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GENERALIZED DONALDSON-THOMAS INVARIANTS
ON THE LOCAL PROJECTIVE PLANE

YUKINOBU TODA

Abstract

We show that the generating series of generalized Donaldson—
Thomas invariants on the local projective plane with any positive
rank is described in terms of modular forms and theta type series
for indefinite lattices. In particular, it absolutely converges to give
a holomorphic function on the upper half plane.

1. Introduction

1.1. Motivation. Let
7 X — P?

be the total space of the canonical line bundle on P?. The space X is
a non-compact Calabi—Yau 3-fold, and the enumerative invariants (e.g.,
Gromov—Witten invariants, Donaldson-Thomas invariants) on X have
drawn attention in connection with string theory. Among such invari-
ants, we focus on the generalized Donaldson—Thomas (DT) invariants
introduced by Thomas [Tho00], Joyce-Song [JS12] and Kontsevich—
Soibelman [KS]. Given an element

(T7 l7 A) e Z®37
with r > 0, the generalized DT invariant
(1) DT(r,l,A) €Q

counts semistable! sheaves E on X supported on the zero section® of
m, satisfying

(2) rank(m.E) =r, c1(mE) =1, A(m.E) = A.

Here A(m,E) is the discriminant

A(m,E) = 12 — 2r chy (. E).

Received November 30, 2014.

The invariant (1) is independent of a choice of a stability, i.e., slope stability or
Gieseker stability. See Lemma 2.10.

2Indeed such sheaves are scheme theoretically supported on the zero section. See
Lemma 2.3.
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We are interested in the generating series:

(3) DT(r,l):= Y DT(r,l,A)(—g> )~
A€Zsg

If r and [ are coprime, then the series (3) is the generating series of Euler
numbers of moduli spaces of stable sheaves on P2, which has been ex-
plicitly computed up to rank three in several literatures [G90], [Kly91],
[Yos94], [Yos96], [G99], [Man11], [BM13], [Kool5], [Weill]. If r
and [ are not coprime, then the definition of the invariant (1) involves
the logarithm of the moduli stack in the Hall algebra, and its explicit
computation is more subtle. Nevertheless, there exist works [Man13],
[GS15] in which the series (3) is studied for non-coprime (7,1) up to
rank three. In any case, the resulting closed formula is quite compli-
cated even in the rank three case® , and it seems hopeless to obtain a
neat closed formula for an arbitrary rank.

On the other hand, by Vafa—Witten’s S-duality conjecture [VW94],
the series (3) is expected to have a certain modular invariance property.
The computation of the series (3) in the rank two case [Kly91], [BM13]
indicates that (3) is not a modular form in a strict sense, but may be
so in a broad sense including mock modular forms [Zwe], [Zag09]. In
order to approach the S-duality conjecture, we may not have to worry
about the complexity of the explicit closed formula: it is enough to know
that the series (3) is a finite linear combination of modular forms of the
same weight in a broad sense. The purpose of this paper is to show that
the series (3) for any r > 1 is always written in terms of modular forms
and certain theta type series for indefinite lattices, which converge and
hopefully have a modular invariance property in a broad sense.

1.2. Main result. We construct theta type series from data
(4) g = (F,B,?,Cl,CQ, o 7Cb7cllvc,27' o 76270417 te ,Oék).

Here (I', B(—,—)) is a non-degenerate lattice with index (a,b), and
U, ¢, ¢, a; are elements of I'g, satisfying certain conditions described
in Subsection 2.7. Given data (4), we construct the series

() O¢lg) =

b K
> 11 Gen(B(ei,v)) = sen(B(cf,v))) [ Blay,v) - 40

ver4T i=1 j=1
Here Q(v) = B(v,v)/2 and sgn(z) is defined by

x/|x] ifx#£0,
Sgn(:”):{ /(l’ ifxio.

3For instance, a formula in the rank three case occupies 1.5 pages in [Kool5,
Section 4.3].
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The series (5) is a generalization of known theta type series, and our
conditions in Subsection 2.7 allow us to show the convergence (cf. Lem-
ma 2.16) of (5) after the substitution ¢ = €?™7, where 7 € H C C
and H is the upper half plane. For example, if b = k = 0, then @ is
a positive definite quadratic form on I', and the series (5) is nothing
but the classical theta series. In this case, we call data (4) as classical
data. If b = 1 and k& = 0, then the series (5) is a mock theta series
studied by Zwegers [Zwe]. Some more detail on the series (5) will be
discussed in Subsection 2.7. The following is the main result in this

paper:

Theorem 1.1. (Corollary 3.7.) For anyr € Z>1 andl € Z, there is a

finite number of data &1, -+ ,&, as in (4), classical data &', a1,--- ,a, €
Q and N € Z>1 such that the following holds:

Here n(q) is the Dedekind eta function
(6) (@) =q2 [J(1—q™).

m>1
Since the series (5) converges, we obtain the following corollary:

Corollary 1.2. For any r € Z>1 and |l € Z, the generating function

Z DT(r,1, A)e?™AT
AEZEO

converges absolutely on the upper half plane 7 € H C C.

The strategy of the proof of Theorem 1.1 is described below. Al-
though it follows from a traditional approach, the result of Theorem 1.1
is a new structure result for the series (3) with an arbitrary positive
rank? .

1.3. Strategy of the proof of Theorem 1.1. So far there have been
two kinds of approaches toward the study of the invariants (1): one is to
use the localization with respect to the torus action [Kly91], [Kool5],
[Weill], [GS15], and the other one is to use the blow-up formula and
the wall-crossing formula [Yos96], [Man11], [Man13|, [BM13]. We
follow the latter strategy. In fact, the latter one has been used to com-

In [Kool5, Theorem 3.7], by the torus localization, Kool described the Euler
numbers of moduli spaces of stable sheaves on P? with any positive rank in terms of
Euler numbers of certain explicit varieties given by GIT quotients. Since the com-
putation of the latter numbers is not obvious, his result does not imply Theorem 1.1
even if r and [ are coprime.
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pute Betti numbers (rather than Euler numbers) of moduli spaces of
stable sheaves on P2, Let

f: P p?

be a blow-up at a point and C' the exceptional divisor of f. The blow-up
formula [Yos96], [LQ99], [G99] describes Betti numbers of the moduli
spaces of stable sheaves on P? in terms of those on P2 with respect to
the f*H-stability and classical theta series. Here H is the hyperplane
class of P2. Note that P? admits a Pl-fibration P2 — P!, and we denote
by Fa fiber class. Let us consider a one parameter family of R-divisors
on P?:

H, = f*H —tC, t € [0,1).

The R-divisor H; is ample for ¢t € (0,1). It is well-known that, for
t sufficiently close to 1, there is no H;-semistable sheaf E on P? with
rank(E) > 2 and ¢; (F)-F = 1. This fact together with the wall-crossing
from Hy to H; with t — 1 — 0 enable us to describe Betti numbers of
moduli spaces of Hy-semistable sheaves on P? in terms of those with
lower rank. Here t -+ 1 — 0 means t =1 — ¢ for 0 < ¢ < 1. Combined
with the blow-up formula, we can compute the desired Betti numbers on
P2 by the induction of the rank. The above argument was considered by
Yoshioka [Y0s96] in the rank two case, by Manschot [Man11], [Man13]
in the rank three case. As pointed out in [Man13], the argument in
principal can be applied for an arbitrary rank. However, there are some
issues to apply the above arguments to study the series (3):

e If r and [ are not coprime, then a relationship between Betti num-
bers of the moduli spaces® and the generalized DT invariants is
not yet established.

e To obtain a result for the series (3) from the result of Betti num-
bers, one has to take a specialization, whose computation is not
obvious.

e The wall-crossing formula is quite complicated, and it is hard to
describe the result in a general rank.

In order to avoid the first and the second issues, we directly work with
the generalized DT invariants, rather than Betti numbers. Instead of us-
ing the results of [Yos96], [LQ99], [G99], we use the result of [Tod15]
in which a blow-up formula for the series (3) was obtained by interpret-
ing a blow-up of a surface as a 3-fold flop. As for the third issue, we
work with Joyce’s wall-crossing coefficients [Joy08] with respect to the
polarization change from Hy to Hy with ¢ — 1 — 0 in detail, and extract
the theta type series (5).

5In this case, the moduli space is an algebraic stack, and its Betti numbers are
interpreted as a rational function given by the ratio of Poincaré polynomials.
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2. Preliminary

This section is devoted to a preliminary to the proof of Theorem 1.1.
Throughout this paper, all the varieties or stacks are defined over C.

2.1. Stability conditions on local surfaces. Let S be a smooth pro-
jective surface and

T X =wg — S,

the total space of the canonical line bundle on S. Note that X is a
non-compact Calabi—Yau 3-fold, i.e., wy = Ox. Let

Coh.(X) C Coh(X)

be the abelian category of coherent sheaves on X whose supports are
compact. We recall two kinds of stability conditions on Coh.(X) which
depend on a choice of an ample R-divisor H on S: slope stability con-
dition and Gieseker stability condition.

The slope stability condition uses the following slope function for
0 # E € Coh.(X):

i (E) = (m e RU {co}.

Here we set pug(F) = oo if rank(m,E) = 0.

Definition 2.1. A pure two dimensional sheaf £ € Coh.(X) is H-
slope (semi)stable if for any short exact sequence 0 - F — E — G — 0
in Coh.(X) with F,G # 0, we have ug(F) < (<)uu(G).

The Gieseker stability condition uses the reduced Hilbert polynomial
for E € Coh,.(X)5 :

(7) X (E) = x(1.E ® Os(mH))/aq,

where ag is the leading coefficient of x(m.E @ Og(mH)). We write
Xu(F) < Xg(E) if X (F) <Xg(E) for m > 0.

Definition 2.2. A pure two dimensional sheaf E € Coh.(X) is
Gieseker (semi)stable if for any non-zero proper subsheaf F' C E, we

have X (F) < (2)xu(E).

By the Riemann-Roch theorem, we can formally define (7) for any R-divisor H.
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We have the obvious implications:

slope stable = Gieseker stable
(8) = Gieseker semistable = slope semistable.

We regard S as a closed subscheme of X by the zero section of w. In
some situation, an object in Coh.(X) is supported on S:

Lemma 2.3. Suppose that Kg-H < 0. Then any H-slope semistable
sheaf E € Coh(X) with rank(m,E) > 0 is an Og-module. In particular,
any pure two dimensional sheaf on X is supported on S.

Proof. Applying ®o, E to the inclusion Ox(—S) C Ox, we obtain
the map

E(-S)— E.
The above map is zero since
pa(E(=S)) = pu(E) — Kg- H > g (E)

and FE, E(—S) are H-slope semistable. This implies that £ is an Og-
module. (Also see [GS15, Lemma 2.1].) q.e.d.

2.2. Hall algebras. We recall the stack theoretic Hall algebras of
Coh.(X) introduced by Joyce [Joy08|. Let 9t be the moduli stack
of all the objects in Coh.(X). The stack theoretic Hall algebra H(X)
is Q-spanned by the isomorphism classes of the symbols (cf. [Joy08])

(9) [p: & — 0],

where X' is an algebraic stack of finite type with affine geometric stabi-
lizers and p is a 1-morphism. The relation is generated by

(10) [p: X =Y ~ [ply: Y —= D + [ple: U — MY,

where ) C X is a closed substack and U := X'\ ). There is an associative
s-product on H(X) based on the Ringel-Hall algebras. Let & be the
stack of short exact sequences

0— FE; — F3 — Ey — 0,
in Coh.(X) and
pi: € — M,
the 1-morphism sending Fq to E;. The *-product on H(X) is given by
[p1: X1 — M| * [p2: Xy — M| = [p3: X3 — M,
where

(X3, p3 = p3 o (1, ph))
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is given by the following Cartesian diagram

X, (P P5) G P on
l 0 l(m,m)
X1 X X2(p1,_pz)> M2,
Let cl be the group homomorphism
(11) cl: K(Coh (X)) = H*(S,Q)
defined in the following way:
(12) cl(E) = (rank(m E), c1 (7 E), cha(m E)).

We denote by A € H*(S,Q) the image of cl. We write an element v € A
as (r,1,s) as in the RHS of (12). For y € A, let

(13) M(y) C M

be the substack of £ € Coh.(X) with cl(£) = ~. The algebra H(X) is
A-graded

H(X) = @ H,(X),

YEA
where H,(X) is Q-spanned by the symbols (9) which factor through (13).

2.3. Integration map. Let y be the pairing on A given by

(14) x((r1, 11, 81), (r2, 12, 52)) = Kg(raly — rila).

Since X is a non-compact Calabi—Yau 3-fold, the Serre duality and the
Riemann—Roch theorem implies

x(cl(EY),cl(Ey)) =dim Hom(E1, By) — dim Ext!(Fy, Ey)
+ dim Ext! (B, Ey) — dim Hom(E», E),
for Eq, F5 € Coh.(X). Let C(X) be the Lie algebra

C(xX)=Q-c,
YEA
with bracket given by
(15) [C’yuc’m] = (_1)X(V1772)X(/71772)6’*/1-1"72'

There is a Lie subalgebra
HY*(X) c H(X)

consisting of virtual indecomposable objects (cf. [Joy07, Section 5.2])
and a linear homomorphism (cf. [JS12, Theorem 5.12])

(16) II: HY*(X) — C(X),
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such that if X is a C*-gerb over an algebraic space X’, we have

([p: & = M(y))) = — (Z k- x(u—1<k>>>
kEZ
Here v is Behrend’s constructible function [Beh09] on X’. Moreover,
the map (16) preserves the brackets for the elements [p;: A; — 9] for
i = 1,2 if M is a smooth stack at p;(x) for any x € &;, i = 1,2. In the
case we are interested in, this condition is satisfied:

Lemma 2.4. Suppose that Kg - H < 0. Then for any H-slope
semistable E € Coh.(X) with rank(m,E) > 0, the stack 9 is smooth
at [E].

Proof. By Lemma 2.3, we have E' € Coh(S). Since the stability is an
open condition, the obstruction space of the deformation theory of F
lies in Ext%(E, E). By the Serre duality, we have

Ext%(E, E) = Hom(E, E ® wg)",
which vanishes since E, F ® wg are H-slope semistable and py(E) >
pr(E ®ws) by Kg- H < 0. q.e.d.

Remark 2.5. By the argument of [JS12, Theorem 5.12], the map
(16) is a Lie algebra homomorphism if we know that 9t is analytically
locally written as a critical locus of a certain holomorphic function in
the sense of [JS12, Theorem 5.3|. However, since our situation is a non-
compact Calabi-Yau 3-fold, we are not able to use [JS12, Theorem 5.12]
to conclude that (16) is a Lie algebra homomorphism.

2.4. Generalized DT invariants. For v € A, let
a7 M (7) € M)

be the substack of H-slope (semi)stable sheaves E € Coh.(X) satisfying
cl(E) = . The stack (17) determines the element

(18) or () = My (v) € M(y)] € Hy(X).
The above element also defines the element of H.,(X)" :
-1 m—1
(19) en(v) =Y, %&I(’Yl) ok Op (Ym)-
Y1t Ym =y

pr (Yi)=pw ()
Here the slope pp(y) for non-zero v = (r,1,s) € A is given by [ - H/r,
ie.,

pr ((E)) = pm (E)
holds for any non-zero E € Coh.(X).

"It is straightforward to check that (19) is a finite sum.
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Definition 2.6. The generalized DT invariant DTy (y) € Q is de-
fined by the formula:
(20) H(en()) =~ DT() -,

Remark 2.7. If M3, (y) = My (7), then they are C*-gerb over a
quasi-projective Scheme M7} (7). In this case, the invariant DT () is
written as

DTu() = [ R

where v is the Behrend function [Beh09] on Mj; (7).

By formally replacing the Behrend function by the constant function 1
in the construction of (16), and removing the minus sign in (20), we
obtain another invariant (cf. [Joy08]):

(21) Eug(v) € Q.

In the situation of Remark 2.7, the above invariant is the usual Euler
number:

Eug (v) = x(Mf(7))-

Also in the same situation of Lemma 2.3, the invariant (21) essentially
coincides with the generalized DT invariant:

Lemma 2.8. Suppose that Kg - H < 0. Then for v = (r,l,s) € A
with v > 0, we have the equality:

(22) DTy (n) = (~1) MO Buy ().
Here the discriminant A(7y) is defined to be
A(y) =1? = 2rs.

Proof. For any closed point [E] € M} (), the stack M is smooth at
[E] by Lemma 2.4. Its dimension is

dim Ext}(E, F) — dimHomg(F, E) = r?x(0s) — A(y),

by the Riemann—Roch theorem. Hence the Behrend function of 9 at
[E] is given by (—1)""X(Os)=A()_ Taking the minus sign in (20) into
account, we obtain the desired equality. q.e.d.

For r € Z>1 and [ € NS(S), we set
(23) DT (r,1) ZDTH r, 1 s)( qur)lz_zrs.

Note that if Kg- H < 0, the equality (22) implies

2
(24) DTy (r,1) = (—1)" YOS By (r, 1, s)g> .
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If, furthermore, r = 1, the moduli stack 937(1,1,s) is isomorphic to
the C*-gerb over the Hilbert scheme of points on S. Hence we have
(cf. [G90]):

(25) DT(1,1) = (—1)XO)1+1 %52 ()X,

Here n(q) is the Dedekind eta function (6). Also our definition of the
generating series (23) implies that DT g (r, 1) depends on [ only on mod-
ulo r:

Lemma 2.9. For any I’ € NS(S), we have
DTy (r,l +rl') = DTy(r,1).

Proof. Let us take L’ € Pic(X) such that ¢;(L'|g) = ’. The lemma
follows since E — E® L' preserves the py-semistability and A(E® L") =
A(E). q.e.d.

2.5. Generalized DT invariants for Gieseker semistable sheaves.
One may also be interested in generalized DT invariants counting
Gieseker semistable sheaves. Indeed in the situation we are interested
in (i.e., S = P?), they coincide with the invariants DT/(y) in Defini-
tion 2.6. Let

MG () CM

be the substack of Gieseker semistable sheaves E € Coh.(X) satisfying

cl(F) = ~. Similarly to (18), (19), we have the following elements of
H,(X):

oc,1 () = MG 1 () € M),
_1\ym—1
CONEETOED SR L SN T )

;Yl‘f‘“"'l"ﬁn:')/
Xu (vi)=Xu(7)

Here Xxp(v) for v € A is determined by the condition Xy (cl(E)) =
X (E) for any E € Coh.(X). Similarly to Definition 2.6, we can define
the invariant

(g, (7)) = —DTgu(v) - cy.

Lemma 2.10. Suppose that —Kg is ample and H = —aKg for a €
R<g. Then we have the equality

(27) DTg(y) = DTau(v).
Proof. By (8), the argument of [Joy08, Theorem 5.11] shows that
(28) om(vy) = Z 6, (1) * - % 06,1 (Ym)-
Y1+ FYm =Y

wr (vi)=pm ()
Xu(v1)==Xp (ym)
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By substituting (28) into the RHS of (19), and using the inversion for-
mula of (26) as in [Joy08, Equation (23)], we can describe ey (v) in
terms of eg g (i) with pg(v;) = pu(y). Using [Joy08, Theorem 5.4],
the same argument of [Joy08, Theorem 5.2] shows that ez () is written

as
multiple commutators of >

29 € =€ + .

(29) () c,H(Y) < ec.i (i) with g (i) = ()

By our assumption H = —aKg, (14), (15), and Lemma 2.4, we have
Uleq.n(), €c,u(72)] =0, if pr(vi) = pa(y)-

Applying II to (29), we obtain the desired equality (27). q.e.d.

2.6. Wall-crossing formula. The behavior of DT g(v), Eug(y) un-

der the change of H is described by the wall-crossing formula given

in [Joy08], [JS12]. Here we recall its explicit formula for Eug(y). Let
Hy, Hy be R-divisors on S. We recall some combinatorial numbers:

Definition 2.11. ([Joy08, Definition 4.2]) For non-zero i, -+ ,ym €
A, we define

S({’Yh 7’Ym}7H17H2) S {O,il}

as follows: if for each i = 1,--- ,m — 1, we have either (30) or (31)
(30)

prry (Vi) < oy (Vigr) and g, (v 4 vi) > e, (Yier + 0 F Ym)s
(31)

prr (Vi) > g (Yirn) and ey (v + - + %) < e (Vi + -+ ym),
then define
S ym} i, Ha) = (1),
where k is the number of ¢ = 1,--- ,m — 1 satisfying (30). Otherwise
we define S({v1,- -+ ,¥m}, Hi, H2) = 0.

Another combinatorial number is defined as follows:

Definition 2.12. ([Joy08, Definition 4.4]) For non-zero ~p,--- ,
Ym € A, we define

U, b Hi H) = > >

1<m”<m/<m : {1, ;m}—{1,--,m'}
W: {17 7m/}_>{17"' 7m”}

1

T s, e |
(32) gs({miew“(awﬂhﬂﬂ m” b[[l\w—l(b)!!'

Here 1, ¢/, T; are as follows:
e 7 and v are non-decreasing surjective maps.
e For 1 <,j <m with (i) = (), we have s, () = i, (7)-
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e For 1 <1i,7 <m”, we have

(33) [ S w| =nm > nm

key—14 =1 (3) key =1 1(j)
e The elements T; € A for 1 <3 < m’ are defined to be

(34) Ti= >

For m € Z>1, let G(m) be the set of connected, simply connected
graphs with vertex {1,--- ,m}, such that i — j in G implies ¢ < j. The
wall-crossing formula for Eug(y) is described in the following way:

Theorem 2.13. ([Joy08, Theorem 6.28, Equation (130)]) Suppose
that Hi, Hy are ample R-divisors. We have the formula:

Equ(’Y) - Z Z {’Yla e 7’Ym}7H17H2)

m21y1,- 7’Ym€AG€G(m
Y1+ FYm =Y

(35) IT xGiv HEqu ").

i—j in G

Remark 2.14. If we know that the stack 91 satisfies the property
as in Remark 2.5, we can apply (16) to show the wall-crossing formula
for DT g (7y) similar to (35) as in [JS12, Theorem 6.28]. Alternatively,
it Kg- H; <0, we can substitute the equality (22) to (35) and obtain
the wall-crossing formula for DT g (7).

2.7. Theta type series for indefinite lattices. We introduce the
theta type series from data

(36) 5 = (F,B,v,ChCQ,‘ o 7cbuc/17cl27 T ,Cg),()él,’ t ,Oék)

satisfying the following conditions:

e (i) T is a finitely generated free abelian group and
B:TxI'=7Z,

a non-degenerate symmetric bilinear pairing with index (a,b) for
a>b.
e (ii) The elements c1,---, ¢, € I'gp span a b-dimensional negative
definite subspace in I'g.
e (iii) The elements ¢}, --- , ¢, € I'g satisfy
B(ci, ¢ ;):0 forall 1 <i,57 <b, i#j,
B(cj,¢;) =0 forall 1 <i,j <b,
B(cj, ;) <0 forall 1 <i<b.
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e (iv) The element 7 € I'g satisfies that
B(c,v)#0 forall 1 <i<band v ev+T.

o (V) k€ Z>pand ay,--- ,a are elements of I'g.
As in the introduction, we set Q(v) = B(v,v)/2 and consider the series

(37)  O¢lq) :=

k
Z H sgn (B(c;, v —sgn H (aj,v QW)

ver+Ii=1 j=1
When b = k = 0, the series (37) becomes

(38) Oclg) = Y ¢°W.
vev+I

The series (38) is a classical theta series with respect to the positive
definite quadratic form @ on I', which is a modular form with weight
a/2. If b =0 and k > 0, then the series (37) is obtained as derivations
of Jacobi theta series with respect to elliptic variables.

If b=1and k = 0, then the series (37) is not always a modular form.
Instead Zwegers [Zwe] showed that the series

Blevnv) 1\ B o)) | e2riQw)r
V@Z;P <E <7_Q(Cl)y > gn(B(cy, ))) ;

for y = Im7 gives a real analytic modular form of weight (a + 1)/2.
Here E(z) is defined by

E(z) = 2/ e ™ du.
0

A series which admits a modular completion as above is called a mock
modular form [Zag09]. The case b = 1 and k > 0 is obtained by the
derivations of mock Jacobi forms in [Zwe] with respect to the elliptic
variables.

Suppose that b > 2 and k£ = 0. If we further assume that

(39) B(Civcj) :07 Z#])

then the argument of [Zwe] can be easily generalized to show that

(40) > H( ( CCS(CZ)‘U%) _Sgn(B(C;"V))> )T

vev+Ii=1

is a real analytic modular form. Indeed the series (37) in this case is a
mixed mock modular form in the sense of [BM13].

Remark 2.15. Unfortunately the series (37) without the condition
(39) is involved in Theorem 1.1. In that case, the proof of [Zwe] is
not directly applied to show the modularity of (40). The study of the
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modularity of (40) without (39), or other kind of modular completion
of the series (37), would be required to understand the S-duality for an
arbitrary rank.

2.8. Some properties of theta type series. Let us consider the
series (37) determined by data (36) satisfying (i) to (v). We first show
the convergence of (37):

Lemma 2.16. For 7 € H, the series

k
(41) Z H Sgn c“ ) sgn H a V 27TiQ(V)7'

vev+I i=1 j=1

converges absolutely.

Proof. The convergence for (b, k) = (1,0) follows from [Zwe, Proposi-
tion 2.4]. The conditions (i) to (v) allow us to apply a similar argument.
Since the series (37) is unchanged by replacing ¢;, ¢, by multiplications
of positive integers, we may assume that ¢;,c; € I'. By the condition
(iii) of data (36), the element v € ¥ 4+ T is uniquely written as

b
v=p+ Z mich,
i=1

for some p € 7+ ', m; € Z satistying
B(ei, )
B(c;, c)

Therefore, the series (41) is written as

S e Z H<sgn< Czau)) +mi>
C
pnev+I mi, mpy€ELi=1 i€
B(c;,
By €D
for all 1<i<b

€[0,1) forall 1 <i<hb.

+sn(B(e ) )

k b
(42) . (_1)b H B (ai7 L+ Z mlc;> ezl;:l 27riB(c§,,u,)ij.
=1 i=1

Here we have used B(c;, ¢;) < 0 from the condition (ii). Since there is
a finite number of possibilities for the value B(c;, i)/ B(c;, ;) € [0,1) in
(42), there is a finite number of py,--- , p, € I' such that any p € v+T
n (42) is written as

B=7+ e+,
for some 1 < e < p and p/ € I, where IV C T is the orthogonal



GENERALIZED DONALDSON-THOMAS INVARIANTS 355

complement of the (0,b)-space spanned by c1,---,¢,. Therefore, the
series (42) is a finite linear combination of the series of the form

Z H Bla, p)e2mQuT

HEV+pe+1" s€S
b
) Bl(e; ‘B(c )
L w (sen (Geld s s ) + sen(B(eyo ) ) 20,
N J B(Cj7 & ) !
Jj=1m;€eZ J

for some fixed e € {1,---,p}, a finite set S C {1,--- ,k} and some
ki,--- ,ky € Z>o. Let us also fix the elements

ue?—k,ue—i—F’, ]6{17 7b}

Then we have

k. B(c-,,u) 2miB(c,p)m; T
Z ij (sgn <B(],) + mj> + Sgn(B(cé,,u))) e ( 7 M) J

m;jEL > Cj
= 2sgn(B(c}, 1)) E m; ki 2mil Blep.mlmiT 4 o
WJEZZO

d\ "% 1
_ , Y —k; [ &
= 2B ) @rilBc ) () i+ C

Here C' € {0,%1}, depending on the signs of B(c},u) and B(cj,p1)/
B(cj, ¢;). Since we have

inf{|B(c}, )| : p €7+ T} >0,

due to the condition (iv), we have

B(cs, )~k @ . !
sup Cj ,U) dr 1— e27ri\B(Cg-7H)‘T

We are reduced to showing the absolute convergence of the series

(43) Z H B, p)e?™ QW

WET+pe+1" s€S

Z/LGV+F}<OO

Since I is positive definite by the condition (ii), the series (43) converges
absolutely by the absolute convergence of the classical theta series.
q.e.d.

By the proof of Lemma 2.16, the series O¢(¢) in (37) makes sense,
and determines the element

O¢(q) € Q(g),

for some N € Z>.
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Definition 2.17. We define
. 1
(44) M C lmQ(g¥),

to be the (Q-subalgebra generated by @g(q%) for all the data (36) and
N € Zzl‘

We will use the following lemma:

Lemma 2.18. Let £ be data (36), V C I'g a linear subspace which
contains ci,--- ,¢p, ¢y, -+, ¢, and T C {1,--- ,b} a subset. Then the
series

(45)

k
> [T (sen(B(ei,v)) = sgn(B(c,v))) T] Blaj,v)g?*
ve@+D)NV  i¢T j=1
B(v,ci)=0 for all :€T

is an element of M.

Proof. If the series (45) is not zero, there is vy € (v +I') NV with
B(wy,c¢i) = 0 for all i € T. Any element v in the series (45) satisfies
that

v—yel':={vel'NnV:B(vc)=0foralliecT}

Note that c; for i ¢ T and vy are elements of I'y. We consider the
decomposition

'L
Fg=Tp®Tlg,

where F;@L is the orthogonal complement of F(’@ in I'p with respect to
B(—,—). For v € T'p, we denote by v* the F(’@—component of v with
respect to the above decomposition. The series (45) is written as

k
6) > ] Gsen(B(cf,v)) —sen(B(c,v))) [] Blag . v) - 4%
j=1

vevy+I" i¢T

Since c1,--- , ¢ span a (0,b)-space, the elements ¢; with ¢ € T span a
(0, |T|)-space and ¢; with i ¢ T span a (0,b — |T'|)-space. Hence the
data

(F/,B’F/,VQ,C;_,C;,Z‘ ¢ T7 afa T 704]:_)

satisfies the conditions (i) to (v) in the previous subsection. Therefore,
the series (46) is an element of M. q.e.d.

Lemma 2.19. Any element in M is written as

" 1
> 4O (qv),
i=1
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for a finite number of data &,--- ,&, as in (36), a1, -+ ,a, € Q and
NGZZI-

Proof. 1f &, & are data (36), then we have
®§1 (Q) ’ @52 (Q) - @516952 (Q),

where & @ & is the direct product of data &1, & in an obvious sense.

Moreover, O¢(q) = Qg (¢*/") where ¢’ is data (36) with B replaced by

N B. Therefore, the lemma holds. q.e.d.
3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Below, we denote by H the
hyperplane class of P2. We identify NS(P?) with Z by [H + [. For
r € Z>1 and | € Z, we consider the generating series

DT(r,1) := DTg(r1)

defined by (23) for S = P2. By the Bogomolov inequality, the above
series coincides with the series (3) in the introduction.

3.1. Blow-up formula. Let
f: P? — p?
be a blow-up at a point in P2. Note that we have
NS(P?) = Z[f*H] & Z[C].

Below we write an element [f*H + aC' of NS(P?) as (I,a). We have the
following blow-up formula of the series (23):

Proposition 3.1. For any r € Z>1, | € Z and a € Z, we have the
following formula:

(47) DT, (r, (1) = g2in(q) ™" - ¥ralg) - DT(r1).
Here Hy = f*H and 9,4(q) is defined by
Vrala) = > gZrsisisra kb,

(k1,+kr—1)€(a/r, a/r)+Z" !

Proof. If r and [ are coprime, the result essentially follows
from [Yos96], [LQ99], [G99]. In a general case, we use the blow-up for-
mula in [Tod15] for the invariants Eug(+y) obtained as an application
of the flop transformation formula of generalized DT type invariants.
We note that, although Hj is not ample, the LHS of (47) is well-defined
due to the boundedness of pip,-semistable sheaves on P2 (cf. [Tod15,
Proposition 2.17]). By [Tod15, Theorem 4.3], we have
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T

Z Eug, (r, (I,a), —s)q1z 275
S,a

—a

N3

(48) = Z EUH(T‘, lv _S)qs : U(Q)_Tﬁl,(](qv t)T‘
Here 7(q) is given by (6) and 91 9(g,t) is given by

Do) = S g5
keZ
The formulas (24) and (48) immediately imply

DTy, (r, (I,a))

. a,2
ki, kr €7
kit tkr=—a
By the substitution k. = —a — k1 — - -+ — k,_1, it is straightforward to
check that
L2 1 p2)_a>
Z gz kit k) =5 — Ura(q). q.e.d.
ki, kr€Z
ket kr=—a

3.2. Combinatorial generating series. In this subsection, we intro-
duce some generating series defined by the combinatorial numbers in
Subsection 2.6. For t € R, we set

H;:= f*H — tC € NS(P?)g.
Note that H; is ample for t € (0,1), Hy = f*H is nef and big, and
F:=H,=f"H-C
is a fiber class of the Pl fibration P2 — El. Also we denote by A C
H*(P?,Q) the image of cl in (11) for S = P2. Let us take m € Z>; and
1, T € Ity By B € NS(B?).
We set
S(rs, B Yy, HLFy) i= lim S({(rs, 55, 0) i, Ho, H),
U(rs, B)}iZa, H, Fy) o= lim U({(ri, 5:,0) 121, Ho, He).
Here we regard (75, 3;,0) as an element® of A, and S, U are combina-

torial numbers in Subsection 2.6. Obviously the limits of the RHS are
well-defined.

8The choice 0 in the H*-component can be arbitrary, since the slope is independent
of the second Chern character.
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We introduce some more notation. For r > 1, we set
NS, (P?)
={zf'H+yC:z,ye€Z, 0<z<r—1,0<y<r-—1}
Note that NS<T(]?’2) is a finite subset of NS(@Q). Also we denote by
G'(m) the set of oriented graphs G with vertex a subset in {1,--- ,m},
which may not be connected nor simply connected, and i — j implies

i < j. Note that G(m) C G'(m), where G(m) is the set of graphs in
Subsection 2.6.

Definition 3.2. Given data

(49) leZ, meZs, Ge G'(m),
L, Tm € L1, B € NS<T¢(@2) (1<i<m),
we define the following generating series
LG o _Bm
5(7’1731)7"'7(T’m73m)(q) T R Z, S({(TZ7BZ)}Z=17H7 F—i—)
BiENS(P2)7 61551 (mod Ti)
Bl+"'+67n:(l71_l)
(rjBi—riB;)*
_Z i<j m%
(50) I Kpe(rgi —rify)g rsism 2
i—j in @
1,G . . 3. Lm
U(mﬁl),---,(rmﬁm)(q) T R Z, U({(T“Bl)}Z:l?H? F+)
BieNS(P?), 8;=8; (mod r;)
Brt-+Bm=(1,1-1)
(rjBi—riBj)>
D DIPRN L S s 2
(51) c JI KpelryBi —rigy)g =1si=r=m 2

i—j in G

The generating series (50), (51) are well-defined. Indeed, we have the
following proposition:

Proposition 3.3. The series (50), (51) are elements of M.

Here M is given in Definition 2.17. The proof of Proposition 3.3 will
be given in Subsection 3.4 and Subsection 3.5.

3.3. Rank reduction formula. In this subsection, we apply Theo-
rem 2.13 to describe DT(r,[) for r > 2 in terms of the series (51) and
the series DT (77, 1") with ' < r. We first collect some well-known lem-
mas:

Lemma 3.4. For a fivred v = (r,3,8) € A, there exist
O=th<t1 < - <ty=1,
such that the stack I3, () is constant on t € (t;,tiy1).
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Proof. 1t is enough to show the finiteness of the set of ¢ € [0,1)
satisfying the following: there exist pp,-semistable sheaves FE; with
cl(E;) =~ = (i, Biy8;) € A for i = 1,2 such that

o, (Vi) = pr (7)s M2 =7
By the left equality and the Hodge index theorem, we have

(52) (rpy —riB)*> <0.

On the other hand, we have s; < ﬂiz /2r; by Bogomolov inequality, hence
B2 /r1 + 33 /ra > 2s. By substituting 8y = 8 — 31, we obtain

(53) —rrA(y) < (rpr — r1f)%,
Note that there is only a finite number of possible r;. By (52), (53), the
possible f8; are also finite. Hence the possible ¢ € [0,1) is finite. q.e.d.

Lemma 3.5. For~y = (r,8,s) € A withr > 2 and F - =1, we have

() =0fort—1-0.

Proof. By Lemma 3.4, the moduli stack M37 () for t — 10 is well-
defined. Also if there is [E] € 93 () for ¢t — 1 — 0, then it must be
F-slope semistable. By [Moz, Lemma 4.3], any F-slope semistable sheaf
on P2 is restricted to a semistable sheaf on a generic fiber of P2 - P

Since there is no semistable sheaf on P! with rank bigger than or equal
to two and degree one, we have M3} (y) =0 for ¢t — 1 —0. q.e.d.

By combining Theorem 2.13, Proposition 3.1 and the above two lem-
mas, we show the following:

Proposition 3.6. For any r € Z>9 and | € Z, we have the following
formula:

SIS ) > U0

m22, 11, rm€Lx>1 §=(1;,a;)ENS <, (P2) GEG(m)
ri++rm=r 1<i<m

. l7G . -1 . . .
(54) U(nﬁl),---,(Tmﬁm)(q) 797‘,1—l(q) 1_11197"2'7(11' (q) HDT(%Z:)-
Proof. We apply Theorem 2.13 for S = @2, (Hy, Hy) = (Hy, Hy) with
t €(0,1), and v = (r, 8, s) with 8 = (I,1 — ). Using (14) and (35), we
obtain the identity” :

1 m
Eth(T7B7 S) = Z Z om—1 U({’Yi}izlaHmHt)
m>1, vi=(r;,B:,8:)EA GEG(m)
Vit Ym =Y
(55) ] Ko (riBi —riBy) [ By (i, B 50)-
i—j in G i=1

Tt is straightforward to generalize the result of Theorem 2.13 for non-ample Ho.
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Since F - 8 = 1, we have
t_lgrioEth(r,ﬁ,s) =0,

by Lemma 3.5. Therefore, by taking ¢ — 1 — 0 of both sides of (55),
and moving the m = 1 term to the LHS, we obtain the identity:

S Bum(r B, 8)gd S =— ) >
S

m2>2, ri, ,rm€L>1 GEG(m)
rite+rm=r

> U({(rs, Bi) yizy, H, FY)

B;eNS(P?), 1<i<m

Br-to A Bun=P
,32 m »32
8% _ s,
H Koo (rjBi — rifBj)g® == 2 H ZEUHO Tis By 8:)q :
i—j in G i=1

For B; € NS(@2), let B, € NS, (@2) be the unique element such that
B; = fB; (mod r;).
Then by (24) and Lemma 2.9, we have

2

B g 2 _
> Bup, (i i s)a®s " = (~1)7 DT, (11, By).
si
Also noting that

5 (riBi — 1iB;)*
(56) Z - T
27‘Z I<ici<m 2rrr;
we obtain the following identity:

DT, (r, ) = > > Z

m22, 71, rm€L>1 B, ENS.,, (P2), GEG(m
P =T 1<i<m.

1,G
U(T’1751 (rm B H DTHO

Applying (47) to both sides of the above identity, we obtain the desired
formula (54). q.e.d.

We have the following corollary which, together with Lemma 2.19,
prove Theorem 1.1.

Corollary 3.7. For anyr € Z>1 and |l € Z, there exist classical data
& such that

T

q~3n(q)* - Og(q) - DT(r,1) € M.
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Proof. The case of r = 1 follows from (25). The case of r > 2 follows
from the induction of r by Proposition 3.3 and Proposition 3.6, noting

that 9, 4(q) is a classical theta series. q.e.d.
3.4. Proof of Proposition 3.3 for (50). In this subsection, we show
that

(57) she — (q) e M.

(7‘1751)7"' 7(7‘M767n)
We first prepare the following lemma:

Lemma 3.8. Forl € Z, there are no ri,r2 € Z>1, P1,P2 € NS(@Q)
such that B1 + 2 = (1,1 —1) and

(58) fiF:izF

Proof. Suppose that there exist such (r;, ;). By substituting S =
(1,1 1) — B into (58), and noting (I,1 —1) - F' =1, we obtain f; - F' =
r1/(r1 +r2). Since the LHS is an integer and the RHS is not an integer,
this is a contradiction. q.e.d.

We describe the series (50) in terms of the theta type series in Sub-
section 2.7. In the sum (50), we set

(59) Bi = B + riwi,
for u; € NS(P?) and

B Bin
Vi i— — —
T Ti+1
(60) =V;+ U — Ujt1,
for 1 <4 <m — 1. Here we have set
__Bi Bin
;= .
i Titl

Then we have
(61) v € U; + NS(P?).
Conversely given v; for 1 < ¢ < m — 1 as in (61), we can write u;
satisfying (60) as follows:
wp=uy — (V1 —v1) = — (Vim1 — Vio1).

By substituting into (59) and 31 + -+ + 8 = 3, where = (I,1 — 1), we
have

m

T‘j(l/i — 72') =Truq.
i+1

m—1
B—B+>
i=1j

Here we have set 3 = By + --- + ,,. Therefore, the necessary and
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sufficient condition for v; in (61) to have the solution (uy,--- ,uy,) €

NS(P2)*m is

*+n§: Em: vi — ;) € rNS(P?).
=1 j=i

On the other hand, for each 1 <7 < m — 1, we have

LT Tigl1 + -+ rm

=sgn | F- Z (Brrj — Bjrrk)

k<i<j

=sgn | F - Z rire(Ve + Vg1 + -+ v5-1)
k<i<j

By Lemma 3.8, the value (62) is non-zero for (r;, 5;) in the series (50).
Therefore, the series (50) is written as

(63)
1
| = >
i—j in G Vi€V +NS(B?), 1<i<m—1
BB+ Sy i (vi—pi)er NS(B?)
m—1
<SgH(H0 " Vi) — 60, Hov;
=1
— sgn <F : Z rire(Vk + Vg1 + - + Vj_l))>
k<i<j
- Tif'j(ui+ui+1+"'+uj71)2
H [{@2 (Vi +vi1+ -+ Vj—l) -q 1<i<j<m 2r
i—jin G
We set
m—1 m N
['=< (1, vme1) €NSED) ™Y " N 1wy € rNS(P?)
i=1 j=i+1

Let 7 be one of (1, -+ , 1) in the series (63). Since I' C NS(P2)*m—1
is of finite index, we have 7/ € I'g. By expanding, the series (63) is a
linear combination of the series
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Z H (sgn(Ho . Vi)

ver'+T  i¢T
Ho-l/i:(]
for all €T

—sgn | F- Z rire(Ve + Vg1 + - Fv5-1)
E<i<j
(64)
- Ti"j("i+"i+1+"'+"j—1)2
. H Kﬁ2 (Vi _|_ V’i+1 _|_ o + Vj—l) . q 1<i<j<m 2r

i—jin G

Here T'C {1,--- ,m — 1} is a subset. By Lemma 2.18, it is enough to
show that the series (64) with 7' = ) is written as O (q%) for data £ as
in (36).

Let A= {aij}lgi,jgm_l be the (m — 1) X (m — 1)-matrix given by
aj; = { o Zkéi,jd nry (1<),

Qj; (’L > j)
We define the integer valued symmetric bilinear pairing B(—,—) on I
by
B,/ )=v-A-".
Here we regard an element v € I' as a row vector (vq,:-+ ,Vp—1) in
NS(P2)*m=1 It is straightforward to check that
B(v,v
Q) = 22V
_ rir(Vi + vig1 + -+ vj1)?
(65) = Z 5 .
1<i<j<m

Since NS(@Q) with its intersection form is a lattice with index (1,1), it
follows that (I, B(—, —)) is a non-degenerate lattice with index (m —
1,m —1). In particular, we have det A # 0.

We set ¢;, ¢; € I'g for 1 <i <m —1 as follows:

7
(66) G = (07 707H0707"' 70)A_17

¢ = (0, ,0,—F,0,++- ,0).

7

Here % means that * is located on the i-th column. Let E(G) be the
set of arrows in G, and take e = (i — j) € E(G). Since (I',B) is
non-degenerate, there exists a, € I'g such that

B(aeay) = K@Q(Vi + Vi1 + -+ Vj—l)a

for any v € T'g. By the above constructions, the series (64) with 7' = ()
is written in the following way:
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Z H sgn(B(c;,v)) —sgn(B H B(ae,v) - ry).

ver'4+T i=1 e€E(GQ)

Hence the following lemma shows that (57) holds:

Lemma 3.9. The data
(Fu Buﬁlu Cl,- - ,Cm_l,Cll, T 7c/m,—17a€7 ec E(G))
satisfies the conditions (i) to (v) in Subsection 2.7.

Proof. The condition (i) is already stated. Let V' C I'gp be the sub
Q-vector space spanned by ¢; for 1 <i <m — 1. By (66), V is m — 1-
dimensional, and

V= @Q (07 707H0707"' 70)
i=1
By (65), it follows that @ is negative definite on V', hence the condition
(ii) holds. The condition (iii) follows from

i J
B(ci,c;-) =(0,---,Hp,---,0) .t(()’... ,—F,---,0)
= _5137
B(c“c]) 0,--- ,—F,---,0) -t(blF,u- b1 F)
=0.
Here b1, --- , b,,_1 are some rational numbers, and the last equality fol-
lows from F? = 0. The condition (iv) follows from Lemma 3.8, and
there is nothing to prove for (v). q.e.d.

3.5. Proof of Proposition 3.3 for (51). We finish the proof of Propo-
sition 3.3 by proving that

1,G
(67) U(T17E1)7"'7(Tm7ﬁm)(q) e M.

By Lemma 3.8 and (33), the rational number U ({(r;, 5;)}/"1, H, Fy) in
the RHS of (51) does not contain contributions of the terms in (32) with
m” > 2. For data (49) and a fixed non-decreasing surjection

¢: {17 7m}_»{17 7m/}7

we consider the series:

LG . . R.
S(Tl,ﬁl),“w(rmﬁm) = ~ Z, S({(RuBz) = 17H F—i—)
ﬁjENS(Pz), BjEBj (mod Tj)
1<j<m, Bi+-+Bm=(,1-1)
Bj-Ho/r=PBr-Ho/r if ¢¥(j)=1(k)
(T'jﬂz‘*f'iﬁj)Q

_Z i<j<m T
(68) : H Ko (rjBi — rifj)g == 2rTIT

i—j in G
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Here (R;, ;) is given by

(69) Ri= Y 7, Bi= > B

JEYTL(4) JEYTL(4)

Since (51) is a Q-linear combination of the series (68), it is enough to
show that (68) is an element of M.

Let us consider (5, , fm) in the RHS of (68). For each 1 < j <m
with ¢(j) = ¢, we can write

Bi B
(70) = e

for some I; € Q. For 1 < i < m/, let B; € NS<Ri(@2) be the unique
element such that

Then we have

(71) zpe@—?+m@y

T i

By applying -Hy and -C, the condition (71) is equivalent to the two
conditions:

=

i B, Bz B;
-H()E&'Ho-l-z, le—’C—&'C-FZ.
7 T‘j RZ‘ T‘j

)

Also using (70), the condition (69) for B; is equivalent to
Z rjlj =0.
SO
Using (70) and noting Kp, - C = —1, we have

H Koo (rjBi — rif3j) = H i Z

i—j in G i—j in G G \G"ca
E(G T E(G")=E(G)

B, B
e T (55
i—j in G’ i—j in P(G")

Here G',G"” C G are oriented subgraphs, F(G) is the set of arrows in
G, and ¥(G") € G'(m') is obtained by the image of G” under . Also
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using (56) and setting 5 = (I,1 —1), the power of ¢ in (68) is written as

O
2r im1 QT‘Z'
B B (B j
o _2232- +Z 2R, Z 2r;
=1 =1 JEVTL(7)
B Z (R]BZ R; B Z Z Tjrk(lk — lj)2
1<i<g<m/ 2TR R =1 j<k in ¥=1(3) 2Ri

Combing the above calculations, the series (68) is written as

I o > 2

i—jin G GGG BieNS< g, (P?), 1<i<m’
BGOUEC=EC) B, 1o/ Ry€B;- Ho ry+2 for all jev1(i)

> I @G-uw

leEd,(j)'C/Rd,(j)—Bj'C/Tj-l-Z, 1S]Sml_>] in G
Zjewfl(i) rjl;=0 for all 1<i<m/’

Zml Z rjr'k(lkflj)z
i=12uj<k in —1(i) 2R;

q
Z S({(RZ’BZ)}ZDH’F-F)
B;eNS(P2), B;=B; (mod R;)
Bi+-4B,,=(1,1-1)
B.—R.B.)2
o R, R;
i1—7 in P(G")

By Lemma 2.18, the series

> I @-u

Li€By(j) C/Ry(j)=B,;-C/rj+Z, 1<j<m =7 in G
Zjewfl(i) r;1;=0 for all 1<i<m/’
m! 'r-rk(lkfl-)2
q 1'11 Zj<k in ¢ —1(4) ’ 2R; !
is an element of M. Combined with (57), we conclude that (68) is an
element of M.
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