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VIRTUAL HOMOLOGICAL TORSION OF CLOSED

HYPERBOLIC 3-MANIFOLDS

Hongbin Sun

Abstract

In this paper, we will use Kahn and Markovic’s immersed al-
most totally geodesic surfaces ([KM1]) to construct certain im-
mersed π1-injective 2-complexes in closed hyperbolic 3-manifolds.
Such 2-complexes are locally almost totally geodesic except along
a 1-dimensional subcomplex. By using Agol ’s result that the
fundamental groups of closed hyperbolic 3-manifolds are vitually
compact special ([Ag], [Wi]) and other works on geometric group
theory, we will show that any closed hyperbolic 3-manifold virtu-
ally contains any prescribed subgroup in the homological torsion.
More precisely, our main result is, for any finite abelian group A,
and any closed hyperbolic 3-manifold M , M admits a finite cover
N , such that A is a direct summand of Tor(H1(N ;Z)).

1. Introduction

1.1. Background. In [Lü1], Lück showed that the L2-betti numbers
of a CW-complex with residually finite fundamental group can be ap-
proximated by the betti numbers of a cofinal tower of finite regular
cover. For the definitions of various L2-invariants, see [Lü2].

Theorem 1.1 ([Lü1]). Let X be a finite, connected CW-complex with
residually finite fundamental group Γ. Let Γ ⊃ Γ1 ⊃ · · · ⊃ Γn ⊃ · · · be
a nested sequence of finite index normal subgroups of Γ with ∩Γn = {1},
and let Xn be the finite cover of X associated with Γn ⊂ Γ, then

lim
n→∞

bp(Xn)

[Γ : Γn]
= b(2)p (X).

Since finite volume hyperbolic 3-manifolds have vanishing L2-betti
numbers ([LL]), by applying the above result to hyperbolic 3-manifolds,
we have the following immediate corollary.

Corollary 1.2. For any hyperbolic 3-manifold M with finite volume,
and any tower of finite regular covers · · · →Mn → · · · →M1 →M with
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∩π1(Mi) = {1},
lim
n→∞

b1(Mn)

[π1(M) : π1(Mn)]
= 0.

Along with Agol’s virtually infinite first betti number theorem ([Ag]),
these results imply that the first betti numbers of finite covers of a fixed
hyperbolic 3-manifold can go to infinity, but this trend does not grow
very fast, which is a very interesting phenomenon.
On the other hand, a natural question is, whether the above approx-

imation of the L2-betti number can be generalized to some approxima-
tion of the L2-torsion.
In particular, in [LS], Lück and Schick showed that, for a finite vol-

ume hyperbolic 3-manifold M , its L2-torsion is related with its hyper-
bolic volume by the following equality:

ρ(2)(M̃ ) = −V ol(M)

6π
.

So there arises the following natural question (see [Lü2] Question 13.73,
[Lü3] Question 1.12 and [BV]).

Question 1.3. Let M be a hyperbolic 3-manifold with finite volume,
does there exist a cofinal tower of finite regular covers · · · → Mn →
· · · →M1 →M , such that

lim
n→∞

ln |Tor(H1(Mn;Z))|
[π1(M) : π1(Mn)]

=
V ol(M)

6π
?

In [Le], Le claim that

lim
n→∞

ln |Tor(H1(Mn;Z))|
[π1(M) : π1(Mn)]

≤ V ol(M)

6π

holds for any cofinal tower of finite regular covers.
If the answer of Question 1.3 is yes, any hyperbolic 3-manifold admits

a certain cofinal tower of finite regular covers, with exponential growth
on their homological torsion. However, a much weaker question, whether
any hyperbolic 3-manifold virtually has nontrivial homological torsion,
was still unknown. In the survey paper [AFW], Aschenbrenner, Friedl
and Wilton asked the following question.

Question 1.4. Let M be a hyperbolic 3-manifold with finite volume,
does M admit a finite cover N such that Tor(H1(N ;Z)) �= 0?

This paper is devoted to answer Question 1.4 for closed hyperbolic 3-
manifolds. Actually, we will prove that any closed hyperbolic 3-manifold
virtually contains any prescribed subgroup in its homological torsion.

Theorem 1.5. For any finite abelian group A, and any closed hyper-
bolic 3-manifold M , M admits a finite cover N , such that A is a direct
summand of Tor(H1(N ;Z)).
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Since Agol showed that hyperbolic 3-manifolds have virtually infinite
first betti number ([Ag]) and the first betti number does not decrease
under taking finite cover, we have the following immediate corollary.

Corollary 1.6. For any finitely generated abelian group A, and any
closed hyperbolic 3-manifold M , M admits a finite cover N , such that
A is a direct summand of H1(N ;Z).

Remark 1.7. In a previous draft of this paper, the author used the
result that π1(M) is LERF ([Ag],[Wi]), and only showed that A embeds
into H1(N ;Z). Then Agol and Friedl informed the author about the
virtual retract property of quasi-convex subgroups in π1(M) ([HW]),
then we could promote the result to make A to be a direct summand.

In the proof of Theorem 1.5, we will use Kahn and Markovic’s con-
struction of immersed almost totally geodesic surfaces in closed hyper-
bolic 3-manifolds ([KM1]). Since Kahn and Markovic’s construction
requires the manifold has a positive injectivity radius, it does not work
for hyperbolic 3-manifolds with cusps. So we can not show the same re-
sult for cusped 3-manifolds, and we have the following natural question.

Question 1.8. Whether Theorem 1.5 holds for finite volume hyper-
bolic 3-manifolds with cusps?

1.2. Sketch of the Proof. In this paper, we will always use the sym-
bols l, d to denote the complex length and complex distance. The
definitions of l, d, hlΠ and s are given in Section 2, which are standard
notations in [KM1].
We will use Kahn and Markovic’s construction of immersed almost

totally geodesic surfaces in closed hyperbolic 3-manifolds ([KM1]) to do
the following construction. For any closed hyperbolic 3-manifoldM and
any positive integer p ≥ 2, we will construct an immersed π1-injective
2-complex f : Xp � M , which provides us the virtual homological
torsion.
More precisely, suppose f : S � M is a Kahn-Markovic surface,

and S is equipped with a pants decomposition C. Then Kahn and
Markovic’s theorem implies that, there exist some small number ε > 0
and some large number R > 0, such that for any simple closed curve
C ∈ C, |hl(C) − R

2 | < ε and |s(C) − 1| < ε
R holds. The exponential

mixing property of the frame flow ([Mo],[Po]) implies that there exists
a closed geodesic γ in M , such that |l(γ) − R+2πi

p | < ε
p . Moreover, we

can choose S such that f(C) goes along γ for p times for some C ∈ C.
By passing to a two-fold cover of S if necessary, we can cut S along C

to get a connected surface S′ with two oriented boundary components C1

and C2, with [C1]− [C2] = 0 in H1(S
′;Z). Then Xp is defined to be the

quotient space of S′ under the 2π
p -rotations on C1 and C2 respectively.

Let c1 and c2 denote the image of C1 and C2 in Xp respectively (with
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induced orientations), and we still use f to denote the map f : Xp �M
induced by the immersion S �M .
Geometrically, in the closed hyperbolic 3-manifold M , away from

points in c1 ∪ c2, f(Xp) locally looks like an almost totally geodesic
surface. On a neighborhood of f(ci), f(Xp) is almost a (p-prong) × I
with the top and bottom identified by the 2π

p -rotation. Here the p-prong

satisfies that any two adjacent edges have angle 2π
p .

By doing cut-and-paste surgeries on Xp with other Kahn-Markovic
surfaces, we can assume that any essential arc in Xp with end points
in c1 ∪ c2 is very long. In this case we will show that f : Xp � M is
π1-injective.
Now we give two strategies to construct virtual homological tor-

sions for closed hyperbolic 3-manifolds. One strategy uses LERF and
the other one uses the virtual retract property. The strategy using
LERF can only give an embedding of the finite abelian group A into
Tor(H1(N,Z)) for some finite cover N ; while the second strategy can
show that A is actually a virtual direct summand, which is stronger.
However, the first strategy gives us an interesting codimension-0 sub-
manifold in some finite cover N , which might be useful in some further
research, so we give both strategies here.

Strategy I: Let M̃ be the infinite cover ofM associate to f∗(π1(Xp))

⊂ π1(M), then M̃ is a geometric finite hyperbolic 3-manifold. Let M̂

be a compact core of M̃ , then the boundary of M̂ is incompressible, and
there exists an order-p element α = [c1] − [c2] ∈ H1(M̂ ;Z). It is also

easy to show that, in the order-p subgroup of H1(M̂ ;Z) generated by α,

only 0 and p
2α can be carried by H1(∂M̂ ;Z) when p is even, and only 0

is carried by H1(∂M̂ ;Z) when p is odd.
Since fundamental groups of hyperbolic 3-manifolds are LERF ([Ag],

[Wi]), by Scott’s criterion of LERF ([Sc]), there exists an intermediate

finite cover N → M of M̃ → M such that M̂ embeds into N . By an
M-V sequence argument, M̂ gives a Zσ(p) subgroup in Tor(H1(N ;Z)).
Here σ(p) = p when p is an odd number, and σ(p) = p/2 if p is even.
For two such geometrically finite subgroups G1 = (f1)∗(π1(Xp1)) and

G2 = (f2)∗(π1(Xp2)), we can find g ∈ π1(M) such that both of the
limit points of g in S2∞ do not lie in the limit sets Λ(G1) and Λ(G2).
Then for a large enough positive integer n, the same argument as above
shows that the geometric finite subgroup G1 ∗ gnG2g

−n ⊂ π1(M) gives
a Zσ(p1)⊕Zσ(p2) subgroup in the homology of some finite cover N . The
result for a general finite abelian group A can be shown by induction as
the Zσ(p1) ⊕ Zσ(p2) case.
Strategy II: Agol and Wise showed that π1(M) is virtually special

([Ag],[Wi]), so we can suppose that π1(M) is already the group of a
special cube complex. Since quasi-convex subgroups of special groups
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are virtual retract ([HW]), there exists a finite cover N ofM , such that
the following conditions hold.
1) π1(Xp) ⊂ π1(N).
2) For the inclusion map i : π1(Xp) → π1(N), there exists a retract

homomorphism r : π1(N)→ π1(Xp) such that r ◦ i = idπ1(Xp).
The maps on fundamental groups induce maps on the first homology:

H1(Xp;Z)
i∗−→ H1(N ;Z)

r∗−→ H1(Xp;Z).

Since r∗ ◦ i∗ = id, we know that H1(Xp;Z) is a direct summand of
H1(N ;Z).
It is easy to compute that H1(Xp;Z) ∼= Z

2g+1 ⊕ Zp, so Zp is a direct
summand of H1(N ;Z).
For a general finite abelian group A, we can do the induction as in

Strategy I and use the virtual retract property to construct our desired
finite cover N .
This paper is organized as the following. In Section 2, we will give a

quick review of Kahn and Markovic’s result on constructing immersed
almost totally geodesic surfaces in closed hyperbolic 3-manifolds
([KM1]), and prove some related lemmas. In Section 3, we will carry
out the above discussion more concretely and rigorously, modulo the
π1-injectivity result (Theorem 3.4). The π1-injectivity property of f :
Xp � M is a technical result and the proof will be deferred to Section
4.

Acknowledgement: The author is grateful to his advisor David Gabai
for many helpful conversations and suggestions. The author thanks Yi
Liu for introducing this question to the author, and a few valuable
conversations. The author would like to thank Ian Agol, Stefan Friedl
and Vlad Markovic for comments on a previous draft of this paper. The
author also thanks the referee for helpful comments and instructions.

2. A Review of Kahn and Markovic’s Works and Further

Results

In this section, we give a quick review of Kahn and Markovic’s works
on constructing immersed almost totally geodesic surfaces in closed hy-
perbolic 3-manifolds (see [KM1]). After introducing their works, we
will develop a few related lemmas.
In [KM1], Kahn and Markovic proved the following Surface Sub-

group Theorem, which is the first step to prove Thurston’s Virtual
Haken and Virtual Fibered Conjectures. (The conjectures were raised
in [Th2], and settled in [Ag]).

Theorem 2.1 ([KM1]). For any closed hyperbolic 3-manifold M ,
there exists an immersed closed hyperbolic surface f : S � M , such
that f∗ : π1(S)→ π1(M) is an injective map.
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Actually, the surfaces constructed in Theorem 2.1 are almost totally
geodesic surfaces, which are constructed by pasting oriented good pants
together along oriented good curves in an almost totally geodesic way.
In the following, we will describe Kahn and Markovic’s construction
with more details.
At first, we need to give some geometric definitions.
Let α be an oriented geodesic arc in a closed hyperbolic 3-manifold

with initial point p and terminal point q. For two unit normal vectors 	v
and 	w of α at p and q respectively, we define dα(	v, 	w) by the following
way. Let 	v′ be the parallel transportation of 	v to q along α, θ ∈ R/2πZ
be the oriented angle between 	v′ and 	w (with respect to the orientation
of α), and the length of α be l > 0. Then the complex distance between
	v and 	w along α is defined to be dα(	v, 	w) = l + θi.
For an oriented closed geodesic γ in a hyperbolic 3-manifold, we define

its complex length in a similar way. Choose an arbitrary point p on γ
and a unit normal vector 	v of γ at p, then we can consider γ as an
oriented geodesic arc from p to p. Then the complex length of γ is
defined to be l(γ) = dγ(	v,	v). This complex length not only measures
the length of γ in the usual sense, but also measures the rotation angle
of the corresponding hyperbolic isometry. Note that the complex length
of a closed geodesic does not depend on the orientation and the choices
we made.
In the following, we will use Π0 to denote the oriented pair of pants.

Definition 2.2. For a closed hyperbolic 3-manifold M , a map f :
Π0 → M is called a skew pair of pants if f∗ : π1(Π

0) → π1(M) is
injective, and f(∂Π0) is a union of three closed geodesics.

We will always think about homotopic skew pair of pants as the same
object, and we will use Π to denote a skew pair of pants f : Π0 → M
when it does not cause any confusion.
Let C1, C2 and C3 be the three oriented boundary components of

Π0, then let γ1, γ2 and γ3 be the three oriented closed geodesics f(C1),
f(C2) and f(C3) respectively. Let ai be the simple arc on Π0 which
connects Ci−1 and Ci+1, such that a1, a2, and a3 are disjoint with each
other (they are called seams of Π0). Then we can assume that f(ai) is
a geodesic arc perpendicular with both γi−1 and γi+1 for i = 1, 2, 3, and
denote f(ai) by ηi.
Now we fix one γi, and give orientations for ηi−1 and ηi+1 such that

they are both pointing away from γi. Then ηi−1 and ηi+1 divide γi to two
oriented geodesic arcs γ1i and γ

2
i , such that the orientation on γ1i goes

from ηi−1∩γi to ηi+1∩γi. Let 	vi−1 and 	vi+1 be the unit tangent vectors
of ηi−1 and ηi+1 at ηi−1 ∩ γi and ηi+1 ∩ γi respectively, then we have
a pair of vectors (	vi−1, 	vi+1) on the unit normal bundle N

1(γi), which
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is called the pair of feet of Π on γi. The hyperbolic geometry of right-
angled hexagons in H

3 implies that dγ1

i
(	vi−1, 	vi+1) = dγ2

i
(	vi+1, 	vi−1). So

we can define the half length of γi with respect to Π by

hlΠ(Ci) = dγ1

i
(	vi−1, 	vi+1) = dγ2

i
(	vi+1, 	vi−1).

Now we are ready to define good curves and good pants.

Definition 2.3. Fix a small number ε > 0 and a large number R > 0.
For a closed oriented geodesic γ in M , we say γ is an (R, ε)-good curve
if |l(γ) −R| < 2ε. The set of (R, ε)-good curves is denoted by ΓR,ε.
For a skew pair of pants f : Π0 →M , we say it is an (R, ε)-good pants

if |hlΠ(C)− R
2 | < ε holds for all the three cuffs (boundary components)

of Π0. The set of (R, ε)-good pants is denoted by ΠR,ε.

In the following, we will work with a very small number ε > 0 and
a very large number R > 0, and the precise value of ε and R will be
determined later. When R and ε have been fixed, we will only talk about
good curves and good pants, instead of (R, ε)-good curves and (R, ε)-
good pants, when it does not cause any confusion. Note that oriented
boundary components of (R, ε)-good pants are (R, ε)-good curves.
For a good curve γ ∈ ΓR,ε, the normal bundle N

1(γ) of γ is naturally
identified with C/l(γ)Z+2πiZ. If we have a skew pair of pants Π which
has γ as one of its oriented boundary component, we can define the half
normal bundle of γ by N1(

√
γ) = C/hlΠ(γ)Z+ 2πiZ. Then the pair of

feet of Π on γ are identified to one point in N1(
√
γ), which is called the

foot of Π on γ, and denoted by footγ(Π).
Now we are ready to talk about maps from surfaces to closed hy-

perbolic 3-manifolds. In the following, we will fix a closed hyperbolic
3-manifold and work on it.
Suppose S is a compact oriented closed surface with negative Euler

characteristic, equipped with a pants decomposition C. Then the closure
of each component of S \C is an oriented pair of pants, and we call such
a component a pants in S.

Definition 2.4. A map f : S → M is called viable if the following
conditions hold.

• For each pants Π in S, f |Π : Π→M is a skew pair of pants.
• For any two pants Π and Π′ in S sharing a curve C ∈ C, hlΠ(C) =
hlΠ′(C) holds.

So for a viable map f : S → M , we will use hl(C) to denote hlΠ(C)
for each C ∈ C. For two pants in S sharing a curve C ∈ C, we give C an
arbitrary orientation. Let Π be the pants lies to the left of C on S, and
Π′ lies to the right. Let γ = f(C), and γ̄ be the same closed geodesic
with the opposite orientation, then we can compare the feet of Π and
Π′ on N1(

√
γ) by the following shearing parameter (here N1(

√
γ) and
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N1(
√
γ̄) are naturally identified with each other):

s(C) = footγ(f |Π)− footγ̄(f |Π′)− πi ∈ N1(
√
γ) = C/hl(C)Z+ 2πiZ.

Now we can precisely describe the immersed almost totally geodesic
surfaces constructed in [KM1].

Theorem 2.5 ([KM1]). For any closed hyperbolic 3-manifold M ,
there exists constants q > 0 and K > 0, such that for every small
enough ε > 0 and every large enough R > 0, the following statement
holds. There exists a closed surface S equipped a pants decomposition
C, and a viable map f : S →M such that for any C ∈ C, we have

(1)

{ |hl(C)− R
2 | < ε,

|s(C)− 1| < KRe−qR < ε
R .

Moreover, f∗ : π1(S)→ π1(M) is injective.

We will call a viable map f : S →M an (R, ε)-almost totally geodesic
surface, if the inequality (1) holds for each C ∈ C.
The existence of such (R, ε)-almost totally geodesic closed surfaces

is proved by the following strategy in [KM1]. For any good curve γ,
one can consider all the good pants in M with γ as one of its oriented
boundary component, then consider all the feet footγ(Π) on N

1(
√
γ).

Kahn and Markovic showed that these feet on N1(
√
γ) are very equidis-

tributed, so they can paste all the good pants together in a proper way
such that |s(C)− 1| < ε

R holds.
More precisely, Kahn and Markovic constructed an integer valued

measure μ0 on ΠR,ε, with the following nice property.

Proposition 2.6 ([KM1]). There exists an integer valued measure

μ0 on ΠR,ε with the following properties. Let ∂̂μ0 be the counting mea-
sure on

N1(
√
ΓR,ε) =

⋃
γ∈ΓR,ε

N1(
√
γ)

given by the feet of pants in ΠR,ε and weighted by μ0. Then for any γ ∈
ΓR,ε, there exists a constant Kγ ≥ 0, such that ∂̂μ0|N1(

√
γ) is KRe

−qR-
equivalent to Kγλ for some universal constant K > 0. Here λ is the
standard Lebesgue measure on N1(

√
γ) ∼= C/hl(γ)Z + 2πiZ.

For two Borel measures μ and ν on a compact metric space X, we
say μ and ν are δ-equivalent for some δ > 0 if the following conditions
hold.

• μ(X) = ν(X).
• For any Borel measurable subset A ⊂ X, μ(A) < ν(Nδ(A)) holds.
Here Nδ(A) is the δ-neighborhood of A in X.

In the proof of the existence of good pants (curves) and the equidis-
tribution result, the following exponential mixing property of the frame
flow played a crucial role.
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Theorem 2.7 ([Mo],[Po]). Let M be a closed hyperbolic 3-manifold,
F(M) be the frame bundle of M , Λ be the Liouville measure on F(M)
which is invariant under the frame flow gt : F(M)→ F(M).

Then there exists a constant q > 0 that depends only on M , such
that the following statement holds. Let ψ, φ : F(M) → R be two C1

functions, then for any r ∈ R,∣∣∣Λ (F(M))

∫
F(M)

(g∗rψ) · φ dΛ−
∫
F(M)

ψ dΛ ·
∫
F(M)

φ dΛ
∣∣∣ ≤ Ce−q|r|.

Here C > 0 only depends on the C1-norms of ψ and φ.

For technical reasons, we need a slightly stronger condition than (1)
in this paper, so we need the following proposition. In [Sa], Šarić has
shown that we can strengthen |hl(C)− R

2 | < ε to |hl(C)− R
2 | < ε

R , and
it is the essential part of the proof, so we only give a very brief proof
here.

Proposition 2.8. For any closed hyperbolic 3-manifold M , there ex-
ists a constant q > 0 and a polynomial P (·), such that for every small
enough ε > 0 and large enough R > 0, the following statement holds.
There exists a closed surface S equipped with a pants decomposition C,
and a viable map f : S →M , such that for any C ∈ C, we have

(2)

{ |hl(C)− R
2 | < ε

R ,
|s(C)− 1| < P (R)e−qR < ε

R2 .

Moreover, f∗ : π1(S)→ π1(M) is injective.

Proof. In the introduction of [Sa], Šarić pointed out that |hl(C) −
R
2 | < ε can be replaced by |hl(C) − R

2 | < ε
R . The main reason that

such a refinement is applicable is, the exponential mixing property of
frame flow ([Mo], [Po]) gives the exponential rate, which beats any
polynomial rate.
More precisely, in Kahn and Markovic’s construction in [KM1], the

following function is a crucial ingredient. For an arbitrary point F0

in the frame bundle F(H3), we can choose a C1 bump function fF0

ε :
F(H3) → R≥0 supporting on the ε-neighborhood of F0 in F(H3) (here
ε > 0 is smaller than the injectivity radius of M), such that∫

F(H3)
fF0

ε (x)dΛ(x) = 1.

By pulling back fF0

ε by Isom+(H
3) and projecting to F(M), we get a

function fFε : F(M) → R≥0 centered at F for each F ∈ F(M). Then
Kahn and Markovic’s constructions of (R, ε)-good pants and immersed
almost totally geodesic surfaces start from the function fε.
In [Sa], Šarić gave the following observation. For the time t frame

flow, we consider an alternative bump function f ε
t
. By taking f ε

t
(x) to
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be t6 · fε(xt) up to a constant close to 1, we can suppose∫
F(H3)

f ε
t
(x)dΛ(x) = 1.

Since the frame flow has exponential mixing rate in term of t, while the
constant C in Theorem 2.7 can be estimated by the H2

2 -Sobolev norm
of f ε

t
, which grows in a polynomially rate, so we have

(3)
∣∣∣Λ (F(M))

∫
F(M)

(g∗t f
F1
ε
t

)(x)fF2
ε
t

(x)dΛ(x) − 1
∣∣∣ ≤ P (t)e−q|t| → 0

when t goes to∞. Then all the works in [KM1] are still available under
the inequality (3), and |hl(C)− R

2 | < ε
R holds.

For the second inequality in (1), under the new bump function f ε
R
and

inequality (3), the same argument as in [KM1] gives an integer valued

measure μ0 on ΠR, ε
R
, such that ∂̂μ0|N1(

√
γ) is P

′(R)e−qR-equivalent to
Kγλ for each γ ∈ ΓR, ε

R
, with P ′ being a polynomial and Kγ ≥ 0.

So we can get a gluing of good pants with |s(C)− 1| < P ′(R)e−qR <
ε
R2 , and the proof of this proposition is done. q.e.d.

We also need the following two lemmas which are basic for our con-
struction, and their proofs are closely related with Kahn and Markovic’s
works in [KM1].

Lemma 2.9. For any positive integers p ≥ 2 and q ≥ 1, then for
small enough ε > 0 and large enough R > 0, there exists a closed
geodesic γ′ in M , such that |l(γ′)− R+2πi

p | < ε
qR .

Proof. Take an arbitrary frame F = (p,	v, 	n) in F(M), with p ∈ M ,
	v, 	n ∈ T 1

p (M) with 	v ⊥ 	n. Let 	n′ be the 2π
p rotation of 	n along 	v, and

let F ′ = (p,	v, 	n′).
Now we consider functions fFε

4qR

and fF
′

ε
4qR

as in the proof of Proposi-

tion 2.8. By applying equation (3), with t replaced by R
p and ε replaced

by ε
4pq , there exists an oriented geodesic arc α in M , with two frames

F̂ and F̂ ′ at its initial and terminal points respectively, such that the
following conditions hold.

1) The parallel transportation of F̂ along α to its terminal point

equals F̂ ′.
2) The first vector component of F̂ is tangent to α.

3) The distance between F and F̂ , and the distance between F ′ and
F̂ ′ in F(M) are both smaller than ε

4qR .

Then by connecting the initial and terminal points of α by an ε
2qR -

short geodesic inM , we get a closed path which is homotopic to a closed
geodesic γ′. Then this γ′ satisfies |l(γ′) − R+2πi

p | < ε
qR , by elementary

estimations in the hyperbolic geometry. q.e.d.
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Lemma 2.10. There exists a universal constant D > 0, such that for
any small enough ε > 0 and large enough R > 0, the following statement
holds. For any closed geodesic γ ∈ ΓR, ε

DR
, there exists a closed surface

S with a pants decomposition C, such that there exists an (R, ε
R)-almost

totally geodesic immersion f : S �M , and f(C) = γ for some C ∈ C.
Proof. In [KM1], the integer valued measure μ0 in Proposition 2.6

is given by a real valued measure μ on ΠR,ε (ΠR, ε
R
in our case), by

first perturbing μ to a rational valued measure, then take an integer
multiple.
So we need only to show that ∂̂μ(N1(

√
γ)) > 0. In this case, we can

take a small enough perturbation of μ so that ∂̂μ0(N
1(
√
γ)) > 0 holds.

Then in the construction of almost totally geodesic surfaces instructed
by μ0, we must use some good pants with one of its cuff being γ. Then
we take the component of the Kahn-Markovic surface which contains
this good pants.
By the proof in Section 4.8 of [KM1], ∂̂μ(N1(

√
γ)) > 0 if and only

if there exist two frames F1 = (p1, 	v1, 	n1) and F2 = (p2, 	v2, 	n2), and two
geodesic arcs α1 and α2 in M , such that the following conditions hold.

1) α1 has initial point p1 and terminal point p2, while α2 has initial
point p2 and terminal point p1.

2) α1α2 is homotopic to γ.
3) Let ω(F1) = (p1, ω(	v1), 	n1) be the

2π
3 -rotation of F1 with respect

to 	n1, and ω̄(F2) = (p2, ω̄(	v2), 	n2) be the
4π
3 -rotation of F2 with

respect to 	n2, then both aα1
(F1, F2) and aα2

(ω(F1), ω̄(F2)) are
positive.

Under the modified Kahn-Markovic condition (2), for two frames
F1 and F2 in M with a geodesic arc α connecting their base points,
aα(F1, F2) is defined by the following way. Take two frames F̂1 and F̂2

in F(H3) projecting to F1 and F2 respectively, such that the geodesic

arc in H
3 connecting the base points of F̂1 and F̂2 projects to α. Let

r = R
2 + ln 4

3 , and let g r
4

(F̂1) = (p′1, 	v
′
1, 	n

′
1), g r

4

(F̂2) = (p′2, 	v
′
2, 	n

′
2), then

aα(F1, F2) is defined by:

aα(F1, F2) =

∫
F(M3)

(g∗r
2

f
(p′

1
,�v′

1
,�n′

1
)

ε
DR

)(x)f
(p′

2
,−�v′

2
,�n′

2
)

ε
DR

(x)dΛ(x).

Here D > 0 is some universal constant.
Then it is easy to check that if γ ∈ ΓR, ε

DR
, frames F1 and F2 satisfying

the above conditions do exist. q.e.d.

3. Geometric Constructions

In this section, for each closed hyperbolic 3-manifold M , we will con-
struct an immersed π1-injective 2-complex Xp � M which has good
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pants as its building blocks. Here Xp is a local model of the homologi-
cal Zp-torsion. Then we will show that the immersion Xp �M provides
homological torsion in some finite cover of M .
3.1. Construction of a 2-complex.We first give a brief sketch of our
construction Xp �M .
At first, there exists a Kahn-Markovic surface f : S �M , such that

for some C ∈ C, f(C) goes along some closed geodesic γ′ for p times
with l(γ′) close to R+2πi

p . Then we cut S along C, and quotient the two

boundary components by 2π
p -rotations, to get an immersed 2-complex

Xp � M . By doing cut-and-past surgeries, we can make sure that the
singular curves on Xp are far away from each other, which guarantees
that the immersion Xp �M is π1-injective.
Now we fix a closed hyperbolic 3-manifold M , and work with some

very small ε > 0 and very large R > 0 which will be determined later.
Here we divide the construction into a few steps.
Step I. By Lemma 2.9, for any positive integer p ≥ 2, there exists a

closed geodesic γ′ in M with |l(γ′) − R+2πi
p | < ε

pDR (here D > 0 is the

constant in Lemma 2.10). Let γ be the closed geodesic which travels
around γ′ for p times, then γ is a nonprimitive closed geodesic with
|l(γ)−R| < ε

DR , so γ ∈ ΓR, ε
DR
.

Step II. By Lemma 2.10, there exists an immersed (R, ε
R)-almost to-

tally geodesic closed surface f : S �M3, such that for the correspond-
ing pants decomposition C of S, there exists C ∈ C such that f(C) = γ.
By taking a two-fold cover of S if necessary, we can suppose that C is a
non-separating curve on S and the two pants adjacent to C are distinct.
Let S′ be the surface obtained from S by cutting along C, then S′ has
an induced pants decomposition (S′, C′) (here C′ does not contain the
boundary of S′). Let C1 and C2 be the two boundary components of S

′,
and they are given orientations such that [C1]− [C2] = 0 ∈ H1(S

′;Z).
Step III. Let ρi : Ci → Ci, i = 1, 2 be the 2π

p -rotation on the circle.

Then we define Xp to be the 2-complex obtained from S′ quotient by
the ρi-action for i = 1, 2, and let ci be the oriented embedded circle in
Xp which is the image of Ci. Since C1 and C2 are both mapped to γ

′
for p times, f : S � M induces a map f : Xp � M with ci mapped
to γ′ for i = 1, 2. Then the pants decomposition C′ on S′ and two
curves C1, C2 induce a ”pants decomposition” on Xp, which is denoted
by (Xp, C′, {C1, C2}). Note that C1 and C2 are not embedded curves in
Xp.
Step IV. Now we define a graph G(Xp) from (Xp, C′, {C1, C2}). Ver-

tices of G(Xp) are pants in Xp, two vertices are connected by an edge
if the corresponding two pants share some C ∈ C′. G(Xp) is a trivalent
graph except at two vertices v1, v2. These two vertices correspond with
the two pants in Xp containing c1 and c2 respectively, and both of them
are degree-2 vertices.
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By a path in a graph G, we mean a sequence of oriented edges in
G, such that for two adjacent edges e and e′ in the path, the terminal
vertex of e equals the initial vertex of e′. For a path in G, its (combina-
torial) length is defined to be the number of oriented edges it contains,
counted with multiplicity. We say a path in G is inessential, if its ini-
tial and terminal vertices are the same vertex v, and the corresponding
map between topological spaces (I, ∂I)→ (G, {v}) is homotopic to the
constant map. We say a path is essential if it is not inessential.
Let l(G(Xp)) be the length of the shortest essential path in G(Xp)

with end points in {v1, v2}, and n(G(Xp)) be the number of such paths.
We define the complexity of G(Xp) to be

c(G(Xp)) = (l(G(Xp)),−n(G(Xp))) ,

and we will do inductive constructions to make G(Xp) more and more

complicated until l(G(Xp)) > Re
R
4 .

For any shortest essential path α with length l ≥ 1, let k = [ l+1
2 ]

and e be the k-th edge on α. Let C0 ∈ C′ be the curve in the pants
decomposition of Xp corresponding with e, and let C

′
0 denote the cor-

responding curve in S. Take a copy of S, and pass to a two-fold cover
if necessary, such that C ′0 is a non-separating curve in S. Then we cut
Xp and S along C0 and C

′
0 respectively, and re-paste them together to

get a connected 2-complex X ′p with an induced pants decomposition C′′
(such kind of surgeries have appeared in [KM2]). Since the pants in S

and Xp have the same feet on N
1(
√
f(C0)), we still have{ |hl(C)− R
2 | < ε

R ,|s(C)− 1| < ε
R2 ,

for any C ∈ C′′.
After this surgery, the shortest essential pathes in G(Xp) going through
the edge e have been broken, and the corresponding length increases
at least by 1 in G(X ′p). So the complexity c(G(X ′p)) =

(
l(G(X ′p)),

−n(G(X ′p))
)
is bigger than c(G(Xp)) =

(
l(G(Xp)),−n(G(Xp))

)
, i.e.

either l(G) increases, or l(G) does not change and −n(G) increases.
After finitely many steps of such constructions, we can assure l(G) >

Re
R
4 . For simplicity, we still denote the 2-complex by Xp, and denote

the pants decomposition by (Xp, C′, {C1, C2}).
Definition 3.1. A representation ρ : π1(Xp)→ PSL2(C) is called a

viable representation if the following conditions hold.

1) For each C ∈ C ∪ {C1, C2}, let gC be a generator of π1(C), then
ρ(gC) is a hyperbolic element in PSL2(C).

2) For each pants Π in Xp, ρ|π1(Π) is an injective map, and ρ(π1(Π))
is a discrete subgroup of PSL2(C).
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3) For any two pants Π,Π′ sharing some C ∈ C ∪{C1, C2}, hlΠ(C) =
hlΠ′(C) holds.

Note that although ρ(π1(Xp)) may not be a discrete subgroup of
PSL2(C), hlΠ(C) can still be defined.
A map f : Xp →M is called a viable map if f∗ : π1(Xp)→ π1(M) ⊂

PSL2(C) is a viable representation.

As a summary of the above construction, we have the following
proposition which guarantees the existence of an immersed 2-complex
Xp �M .

Proposition 3.2. For any closed hyperbolic 3-manifold M , and any
positive integer p ≥ 2, there exists a constant ε̂ > 0, such that for
any 0 < ε < ε̂ and any R sufficiently large, the following statement
holds. There exists a 2-complex Xp as above with a pants decomposition
(Xp, C′, {C1, C2}), and a viable map f : Xp �M such that the following
conditions hold.

1) The induced graph G(Xp) satisfies l(G(Xp)) > Re
R
4 .

2) For any C ∈ C′ ∪ {C1, C2}, |hl(C)− R
2 | < ε

R .
3) For any C ∈ C′, |s(C)− 1| < ε

R2 .
4) Let ck be the image of Ck in the 2-complex Xp, then |l(ck) −

R+2πi
p | < ε

pR for k = 1, 2.

Remark 3.3. The construction of Xp � M is very similar to the
construction in [KM2].
In [KM2], Kahn and Markovic constructed immersed quasi-fuchsian

surfaces S � M by pasting (generalized) good pants, the immersion
satisfies inequality (1) for curves C ∈ C, except bending along a sparse
collection of curves in C that are far away from each other. Our con-
struction is almost following the same idea with theirs, but we construct
immersed 2-complexes, instead of surfaces.
Moreover, the cut-and-paste technique in Step IV of our construction

also appeared in [KM2]. In [KM2], Kahn and Markovic amalgamated
two immersed almost totally geodesic surfaces to one immersed quasi-
fushsian surface, and they used the cut-and-paste technique to make
sure that the bending curves are far away from each other.

3.2. Finite Cyclic Subgroups in Virtual Homology. The follow-
ing theorem is the most technical theorem in this paper, which is an
analogue of Theorem 2.2 in [KM1].

Theorem 3.4. There are universal constants ε̂ > 0 and R̂ > 0 de-
pend only on p and M , such that for any 0 < ε < ε̂ and any R > R̂ > 0,
the following statement holds. If Xp is a 2-complex with a pants decom-
position (Xp, C′, {C1, C2}) constructed as last section, and ρ : π1(Xp)→
PSL2(C) is a viable representation such that the following conditions
hold.
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1) The induced graph G(Xp) satisfies l(G(Xp)) > Re
R
4 .

2) For any C ∈ C′ ∪ {C1, C2}, |hl(C)− R
2 | < ε

R .
3) For any C ∈ C′, |s(C)− 1| < ε

R2 .

4) |l(ck)− R+2πi
p | < ε

pR for k = 1, 2.

Then ρ : π1(Xp) → PSL2(C) is an injective map and ρ(π1(Xp)) is a
convex-cocompact subgroup of Isom+(H

3).

The proof of Theorem 3.4 will be deferred to Section 4. In this section,
we will focus on proving Theorem 1.5 by assuming Theorem 3.4.
To precisely describe a viable representation ρ : π1(Xp) → PSL2(C)

as in Theorem 3.4, we first give parameters for such a representation.
For each curve C ∈ C′, it is associate with two complex numbers ξC and
ηC such that |ξC |, |ηC | < ε; for each C ∈ {C1, C2}, it is associate with a
complex number ξi with |ξi| < ε.
We can choose parameters such that the representation ρ : π1(Xp)→

PSL2(C) satisfies the following conditions.

1) For any C ∈ C′ ∪ {C1, C2}, hl(C) = R
2 +

ξC
R .

2) For any C ∈ C′, s(C) = 1 + ηC
R2 .

3) l(ck) =
R+2πi

p + ξi
pR for k = 1, 2.

Let D(0, 1) be the disc in the complex plane centered at 0 with radius
1. Then for each τ ∈ D(0, 1), there is a small deformation of ρ, denote by
ρτ : π1(Xp)→ PSL2(C), which is defined by the following conditions.

1) For any C ∈ C′ ∪ {C1, C2}, hl(C) = R
2 +

τξC
R .

2) For any C ∈ C′, s(C) = 1 + τηC
R2 .

3) l(ck) =
R+2πi

p + τξi
pR for k = 1, 2.

Then {ρτ}τ∈D(0,1) is a continuous family of representations from π1(Xp)
to PSL2(C), such that ρ1 = ρ, and ρ0 provides us a standard model of
studying the representation ρ : π1(Xp)→ PSL2(C).

Let q : X̃p → Xp be the universal cover of Xp. There is a natural

map f̃0 : X̃p → H
3 to realize the representation ρ0. f̃0 maps each

component of X̃p \ q−1(c1 ∪ c2) to a totally geodesic subsurface in H
3,

and two such totally geodesic subsurfaces sharing a geodesic has angle
equal to 2kπ

p for some integer k �= 0. For each pants Π ⊂ Xp, the

induced map Π → H
3/ρ0(π1(Π)) maps Π to a totally geodesic pants

with hlΠ(C) =
R
2 . f̃0 induces a path metric on X̃p: for any x, y ∈ X̃p,

define d(x, y) = inf{l(f̃0(γ))| γ is a path in X̃p with end points x and
y}. By using elementary hyperbolic geometry, we have the following
lemma.

Lemma 3.5. For R large enough, if the induced graph G(Xp) satisfies

l(G(Xp)) > Re
R
4 , then f̃0 : (X̃p, d) → (H3, dH3) is injective and is a
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quasi-isometric embedding. In particular, ρ : π1(Xp)→ PSL2(C) is an
injective map.

Proof. For any two points x, y ∈ X̃p, the shortest path α connecting
x and y is a piecewise geodesic. Let L1, L2, · · · , Lm be consecutive
geodesics in q−1(c1 ∪ c2) intersecting with α, and let αi be the segment
of α between Li and Li+1. Give an arbitrary orientation for each Li,
then the angle between αi−1, Li and the angle between αi, Li sum to

π. Since l(ck) =
R+2πi

p , the angle between f̃0(αi−1) and f̃0(αi) in H
3 is

greater or equal 2π
p .

For any i ∈ {1, · · · ,m−1}, αi lies in a component of X̃p \q−1(c1∪c2)
and connects two components of q−1(c1 ∪ c2). So q(αi) is a homotopic
nontrivial path in Xp with end points in c1 ∪ c2, and it induces a path
βi in the graph G(Xp) with end points in {v1, v2}.
If βi is an essential path in G(Xp), since l(G(Xp)) > Re

R
4 , the com-

binatorial length of βi is greater than Re
R
4 . Since the distance between

two different cuffs in the pair of pants with cuff length R is roughly

2e−
R
4 , the length of αi is greater than R. If βi is an inessential path

in G(Xp), then it contains a segment eē for some oriented edge e of

G(Xp), or βi is just a point. Since αi is a geodesic in X̃p, it contains a
segment which is an essential path in the pair of pants with end points
lying on the same cuff. Since the pants have cuff length R, such a path
has length greater than R/2. So in this case, αi has length greater than
R/2. As a summary, for any i ∈ {1, · · · ,m − 1}, αi has length greater
than R/2.
Now the proof reduces to an elementary exercise in hyperbolic ge-

ometry. Let α be a piecewise geodesic in H
3 consists of geodesic seg-

ments α0, · · · , αm, and let the length of αi be li. If li ≥ R/2 for each
i ∈ {1, · · · ,m − 1}, and if the angle between αi−1 and αi is greater or
equal to 2π

p for i ∈ {1, · · · ,m}. Then for large enough R (depending

on p), the distance between the end points of α in H
3 is greater than

1
2

∑m
i=0 li − R

4 .
Since d(x, y) =

∑m
i=0 l(αi), we have

dH3(f̃0(x), f̃0(y)) ≤
m∑
i=0

dH3(f̃0(xi), f̃0(xi+1)) =

m∑
i=0

l(αi) = d(x, y)

and

dH3(f̃0(x), f̃0(y)) ≥ 1

2

m∑
i=0

dH3(f̃0(xi), f̃0(xi+1))− R

4

=
1

2

m∑
i=0

l(αi)− R

4
=
1

2
d(x, y)− R

4
.
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So f̃0 is a quasi-isometry, and ρ is injective. The above inequality also

implies that f̃0(x) �= f̃0(y) if α intersects with at least two components
of q−1(c1 ∪ c2), and the injectivity property obviously holds for the
remaining cases. q.e.d.

We will first prove Theorem 1.5 for finite cyclic abelian groups. As
we mentioned in the introduction, we will give two proofs here. The
first proof will only prove a weaker statement: the finite cyclic group
embeds into the virtual homology of any closed hyperbolic 3-manifold,
but this proof is more geometric flavor. The second proof proves the
original statement about virtual direct summand.

Proposition 3.6. For any finite cyclic abelian group Zn, and any
closed hyperbolic 3-manifold M , M admits a finite cover N , such that
Zn embeds into Tor(H1(N ;Z)).

Proof. Let p = 2n, then Proposition 3.2 gives an immersed 2-complex
f : Xp � M with a pants decomposition (Xp, C′, {C1, C2}) such that
f∗ : π1(Xp)→ π1(M) satisfies the conditions in Theorem 3.4.
By Lemma 3.5, ρ0(π1(Xp)) is a convex cocompact Kleinian group, so

ρ0 lies in int(AH(π1(Xp))). Here AH(π1(Xp)) is the set of equivalent
classes in

{ρ : π1(Xp)→ PSL2(C)| ρ is a discrete, faithful representation}/ ∼,
and the relation is given by conjugations.
Since the map f : Xp � M induces a viable representation f∗ :

π1(Xp) → π1(M) ⊂ PSL2(C) satisfying the assumption of Theorem
3.4, f∗ is π1-injective.
We have pointed out that f∗ lies in a continuous family of viable

representations ρτ : π1(Xp) → PSL2(C) for τ ∈ D(0, 1), with ρ1 = f∗.
By Theorem 3.4, {ρτ (π1(Xp))}τ∈D(0,1) is a continuous family of con-
vex cocompact Kleinian groups. So f∗ and ρ0 lie in the same com-
ponent of int(AH(π1(Xp))), and H

3/f∗(π1(Xp)) is homeomorphic to
H

3/ρ0(π1(Xp)).

Let f0 : Xp → H
3/ρ0(π1(Xp)) be the map induced by f̃0. Then

Lemma 3.5 implies that f0 is an embedding, and a neighborhood M̂ =
N(f0(Xp)) is a compact core of H

3/ρ0(π1(Xp)). It is easy to figure out

the topological type of M̂ .
Recall that S′ is an orientable surface with two oriented boundary

components C1, C2 with [C1] − [C2] = 0 ∈ H1(S
′;Z), and Xp is the

quotient of S′. Let V be the oriented solid torus and α ⊂ ∂V be the
oriented (p, 1)-curve, then α has a neighborhood α× [−1, 1] ⊂ ∂V . Take
two copies of (V, α× [−1, 1]), and denote them by (V1, α1× [−1, 1]) and
(V2, α2 × [−1, 1]) respectively. Let ψ1 : C1 → α1 and ψ2 : C2 → α2 be
two orientation preserving homeomorphisms. Let φ1 : C1 × [−1, 1] →
α1 × [−1, 1] equals ψ1 × id, and φ2 : C2 × [−1, 1] → α2 × [−1, 1] equals
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ψ2 × (−id). Then M̂ = N(f0(Xp)) is homeomorphic to V1 ∪φ1
S′ ×

[−1, 1] ∪φ2
V2 and the boundary of M̂ is incompressible. Such an M̂ is

called a ”book of I-bundles” by Culler and Shalen in [CS].
Since H

3/f∗(π1(Xp)) is homeomorphic to H
3/ρ0(π1(Xp)),

H
3/f∗(π1(Xp)) has a submanifold M̂

′ homeomorphic to M̂ . It is known
that fundamental groups of hyperbolic 3-manifolds are LERF ([Ag],
[Wi]), and by Scott’s criterion of LERF ([Sc]), M admits an interme-

diate cover N → M of H3/f∗(π1(Xp)) → M such that M̂ ′ projects to
N by homeomorphism.
By the description of the topological type of M̂ ′, M̂ ′ has only one

boundary component, and H1(M̂
′;Z) = Z

2g⊕Z⊕Zp for g = g(S). The
Z-component is generated by [c1] and the Zp-component is generated

by [c1] − [c2]. Since the image of i∗ : H1(∂M̂
′;Z) → H1(M̂

′;Z) is
Z
2g+Z[pc1]+Z[[c1]+[c2]], it is easy to show that Zp∩ i∗(H1(∂M̂

′;Z)) =
{0, p2 ([c1]− [c2])}.
Then an M-V sequence argument shows that Zp/2 = Zn embeds into

H1(N ;Z). q.e.d.

Now let’s prove the statement for vitual direct summand.

Proposition 3.7. For any finite cyclic abelian group Zn, and any
closed hyperbolic 3-manifold M , M admits a finite cover N , such that
Zn is a direct summand of Tor(H1(N ;Z)).

Proof. Since M is a hyperbolic 3-manifold, π1(M) is virtually com-
pact special by [Ag] and [Wi]. So we can suppose π1(M) is already the
fundamental group of a compact special cube complex.
Let f : Xn � M be the π1-injective immersion we have constructed

in Proposition 3.6. Since f∗(π1(Xn)) is a convex-cocompact subgroup of
PSL2(C), it is a quasi-convex subgroup of the hyperbolic group π1(M).
Since f∗(π1(Xn)) is a quasi-convex subgroup of the special group

π1(M), f∗(π1(Xn)) is a virtual retract of π1(M) ([HW]), i.e. M admits
a finite cover N , such that the following conditions hold.
1) f∗(π1(Xn)) ⊂ π1(N);
2) There exists a retraction homomorphism r : π1(N)→ π1(Xn) such

that r ◦ f∗ : π1(Xn)→ π1(Xn) is identity.
So we have the induced maps on homology:

H1(Xn;Z)
f∗−→ H1(N ;Z)

i∗−→ H1(Xn;Z).

Since the composition is the identity map and H1(Xn;Z) = Z
2g+1⊕Zn,

we know that Z2g+1⊕Zn is a direct summand ofH1(N ;Z). In particular,
Zn is a direct summand of Tor(H1(N ;Z)). q.e.d.

Remark 3.8. If n is an odd number, the proof of Proposition 3.6
also shows that Zn is virtually a direct summand of the homology, by
taking p = n.
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3.3. Finite Abelian Subgroups in Virtual Homology.We will
finish the proof of Theorem 1.5 in this subsection. As in the finite cyclic
group case, we will also give two proofs. One for virtual embedding,
and the other one for virtual direct summand.

Proposition 3.9. For any finite abelian group A, and any closed
hyperbolic 3-manifoldM , M admits a finite cover N , such that A embeds
into Tor(H1(N ;Z)).

Proof. We will prove the statement by induction on the number of
generators of the finite abelian group A, and the proof of one-generator
case has been done in Proposition 3.6.
For A = Zn1

⊕ Zn2
, take pk = 2nk for k = 1, 2. Then Proposition

3.2 and Theorem 3.4 provide us two immersed π1-injective 2-complexes
f1 : Xp1 �M and f2 : Xp2 �M .
Let G1 = (f1)∗(π1(Xp1)) and G2 = (f2)∗(π1(Xp2)) be the two convex

cocompact subgroups of π1(M) given by Theorem 3.4. Let Mk be the
compact 3-manifold whose interior is homeomorphic to H

3/Gk for k =
1, 2.
Take g ∈ π1(M

3) such that both of the two limit points of g on
S2∞ do not lie in the limit sets Λ(G1) and Λ(G2). Then for a large
enough positive integer n, by the Kleinian combination Theorem, j :
G1 ∗ (gnG2g

−n) → π1(M
3) is an embedding, and j(G1 ∗ (gnG2g

−n)) is
a convex cocompact subgroup of π1(M

3). So H
3/j(G1 ∗ (gnG2g

−n)) is
homeomorphic to the interior of the boundary connected sum ofM1 and
M2.
Since hyperbolic 3-manifold groups are LERF, by running the argu-

ment in the proof of Proposition 3.6, we can find a finite cover N of M ,
such that Zn1

⊕ Zn2
embeds into H1(N ;Z).

For finite abelian groups with more generators, the result can be
shown by induction as the two-generator case. q.e.d.

Now we give the proof of Theorem 1.5.

Proof. We will still only show the theorem for A = Zn1
⊕ Zn2

case,
and the proof for general finite abelian groups follows by induction.
As in the proof of Proposition 3.7, we suppose π1(M) is already a

special group. The proof of Proposition 3.9 provides us a quasi-convex
subgroup of π1(M) which is isomorphic to π1(Xn1

) ∗ π1(Xn2
). Since

π1(Xn1
) ∗ π1(Xn2

) is a virtual retract of π1(M) and

Tor (H1(π1(Xn1
) ∗ π1(Xn2

);Z)) ∼= Zn1
⊕ Zn2

,

we know that Zn1
⊕Zn2

is a direct summand of Tor(H1(N ;Z)) for some
finite cover N of M . q.e.d.

Remark 3.10. As in Remark 3.8, if the finite abelian group A has
odd order, the proof of Proposition 3.9 also shows that A is a vitual
direct summand.
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4. The π1-injectivily Property of Immersed 2-Complexes

This section is devoted to prove Theorem 3.4. Actually, we will show
a π1-injectivity result for more general immersed 2-complexes in closed
hyperbolic 3-manifolds, with good pants as building blocks.
For the topological pair of pants Π0, let ∂kΠ0, k = 1, 2, 3 denote the

three boundary components of Π0. Suppose we have finitely many pair
of pants P = {Πi}mi=1 and finitely many circles C = {Cj}nj=1. By using
these building blocks and some additional data, we will construct a
2-complex with a ”pants decomposition”.

Definition 4.1. For each pair (i, k), i ∈ {1, · · · ,m}, k ∈ {1, 2, 3},
suppose it is associated with a unique j ∈ {1, · · · , n} and a homeomor-
phism fik : ∂kΠi → Cj. For each C ∈ C, suppose it is associated with a
positive integer dC > 0.
Let (∪m

i=1Πi)∪ (∪n
j=1Cj)→ X ′ be the quotient space quotient by the

relation given by {φik}. Let X be a further quotient space ofX ′ quotient
by the 2π

dC
-rotation on each C ∈ C, and let q : (∪m

i=1Πi)∪ (∪n
j=1Cj)→ X

be the quotient map giving X.

For each circle C ∈ C, let DC = dC ·#{(k, i)| ∂kΠi is mapped to C}.
For any point x ∈ p(C) ⊂ X, a neighborhood of x inX is homeomorphic
to the quotient space of the union of DC half-discs, by identifying their
diameters together. So DC measures the local singularity near p(C).
Let C1 = {C ∈ C|DC = 2, dC = 1} and C2 = {C ∈ C|DC > 2 or dC >

1}. If DC > 1 for each C ∈ C (X does not have ”boundary”), we say X
is a 2-complex with a pants decomposition (X, C1, C2).
We will call the curves in C1 regular curves, since each of these curves

has a neighborhood inX which is homeomorphic to the annulus. Curves
in C2 are called singular curves. We can also define a graph G(X) from
X as in step IV of our construction of Xp in Section 3.1. Here ver-
tices are given by pants in X, and edges are given by regular curves.
In G(X), all the vertices are trivalent except those vertices correspond-
ing with pants adjacent to singular curves. l(G(X)) can also be de-
fined similarly, by considering the shortest essential path in G(X) with
end points corresponding with pants adjacent to singular curves. Let
S(X) = max {DCj

}, which measures the maximal singularity of X.
The following definition of viable representation for more general 2-

complexes is almost the same with Definition 3.1.

Definition 4.2. A representation ρ : π1(X) → PSL2(C) is called
viable if the following conditions hold.

1) For each C ∈ C1 ∪ C1, let gC be a generator of π1(C), then ρ(gC)
is a hyperbolic element in PSL2(C).

2) For each pants Π in X, ρ|π1(Π) is an injective map, and ρ(π1(Π))
is a discrete subgroup of PSL2(C).



VIRTUAL TORSION OF HYPERBOLIC 3-MANIFOLDS 567

3) For any two pants Π,Π′ sharing some C ∈ C1 ∪ C2, hlΠ(C) =
hlΠ′(C) holds.

For a singular curve C ∈ C2, let N1(
√
C) be the half unit nor-

mal bundle of C (under a viable representation ρ), then N1(
√
C) ∼=

C/hl(C)Z+2πiZ. There is a flow Ψt on N
1(
√
C) along the direction of

hl(C), and all the orbits of Ψt are closed orbits. Suppose Π1, · · · ,Πk are

the pants adjacent to C, then DC = dC · k. Let footΠj
(C) ∈ N1(

√
C)

be the foot of Πj on C.

Let F ′ = {footC(Πj)+
2lπi
dC
| j = 1, · · · , k, l = 1, · · · , dC} ⊂ N1(

√
C).

If a point appears more than once in the definition of F ′, we will count
it with multiplicity. Let Ψ(F ′) be the union of closed orbits passing
through F ′ under the flow Ψt. Let F = Ψ(F ′) ∩ {ti|t ∈ R/2πZ} ⊂
N1(

√
C), and we will consider F as a subset of S1 = R/2πZ (with

multiplicity).

Definition 4.3. We say the pants Π1, · · · ,Πn are p-separated along
C if the distance between any two distinct points in F is greater or
equal to 2π

p on S1.

Then we can state our main technical theorem in this section.

Theorem 4.4. Fix an positive integer p ≥ 2, there are universal
constants ε̂ > 0 and R̂ > 0 depending only on p, such that for any
0 < ε < ε̂ and R > R̂ > 0, the following statement holds. If X is
a connected 2-complex with a pants decomposition (X, C1, C2), and ρ :
π1(X)→ PSL2(C) is a viable representation such that:

1) S(X) ≤ p and the induced graph G(X) satisfies l(G(X)) > Re
R
4 ,

2) For any C ∈ C1 ∪ C2, it satisfies the first modified Kahn-Markovic
condition:

|hl(C)− R

2
| < ε

R
,

3) For any C ∈ C1, it satisfies the second modified Kahn-Markovic
condition:

|s(C)− 1| < ε

R2
,

4) For any C ∈ C2, |l(q(C)) − R+2kπi
dC

| < ε
dCR for some k coprime

with dC , and all the pants adjacent to C are p-separated along C.

Then ρ : π1(X) → PSL2(C) is injective, and ρ(π1(X)) is a convex-
cocompact subgroup of PSL2(C).

It is obviously that Theorem 3.4 is a special case of Theorem 4.4, so
we need only to prove Theorem 4.4 in the remaining part of this section.
We will prove Theorem 4.4 by showing that a partially defined map

i : X̃ → H
3 satisfying i ◦ x = ρ(x) ◦ i for any x ∈ π1(X) is a quasi-

isometric embedding. Actually, i is defined on a 1-subcomplex of X̃ ,
and i maps each 1-cell in the 1-subcomplex to a geodesic arc in H

3.
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For each component W of X̃ \ p−1(C2), we will use the work in
[KM1] and some classical results in hyperbolic geometry to show that
i|W : W → H

3 is a quasi-isometric embedding, by comparing i|W to
some quasi-isometric embedding. Then we estimate the ”angle” be-

tween two adjacent components of X̃ \ p−1(C2), and give it a definite
lower bound. Given these estimations, we can show the globally quasi-
isometric property, as the proof of Lemma 3.5.

4.1. Piecewise Linear Map is a Quasi-isometry. To prove Theo-
rem 4.4, we need to study more detail about Kahn-Markovic surfaces
under the modified condition. The following Theorem in [KM1] helps
us to understand the boundary behavior of the universal cover of Kahn-
Markovic surfaces in H

3.

Theorem 4.5. There are universal constants ε̂, R̂,K0 > 0, such that
the following statement holds. For any ε,R such that 0 < ε < ε̂ and
R > R̂, suppose (S, C) is a closed surface with a pants decomposition C,
and f : S �M is a viable map such that{ |hl(C)− R

2 | < ε,
|s(C)− 1| < ε

R

holds for any C ∈ C. Then ρ = f∗ : π1(S) → PSL2(C) is injective and
ρ(π1(S)) is a quasi-fuchsian group.

Moreover, suppose S is endowed with the hyperbolic metric with hl(C)

= R
2 and s(C) = 1, then ∂f̃ : ∂S̃ = ∂H2 → ∂M̃3 = ∂H3 extends to a

π1(S)-equivariant (1 + K0ε)-quasiconformal map ∂g̃ : ∂H3 → ∂H3 (by
considering π1(S) ⊂ Isom+(H

2) ⊂ Isom+(H
3)).

Since we can suppose that f satisfies the modified Kahn-Markovic
condition: { |hl(C)− R

2 | < ε
R ,|s(C)− 1| < ε

R2 ,

the induced map ∂f̃ : ∂S̃ = ∂H2 → ∂M̃3 = ∂H3 extends to a π1(S)-
equivariant (1 + K0ε

R )-quasiconformal map ∂g̃ : ∂H3 → ∂H3.
Let ρ0 : π1(S) → PSL2(C) be the representation near ρ satisfying

hl(C) = R
2 , s(C) = 1 for any C ∈ C, then the map ∂g̃ : S2∞ → S2∞ is a

(1 + K0ε
R )-quasiconformal conjugacy between ρ0(π1(S)) and ρ(π1(S)).

Such a quasiconformal conjugacy between two Kleinian groups can be
extended to a quasi-isometry from H

3/ρ0(π1(S)) to H
3/ρ(π1(S)), and

a quantitative version of this result is proved in [Th1] Chapter 11 and
[McM] Corollary B.23.

Theorem 4.6. Let Mi = H
3/Γi, i = 1, 2 be two hyperbolic 3-mani-

folds with isomorphic fundamental groups, and let φ : S2∞ → S2∞ be a
K-quasiconformal conjugation between Γ1 and Γ2. Then φ extends to
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an equivariant K
3

2 -quasi-isometry Φ : H3 → H
3. In particular, M1 and

M2 are K
3

2 -quasi-isometric with each other.

The proof of Theorem 4.6 is quite differential geometry style, and
the L-quasi-isometry showed up in the statement means (L, 0)-quasi-
isometry in the coarse geometry sense. In the following part of this
paper, we will use the language in the coarse geometry.
Given the previous a few theorems and the modified Kahn-Markovic

condition, we have the following quick corollary.

Corollary 4.7. For any closed hyperbolic 3-manifold M , there ex-
ist constants K0, ε̂ > 0, R̂ > 0 such that the following statement hold.
Suppose S is a hyperbolic surface with a pants decomposition C, and
f : S �M is a viable map satisfying the modified Kahn-Markovic con-
dition { |hl(C)− R

2 | < ε
R ,|s(C)− 1| < ε

R2 ,

for each C ∈ C, with 0 < ε < ε̂ and R > R̂.
Let ρ = f∗ : π1(S)→ PSL2(C) be the induced map on the fundamen-

tal group, and ρ0 : π1(S) → PSL2(C) be the representation near ρ and
satisfying hl(C) = R

2 , s(C) = 1.

Then there exists a (1 + 2K0ε
R , 0)-quasi-isometry g̃ : H3 → H

3 such
that g̃ ◦ ρ0(x) = ρ(x) ◦ g̃ for any x ∈ π1(S). In particular, there exists a

(1 + 2K0ε
R , 0)-quasi-isometry g :M1 →M2.

Although we know the existence of the equivariant quasi-isometry
g̃ : H3 → H

3, we need to know more detail about it. So we will use a
more concrete partially defined map to approximate g̃.
Let (S, C) be the pants decomposition in Corollary 4.7. Endow S with

the hyperbolic metric with hl(C) = R
2 and s(C) = 1 for any C ∈ C,

then C is a union of simple closed geodesics on S.
Let C̃ ⊂ H

2 be the preimage of C. For each pair of pants Π in S
with three cuffs ci, i = 1, 2, 3, there are three seams ai, i = 1, 2, 3 in
Π with ai connects ci−1 and ci+1. We suppose that ai is perpendicular
with both ci−1 and ci+1 in the hyperbolic surface S. Let A be the

union of all the seams in S, and Ã ⊂ H
2 be the preimage of A. Let

Y = C̃ ∪ Ã ⊂ H
2 ⊂ H

3, then Y is a ρ0(π1(S))-equivariant 1-subcomplex
in H

3, and Y ⊂ H
2 gives a tessellation of H2 by isometric right-angled

hexagons.
In Corollary 4.7, we can suppose g̃ : H3 → H

3 has been extended to
a self-map on H

3 ∪ S2∞ and we still denote it by g̃.
Let Y ′ be the ρ(π1(S))-equivariant 1-complex in H

3 defined as the

following. For any geodesic γ ⊂ C̃ with end points x, y ∈ S2∞, we use
∂g̃(γ) to denote the geodesic with end points g̃(x) and g̃(y). For any

geodesic arc α ⊂ Ã orthogonal with geodesics γ1, γ2 ⊂ C̃, we use ∂g̃(α)
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to denote the common perpendicular geodesic of ∂g̃(γ1) and ∂g̃(γ2).

Then we define Y ′ = ∂g̃(C̃) ∪ ∂g̃(Ã).
Now we can define a piecewise linear π1(S)-equivariant homeomor-

phism h : Y → Y ′. h maps each α ⊂ Ã to ∂g̃(α) linearly, and h maps

each γ ⊂ C̃ to ∂g̃(γ) piecewise linearly such that the restriction of h on
each component of γ \ Ã is linear.
Since the modified Kahn-Markovic condition is satisfied by ρ, it is

easy to check that h is a (1 + 2ε
R , 0)-quasi-isometry on each geodesic

segment of Y = C̃ ∪ Ã. However, we do not know whether h : Y → Y ′
is a globally quasi-isometry yet. By using the information given by g̃,
we will show that h is actually a quasi-isometry.

Theorem 4.8. Under the induced metric from H
3, h : Y → Y ′ is a

(1+ Kε
R ,K(ε+ 1

R)
1

5 )-quasi-isometry for some universal constant K > 0.

We need to show the following elementary lemma first, such kind of
statements are well-known and we give a quantitative version here.

Lemma 4.9. For small enough δ > 0, suppose γ : [0, n] → H
3 is a

(1 + δ, δ)-quasigeodesic in H
3, and let γ̄ be the geodesic with end points

γ(0) and γ(n), then γ ⊂ Nη(γ̄) for η = 5δ
1

5 .

Proof. Suppose γ(t0) is the point on γ([0, n]) which is the farthest

one from γ̄, and let D = d(γ(t0), γ̄). We can suppose D > 2δ
1

5 , or the

lemma holds trivially. In this case, t0, n− t0 > 2δ
1
5−δ

1+δ > δ
1

5 .

Let t1 = t0 − δ 1

5 , t2 = t0 + δ
1

5 , let li = d(γ(t0), γ(ti)) for i = 1, 2, and
di = d(γ(ti), γ̄) ≤ D. We use xj to denote the orthogonal projection of
γ(tj) on γ̄ for j = 0, 1, 2.
For two points x, y ∈ H

3, we will use xy to denote the geodesic
segment with end points x and y.
Let φi be the angle difference between γ(t0)x0 and γ(ti)xi along ge-

odesic γ̄ for i = 1, 2 (by using the parallel transportation from x0 to

xi). Let θi be the angle between γ(ti)γ(t0) and γ(t0)x0, and let θ be the

angle between γ(t1)γ(t0) and γ(t2)γ(t0). Then θ ≤ θ1 + θ2.
A computation in hyperbolic geometry gives:

cos θi =
sinhD cosh li − sinh di cosφi

coshD sinh li

≥sinhD cosh li − sinhD

coshD sinh li
= tanhD tanh

li
2
.

(4)

Since t2−t1 = 2δ
1

5 , and γ is a (1+δ, δ)-quasi-isometry, d(γ(t1), γ(t2)) ≥
2δ

1
5

1+δ − δ.
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By the hyperbolic cosine law and (4):

cosh d(γ(t1), γ(t2))

= cosh l1 cosh l2 − sinh l1 sinh l2 cos θ

≤ cosh l1 cosh l2 − sinh l1 sinh l2 cos (θ1 + θ2)

≤ cosh l1 cosh l2 + sinh l1 sinh l2

(
1− tanh2D tanh

l1
2
tanh

l2
2

)
.

(5)

So we have

(6) tanh2D ≤ cosh (l1 + l2)− cosh d(γ(t1), γ(t2))

sinh l1 sinh l2 tanh
l1
2 tanh

l2
2

.

Since δ
1
5

1+δ − δ ≤ l1, l2 ≤ (1 + δ)δ
1

5 + δ and d(γ(t1), γ(t2)) ≥ 2δ
1
5

1+δ − δ,
we have:
(7)

tanh2D ≤ cosh (2(1 + δ)δ
1

5 + 2δ) − cosh (2δ
1
5

1+δ − δ)
sinh2 ( δ

1
5

1+δ − δ) tanh2 ( δ
1
5

2(1+δ) − δ
2)

= 24δ
2

5 (1 +O(δ
1

5 )).

So D =
√
24δ

1

5 (1 +O(δ
1

5 )) < 5δ
1

5 . q.e.d.

Since g̃ : H3 → H
3 is a (1 + 2K0ε

R , 0)-quasi-isometry, by Lemma 4.9,

we know that g̃(C̃) ⊂ Nη(∂g̃(C̃)) for η = 5(2K0ε
R )

1

5 . Let p : g̃(C̃)→ ∂g̃(C̃)
be the nearest point projection from g̃(γ) to ∂g̃(γ) for each γ ⊂ C̃. Since
p moves every point in g̃(C̃) by at most η. Let g̃′ = p ◦ g̃|C̃ : C̃ → ∂g̃(C̃),
then g̃′ is a π1(S)-equivariant (1 + 2K0ε

R , 2η)-quasi-isometry. We will
compare g̃′ and h, which shows that h is a quasi-isometry.
Now we are ready to prove Theorem 4.8.

Proof. For an oriented geodesic γ ∈ C̃ corresponding with a curve C ⊂
C, we will also use γ to denote the hyperbolic isometry corresponding
with the oriented curve C ⊂ S.
For any α ∈ Ã which is orthogonal to γ1, γ2 ∈ C̃, we give orientations

for α, γ1, γ2 as in Figure 1. Let x = α ∩ γ2, y1 = γ2(x) and y2 = γ1(y1).

Figure 1

We will compare g̃′(x) and h(x) on ∂g̃(γ2), and show that they are
close to each other.
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Let d1 = d(γ1, γ2). By the hyperbolic cosine law of right-angled
hexagons, and all the curves C ⊂ C satisfy hl(C) = R

2 , we have cosh d1 =
cosh R

2

cosh R
2
−1 . Let d2 = d(y1, γ1). Since d(x, y) = R, we have sinh d2 =

sinh d1 coshR, and

(8) sinh2 d2 = cosh2R
2 cosh R

2 − 1

(cosh R
2 − 1)2

.

By computations in hyperbolic geometry of H2, we have

cosh d(y1, y2) = cosh2 d2 coshR− sinh2 d2

=coshR+ cosh2R(coshR− 1)
2 cosh R

2 − 1

(cosh R
2 − 1)2

=
1

2
e

5

2
R(1 +O(e−

R
2 )).

(9)

So d(y1, y2) =
5
2R+O(e−

R
2 ).

Now we think about the position of g̃′(x) on ∂g̃(γ2). Let l be the
oriented distance between h(x) = h(γ2) ∩ h(α) and g̃′(x) on h(γ2). We
will prove that l is very small.
Let d′1 = dα(γ2, γ1), by the hyperbolic cosine law of right-angled

hexagons,

(10) d′1 = 2e−
R
4
+ 1

2R
(ε3−ε2−ε1) +O(e−

3R
4 )

for complex numbers εi with |εi| < ε for i = 1, 2, 3. Let d′2 = d(g̃′(y1),
∂g̃(γ1)), and let the real length of ∂g̃(γ2) be R+

2ε4
R for some real number

ε4 with |ε4| < ε, then

sinh2 d′2

=cosh2
(
l +R+

2ε4
R

)
sinh2 (�(d′1)) + sinh2

(
l +R+

2ε4
R

)
sin2 (�(d′1))

≥ cosh2
(
l +R− 2ε

R

)
sinh2

(
(2 +O(e−

R
2 ))e−

R
4
− 3ε

2R

)
.

(11)

Here �(z) and �(z) are the real and imaginary part of a complex number
z respectively.
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Let R1 = l(h(γ1)) be the complex translation length of h(γ1), then
|R1 −R| < 2ε

R . So by (10) and (11), we have

cosh (d(g′(y1), g′(y2)))

= cosh2 d′2 cosh�(R1)− sinh2 d′2 cos�(R1)

≥ cosh2 d′2 cosh
(
R− 2ε

R

)
− sinh2 d′2

=cosh
(
R− 2ε

R

)
+

(
cosh

(
R− 2ε

R

)
− 1

)
sinh2 d′2

≥
(
cosh

(
R− 2ε

R

)
− 1

)
cosh2

(
l +R− 2ε

R

)
sinh2

(
(2 +O(e−

R
2 ))e−

R
4
− 3ε

2R

)
+ cosh

(
R− 2ε

R

)
=
1

2
e2l+

5R
2
− 9ε

R (1 +O(e−
R
2 )).

(12)

So d(g̃′(y1), g̃′(y2)) ≥ |2l + 5R
2 − 9ε

R + O(e−
R
2 )|. Since g̃′ is a (1 +

2K0ε
R , 2η)-quasi-isometry and d(y1, y2) =

5
2R + O(e−

R
2 ), the following

inequality holds:

(13)
(
1 +

2K0ε

R

)(5
2
R+O(e−

R
2 )

)
+ 2η ≥

∣∣∣2l + 5R

2
− 9ε

R
+O(e−

R
2 )

∣∣∣.
By considering y′1 = γ−12 (x) and y′2 = γ−11 (y1) and run the same

argument, we have

(14)
(
1+

2K0ε

R

)(5
2
R+O(e−

R
2 )

)
+2η ≥

∣∣∣− 2l+ 5R

2
− 9ε

R
+O(e−

R
2 )

∣∣∣.
By (13) and (14) and η = 5(2Kε

R )
1

5 , we get

(15) |l| ≤ 5

2
K0ε+

9ε

2R
+ η +O(e−

R
2 ) ≤ K1

(
ε+

1

R
+ (

ε

R
)
1

5

)
.

Since l is the oriented distance between g̃′(x) and h(x), d(g̃′(x), h(x))
≤ K1(ε+

1
R + ( ε

R)
1

5 ) holds for any x ∈ C̃ ∩ Ã.
Since g̃′ : C̃ → ∂g̃(C̃) is a (1 + 2K0ε

R , 2η)-quasi-isometry and the re-

striction of h : C̃ → ∂g̃(C̃) on each single geodesic C ⊂ C̃ is a (1+ 2ε
K , 0)-

quasi-isometry. So d(g̃′(y), h(y)) ≤ 2ε+ 2K0ε+ 2η +K1(ε+
1
R + ( ε

R )
1

5 )

for each y ∈ C̃.
So h|C̃ : C̃ → ∂g̃(C̃) is a π1(S)-equivariant (1 + 2K0ε

R ,K2(ε +
1
R +

( ε
R )

1

5 ))-quasi-isometry. Since C̃ ⊂ Y is 2e−
R
4 -dense, h : Y → Y ′ is a

(1 + 2K0ε
R ,K3(ε+

1
R + ( ε

R )
1

5 ))-quasi-isometry. q.e.d.
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4.2. Estimation of the Angle Change. Now we consider two points

x, y ∈ Y with x lying on a geodesic γ ⊂ C̃ and d(x, y) ≥ R
2 . We give γ

an arbitrary orientation. Let α ⊂ Ã be the geodesic arc which is at the
same side of γ as xy on H

2, such that it is the closest such geodesic arc
to x (it is possible there are two choices and we choose either of them).
Let 	e1 ∈ T 1

x (H
3) be the unit vector in the direction of γ, 	e2 ∈ T 1

x (H
3)

be the unit vector in the direction of the parallel transportation of α to
x, and take the third unit vector 	e3 ∈ T 1

x (H
3) such that (	e1, 	e2, 	e3) is an

orthonormal frame of Tx(H
3) and gives the orientation of H3. Let 	e be

the unit vector in T 1
x (H

3) in the direction of xy.
Now we define Θ(γ, α, xy) = (θ, φ) ∈ R

2 for θ = ∠(	e,	e1) ∈ [0, π]
and φ = ∠(	e,	e3) ∈ [0, π]. Θ(γ, α, xy) measures the direction of 	e under
the coordinate (	e1, 	e2, 	e3). Since ρ0(π1(S)) is a Fuchsian group, φ =

π
2 .

Θ(h(γ), h(α), h(x)h(y)) = (θ′, φ′) ∈ R
2 is defined similarly.

The main result of this subsection is the following statement.

Theorem 4.10. There exists constants ε̂ > 0, R̂ > 0 depend only on
p, such that for any 0 < ε < ε̂ and R > R̂, |Θ(γ, α, xy)− Θ(h(γ), h(α),

h(x)h(y))| ≤ 1
p .

Since each hexagon in H
2 \ Y has diameter ≤ R

2 + 1, xy ∩ Y =

{x0, x1, · · · , xn} for x = x0, y = xn and d(xi, xi+1) ≤ R
2 + 1. Let

h(xy) denote the piecewise geodesic in H
3 which is the concatenation of

h(xi)h(xi+1). There is a natural piecewise linear map h
′ : xy → h(xy)

such that h′(xi) = h(xi). Since h : Y → Y ′ is a (1 + μ1, μ2)-quasi-
isometry for μ1 =

Kε
R , and d(xi, xi+1) ≤ R

2 + 1, it is easy to check that

h′ is a (1 + μ1, 3μ2 + 4Kε)-quasi-isometry. Since μ2 = K(ε+ 1
R )

1

5 , h′ is
a (1 + μ1, 10μ2)-quasi-isometry in particular.
Let xk be the point in {x0, · · · , xn} which is the nearest one to x and

such that

(16) l(p) ≤ d(x, xk) ≤ R

holds for l(p) = 1
10000p2

. If xk ∈ α ⊂ Ã, let x′ be one of the intersection
points of α ∩ C̃. If xk does not lie in Ã, simply let x′ = xk. By Lemma

4.9 and the choice of x′, we have d(h(x′), h(x)h(y)) ≤ 5(μ2)
1

5 +2e−
R
4 ≤

6(μ2)
1

5 . Since d(h(x), h(x′)) ≥ l(p)
1+μ1

− μ2 − 2e−
R
4 ≥ l(p)

2 , by the hyper-

bolic sine law,

(17)

sin (∠h(x′)h(x)h(y)) =
sinh (d(h(x′), h(x)h(y)))
sinh (d(h(x), h(x′)))

≤ sinh 6(μ2)
1

5

sinh l(p)
2

≤ 15(μ2)
1

5

l(p)
.
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So ∠h(x′)h(x)h(y) ≤ 20(μ2)
1
5

l(p) , and the same argument shows ∠x′xy ≤
20(μ2)

1
5

l(p) . Now it suffices to show that

|Θ(γ, α, xx′)−Θ(h(γ), h(α), h(x)h(x′))| ≤ 1

2p
.

Even if x′ may not be same with xk, we will abuse the notation and
still use x0 = x, x1, · · · , xk = x′ to denote the intersection points in
xx′ ∩ Y . Moreover, we still use the notation Θ(γ, α, xx′) = (θ, φ) and

Θ(h(γ), h(α), h(x)h(x′)) = (θ′, φ′), with φ = π
2 .

Proposition 4.11. Let θ and θ′ be the first coordinate of Θ(γ, α, xx′)
and Θ(h(γ), h(α), h(x)h(x′)) respectively, then |θ − θ′| ≤ 1

4p .

Proof. Let d1 = d(x, x′), d2 = d(x′, γ) and d′1 = d(h(x), h(x′)), d′2 =
d(h(x′), h(γ)), then d2 ≤ d1 and d′2 ≤ d′1. Since h : Y → Y ′ is a
(1 + μ1, μ2)-quasi-isometry, and l(p) ≤ d1 ≤ R, we have |d′1 − d1| ≤
Kε+ μ2 and |d′2 − d2| ≤ Kε+ μ2. In particular, d

′
1 ≥ 1

2 l(p).

Since sin θ = sinhd2
sinhd1

and sin θ′ = sinh d′
2

sinh d′
1

, we have the following estima-

tion:

| sin θ − sin θ′|

≤sinh d2 · | sinh d1 − sinh d′1|+ sinh d1 · | sinh d2 − sinh d′2|
sinh d1 sinh d

′
1

≤|d1 − d
′
1| · cosh (max (d1, d′1)) + |d2 − d′2| · cosh (max (d2, d′2))

sinh d′1

≤2(Kε+ μ2)
cosh (max (d1, d

′
1))

sinh d′1
≤2(Kε+ μ2)e

Kε+μ2 coth d′1

≤2(Kε+ μ2)e
Kε+μ2 coth

(1
2
l(p)

)
.

(18)

Let ν = 2(Kε + μ2)e
Kε+μ2 coth (12 l(p)). If both θ and θ′ are acute

angles, then
(19)

ν ≥ | sin θ−sin θ′| = 2 sin
|θ − θ′|

2
cos

θ + θ′

2
≥ 2 sin2

|θ − θ′|
2

≥ (θ − θ′)2
8

.

So in this case |θ − θ′| ≤ √8ν.
Without lose of generality, we can suppose that θ is an acute angle.

If θ′ is also acute, the above inequality gives |θ− θ′| ≤ √8ν ≤ 1
4p , so the

lemma is proved.
If θ′ is not acute, we will show that θ is very close to π/2. Let

β be the subray of γ starting at x and has acute angle with xx′. In



576 H. SUN

this case, the angle between h(x)h(x′) and h(β) is an obtuse angle, so
d(h(x′), h(β)) = d(h(x′), h(x)). By this geometric observation, we have:

d(x′, γ) = d(x′, β) ≥ d(h(x′), h(β))
1 + μ1

− μ2

=
d(h(x′), h(x))

1 + μ1
− μ2 ≥ d(x′, x)

(1 + μ1)2
− 2μ2.

(20)

Since d(x′, x) ≤ R and μ1 =
Kε
R , d(x′, γ) ≥ d(x′,x)

(1+μ1)2
− 2μ2 ≥ d(x′, x)−

(3Kε+ 2μ2). So

sin θ =
sinh d(x′, γ)
sinh d(x′, x)

≥ sinh (d(x′, x)− (3Kε+ 2μ2))

sinh (d(x′, x))

≥ sinh (l(p)− (3Kε+ 2μ2))

sinh (l(p))
≥ 1− (3Kε+ 2μ2) coth (l(p)).

(21)

So π
2 − θ ≤ 2

√
(3Kε+ 2μ2) coth l(p) ≤ 1

8p , and the same argument

shows that θ′ − π
2 ≤ 1

8p . So we have |θ′ − θ| ≤ 1
4p . q.e.d.

Since the second coordinate of Θ(γ, α, xx′) = (θ, φ) is φ = π
2 , we need

only to estimate the second coordinate φ′ of Θ(h(γ), h(α), h(x)h(x′)) =
(θ′, φ′).

Proposition 4.12. For small enough ε > 0 and large enough R, we
have |φ′ − π

2 | ≤ 1
4p .

We first need the following local estimation.

Lemma 4.13. If α ⊂ ∂g̃(Ã) is the common perpendicular of geodesics

γ1, γ2 ⊂ ∂g̃(C̃) such that zi = γi ∩ α, and y ∈ γ1 is a point on γ1 such
that d = d(y, z1) ≤ R. Let P1 be the hyperbolic plane containing γ1 and
z2, P2 be the hyperbolic plane containing γ2 and y, and ψ be the angle
between P1 and P2, then ψ ≤ 10ε

R .

Proof. Let β = ∠z1z2y, and b + iξ = dα(γ1, γ2). Here we choose
orientations for α, γ1, γ2 such that b > 0 and ξ is close to 0.
By the hyperbolic cosine law of right-angled hexagons,

(22) dα(γ1, γ2) = b+ iξ = 2e−
R
4
+

ε3−ε2−ε1
2R +O(e−

3R
4 ) +O(e−

3R
4 )

ε

R
i,

here the two O(e−
3R
4 )s are two different real functions. So b ≥ e−

R
4 ,

and |ξ| ≤ 4ε
R e

−R
4 .

An elementary computation gives cosψ = cos β cos ξ√
1−sin2 β cos2 ξ

, and

(23) sin2 ψ =
sin2 ξ

1− sin2 β cos2 ξ
.
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For the angle β, we have the following estimation:

sin2 β =
sinh2 d

sinh2 d(y, z2)
=

cosh2 d− 1

cosh2 d cosh2 b− 1

≤ cosh2R− 1

cosh2R cosh2 (e−
R
4 )− 1

= 1− e−R
2 +O(e−R).

(24)

By (23) and (24)

sin2 ψ ≤ sin2 ξ

1− (1− e−R
2 +O(e−R)) cos2 ξ

≤ sin2 (4εR e
−R

4 )

1− (1− e−R
2 +O(e−R)) cos2 (4εR e

−R
4 )
≤ 32ε2

R2
.

(25)

So ψ ≤ 10ε
R .

q.e.d.

Now we are ready to prove Proposition 4.12.

Proof. Let x = x0, x1, · · · , xk = x′ be the consecutive intersection
points of xx′ with Y = C̃ ∪ Ã, and yi = h(xi). Let Ci be the geodesic

(segment) in ∂g̃(C̃) or ∂g̃(Ã) containing yi.
Let P0 be the hyperbolic plane containing C0 = h(γ) and h(α), P ′0

be the hyperbolic plane containing C0 and y1. Let Pi be the hyperbolic
plane containing Ci and yi−1, and P ′i be the hyperbolic plane containing
Ci and yi+1 for i = 1, · · · , k − 1. When considering about ρ0, all the
corresponding hyperbolic planes coincide with each other. So for each
hyperbolic plane Pi and P

′
i , we can give it an orientation such that the

corresponding orientations coincide with each other, when considering
ρ0.
Since d(x, xk−1) ≤ l(p) ≤ 1

10000p2
, by Lemma 2.3 of [KM1], k ≤

(2+R)e5l(p) ≤ 500Rl(p). The possible position of yi−1, yi and geodesics
Ci−1, Ci looks like a) or b) in Figure 2 for i = 1, · · · , k−1. By the choice
of x′, the possible position of yk−1, yk and Ck−1, Ck looks like a), b) or
c) in Figure 2.

Figure 2

Now we study two possible positions of yi−1, yi and Ci−1, Ci.
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i) For three points a, b, c ∈ H
3 not lying on a geodesic, let Pabc be the

hyperplane in H
3 containing these three points. Then in Figure 2 a),

since d(yi−1, a), d(yi, b) < R, Lemma 4.13 implies:

∠(Payi−1yi , Pabyi−1
) ≤ ∠(Payi−1yi , Pabyi) + ∠(Pabyi , Pabyi−1

)

≤10ε
R

+
10ε

R
=
20ε

R
,

(26)

and

∠(P ′i−1, Pi) = ∠(Payi−1yi , Pbyi−1yi)

≤∠(Payi−1yi , Pabyi−1
) +∠(Pabyi−1

, Pbyi−1yi) ≤
30ε

R
.

(27)

ii) In Figure 2 c), let β be the geodesic arc in ∂g̃(Ã) containing yk−1
and we use β′ to denote the bi-infinite geodesic containing β. Let Pβ′,c

be the hyperbolic plane containing β′ and c, and l = d(d, Pβ′,c), then

(28) sinh l ≤ sin
ε

R
sinh (3e−

R
4 ) ≤ 4ε

R
e−

R
4 .

So l ≤ 4ε
R e

−R
4 . Since d(d, β′) ≥ R

2 − 1,

(29) sin∠(Pβ′,c, Pβ′,d) ≤
sinh (4εR e

−R
4 )

sinh (R2 − 1)
≤ 50ε

R
e−

3R
4 .

So ∠(Pβ′,c, Pβ′,d) ≤ 100ε
R e−

3R
4 . The same argument shows that

∠(Pβ′,e, Pβ′,f ) ≤ 100ε

R
e−

3R
4 .

Since ∠(Pβ′,c, Pβ′,e) ≤ 4ε
R e

−R
4 and by monotonicity, we have ∠(Pβ′,c,

Pβ′,yk) ≤ ε
R .

Then by a routine case-by-case argument, and using results in i) and
ii), we get that:

(30) ∠(P ′i−1, Pi) ≤ 100ε

R

for i = 1, · · · , k − 1, and

(31) ∠(Pi, P
′
i ) ≤

100ε

R

for i = 0, · · · , k − 1.
Now let li = d(yi, yi+1). Then by (16),

(32)

k−2∑
i=0

li ≤ 2l(p)

and

(33)
l(p)

2
≤

k−1∑
i=0

li ≤ R+ 1.
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Let 	vi ∈ T 1
yi(H

3) be the unit normal vector of Pi at yi and 	v
′
i ∈ T 1

yi(H
3)

be the unit normal vector of P ′i at yi. Let zi be the orthogonal projection
of yi to P0 and 	ni be the unit normal vector of P0 at zi. For x, y ∈ H

3

and 	v ∈ Tx(H3), we will use 	v@y to denote the parallel transportation
of 	v to y along the geodesic arc xy, as in [KM1].
Claim 1: For i = 0, · · · , k − 1, the following inequalities hold:

(34) ∠(	vi@y0, n0) ≤ 200iε

R
+

i−1∑
j=0

lj ,

(35) ∠(	v′i@y0, n0) ≤
(200i + 100)ε

R
+

i−1∑
j=0

lj .

We will prove Claim 1 by induction. The statement holds for i = 0
since ∠(P0, P

′
0) ≤ 100ε

R . Suppose the statement holds for i = m, then for
i = m+ 1,

∠(	vm+1@y0, 	n0) ≤ ∠(	vm+1, 	v
′
m@ym+1) + ∠(	v′m@ym+1@y0, 	n0)

≤∠(Pm+1, P
′
m) + ∠(	v′m@y0, 	n0) + ∠(	v′m@ym+1@y0, 	v

′
m@y0).

(36)

The first term is less than 100ε
R by (30), the second term is less than

(200m+100)ε
R +

∑m−1
j=0 lj by induction hypothesis, and the third term is

less than lm by Proposition 4.1 of [KM1]. So

(37) ∠(	vm+1@y0, 	n0) ≤ 200(m + 1)ε

R
+

m∑
j=0

lj .

Since ∠(	vm+1, 	v
′
m+1) ≤ 100ε

R , the second inequality holds for i = m+1
and the proof of Claim 1 is done.
Now we estimate ∠(	v′m@zm, 	nm) for m = 0, · · · , k − 1. Since k ≤

500Rl(p), we have:

∠(	v′m@zm, 	nm) ≤ ∠(	v′m@zm, 	v
′
m@z0@zm) + ∠(	v′m@z0@zm, 	nm)

≤d(y0, ym) + ∠(	v′m@y0, 	n0) ≤ 2l(p) +
(200m + 100)ε

R
+

m−1∑
j=0

lj

≤4l(p) + 2 · 105εl(p) ≤ 10l(p).

(38)

Claim 2: For di = d(yi, zi) = d(yi, P0), i = 0, · · · , k − 1, we have:

(39) d(yi, zi) ≤ 1

100p

i−1∑
j=0

lj.

We will also prove Claim 2 by induction. The inequality holds triv-
ially for i = 0. Suppose the inequality holds for i = m. For i = m+ 1,
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Since 	v′m ⊥ ymym+1 and ∠(	v′m@zm, 	nm) ≤ 10l(p), an elementary com-
putation gives:

(40)
sinh d(ym+1, zm+1)

= sinh d(ym, zm) cosh lm + cosh d(ym, zm) sinh lm sin θm

for some θm with |θm| ≤ ∠(	v′m@zm, 	nm) ≤ 10l(p) and lm ≤ 2l(p).
Since d(ym, zm), lm ≤ 2l(p), we have:

sinh d(ym+1, zm+1)

≤ sinh d(ym, zm)(1 + l2m) + (1 + 4l(p2)) · 2lm · 10(p)
≤ sinh d(ym, zm) + 2d(ym, zm)l

2
m + (1 + 4l(p2)) · 2lm · 10l(p)

= sinh d(ym, zm) + lm
(
2d(ym, zm)lm + 20l(p)(1 + 4l(p2)

)
≤ sinh d(ym, zm) + 100l(p) · lm.

(41)

So d(ym+1, zm+1) ≤ d(ym, zm) + 100l(p) · lm ≤ d(ym, zm) +
1

100p lm, and

the proof of Claim 2 is done.
The final computation is to estimate ∠zky0yk.

Since h is a (1+ Kε
R ,K(ε+ 1

R )
1

5 )-quasi-isometry, and l(p)
2 ≤∑k−1

i=0 li ≤
R, d(y0, yk) ≥ max (12

∑k−1
i=0 li, lk−1 − 1). Moreover, d(yk, zk) is given

by:

sinh d(yk, zk)

= sinh d(yk−1, zk−1) cosh lk−1 + cosh d(yk−1, zk−1) sinh lk−1 sin θk−1

(42)

for some θk−1 with |θk−1| ≤ 10l(p)
If lk−1 ≤ 2, (41) still works with m replaced by k − 1, so d(yk, zk) ≤

1
100p

∑k−1
i=0 li. Then

(43) sin∠zky0yk =
sinh d(yk, zk)

sinh d(yk, y0)
≤
sinh

∑k−1

i=0
li

100p

sinh
∑k−1

i=0
li

2

≤ 1

50p
.

If lk−1 ≥ 2, we have

(44) sinh d(yk, zk) ≤ 4l(p) cosh lk−1 + 20l(p) sinh lk−1 ≤ 20l(p)elk−1 .

Then
(45)

sin∠zky0yk =
sinh d(yk, zk)

sinh d(yk, y0)
≤ 20l(p)elk−1

sinh (lk−1 − 1)
≤ 20l(p) · e2

sinh 1
≤ 1

50p
.

So in both of these cases, |ψ′ − π
2 | = ∠zky0yk ≤ 1

4p . q.e.d.
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4.3. Proof of Theorem 4.4. Given Theorem 4.10, we are ready to
prove Theorem 4.4.

Proof. Given the estimations in Theorem 4.10, the proof here is sim-
ilar to the proof of Lemma 3.5, so we will only point out the necessary
modifications.
In Theorem 4.4, if conditions 2), 3) and 4) are replaced by hl(C) =

R
2 , s(C) = 1 and l(q(C)) = R+2kπi

dC
respectively, then we denote the

corresponding representation by ρ0. Since l(G(X)) > Re
R
4 , the same

argument as in Lemma 3.5 shows that Theorem 4.4 is true for ρ0.

Let q : X̃ → X be the universal cover. When considering ρ0, since

l(G(X)) > Re
R
4 , there is a π1(X)-equivariant embedding X̃ → H

3

with respect to ρ0, and the image is a locally finite union of subsets

of hyperbolic planes. There are two metrics on X̃, one is the induced
metric d0 from H

3 and the other one is the path metric d induced by
d0. The proof of Lemma 3.5 implies that these two metrics are quasi-

isometric, and we will always endow X̃ with the metric d. d is a geodesic
metric on X which is locally the hyperbolic metric away from singular
curves.
Let C̃ ⊂ X̃ ⊂ H

3 be the preimage of the pants decomposition C1 ∪ C2
of X, which are union of geodesics. For each pants Π in X, there are
three seams which are the common perpendiculars of the three pair of
cuffs of Π. Let A ⊂ X be the union of all such geodesic arcs and let

Ã ⊂ X̃ ⊂ H
3 be the preimage of A in H

3. We define Z = C̃ ∪ Ã, then
the embedding of Z into H

3 is π1(X)-equivariant with respect to ρ0.
Now we turn to study a general representation ρ : π1(X)→ PSL2(C),

which is a deformation of ρ0. For each geodesic C ⊂ C̃, let C ′ be the
corresponding geodesic in H

3 with respect to ρ, and let C̃′ be the union
of such C ′ for all C ⊂ C̃. Let Ã′ be the union of common perpendiculars
of geodesics in C̃′, which correspond with geodesic arcs in Ã. Let Z ′ =
C̃′ ∪ Ã′, then Z ′ is ρ(π1(X))-equivariant with respect to ρ.
There is a natural piecewise linear map h : Z → Z ′ defined as in

Section 4.1, such that the restriction of h on each geodesic arc in Ã is

linear, and the restriction of h on each component of C̃ \ Ã is linear. To
show the convex cocompact property of ρ, we need only to show that
h : (Z, d)→ (Z ′, dH3 |Z′) is a quasi-isometry.
For any x, y ∈ Z with d(x, y) ≥ R, let α be the shortest path in

X̃ connecting x and y. If α ∪ q−1(C2) = ∅, the Theorem 4.8 implies
the quasi-isometric property. So we assume α ∩ q−1(C2) is not empty,
and the intersection points are x1, x2, · · · , xk. Since l(G(X)) > Re

R
4 ,

d(xi, xi+1) ≥ R
2 for i = 1, · · · , k − 1. Let x0 = x if d(x, x1) ≥ R

2 , or let

x0 = x1. Similarly, define xk+1 = y if d(xk, y) ≥ R
2 , or let xk+1 = xk.

Now we consider about angles ∠h(xi−1)h(xi)h(xi+1).
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Let γi be the geodesic in Z containing xi, with a preferred orientation,
and let θ be the angle between γi and xi−1xi. Since α is a shortest path
in X̃ , the angle between γi and xixi+1 equals π − θ. Without lose of
generality, we can suppose θ ≤ π

2 .

Let θ1 be the angle between h(γi) and h(xi−1)h(xi), and θ2 be the
angle between h(γi) and h(xi)h(xi+1). If θ ≤ π

2 − 3
2p , then by Theorem

4.10, we have θ1 ≤ π
2− 1

2p and θ2 ≥ π
2+

1
2p , so ∠h(xi−1)h(xi)h(xi+1) ≥ 1

p .

If π
2 − 3

2p ≤ θ ≤ π
2 , then

π
2 − 5

2p ≤ θ1 ≤ π
2 +

1
p and

π
2 − 1

p ≤ θ1 ≤ π
2 +

5
2p .

Let αi be the component of Ã which is on the same component of

X̃ \ q−1(C2) as xi−1, intersecting with γi, and is the closest such arc
from xi. We also choose α′i by the same way with xi−1 replaced by
xi+1. Let Pi be the hyperbolic plane containing h(γi) and h(αi), and
P ′i be the hyperbolic plane containing h(γi) and h(α′i). Since pants
adjacent to the same singular curve are p-separated, ∠(Pi, P

′
i ) ≥ 2π

p .

Let 	ni and 	n
′
i be the normal vectors of Pi and P

′
i at h(xi) respectively,

then ∠(	ni, 	n
′
i) ≥ 2π

p . Theorem 4.10 implies that, |∠(h(xi−1)h(xi), 	ni)−
π
2 | ≤ 1

p and |∠(h(xi)h(xi+1), 	n
′
i)− π

2 | ≤ 1
p . An elementary computation

implies that

∠h(xi−1)h(xi)h(xi+1) ≥ cos
1

p
sin

2π

p
− 2

p
≥

(
2 cos

1

2
− 1

)2
p
> 0.

The remaining proof is same with the proof of Lemma 3.5. q.e.d.

Remark 4.14. Given the cited theorems, our proof of Theorem 4.4
is very elementary and quite geometric flavor, but a little bit tedious.
It is possible to give alternative proofs by using geometric group theory
or using the method in [Sa].
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[Lü3] W. Lück, Approximating L
2-invariants and homology growth, Geom. Funct.

Anal. 23 (2013), no. 2, 622 - 663, MR 3053758, Zbl 1273.22009.

[LL] J. Lott & W. Lück, L2-topological invariants of 3-manifolds, Invent. Math.
120 (1995), no. 1, 15 - 60, MR 1323981, Zbl 0876.57050.

[LS] W. Lück & T. Schick, L2-torsion of hyperbolic manifolds of finite volume,
Geom. Funct. Anal. 9 (1999), no. 3, 518 - 567, MR 1708444, Zbl 0947.58024.

[McM] C. McMullen, Renormalization and 3-manifolds which fiber over the circle,
Annals of Mathematics Studies, 142. Princeton University Press, Princeton,
NJ, 1996, MR 1401347, Zbl 0860.58002.

[Mo] C. Moore, Exponential decay of correlation coefficients for geodesic flows,
in Group Representations, Ergodic Theory, Operator Algebras, and Math-
ematical Physics (Berkeley, Calif., 1984), 163 - 181 Math. Sci. Res. Inst.
Publ. no. 6, Springer-Verlag, New York, 1987, MR 0880376, Zbl 0625.58023.

[Po] M. Pollicott, Exponential mixing for the geodesic flow on hyperbolic three-

manifolds, J. Statist. Phys. 67 (1992), no. 3-4, 667 - 673, MR 1171148,
Zbl 0892.58060.
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