢2 in Cy. Choose a point in H and project C from it
to P2. The image of C} is a plane quartic C] with a tacnode g,
and H maps to a line that passes through ¢ and is tangent to both
branches of C| at ¢. When smooth plane quartics with a hyperflex
degenerate to C7, the limit hyperflex line cuts out 4z, hence we
conclude that 4z ~ 2¢q; + 2qo. Conversely if 4z ~ 2q1 4+ 2¢2 in C,
since the space of plane quartics with a hyperflex is irreducible,
the tacnodal elliptic quartic model C] of C; appears as a limit of
smooth plane quartics with a hyperflex, with 2z as the limit hy-
perflex point. Running stable reduction to a general pencil in this
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degeneration to resolve the tacnode, the stable limit is of type (XI)
and all possible elliptic bridges C's show up. Moreover, in this case
we see that 2z 4 g1 + q2. Otherwise 2z 4 q1 + q2 ~ 2¢q1 + 2¢2 would
imply that the tangent line to C] at z cuts out 2z+ ¢ +¢2, contra-
dicting that z is a hyperflex of Cf. Hence, it belongs to P(4)°dd,
and not to P (4)P.

Case (XII). By admissible covers we see that (C,z) € P(4)wp
if and only if ¢1 + ¢2 ~ K¢,. In this case it also belongs to
P(4)°% as proved in Theorem 5.3. Suppose now (C, z) € P(4)°4d
and C is not hyperelliptic, i.e., ¢1 + ¢2 # K¢,. Let C' be the
irreducible nodal curve by blowing down C4, i.e., identifying ¢;
and ¢o in Cy as a node ¢. Since C” is not hyperelliptic, it admits a
canonical embedding as a plane nodal quartic. Consider smooth
curves in P(4)°d as plane quartics with a hyperflex line. When
they degenerate to C’; in order to have contact order four to C” at
q, the limit L of hyperflex lines cuts out either 3¢; + ¢2 or ¢1 + 3¢
in C. Without loss of generality, suppose the former occurs. It
then implies that 3¢; +¢2 ~ K¢,(q1 +g2), hence ¢ is a Weierstrass
point of Cy. Conversely if 2¢; ~ K¢, (or 2g2 ~ K¢, by symmetry),
since the space of plane quartics that have contact order four to
L at q is irreducible, such a (C,z) appears as a limit of smooth
plane quartics with a hyperflex, hence it is contained in f(4)°dd.
Case (XIII). Using admissible covers, we obtain that (C,z) €
P(4)MP if and only if ¢} + ¢ ~ ¢4+ ¢) ~ 2z in C. On the
other hand, (C,2) € P(4)°4 if and only if 4z ~ ¢} + ¢} + ¢4 + ¢4,
the corresponding meromorphic differential in C has residues sum-
ming up to zero at ¢}, q; for both i = 1,2, and 2z ¢ ¢} + ¢} for
either i, where the “if” part follows from plumbing a cylinder at
q1 and at ¢o.

7.3. A curve of non-pseudocompact type with three nodes.
Finally, we consider a more exotic case. Let C' consist of a smooth curve
E of genus one meeting L = P! at three nodes 1, ¢2 and g3, where L
contains the marked point z in the smooth locus, see Figure 37.

C:

['\ L
’ qz\/ N

Figure 37. A curve of genus one meeting a marked pro-
jective line at three nodes.

ql




DEGENERATIONS OF ABELIAN DIFFERENTIALS 451

Proposition 7.1. In the above setting, (C,z) & P(4)™P and (C, z) €
P(4)°0dd,

Proof. If C' admits an admissible hyperelliptic double covering, then
the subcovers restricted to both £ and L have degree two. Hence, they
cannot intersect at three nodes, because otherwise the arithmetic genus
of the target curve would be greater than zero, leading to a contradic-
tion. This proves that (C,z) ¢ P(4)WP.

Since C' is not in the closure of the locus of hyperelliptic curves, it
admits a canonical embedding as a singular plane quartic, where E is
a cubic and L is a line in P2. Without loss of generality, set z = (0,0)
and L : y = 0 in the affine coordinates x and y. Recall that curves in
P(4)°% admit canonical embeddings as plane quartics with a hyperflex
line. The defining equation of a plane quartic that has contact order
four to L at z is of the form

tat + yg(z,y),

where g(x,y) is any polynomial of degree at most three. Now take g(z, y)
to be the defining equation of the plane cubic E and let t approach
zero. We obtain a family of pointed curves in P(4)°4 that degenerate
to (C, z), thus proving that (C,z) € P(4)°%d,

Alternatively, we present a flat-geometric explanation to prove that
it is contained in P(4). Let wy, be a meromorphic differential on L such
that it has a quadruple zero at z and a double pole at each ¢;. Suppose
the residue of wy at ¢; is 7;. Let wgr be a holomorphic differential on
FE, realizing E as a flat torus. Take away a polygon from the interior
of F and identify the edges with the same labelings by translation, see
Figure 38. We require that ¢; = n1, ¢o = 12 and ¢y + c2 + 13 = 0.

a

Figure 38. A flat torus with a polygon removed.
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Since the residues 7; sum up to zero, such a polygon with the desired
gluing pattern exists. It is easy to check that the resulting translation
surface is in 7 (4), where the blue points are identified to form the unique
Zero 2.

Now shrink ¢; and ¢ to be arbitrarily short. The limit surface is F
with the three endpoints of /; identified as a triple point. Up to scaling,
this procedure amounts to expanding all the other edges to be arbi-
trarily long in comparison to ¢; and ¢y. According to [Bo], extending
each pair of I; to infinity gives rise to a double pole with residue equal
to n;, and the quadruple zero z remains there. Hence, the resulting
flat surface of infinite area corresponds to a meromorphic differential of
type wr,, thus recovering the P'-component with the marked zero after
blowing up the triple point in FE. q.e.d.

It appears possible to classify curves with more than two nodes that
are contained in P(4). But the number of topological types of curves
with three nodes or more increases significantly, so here we choose to
end our discussion.

References

[ACGH] E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris, Geometry of
algebraic curves. Vol. 1. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], 267. Springer-Verlag,
New York, 1985, MR0770932, Zbl 0559.14017.

[A] M. Atiyah, Riemann surfaces and spin structures, Ann. Sci. Ecole Norm.
Sup. (4) 4 (1971), 47-62, MR0286136, Zbl 0212.56402.

[Bo] C. Boissy, Connected components of the moduli space of meromorphic dif-
ferentials, Comm. Math. Helv. 90 (2015), no. 2, 255-286, MR3351745, Zbl
1323.30060.

[Bu] E. Bullock, Subcanonical points on algebraic curves, Trans. Amer. Math.

Soc. 365 (2013), no. 1, 99-122, MR2984053, Zbl 1273.14069.

[CM1] D. Chen and M. Mdller, Nonvarying sums of Lyapunov exponents of Abelian
differentials in low genus, Geom. Topol. 16 (2012), no. 4, 2427-2479,
MR3033521, Zbl 1266.14018.

[CM2] D. Chen and M. Moller, Quadratic differentials in low genus: exceptional
and non-varying strata, Ann. Sci. Ec. Norm. Supér. 16 (2014), no. 2, 309—
369, MR3215925, Zbl 06324773.

[Ch] F. Chung, Spectral graph theory, CBMS Regional Conference Series in
Mathematics 92 (1997), MR1421568, Zbl 0867.05046.

[Co] M. Cornalba, Moduli of curves and theta-characteristics, Lectures on Rie-
mann surfaces (Trieste, 1987), 560-589, World Sci. Publ., Teaneck, NJ,
1989, MR 1082361, Zbl 0800.14011.

[EH1]  D. Eisenbud and J. Harris, Limit linear series: basic theory, Invent. Math.
85 (1986), no. 2, 337-371, MR0846932, Zbl 0598.14003.

[EH2] D. Eisenbud and J. Harris, Existence, decomposition, and limits of certain
Weierstrass points, Invent. Math. 87 (1987), no. 3, 495-515, MR0874034,
Zbl 0606.14014.



[EKZ)

[EMa]

[EM]

[EMM]

[EO]

(EM]

DEGENERATIONS OF ABELIAN DIFFERENTIALS 453

A. Eskin, M. Kontsevich, and A. Zorich, Sum of Lyapunov exponents of the
Hodge bundle with respect to the Teichmiiller geodesic flow, Publ. Math.
Inst. Hautes Etudes Sci. 120 (2014), 207-333, MR3270590, Zbl 1305.32007.
A. Eskin and H. Masur, Asymptotic formulas on flat surfaces, FErgodic
Theory Dynam. Systems 21 (2001), no. 2, 443-478, MR1827113, Zbl
1096.37501.

A. Eskin and M. Mirzakhani, Invariant and stationary measures for the
SL(2,R) action on Moduli space, arXiv:1302.3320.

A. Eskin, M. Mirzakhani, and A. Mohammadi, Isolation, equidistribution,
and orbit closures for the SL(2,R) action on Moduli space, Ann. Math. (2)
182 (2015), no. 2, 673-721, MR3418528, Zbl 06487150.

A. Eskin and A. Okounkov, Asymptotics of numbers of branched coverings
of a torus and volumes of moduli spaces of holomorphic differentials, Invent.
Math. 145 (2001), no. 1, 59-103, MR1839286, Zbl 1019.32014.

E. Esteves and N. Medeiros, Limit canonical systems on curves with two
components, Invent. Math. 149 (2002), no. 2, 267-338, MR1918674, Zbl
1046.14012.

S. Filip, Splitting mixed Hodge structures over affine invariant manifolds,
Ann. Math. (2) 183 (2016), no. 2, 681-713, MR3450485, Zbl 1342.14015.
Q. Gendron, The Deligne-Mumford and the Incidence Variety Compactifi-
cations of the Strata of QM,, arXiv:1503.03338.

J. Harris and I. Morrison, Moduli of curves, Graduate Texts in Mathematics
187, Springer-Verlag New York, 1998, MR1631825, Zbl 0913.14005.

J. Harris and D. Mumford, On the Kodaira dimension of the moduli space of
curves, Invent. Math. 67 (1982), no. 1, 23-88, MR0664324, Zbl 0506.14016.
B. Hassett, Stable log surfaces and limits of quartic plane curves,
Manuscripta Math. 100 (1999), no. 4, 469-487, MR1734796, Zbl
0973.14014.

M. Kontsevich and A. Zorich, Connected components of the moduli spaces
of Abelian differentials with prescribed singularities, Invent. Math. 153
(2003), no. 3, 631-678, MR2000471, Zbl 1087.32010.

L. Maino, Moduli space of enriched stable curves, Ph.D. Thesis (1998),
Harvard University, MR2697466, Zbl 1180.14021.

M. Moller, Variations of Hodge structures of a Teichmiiller curve, J. Amer.
Math. Soc. 19 (2006), 327-344, MR2188128, Zbl 1090.32004.

D. Mumford, Theta characteristics of an algebraic curve, Ann. Sci. Ecole
Norm. Sup. (4) 4 (1971), 181-192, MR0292836, Zbl 0216.05904.

M. Nori, personal communications.

B. Osserman, Limit linear series for curves not of compact type,
arXiv:1406.6699.

S. Wolpert, Infinitesimal deformations of nodal stable curves, Adv. Math.
244 (2013), 413-440, MR3077878, Zbl 1290.14019.

A. Zorich, Flat surfaces, Frontiers in number theory, physics, and geometry.
1, 437-583, Springer, Berlin, 2006, MR2261104, Zbl 1129.32012.

DEPARTMENT OF MATHEMATICS
BosToN COLLEGE

CHESTNUT HiLL, MA 02467
USA

E-mail address: dawei.chen@bc.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


