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A TOPOLOGICAL NECESSARY CONDITION FOR THE

EXISTENCE OF COMPACT CLIFFORD–KLEIN FORMS

Yosuke Morita

Abstract

We provide a necessary condition for the existence of a compact
Clifford–Klein form of a given homogeneous space of reductive
type. The key to the proof is to combine a result of Kobayashi
and Ono with the observation that a fiber bundle with contractible
fiber induces an isomorphism between the cohomology rings of the
total space and the base space. We give some examples: SL(p+
q,R)/SO(p, q)(p, q : odd), for instance—of homogeneous spaces
that do not admit compact Clifford–Klein forms.

1. Introduction

LetG be a Lie group andH its closed subgroup. If a discrete subgroup
Γ ofG acts properly discontinuously and freely onG/H, the double coset
space Γ\G/H becomes a manifold locally modeled on G/H. The space
Γ\G/H is then called a Clifford–Klein form of G/H.
In this paper, we study the following problem.

Problem 1.1 ([8]). When does G/H admit a compact Clifford–Klein
form?

Using the results of [4, 23], A. Borel [3] proved that when G is linear
reductive and H is compact, G/H always admits a compact Clifford–
Klein form. In contrast, if G is a linear reductive Lie group and H
is a non-compact closed reductive subgroup of G, G/H does not nec-
essarily admit a compact Clifford–Klein form. A systematic study of
Problem 1.1 in this case was initiated by Kobayashi [8]. Since then,
various methods derived from diverse fields in mathematics have been
applied to this problem (for instance, [1, 10, 15, 22, 24, 25]). Methods
and results on this topic are surveyed in Kobayashi [12, 14], Kobayashi
and Yoshino [16], Labourie [18] and Constantine [6].

Example 1.2. If (G,H) = (O(p, q + 1), O(p, q)) with q �= 1, a com-
pact Clifford–Klein form of G/H is nothing but a compact complete
pseudo-Riemannian manifold of signature (p, q) with constant negative
sectional curvature. When q = 0 (Riemannian case), G/H admits a
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compact Clifford–Klein form since H is compact. In contrast, when p
and q are odd, G/H does not admit a compact Clifford–Klein form (see
Kulkarni [17] or Kobayashi and Ono [15]). Corollary 1.6(4), below,
combined with Fact 2.3 includes this result as a special case. For more
information on this example, see Kobayashi and Yoshino [16].

Extending the idea of Kobayashi and Ono [15] that H•(Γ\G/H) is
“larger than or equal to” H•(GU/HU ) if Γ\G/H is a compact Clifford–
Klein form, we obtain a topological obstruction for the existence of
compact Clifford–Klein forms:

Theorem 1.3. (see Convention 2.1 for notation and terminology)
Let G/H be a homogeneous space of reductive type, GU/HU the compact
homogeneous space associated to G/H, and KH the maximal compact
subgroup of H. If the homomorphism

π∗ : H•(GU/HU ;C)→ H•(GU/KH ;C)

induced by the projection π : GU/KH → GU/HU is not injective, then
G/H does not admit a compact Clifford–Klein form.

The key to the proof of Theorem 1.3 is to combine the above idea of
Kobayashi and Ono with an elementary fact that the cohomology rings
of two different Clifford–Klein formsH•(Γ\G/H;C) andH•(Γ\G/KH ;C)
are isomorphic to each other (see Proposition 2.5).
As an application of Theorem 1.3, we obtain some examples of sym-

metric spaces G/H that do not admit compact Clifford–Klein forms:

Corollary 1.4. A symmetric space G/H does not admit a compact
Clifford–Klein form if (G,H) is one of the following:

(1) (GL(2n,R), GL(n,C)) (n > 1)
(2) (SL(p + q,R), SO(p, q)) (p, q : odd)
(3) (O(n, n), O(n,C)) (n > 1)
(4) (O(p + r, q + s), O(p, q)×O(r, s)) (p, q : odd, r > 0)

Remark 1.5. We mention some related results that were previously
obtained by using different methods:

• (1) is new to the best of the author’s knowledge.
• Concerning (2), Kobayashi [10] proved that SL(2p,R)/SO(p, p)
(p > 0) does not admit a compact Clifford–Klein form. Benoist
[1] gave an alternative proof of this result, and also proved that
SL(2p + 1,R)/SO(p, p + 1) (p > 0) does not admit a compact
Clifford–Klein form.

• Concerning (3), Kobayashi [10] proved that SO(n, n)/SO(n,C)
(n : even) does not admit a compact Clifford–Klein form. For odd
n, (3) is new to the best of the author’s knowledge.

• Concerning (4), Kobayashi [10] proved thatO(p+r, q+s)/(O(p, q)×
O(r, s)) does not admit a compact Clifford–Klein form unless
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min{p, q, r, s} = 0. We assume s = 0 without loss of gener-
ality. Then, furthermore, O(p + r, q)/(O(p, q) × O(r)) does not
admit a compact Clifford–Klein form if p + r > q (Kobayashi
[10]), (p, q, r) = (2n, 2n + 1, 1) (Benoist [1]), or p, q, r are all odd
(Kobayashi and Ono [15]). On the other hand, it admits a com-
pact Clifford–Klein form if (p, q, r) = (1, 2n, 1), (3, 4n, 1), (7, 8, 1),
(1, 4, 3), (1, 4, 2) (Kulkarni [17], Kobayashi [10, 12]).

We can also apply our method to non-symmetric homogeneous spaces.
For instance:

Corollary 1.6. A homogeneous space G/H does not admit a compact
Clifford–Klein form if (G,H) is one of the following:

(1) (SL(n1 + · · ·+ nk,R), SL(n1,R)× · · · × SL(nk,R)) (n1, n2 > 2)
(2) (SL(n1 + · · ·+ nk,C), SL(n1,C)× · · · × SL(nk,C)) (n1, n2 > 1)
(3) (SL(n1 + · · ·+ nk,H), SL(n1,H)× · · · × SL(nk,H)) (n1, n2 > 1)
(4) (O(p1+ · · ·+ pk, q1+ · · ·+ pk), O(p1, q1)× · · · ×O(pk, qk)) (p1, q1 :

odd, p2 > 0)

Remark 1.7. Corollary 1.4(4) is a special case of Corollary 1.6(4).

Remark 1.8. • The existence problem of compact Clifford–Klein
forms of SL(n,F)/SL(m,F) (n > m, F = R,C,H) has been
attracted considerable attention. The first result was obtained
in [9] in the setting n = 3,m = 2,F = C. Some further re-
sults are in [1, 12, 19, 20, 24, 25]. For example, expanding
the method of [25, 19], Labourie and Zimmer [20] proved that
SL(n,R)/SL(m,R) does not admit a compact Clifford–Klein form
if n − m > 2. Unfortunately, Theorem 1.3 gives no information
about this case.

• Benoist [1] proved that SL(p+q,R)/(SL(p,R)×SL(q,R)) (p, q >
0) does not admit a compact Clifford–Klein form if pq is even.

• By applying the method of [10], Kobayashi [12] gave many re-
sults that are similar to Corollary 1.6. See [12, Example 4.13.5,
Example 4.13.6, Example 4.13.7].

Remark 1.9. We can also prove that O(n1+ · · ·+nk,C)/(O(n1,C)×
· · · × O(nk,C)) (n1, n2 > 1 or n1 : even, n2 = 1) and Sp(n1 + · · · +
nk,C)/(Sp(n1,C)× · · · ×Sp(nk,C)) (n1, n2 > 0) do not admit compact
Clifford–Klein forms. However, these examples are not new. We can
apply the method of [10] to these cases.

Kobayashi and Ono have already deduced a necessary condition for
the existence of Clifford–Klein forms ([15, Corollary 5]). Later, Kobayashi
gave a generalization of this result ([8, Proposition 4.10]). These meth-
ods hilighted the Euler class of tangent bundle. A feature of Theo-
rem 1.3 is that it includes information not only on the Euler class of
tangent bundles but also on other cohomology classes; to obtain the
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above examples, we use characteristic classes that are different from the
Euler class of tangent bundles. We give a proof of [8, Proposition 4.10]
in the spirit of [15] by using Theorem 1.3 (see Corollary 6.1).

Acknowledgments. The author expresses his sincere gratitude to Pro-
fessor Toshiyuki Kobayashi for his advice and encouragement. This
work was supported by the Program for Leading Graduate Schools,
MEXT, Japan.

2. Preliminaries and proof of Theorem 1.3

We work in the following setting unless otherwise specified:

Convention 2.1. G is a linear reductive Lie group and H is a closed
connected subgroup of G that is reductive in G. Without loss of gen-
erality, we shall realize G and its subgroup H as closed subgroups of
GL(N,R) that are stable under transposition. GC and HC are con-
nected Lie subgroups of GL(N,C) with Lie algebras gC = g ⊗ C and
hC = h ⊗ C, respectively. We assume that GC and HC are closed in
GL(n,C). Put GU = GC ∩ U(N) and HU = HC ∩ U(N). They are
compact connected real forms of GC and HC, respectively. Finally, put
KG = G ∩ O(N) and KH = H ∩ O(N). They are maximal compact
subgroups of G and H, respectively.

Remark 2.2. (1) Since we assumed that H is connected, KH is also
connected by the Cartan decomposition, and hence a closed subgroup
of HU .
(2) The assumption that H is connected is not a serious restriction

by the following result, which is essentially proved in Kobayashi [8]:

Fact 2.3. Let G be a linear Lie group and H a closed subgroup of G.
Suppose H has finitely many connected components. We denote by Ho

the identity component of H. Then, G/H admits a compact Clifford–
Klein form if and only if G/Ho admits a compact Clifford–Klein form.

We prepare some results on the topology of Clifford–Klein forms to
prove Theorem 1.3. First, we observe the following:

Lemma 2.4. Let G1 be a Lie group, G2 a closed subgroup of G1, G3

a closed subgroup of G2, and Γ a discrete subgroup of G1.

(1) If Γ acts properly discontinuously on G1/G2, it also acts properly
discontinuously on G1/G3.

(2) If Γ acts freely on G1/G2, it also acts freely on G1/G3.
(3) If the assumptions of (1) and (2) are satisfied, the projection π :

Γ\G1/G3 → Γ\G1/G2 becomes a fiber bundle with typical fiber
G2/G3.

Proof. (1) This is a special case of [11, Lemma 1.3 (1)].
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(2) Γ acts freely on G1/G2 if and only if x(Γ− {1})x
−1 ∩G2 = ∅ for

any x ∈ G1. Thus, the statement follows.
(3) This follows immediately from (1) and (2). q.e.d.

Suppose Γ\G/H is a Clifford–Klein form of G/H. Then it follows
from Lemma 2.4(1)–(2) that Γ\G/KH is also a Clifford–Klein form.
We do not assume that Γ\G/H is compact until the compactness is
needed.

Proposition 2.5. The projection π : Γ\G/KH → Γ\G/H induces
an isomorphism

π∗ : H•(Γ\G/H;C)
∼
→ H•(Γ\G/KH ;C).

Proof. By Lemma 2.4(3) and the Cartan decomposition, the projec-
tion π : Γ\G/KH → Γ\G/H is a fiber bundle with contractible typical
fiber H/KH . Thus, the statement is an immediate consequence of the
Leray–Serre spectral sequence. q.e.d.

Next, let us recall a homomorphism η constructed in Kobayashi and
Ono [15]. The space Ap(G/H)G of G-invariant p-forms on G/H is
canonically isomorphic to (Λp(g/h)∗)H = (Λp(g/h)∗)h (H is connected).
Likewise, Ap(GU/HU )

GU is canonically isomorphic to (Λp(gU/hU )
∗)hU .

The natural isomorphism

(Λp(gU/hU )
∗)hU ⊗ C � (Λp(gC/hC)

∗)hC � (Λp(g/h)∗)h ⊗ C

induces

η : Ap(GU/HU )
GU ⊗ C

∼
→ Ap(G/H)G ⊗C ↪→ Ap(Γ\G/H) ⊗ C.

Taking cohomology, we obtain

η : Hp(GU/HU ;C)→ Hp(Γ\G/H;C).

Fact 2.6. (see [15, Proposition 3.9]) If Γ\G/H is compact, η is in-
jective.

Now we shall prove Theorem 1.3.

Proof of Theorem 1.3. η : H•(GU/KH ;C) → H•(Γ\G/KH ;C) can be
defined in the same way as above. By definition, the diagram

H•(GU/HU ;C)
η

��

π∗

��

H•(Γ\G/H;C)

π∗

��

H•(GU/KH ;C)
η

�� H•(Γ\G/KH ;C)

is commutative. By Proposition 2.5, π∗ on the right-hand side is iso-
morphic. If Γ\G/H is compact, then η on the above is injective by
Fact 2.6 and, therefore, π∗ on the left-hand side has to be injective.
This completes the proof. q.e.d.
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3. The Chern–Weil homomorphism and non-injectivity

To apply Theorem 1.3, we have to find examples of G/H such that
π∗ : H•(GU/HU ;C)→ H•(GU/KH ;C) is not injective. In this section,
we give a sufficient condition for non-injectivity, which is easy to verify
in typical cases.

π : GU → GU/HU is a principal HU -bundle. Thus, the Chern–Weil
characteristic homomorphism

w : (Sp(hU )
∗)HU → H2p(GU/HU ;R) ⊂ H2p(GU/HU ;C)

is defined. It is straightforward to see that the diagram

(S(hU )
∗)HU

w
��

rest
��

H•(GU/HU ;C)

π∗

��

(S(kh)
∗)KH

w
�� H•(GU/KH ;C)

is commutative. Here, rest : (S(hU )
∗)HU → (S(kh)

∗)KH is the restriction
map.

Fact 3.1. (see [5, §10])

ker
(
w : (S(hU )

∗)HU → H•(GU/HU ;C)
)

is equal to the ideal JGU/HU
generated by

∞⊕
p=1

im
(
rest : (Sp(gU )

∗)GU → (Sp(hU )
∗)HU

)
.

Proposition 3.2. Assume that

ker
(
rest : (S(hU )

∗)HU → (S(kh)
∗)KH

)
�⊂ JGU/HU

,

where JGU/HU
is as in Fact 3.1. Then the homomorphism π∗ : H•(GU/HU ;C)→

H•(GU/KH ;C) induced by the projection π : GU/KH → GU/HU is not
injective, and hence G/H does not admit a compact Clifford–Klein form.

Proof. By Fact 3.1, we can pick P ∈ (S(hU )
∗)HU such that w(P ) �= 0

and P |kh = 0. Then w(P ) ∈ H(GU/HU ;C) is a non-zero element of a
kernel of π∗ : H(GU/HU ;C)→ H(GU/KH ;C). q.e.d.

By Chevalley’s restriction theorem, we can rewrite Proposition 3.2 in
terms of Cartan subalgebras and Weyl groups as follows.

Convention 3.3. We take maximal tori TGU
of GU , THU

of HU , TKG

of KG and TKH
of KH such that TGU

⊃ THU
⊃ TKH

and TKG
⊃ TKH

.
Their Lie algebras and their Weyl groups are denoted by tgU , thU , tkg ,
tkh , WGU

, WHU
, WKG

, and WKH
, respectively.
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Let us denote by IGU/HU
an ideal of (S(thU )

∗)WhU generated by

∞⊕
p=1

im
(
rest : (Sp(tgU )

∗)WGU → (Sp(thU )
∗)WHU

)
.

In other words, IGU/HU
is the ideal of (S(thU )

∗)WHU corresponding to

JGU/HU
under the isomorphism (S(thU )

∗)WHU � (S(hU )
∗)HU .

Corollary 3.4. Assume that

ker
(
rest : (S(thU )

∗)WHU → (S(tkh)
∗)WKH

)
�⊂ IGU/HU

.

Then G/H does not admit a compact Clifford–Klein form.

4. Reduction to maximal tori

In the statement of Theorem 1.3, one can replace KH by TKH
:

Corollary 4.1. If the homomorphism

π∗ : H•(GU/HU ;C)→ H•(GU/TKH
;C)

induced by the projection π : GU/TKH
→ GU/HU is not injective, is not

injective, then G/H does not admit a compact Clifford–Klein form.

In order to prove Corollary 4.1, we use the following fact:

Fact 4.2. (see [21, Théorème 2.2], [7, Theorem 6.8.3]) Let K be a
connected compact Lie group, T a maximal torus of K, and W its Weyl
group. If M is a manifold on which K acts freely, the homomorphism

π∗ : H•(M/K;C)→ H•(M/T ;C)

induced by the projection π : M/T →M/K is injective and its image is
H•(M/T ;C)W .

Proof of Corollary 4.1. Putting M = GU and K = KH in Fact 4.2, we
obtain that

π∗ : H•(GU/KH ;C)→ H•(GU/TKH
;C)

is injective. Thus, π∗ : H•(GU/HU ;C) → H•(GU/KH ;C) is injective
if and only if π∗ : H•(GU/HU ;C)→ H•(GU/TKH

;C) is injective. Now
the statement follows from Theorem 1.3. q.e.d.

5. Examples

In this section, we prove Corollary 1.4 and Corollary 1.6.

Proof of Corollary 1.4. (1) It is enough to confirm that the assumption
of Proposition 3.2 is satisfied when GU = U(2n), HU = U(n) × U(n)
and

KH =

{(
A 0
0 Ā

)
: A ∈ U(n)

}
.
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Recall that (S(u(n))∗)U(n) is the polynomial algebra generated by {c1, . . . , cn},
where ci ∈ (S

i(u(n))∗)U(n) refers the elementary symmetric polynomial
of U(n) of degree i. Geometrically, ci corresponds to the ith Chern
class of U(n). Now, (S(gU )

∗)GU , (S(hU )
∗)HU and (S(kh)

∗)KH are the
polynomial algebras generated by {c1, . . . , c2n}, {c1 ⊗ 1, . . . , cn ⊗ 1, 1 ⊗
c1, . . . , 1 ⊗ cn} and {c1, . . . , cn}, respectively. The restriction maps are
given by

rest : (S(gU )
∗)GU → (S(hU )

∗)HU , ci �→ ci ⊗ 1 + ci−1⊗ c1 + · · ·+1⊗ ci

and

rest : (S(hU )
∗)HU → (S(kh)

∗)KH , ci ⊗ 1 �→ ci, 1⊗ ci �→ (−1)ici.

Therefore,

c2 ⊗ 1− 1⊗ c2 ∈ ker
(
rest : (S(hU )

∗)HU → (S(kh)
∗)KH

)
.

On the other hand,

c2 ⊗ 1− 1⊗ c2 /∈ JGU/HU
,

namely, c2 ⊗ 1 − 1 ⊗ c2 is not contained in the ideal of (S(hU )
∗)HU

generated by the restrictions of the positive-degree parts of the elements
of (S(gU )

∗)GU . Thus, the assumption of Proposition 3.2 is satisfied.
(2) We first remark that we may replace SO(p, q) with its identity

component SOo(p, q) by Fact 2.3. Thus, it suffices to confirm that
the assumption of Proposition 3.2 is satisfied when GU = SU(p + q),

HU = SO(p+q) andKH = SO(p)×SO(q). Recall that (S(so(n))∗)SO(n)

is the polynomial algebra generated by {p1, . . . , pn−1

2

} when n is odd,

and by {p1, . . . , pn−2

2

, e} when n is even (note that pn
2
= e2). Here

pi ∈ (S
2i(so(n))∗)SO(n) corresponds to the ith Pontrjagin class and e ∈

(S
n
2 (so(n))∗)SO(n) corresponds to the Euler class. Since p+ q is even,

(S(hU )
∗)HU = (S(so(p+ q))∗)SO(p+q)

is freely generated by {p1, . . . , p p+q−2

2

, e}. Now, since p and q are odd,

e ∈ ker
(
rest : (S(hU )

∗)HU → (S(kh)
∗)KH

)
,

namely, the restriction of the Euler class e to so(p) ⊕ so(q) is equal
to zero. On the other hand, since the restrictions of the elements
of (S(gU )

∗)GU are written as polynomials of Pontrjagin classes, e /∈
JGU/HU

.
(3)–(4) The proofs are analogous to (1) and (2); we consider p1⊗ 1−

1⊗ p1 and e⊗ 1, respectively. q.e.d.

Next, we shall prove Corollary 1.6. We use the following general
results.
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Proposition 5.1. (1) Let G̃ be a linear reductive Lie group, G a

closed subgroup of G̃, and H a closed connected subgroup of G. As-

sume that G is reductive in G̃, and H is reductive in G. If (G,H)
satisfies the assumption of Proposition 3.2 (or, equivalently, Corol-

lary 3.4), so does (G̃,H).
(2) Let G be a linear reductive Lie group. Let H,H ′ be two closed con-

nected subgroups of G such that H ∩ H ′ = {1} and H ′ ⊂ Z(H).
Assume that H × H ′ is reductive in G. If (G,H) satisfies the as-
sumption of Proposition 3.2, so does (G,H ×H ′).

Proof. (1) Without loss of generality, we may assume that G̃, G, and

H are stable under transposition. Thus, we can define G̃U and g̃U as in

Convention 2.1. Since the restriction map (S(g̃U )
∗)G̃U → (S(hU )

∗)HU

factors (S(gU )
∗)GU , the image of

rest : (Sp(g̃U )
∗)G̃U → (Sp(hU )

∗)HU

is contained in the image of

rest : (Sp(gU )
∗)GU → (Sp(hU )

∗)HU

for each p. Hence JG̃U/HU
⊂ JGU/HU

and the statement follows.

(2) Without loss of generality, we may assume that G, H, and H ′ are
stable under transposition. Thus we can define H ′

U , h
′
U , KH′ , and kh′ as

in Convention 2.1. We remark that

(S(hU ⊕ h′U )
∗)HU×H

′

U � (S(hU )
∗)HU ⊗ (S(h′U )

∗)H
′

U .

By the assumption of Proposition 3.2 for (G,H), there exists P ∈
(S(hU )

∗)HU such that P /∈ JGU/HU
and P |kh = 0. Then P ⊗ 1 ∈

(S(hU )
∗)HU ⊗ (S(h′U )

∗)H
′

U satisfies P |kh⊕kh′ = 0. Furthermore, P ⊗

1 /∈ JGU/(HU×H
′

U
); it is a straightforward consequence of the fact that

the restriction map (S(gU )
∗)GU → (S(hU )

∗)HU factors (S(hU )
∗)HU ⊗

(S(h′U )
∗)H

′

U . Thus (G,H ×H ′) also satisfies the assumption of Propo-
sition 3.2. q.e.d.

Proof of Corollary 1.6. (1) Suppose n1, n2 > 2.

(SL(n1 + n2,R), SL(n1,R)× SL(n2,R))

satisfies the assumption of Proposition 3.2. Indeed,

c3 ⊗ 1 ∈ ker
(
rest : (S(hU )

∗)HU → (S(kh)
∗)KH

)
,

while c3 ⊗ 1 /∈ JGU/HU
. Here, ci ∈ (Si(su(p))∗)SU(p) refers to the ith

Chern class of SU(p). Then

(SL(n1 + · · · + nk,R), SL(n1,R)× SL(n2,R))

also satisfies the assumption by Proposition 5.1(1) and thus so does

(SL(n1 + · · ·+ nk,R), SL(n1,R)× · · · × SL(nk,R))
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by Proposition 5.1(2). In particular, SL(n1+ · · ·+nk,R)/(SL(n1,R)×
· · · × SL(nk,R)) does not admit a Clifford–Klein form.
The proofs of (2)–(4) are parallel to that of (1). q.e.d.

Remark 5.2. More generally, if n1, n2 > 2, then

• SL(n1 + n2 + n3,R)/(SL(n1,R)× SL(n2,R)×H ′) and
• SL(n1 + n2 + n3,R)/(S(GL(n1,R)×GL(n2,R))×H ′)

do not admit compact Clifford–Klein forms for any closed subgroup H ′

of SL(n3,R) such that H
′ is reductive in SL(n3,R) and the complexi-

fication of H ′ is closed in SL(n3,C). The proof is the same as that of
Corollary 1.6(1). Similar results also hold for (2)–(4).

6. Some remarks

We give a proof of [8, Proposition 4.10] in the spirit of [15] rather
than [8] that uses an argument of spectral sequence:

Corollary 6.1. If rankG = rankH and rankKG > rankKH , G/H
does not admit a compact Clifford–Klein form.

Proof. It is well known that the Euler characteristic χ(GU/HU ) of
GU/HU is non-zero if and only if rankGU = rankHU , which is equiva-
lent to rankG = rankH. By the Gauss–Bonnet–Chern theorem,

χ(GU/HU ) =

∫
GU/HU

e(T (GU/HU )),

where T (GU/HU ) denotes the tangent bundle of GU/HU . Hence the
Euler class e(T (GU/HU )) ∈ Hn(GU/HU ;C) (n = dimG − dimH) is
non-zero when rankG = rankH. Thus, by Corollary 4.1, it suffices to
show that π∗ : H•(GU/HU ;C)→ H•(GU/TKH

;C) sends e(T (GU/HU ))
to zero if rankKG > rankKH .
First, we note that

T (GU/HU ) = GU ×
HU

(gU/hU )

and hence

π∗T (GU/HU ) = GU ×
TKH

(gU/hU ).

Now, gU/hU = (tkg/tkh) ⊕ (tkg/tkh)
⊥ as a real unitary representation of

TKH
(an inner product on gU/hU is defined by the Killing form of gU).

Therefore,

π∗T (GU/HU ) =

(
GU ×

TKH

(tkg/tkh)

)
⊕

(
GU ×

TKH

(tkg/tkh)
⊥

)
.

GU ×TKH
(tkg/tkh) is a trivial bundle because TKH

acts trivially on tkg/tkh .

Its typical fiber tkg/tkh has non-zero dimension since rankKG > rankKH .
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As a consequence, e
(
GU ×TKH

(tkg/tkh)
)
= 0 and

π∗e(T (GU/HU )) = e(π∗T (GU/HU ))

= e

(
GU ×

TKH

(tkg/tkh)

)
e

(
GU ×

TKH

(tkg/tkh)
⊥

)
= 0.

q.e.d.

The following results exhibit limitations of our method:

Proposition 6.2. H•(GU/HU ;C) → H•(GU/KH ;C) is injective if
either (1) or (2) is satisfied:

(1) rankH = rankKH .
(2) G is a complexification of H.

Proof. (1) By the proof of Corollary 4.1, it suffices to show that π∗ :
H•(GU/HU ;C) → H•(GU/TKH

;C) is injective. By assumption, TKH

coincides with THU
. Hence the injectivity follows from Fact 4.2 by

putting M = GU and K = HU .
(2) If G = HC, the projection π : GU/KH → GU/HU is rewritten as

π : (HU ×HU )/ΔKH → (HU ×HU )/ΔHU .

π∗ : H•((HU ×HU )/ΔHU ;C) → H•((HU ×HU )/ΔKH ;C) is injective
because a group manifold (H×H)/ΔH admits a compact Clifford–Klein
form (see Kobayashi [8, Example 4.8]). q.e.d.

Example 6.3. (1) Suppose (G,H) = (U(p + r, q), U(p, q) × U(r))
with p � q and p, q, r > 0. Then rankH = rankKH , but only finite
subgroups of G act properly discontinuously on G/H (in particular,
G/H does not admit a compact Clifford–Klein form) by the Calabi–
Markus phenomenon. See Kobayashi [8].

(2) Suppose (G,H) = (SL(n,C), SL(n,R)) with n > 1. Then G is a
complexification of H, but only finite subgroups of G act properly
discontinuously on G/H by the Calabi–Markus phenomenon.
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