J. DIFFERENTIAL GEOMETRY
101 (2015) 47-66

HARD LEFSCHETZ THEOREM FOR SASAKIAN
MANIFOLDS

BENIAMINO CAPPELLETTI-MONTANO, ANTONIO DE NICOLA
& IVAN YUDIN

Abstract

We prove that on a compact Sasakian manifold (M,n,g) of
dimension 2n + 1, for any 0 < p < n the wedge product with
N A (dn)? defines an isomorphism between the spaces of harmonic
forms Q%7 (M) and QX™P* (M). Therefore it induces an iso-
morphism between the de Rham cohomology spaces H™ ?(M)
and H"*PT1(M). Such isomorphism is proven to be independent
of the choice of a compatible Sasakian metric on a given contact
manifold. As a consequence, an obstruction for a contact manifold
to admit Sasakian structures is found.

1. Introduction

Sasakian manifolds, introduced by Sasaki [23] in 1960, can be de-
scribed as an odd-dimensional counterpart of Kahler manifolds. Start-
ing from the 90s, a renewed interest in Sasakian geometry was stimu-
lated by new findings in theoretical physics (see e.g. [11, 16, 20, 21]),
especially after the Maldacena conjecture [19] on the duality between
conformal field theory and supergravity on anti-de-Sitter space-time. As
a consequence, many important geometric and topological properties of
Sasakian manifolds were discovered, see e.g. [3, 4, 10, 15].

It is well known that Sasakian geometry is naturally related to Kéahler
geometry from two sides: on the one hand Sasakian manifolds can be
defined as those manifolds whose metric cone is Kéhler, on the other
hand the 1-dimensional foliation defined by the Reeb vector field is
transversely Kéahler.

A remarkable property of compact Kahler manifolds is given by the
celebrated Hard Lefschetz Theorem, stating that the cup product with
the suitable powers of the symplectic form gives isomorphisms between
the de Rham cohomology groups of complementary degrees. This result
was first stated by Lefschetz in [17] but the first complete proof was
given by Hodge in [13]. One of the applications of the Hard Lefschetz
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Theorem is that it gives an obstruction for the existence of a Kahler
metric on a compact symplectic manifold.

Later on, an odd dimensional version of the Hard Lefschetz Theorem
was proven for compact coKéhler manifolds in [6]. Thus one may ask
whether a similar property also holds in the context of Sasakian geom-
etry. So far, the only result that was obtained in this direction is the
transversal Hard Lefschetz Theorem, proved by El Kacimi-Alaoui in [7],
which holds for the basic cohomology with respect to any homologically
orientable transversely Kéhler foliation. In this paper, our aim is to
prove that a version of the Hard Lefschetz Theorem holds for the de
Rham cohomology of any compact Sasakian manifold.

Our approach needs to be different from the one adopted in Kéahler
geometry. Indeed, although Sasakian and Kéhler manifolds share many
properties, in this case the picture for Sasakian manifolds shows pro-
found peculiarities. Let (M,w,g) be a compact Ké&hler manifold of
dimension 2n and QX (M) the space of harmonic p-forms on M. We
recall that the Hard Lefschetz Theorem states that for any 0 < p < n,
the maps

wP A —: QP (M) — QX (M)
a— WP Ao

are isomorphisms. Now, let (M,n,g) be a compact Sasakian manifold
of dimension 2n + 1. As a natural generalization of the above Lefschetz
isomorphism, one can consider, for each 0 < p < n, the maps
) nA(dn)P A —: QX P (M) — QX (M)
1.1
a—=nA(dn)?P A a.

However, at this step a serious problem already arises. Namely, differ-
ently from the Kahler case, it is not true that the wedge multiplication
by either dn or n A dn maps harmonic forms into harmonic forms, so in
principle the definition of the above maps may happen to be ill posed.

Nevertheless, we discover some spectral properties of the Laplace op-
erator on differential forms which allow to overcome this obstacle. More
precisely, given a € Qx ¥ (M), we show that the forms n A (dn)k A «
and (dn)*~!' A a are eigenforms of the Laplacian with positive integer
eigenvalues for all 0 < k < p—1. These eigenforms and their eigenvalues
are visualized in Figure 1 at page 58 in the case n = 5. In the figure,
the points on the horizontal axis represent the spaces of harmonic forms
on M. All other points with coordinates (p, ) denote suitable subspaces
of

{80 (M) AB =08}

The segments represent the isomorphisms (3.1) and (3.7) between the
corresponding vector spaces. As shown in the figure, the A-eigenvalues
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of n A (dn)* A a initially increase with k up to degree n and then de-
crease until they reach zero for k = p. Thus each mapping in (1.1) is
actually well defined, in the sense that its target space is Qzﬂ) ).
Moreover, in Theorem 3.6 we prove that such map is in fact an isomor-
phism by explicitly giving its inverse map. This isomorphism obviously
induces via Hodge theory an isomorphism between the corresponding
de Rham cohomology groups. Namely, for each 0 < p < n we obtain
the isomorphism

Lefy_p: H"P(M) — H™PTH(M)
[B] = [nA(dn)P NIa B],

where 1IA 8 denotes the orthogonal projection of 5 on the space of har-
monic forms. Note that, contrary to the symplectic case, we are forced
to use the metric structure in the definition of Lef,. Thus, a priori,
one could expect that different Sasakian metrics on (M, n) could lead to
different Lefschetz isomorphisms. To the utter surprise of the authors,
this is not the case. In Theorem 4.5 we prove that the Lefschetz isomor-
phism is independent of the metric. This provides an obstruction for a
contact manifold to admit Sasakian structures. In the last section, we
introduce the notion of Lefschetz contact manifold and we prove that
its odd Betti numbers up to the middle dimension are even.
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13383 (A.D.N.), SFRH/BPD/31788/2006 (I.Y.), Prin 2010/11 — Va-
rieta reali e complesse: geometria, topologia e analisi armonica — Italy
(B.C.M.)

2. Preliminaries

In this section we recall the definition of Sasakian manifolds and list
some of their properties. For further details we refer the reader to [1, 2].
Let M be a smooth manifold of dimension 2n 4+ 1. A 1-form 7 on
M is called a contact form if n A (dn)™ nowhere vanishes. In this case
the pair (M, n) is called a (strict) contact manifold. We write @ for dn
and we denote by £ the Reeb vector field on (M,n), that is the unique
vector field on M such that ign = 1 and i¢dn = 0.
Let (M,n) be a contact manifold and g a Riemannian metric on M.
We define the endomorphism ¢: TM — TM by ®(X,Y) = g(X, ¢Y).
Then (M, n,g) is called a Sasakian manifold if the following condi-
tions hold:
(i) ¢? = —I +n®¢&, where I is the identity operator;
(17) g(¢X,0Y) = g(X,Y) —n(X)n(Y) for any vector fields X and Y
on M;
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(797) the normality condition is satisfied, namely

where [—, —|pn is the Frolicher-Nijenhuis bracket (cf. [14]).
It is well known that in any Sasakian manifold one has
(2.1) P& =0, no¢=0.

Now we will introduce notation for some linear operators on the
de Rham algebra Q*(M). For a p-form o« on M, we denote by ¢, the
operator given by

€al = a A p,
where 5 € Q*(M). If (M,n) is a compact contact manifold, then ¢, is
adjoint to i¢ with respect to the usual global scalar product on Q*(M),
that is €, = ig. Since ign = 1, for any w € Q" (M), we get
(2.2) {iﬁv 677} W = w,
where the curly brackets are used to denote the anti-commutator of two
operators.

Let (M,n,g) be a compact Sasakian manifold. We define the opera-
tors L and A on Q*(M) by

L =c¢p, A=1L".

Then, since d is a graded derivation on Q*(M) of degree 1 and 7 is a
1-form, we get

(2.3) {d, e} = €qy = 2e9 = 2L.
Therefore
(2.4) {ig,0} ={d,ey}" =2L" = 2A.

Hereafter, we will use some elements of Frolicher-Nijenhuis calculus,
developed in [8] (see also [14, Section 8]). In this framework, for every
vector valued (k + 1)-form ¢, the graded derivation i, of degree k on
(M) is defined. It acts on w € QP(M) by

(wa) (X17 s 7Xp+k) = Z(—l)UW(Q/)(XU(l), s 7Xcr(k+1))7 s 7Xo(p+k))7
where the summation is taken over all (k + 1,p — 1)-shuffles. In the
case k+ 1 = 0, that is when 1 = X is a vector field, we reobtain the
usual interior product i x. If ¥ is an endomorphism of 7'M, that is when
k = 0, the formula above can be rewritten as
P
ipw (X1, Xp) =Y w(X1,.. X, Xp).
s=1
For any vector valued (k 4+ 1)-form 1 the operator L, is defined to be
iyd — (—=1)Fdi,. Note that every L, is a graded derivation of degree
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kE+1on Q(M). If v = X is a vector field, then Ly is the usual Lie
derivative.

When 1) is the identity operator I: T'M — T'M, the operator ¢, will
be denoted by deg, motivated by the fact that for any p-form w we have

degw = 1jw = pw.

Now we summarize several results of Fujitani [9] on commutators be-
tween operators on Q* (M), where M is a Sasakian manifold (N.B.:
Fujitani uses ® for iy, ¢ for @, A for i¢, and [ for €,).

Theorem 2.1. Let M be a compact Sasakian manifold of dimension
2n+1. Then the operator iy commutes with L and A. The Lie derivative
Le commutes with d, 0, €, i¢, L, A, and i4. Furthermore

(2.5) [d, A] = [ig, 0] — 2(n — deg) i,
(2.6) [Aig] = 2lig, 6] — 4 (n — deg) i,
(2.7) [Asig] = =2(Le —igd + ) ,
(2.8) A, ey] = —2L4 + 4y (n — deg) .

Proof. See Propositions 1.1, 1.2, 3.3 and Theorem 3.2 in [9]. q.e.d.

Using the equalities (2.5)—(2.8), Fujitani reobtained a few results of
Tachibana [24] in [9, Theorem 4.1] and complemented them with the
dual ones in [9, Corollary 4.2]. Below is the summary of these results.

Proposition 2.2. Let M be a compact Sasakian manifold of dimen-
ston 2n+1 and w a harmonic p-form on M. Then igw is also harmonic
and, moreover,

(1) if p < n, then igw = 0;

(it) if p>n+1, then e;w = 0;
(iii) if p<n+1, then Aw = 0;
(iv) if p > n, then Lw = 0.

In the following proposition we prove some other useful identities.

Proposition 2.3. In any Sasakian manifold we have

(2-9) [i¢, 677] =0,
(2.10) lig,ic] = 0,
(2.11) L7 = —2LL;,
(2.12) {6,6y} = —Le.

Proof. Since iy is a derivation of degree zero, we have [ig, €] = €,y =
0, as iyn = 0 by (2.1). Next, it is easy to check that for any +: TM —
TM and any vector field X we have [iy,ix]| = —iyx. Thus [ig, i¢] is zero
by (2.1). Further, according to Frolicher-Nijenhuis calculus, we have
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{Ly: Lo} = Lipg),.,- Thus, from the normality condition for Sasakian
manifolds, we get

1 . .
ﬁé = §£[¢,¢}FN = —Lipge = — {ianze, df = —{dn Nig, d}
= —d’l’} A\ ﬁf = —2L£§.

Finally, it was shown on page 109 of [12] that, for any Killing vector
field X, one has Lx + {(5, eg(X,_)} = 0. Since in any Sasakian manifold
the Reeb vector field ¢ is Killing and n = ¢ (£, —), the equation (2.12)
holds. q.e.d.

3. Hard Lefschetz isomorphism for harmonic forms

In this section we establish the Hard Lefschetz isomorphism between
the spaces of harmonic p-forms and harmonic (2n + 1 — p)-forms in a
compact Sasakian manifold M of dimension 2n + 1.

We start by introducing some notation. Let Ay, ..., Ax be operators
on Q* (M). We will denote by Qﬁh,...,Ak (M) the set of p-forms w such
that Ajw = -+ = Ayw = 0 and we will use Q%" | (M) as a shorthand
for QZ—I/I,AL...,A;C (M), where v is a real number. Of course these spaces
are empty if v < 0 and M is compact, since all A-eigenvalues are non-
negative in this case.

We will be mainly concerned with two families of spaces of differ-

ential forms on a compact Sasakian manifold, namely, QZ’Z.V s(M) and
;2¢5€n
p7V

J,En,iéd
It follows from (2.12) that the spaces of both families are included in
Q*Cs (M). Let us show that these two families are related to each other

(M), where 0 < p < 2n+1 and v are non-negative real numbers.

by the Hodge star operator .

Proposition 3.1. Let M be a compact Sasakian manifold of dimen-
sion 2n + 1. Then for any p-form w, we have w € QY (M) if and

d,i§757]6
only if xw € Qgi:ll.;dp’y(M).

Proof. 1t is easy to check that for any p-form w, one has ¢ x w =
(—=1)P™ x dw and €, * w = (—1)PT! % jew. Hence igd * w = — * €,0w.
Moreover, A x w = *Aw. q.e.d.

Now we show that the spaces of harmonic forms on a compact Sasa-
kian manifold are included in the above families of subspaces.

Proposition 3.2. Let M be a compact Sasakian manifold of dimen-
ston 2n + 1.

(i) For p <n, we have

O (M) = Q4% 5 (M) and Q57

6,en,i§d(M) =0.
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(ii) For p > n+ 1, we have

0

Q;Z (M) = Qg,sn,igd

Proof. 1t is obvious that QZ:?@WS (M) c QX (M). Let w € QX (M)
with p < m. Since w is harmonic, we have dw = 0 and €,0w = 0.
Moreover, by Proposition 2.2 we have that i¢cw = 0, since p < n. Thus

Qflfm S(M) = QB (M).

In order to prove that ngm i 4(M) =0, notice that

(M) and QF°

d,ig,ené(M) = 0.

70 70
Qg,en,igd(M) COQ(M) = Q;Zl,ié,en

5(M)
implies €;w = 0 and i¢w = 0 for any w € Qg’gn ie 4(M). Therefore using
(2.2), we get

w = tgepw + €ptew = 0.
Hence Q‘?:Smié 4(M) = 0. The second part of the proposition can be
proved by duality considerations, using Proposition 3.1. q.e.d.

Proposition 3.3. Let M be a compact Sasakian manifold.
(i) If w € QP (M) then dw € QLY (M). If moreover v # 0,

6,6n,i§d d,ig,fné
then dw # 0.
(ii) If w € QZZ?ZEM(M)’ then dw € Qg;nl”lgl(M). If moreover v # 0,
then dw # 0.

Proof. By the duality property established in Proposition 3.1, it is
enough to prove just (i). Let w € Qg”f;ié 4(M). Then
d(dw) =0, iedw =0, Adw = dAw = 4vdw.
It is left to show that €,0dw = 0. Since dw = 0 and €,w = 0, we get
enddw = €,0dw + €,d0w = €,Aw = 4veyw = 0.

If moreover v # 0, then ddw = Aw = 4vw # 0. Thus also dw # 0.
q.e.d.

Proposition 3.3 shows that for v # 0 we have the pair of isomorphisms

4 d 174
(3.1) ngn,igd (M) -~ szﬂAa (M),

for any 0 < p < 2n.

Theorem 3.4. Let M be a compact Sasakian manifold of dimension
2n + 1.

(i) Ifw e Q. (M) then igw € Q2G4 777 (ar),

(ii) Ifw € QI (M) then eyw € QFFIG77H (2.



54 B. CAPPELLETTI-MONTANO, A. DE NICOLA & I. YUDIN

Proof. We will prove just (i) as (i) can be obtained from (i) by using
Hodge duality and Proposition 3.1. Let w € QP (M). We write 1/

0,€n,ied
for v+ p—mn —1. We have to show that icw € QZ;;’;% (M). First of all,
from (2.12), we get
(3.2) digw = Lew —igdw = — {€,,0} w = 0.

Next, it is obvious that igicw = 0. Moreover, by using (2.12), (2.2) and
(3.2) we get

6n5i5w = —ﬁgigw - 5eni§w = —igdigw ) (w - igenw) =0.
Thus i¢w € QZ;.;E”(;(M). It is left to prove that Aicw = 4v/i¢w. From
the equation (2.6) for [A, ], using that dw = 0, we get
Aigw — igAw = —25i¢w — 4(n —p+ 1)i§w.
Since Aw =4vw and v —n+p—1=1/, we get
(3.3) Aiew = Wigw — 28i4w.

To get that digw = 0, we proceed as follows. First we apply dd to (3.3).
Using that dé commutes with A, we get

Adbigw = 4/ dbicw.
As digw = 0 by (3.2), we have ddigw = Aigw. Therefore

(3.4) ANiew = 4V Nigw.
Comparing (3.3) and (3.4), we see that Adigw = 0, thence also
(3.5) §Nigw = 0.

Further, using the formula (2.7) for [A,iy], we get
(3.6) Aigw = 1gAw — 2Lew + 2igdw — 260w = 4vigw,

since w € Q{;:ti’;igd(M) and hence Lew = 0. From (3.5) and (3.6) it
follows that 4vdigw = dAigw = 0. If v # 0, this implies that digw = 0.
On the other hand if v = 0, then w is harmonic. Thus by Proposition 2.2
the form i4w is also harmonic. Hence digw = 0. Therefore from (3.3)

we finally get that Aiew = 4v/icw. q.e.d.

Since {ey,i¢} = I, we get from Theorem 3.4 that €, and i¢ induce the
pair of inverse isomorphisms
ie ,

D,4v . op—1L4v
(3.7) 96,677,7;56[ (M) TQd7i§75716 (M),
where v/  =v+p—n—1and 1 <p <2n+ 1. In fact, if w is on the left
hand side, then e¢,w = 0 and €,i;w = w — g = w. Similarly, if w is
on the right hand side, then i¢w = 0 and i¢e,w = w.
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Corollary 3.5. Let M be a compact Sasakian manifold of dimension
2n+ 1. Then forv #0 and p < 2n —1

Av L 2,4(v—p—1+n
(3.8) Q§,57,,i§d(M) == Qg,-;,ig(d P (|

is a pair of isomorphisms such that AL = vl and LA = vI. Moreover,
forv£p—n
L

4 .~ OPT24(v—p+
(3.9) Q{;,i;m (M) N Qz%en(g P ()

is a pair of isomorphisms such that LA = (v — p +n)l and AL =
(v—p+n)l.

Proof. Notice that from (2.3), we have that for every w € Q2% . (M)

J,En,iéd
(3.10) 2Lw = €dw.
Similarly from (2.4), for every w € Qg:i’i (;_p _1+")(M ), we get
(3.11) 2Aw = dicw.

Therefore, using the isomorphisms (3.1) and (3.7), we can construct the
diagram

2L

//\

d € —p—14n
p,4v (M) -~ Op+l4v (M) _ " op+24(v—p-1+ )(M)

0,€n,ied ? dyig,€end T d,en,ied
2A

This shows that L and A induce isomorphisms between the spaces

. 4 +2,4(v—p—1+
in (3.8). For every a € QgE:igd(M) and every 3 € Qg’emig(; P n)(M),

we have
ALa = 151’ do = 1(5ala = 1Aa =rva
I e R
1 1
LAB = Zendéigﬂ = Z@Aigﬂ = veyicB = vf.

The second part of the corollary is proved by the same line of reasoning
from the diagram

2L
€ d
p,4v '~ op+1L4(v—p+n) - op+2,4(v—p+n)
d,i@En(S(M) = "henicd (M) = “%dig,end (M)
<25\—/5/
2A
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Now, we are prepared to prove the Hard Lefschetz Theorem at the level
of harmonic forms.

Theorem 3.6. Let M a compact Sasakian manifold of dimension
2n+1 and p < n. Then the map

ey L 7P QP (M) — Q2" 1P (M)
induces an isomorphism Fy,: QI (M) — QZ@H_I} (M). Similarly, the

map
A" Pie s Q2P (NL) — QP (M)

induces an isomorphism G,: Q2An+1_p (M) — QI (M). Moreover,

FpGp:(n—p)!2~[, Gpr:(n_p)|2[
Proof. We have by Proposition 3.2 that QX (M) = QZ:?&EW(S (M) and
QZ"H_” (M) = Qgi:;;lp’o(M). Let us define the numbers v, ; by
(3.12) vpk =k(n—p—k+1), keZ.

To make the notation less heavy, we will write v}, instead of v, along
the proof. It is easy to check that vgy1 = v — (p + 2k) + n, and that
v # 0 for 1 < k <n—p. Thus by Corollary 3.5, the operators L and

A induce isomorphisms between QF2*4% (A1) and +2(k+1)’4yk+1(M ).

d,ig,end d,ig,end
Moreover, for w € QZJ;%’A}V’“(M ), it holds
,2¢,€n
(3.13) ALw = v qw.

Note that 1y = 0 and v;,—, = n — p. Then we get the chain of isomor-
phisms
(3.14)

»,0 L p+2,401 L L 2n—p,4(n—p)
Qd,ig,en(S(M) Qd,i&,ﬁn(; (M) e Qd,i§,€n5 (M) :
Thus L™ P induces an isomorphism between the vector spaces

Q§Z?§7En5(M) and Q?ﬁ;ffg(n_p)(M). From (3.7), we have that ¢, and

¢ induce two mutually inverse maps between QZZ;I;’?‘;("_I’ ) (M) and
ng;f;ll’o(M ) = QX PTH(M). This shows, that F, is an isomorphism
between O\ (M) and Qin_p *L(M). Similarly, one can check that also
Gp: QP (M) — QR (M) is an isomorphism. Tterating (3.13), we see
that for all w € O\ (M)

n—p n—p
GpFpw = A""PL" Py = <H I/k) w= <H k(n—p—Fk+ 1)) w
k=1 k=1

= (n—p)w.

Similarly, for w € QZ"_pH(M), we have F,Gpw = (n —p)?w.  q.ed.
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From (3.14) it follows that the spaces QZI;’;A;V””C(M ), where v, ), are

defined by (3.12), are isomorphic to QX (M) for all 1 < k < n — p.

Thus, if HP (M) # 0, the same is true for QZI;’:;IA;V” *#(M). The following

proposition shows that all the pairs (p, ) such that QZ:ZA.‘; e s(M) # 0 are
necessarily of the form (q + 2k, v, 1 ).

Proposition 3.7. Let M be a compact Sasakian manifold of dimen-
ston 2n + 1.

(i) If QZ’?:%&(M) # 0 then v = v,_op i, for some integer k such that

max{0, (p — n)/2} < k < p/2.
1) If P (M % 0 then v = vy11_ok 1 for some integer k such that
0,€n,ied p+ )
max{0,(p+1—n)/2} <k <(p+1)/2.

Proof. Note that the second part of the proposition follows from the
first part and the isomorphism (3.1). We will prove the first part by in-
duction on p. Suppose p = 0 and Q?l:?;,énf;(M) #0. Let f € Q?l:?;ené(M)’
f # 0. Then df = 0 and thus f is a harmonic function. Since 4v is the
A-eigenvalue of f, we get that necessarily v = 0. Thus v = v .

Suppose we proved the claim for all p’ < p and QZ:?:’E” sM) # 0.
If v = 0, then by Proposition 3.2 we get that p < n. Therefore 0 is
in the allowed range of values for k, and we are done since v, = 0.
Now consider the case v # 0. From Corollary 3.5, we get that the
spaces Qz;jﬁ?(gﬂ _2_")(M ) and QZ:?; e s(M) are isomorphic. From the
induction assumption, we get that

v+ P — 2—n= V(p—2)—2k",k’

for some k' between max{0, (p—2—n)/2} and (p—2)/2. Define k = k'+1.
Then

V=Vpokk-1—P+2+n
=k-1)n—p+k+2)+n—p+2
=k(n—p+k+1)
= VUp—2k,k-

Moreover k lies between max{1, (p—n)/2} and p/2. This completes the

induction argument. q.e.d.

In Figure 1, we give an illustration of what happens for a compact
Sasakian manifold M of dimension 11. In the picture the circles mark
the places (p,v) such that Qg’fn”’ig 4(M) can be non-zero. Similarly, the

squares mark the points (p,v) such that the spaces QZ:?; o s(M) can
be non-zero. The horizontal segments with a circle at the left edge
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//// |

Figure 1

and a square at the right edge represent the isomorphisms of the type
(3.1), and all the other segments correspond to the isomorphisms of
the type (3.7). Thus, we can see that if we start with a harmonic p-
form w for p < n and move it along the segments representing the
isomorphisms of the types (3.1) and (3.7), we get in the intermediate
steps A-eigenforms with non-zero eigenvalues, and we will eventually
end up with the harmonic (2n + 1 — p)-form Fpw.

4. Hard Lefschetz isomorphism in de Rham cohomology

Let M be a compact Sasakian manifold of dimension 2n + 1. Let
us denote by IIa the orthogonal projection from Q*(M) onto ) (M).
Then we can define

Lef,: HP(M) — H*"T17P(M)
(Bl [Fp1IaB].
Due to Hodge theory and Theorem 3.6 the map Lef), is an isomorphism.

(4.1)
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Suppose (1,¢') is another Sasakian structure on M with the same
contact form 7. Denote by A’ the corresponding Laplacian. For a
closed p-form f it can happen that

HAB # HarB.

Thus it is not a priori clear whether Lef, depends on the full Sasakian
structure or just on its contact form. Note that this is rather different
from the Kéahler case, where it is obvious from the definition of the
Lefschetz map that it is fully determined by the symplectic structure
and does not depend on chosen Kéahler metric.

The aim of this section is to show that Lef), is uniquely determined by
the contact structure of M. Note that from Proposition 2.2 it follows
that for any Sasakian metric ¢’ on (M, n) and any closed p-form 3 with

p < n, we have
IIUNIRS Q‘Z’d(M).

Moreover, since d commutes with L, by applying (2.3) and Theorem 3.6
to (M, g') we get
_ 1 _ 1

(4.2) LV PHIA B = 5d (e, L7 PIIp/B) = 5d(ﬂ,HA,ﬁ) =0.
Indeed, we will prove that given an arbitrary p-form ~ with p < n such
that
(4.3) iy =0, dy =0, Pty =,
the cohomology classes of €,L" Py and of €,L" PlIn7y are equal. As a
consequence we will get that

(e L P/ 8] = [ey L PHAIIAB] = [e, L7 PIIAS]

since IIa/f3 satisfies (4.3) and IAIIa/B = TIA S as [IIa/B] = [5].

We start by recalling some facts on Hodge theory for compact man-
ifolds. Let M be a compact Riemannian manifold. Denote by G the
Green operator for A acting on the de Rham complex Q*(M) of M.
Then

(44) I-AG=1Ix, I-GA=In, dG=Gd, G =GS.

Proposition 4.1. Let (M, g) be a compact Riemannian manifold and
€ a Killing vector field on M. Then L¢ commutes with the Green oper-
ator G.

Proof. By Theorem 3.7.1 in [12], we have that Lew = 0 for every
harmonic form w. Thus L¢IIa = 0. Let us show that IInL¢ = 0. Using
(2.12) and that d* =6, if = ¢;,, we get

Li={dic}" = {ey,0} = —Le.
Hence for any 8 € QF(M) and w € QK (M) we have
(ﬁgﬂ,w) = — (5,£§w) = 0,
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where (, ) denotes the usual global scalar product of differential forms
on a compact Riemannian manifold. This shows that L¢3 is orthogonal
to the subspace Q& (M) of QF (M) and thus IIn L¢3 = 0. Now, from (4.4)
we get

Le— LAG = Lella =0, Le— GALe =TIALe = 0.

We know from Theorem 2.1 that £, commutes with d and ¢, and thus
also with A = {d,¢}. Hence

GL: = GLAG = GALG = LG,
q.e.d.
Let us introduce the auxiliary map
Ay QP Y(M) — QPP (M)
a (n—p+1)L" Pdigda + L" P Aa.

We will study the interplay between A, and d, d, A. The following
technical lemma is needed.

Lemma 4.2. Let M be a Sasakian manifold. Then for any k > 1,
we have

(4.5) [5, L’f} — —kLF 1Ly + 2ke, L1 (n — deg —(k — 1)).

Proof. For any two linear endomorphisms a and b of an arbitrary
vector space V', we denote by ady(a) their commutator [b,a. It can be
checked (e.g. by induction) that

k
(4.6) abt = Z(—l)j <k> 0¥ =7 ad] (a).

, J
7=0
We will apply formula (4.6) to the case a = ¢ and b = L. Dualizing (2.5),
since zz = —i4, We get
adr(0) = [L, 6] = [d, —ig] — 2¢,(n — deg) = Ly — 2¢,(n — deg).
Moreover, since Ly is a derivation and L = €3, we get
(Lo, L] = e e =0.
Therefore
ad} (0) = [L, Ly — 2¢yn + 26, deg] = 2¢, [L, deg] = —4e, L.
Thus ad%(é) = 0 for all j > 3. Now the claim of the lemma follows
from (4.6). q.e.d.

Theorem 4.3. Let (M,n,g) be a compact Sasakian manifold of di-
mension 2n+1, 1 < p <n, and o € Q’ZE%(M) Then Apa is coclosed
and

(4.7) AAya = A,Aa.
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Proof. To check that
(4.8) Apa = (n—p+1)L" Pdigda + L" P Aa
is coclosed, we will repeatedly use Lemma 4.2. We have
(4.9) § (L™ Pdigda) = [6, L"P] digda + L™ Pédigdor.
From Lemma 4.2 we get
6, L P] digda = —(n — p)L" P~ Lydigde,

since the second summand in (4.5) vanishes in this case due to the
degree of a. Moreover, by using (2.11) we have Lydigdo = ﬁida =
—2LdL¢a = 0. Therefore we get

(4.10) 16, L"P] digdo = 0.

Now we compute the second summand of (4.9). We have
(4.11) ddigdo = Aigda — ddigda.

From formula (2.7) for [A,i,] we get

A’i¢d0¢ =-2 (ﬁf — ’L'gd + 6175) do + ’i¢dAOé
(4.12) = —26n5d04 + i¢dAa
= —2¢,Aa + igdAa,

since a € QJZE(M ) implies dda = Aa. Now we compute the second
summand of (4.11). From (2.6) we get

d(52'¢da =d [(5, id)] da + di¢5d0¢

(4.13) 1 .
= —§d (A, ig] do — 2(n — (p — 1))digda + digAc.

Note that d[A,i¢] da = — [A,i¢] > = 0, since
{d, [Avie]} = {[d, Al yig} + [A, Le] = 0.
Also digda = —d?ica + dLea = 0. Thus (4.13) becomes
(4.14) ddigdo = digAc.
Substituting (4.12) and (4.14) in (4.11), we get
(4.15)  ddigda = —2eyAa + igdAa — digAa = =26, A + Ly Aar.
Thus, in view of (4.10), the formula (4.9) becomes
(4.16) § (L" Pdigda) = —2¢,L" PAa + L" PLyA«.
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Now we compute the value of § on the second summand of A,«. Since
0Aa = Ada = 0, from Lemma 4.2 it follows that

§ (L P Aa) = [6,L" P11 Aa
=—(n—p+1)L"PLyA
+2(n—p+ 1), L" P A
=—(n—p+1)(L"PLyAx — 26, L" P Acx).

From (4.8), (4.16) and (4.17), we get that dA,a = 0, that is Ay« is
coclosed.

Now we will prove that AA,a = A,Aa. Since Ay« is coclosed, we
have AA,o = 0dA,c. As d commutes with L, we get from (4.8) that

dAy,a = L P dAq.

(4.17)

Thus
AAdye = 6dApa = [6,L" P dAa + L PH15dAa.

By Lemma 4.2 we get
[6, L P dAa = —(n —p+ 1) L" PLsdAa
=(n—p+1)L" PdigdAa.
Next,
L' PH5dAq = L' P Adda = L PH A%,
Thus,
AAya = (n—p+ 1) L" PdigdAa + L" P A% = A,Ac.
q.e.d.

Corollary 4.4. Let (M,n,g) be a compact Sasakian manifold of di-
mension 2n+1 and o € Q’ZE%(M) with p < n, such that L P*1dAa = 0.
Then Ayo = 0.

Proof. It is easy to check that A,a is closed. It is also coclosed by
Theorem 4.3. Therefore Aya is harmonic. Now we consider the form

A,Ga. Tt follows from (4.4) and Proposition 4.1 that Ga € Q‘Z%(M)
By Theorem 4.3, we have

AAGa = AyAGa = Aya — Apllac.

It is immediate from the definition of A, that A,w = 0 for any harmonic
(p — 1)-form w, in particular for IIna. Thus AA,Ga = Apa. As Aya
is harmonic, we obtain

0= (AApa, A,Ga) = (Apa, AAGa) = (Apa, Apar).
Thus A, = 0. q.e.d.

Now we will prove the main result of the article.
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Theorem 4.5. Let (M,n, g) be a compact Sasakian manifold, p < n,
and 8 a closed p-form. For any B’ € [8] such that

4.18 ief =0, L"PTig =y,
3

we have Lefy([B]) = [, L™ PF']. In particular, the Lefschetz map Lef,
does not depend on the choice of a compatible Sasakian metric on (M,n).

Proof. Let us define v = §G (8’ — IIaB). Then, since d and § com-
mute with G by (4.4) and /' is closed, we get

dy = Gds (8 —TIap)
= Gdof' = GAP' = ' —TIaf = ' — 1Iap.

As Lefy([B]) = [e,L" PIIap], we have to prove that €,L" 73" and
€y L""PIIAB are in the same cohomology class. Since

enL" Pdy = €, L" P — €, L" PIIA 3,
it is enough to show that €,L" Pdvy is exact. Now, as

d (enL" Py) = 2L Py — ¢, L Pdy,

(4.19)

the form €, L""Pdry is exact if and only if L Ptly is exact.

Let o = Gv, that is a = 0G%(3' — IIaf). We will now check that
« satisfies the hypotheses of Corollary 4.4, namely that Lea, oo, and
L"PHldAq are zero. Since L¢ commutes with § by Theorem 2.1 and
with G by Proposition 4.1, we get

ﬁga = (5G2,C§ (,8/ - HA,B) .

As TIAB is harmonic and ¢ is Killing, we have LIIAB = 0 by [12,
Theorem 3.7.1]. Moreover, 3 is closed and i¢8’ = 0 by assumption.
Thus L¢f' = 0. Therefore we get that Lo = 0. As « is in the image of
0, we also have da = 0. Now

(4.20) Aa = AGy =v—lay =7,

as v is coexact, and this implies IIany = 0. Thus, by (4.18) and (4.19),
we get

L' P dAe = LV P dy = LVPH R — LM PHITIA B = — L' PHTIAB.
By Theorem 3.6 we know that €, L" PIIn 3 is harmonic, therefore
1
LV PHIIAB = 5d (e,L" PIIAB) = 0.
We conclude that L"P+1dAa = 0. Thus all conditions of Corollary 4.4
are satisfied for a. Therefore A, = 0 and thus by (4.20) we get that
L' Py = [P A = —(n — p + 1) L" Pdigda
=d(—(n—p+1)L" Pizda)

is an exact form. q.e.d.
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Corollary 4.6. Let (M,n) be a compact contact manifold of dimen-
sion 2n+1. Suppose g and ¢’ are two different Sasakian metrics on M,
both compatible with n. Then, for any closed p-form (B with p < n, it
holds (e, L""PIIAB] = [e, L™ PIIasf3].

Proof. We obviously have IIa/ € [5]. By Proposition 2.2 applied to
the Sasakian manifold (M,n,q"), we get icIIa/3 = 0. Next by (4.2) we
have L PTI/8 = 0. Thus the form 3’ = IIa/f3 satisfies all the con-
ditions of Theorem 4.5 for the Sasakian manifold (M, 7, g). Therefore
len L™ PIIa/ B] = Lefp([B]) = [, L PIIA Y. q.e.d.

5. Lefschetz contact manifolds

Let (M,n) be a compact contact manifold of dimension 2n + 1 such
that there exists a Sasakian metric on M compatible with the contact
form 7. Then by choosing an arbitrary such metric g, we can define the
maps Lef, for p <n as in (4.1) and these maps are isomorphisms.

Note that there is no obvious way to define similar maps between
cohomology spaces of a general contact manifold (M,n) of dimension
2n+1. To introduce the notion of Hard Lefschetz property for a contact
manifold, we define the Lefschetz relation between cohomology groups
HP(M) and H*"*1=P(M) of (M,n) to be
R, = {([8], [e,L"PB])|B € QP (M), dB =0, i =0, L" Pt 3 =0}
Thus if (M,n) admits a compatible Sasakian metric, from Theorem 4.5

it follows that Ry, is the graph of the isomorphism Lef,,. This justifies
the following definition.

Definition 5.1. We say that a compact contact manifold (M, 7) has
the Hard Lefschetz property if for every p < n the relation Ry, is
the graph of an isomorphism Lef, : HP(M) — H?*"T1=P(M). Such
manifolds will be called Lefschetz contact manifolds.

There is a simple extension to Lefschetz contact manifolds of the well-
known property that the odd Betti numbers b1 (0 < 2k +1 < n) of
compact Sasakian manifolds are even ([9]).

Theorem 5.2. Let (M,n) be a Lefschetz contact manifold of dimen-
sion 2n + 1. Then for every odd p < n the Betti number b, is even.

Proof. Let p < n. Since Lef, is an isomorphism, using Poincaré du-
ality we can define a nondegenerate bilinear form B on the de Rham
cohomology vector space HP(M) by putting

B(z,2') = / Lefy(z) — 2.
M
Note that
(5.1) B(z,2') = / (enL" Pw) Aw' = / nAP" P AwAW,
M M
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where w € x and w’ € 2’ are closed p-forms such that i¢w = i¢w’ = 0 and
L Pty = [P = 0. Such w and w’ always exist since Ry, is the
graph of a map. Now, (5.1) implies that B(z,z") = (=1)?B(2/,z). It
follows that, when p is odd, the vector space HP (M) is even dimensional.

q.e.d.

It would be interesting to find a characterization of Lefschetz contact
manifolds in the spirit of [5, 22]. It would be also interesting to find
explicit examples of Lefschetz contact manifolds which do not admit
any Sasakian structure. We will address these matters in our future
research.

Note added. After the paper was submitted, Yi Lin has considered
some of the above questions in [18].
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