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THIN INSTANTONS IN G2-MANIFOLDS
AND SEIBERG-WITTEN INVARIANTS

NAICHUNG CONAN LEUNG, X1IAOWEI WANG & KE ZHU

Abstract

For two nearby disjoint coassociative submanifolds C' and C” in
a G2-manifold, we construct thin instantons with boundaries lying
on C and C’ from regular J-holomorphic curves in C'. We explain
their relationship with the Seiberg-Witten invariants for C.

1. Introduction

Intersection theory of Lagrangian submanifolds is an essential part
of symplectic geometry. By counting the number of holomorphic disks
bounding intersecting Lagrangian submanifolds, Floer and others de-
fined the celebrated Floer homology theory. It plays an important role in
mirror symmetry for Calabi-Yau manifolds and string theory in physics.
In M-theory, Calabi-Yau threefolds are replaced by seven dimensional
Go-manifolds M (i.e. oriented Octonion manifolds [26]). The analogs
of holomorphic disks (resp. Lagrangian submanifolds) are instantons or
associative submanifolds (resp. coassociative submanifolds or branes) in
M [25]. In [17], the Fredholm theory for instantons with coassociative
boundary conditions has been set up. However, existence of instantons
is still a difficult problem. As a first step, we want to give a construction
modeled on the work of Fukaya and Oh [10] in symplectic geometry. As
it was shown in [10], if we choose two nearby Lagrangian submanifolds
in such a way that one is the graph of a closed one form on the other,
then the holomorphic disks bounding two are closely related to gradient
flow lines of the one form. Searching for the analog in Go-geometry leads
us to study the following problem.

Problem: Given two nearby coassociative submanifolds C' and C’
in a (almost) Ga-manifold M, relate the number of instantons in M
bounding C' U C’ to the Seiberg-Witten invariants of C.

The basic idea is as follows: When the coassociative submanifold C” is
sufficiently close to C, then it is the graph of a self-dual two form on C.
This two form is essentially a symplectic form on C' away from the inter-
section C'N C". Instantons bounding C' U C’ would become holomorphic
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curves on C when C” collapses onto C modulo the possible bubblings. By
the seminal work of Taubes [36] on the equivalence of Gromov-Witten
and Seiberg-Witten invariants, we expect that the number counted with
algebraic weights of such instantons is given by the Seiberg-Witten in-
variants of C.

Settling the above problem completely is very difficult at the current
stage. We treat the special case when C' and C' are disjoint, i.e. C is
a symplectic four manifold in this paper. The basic tool is the gluing
technique. But even in this simpler case, the set up is quite different
from the Lagrangian Floer theory (cf. Fukaya and Oh [10]). Our do-
mains are three dimensional instead of two dimensional, and we have to
deform the submanifolds rather than deforming the maps as was done
in Floer theory. This is because we do not have the luxury of applying
the conformal geometry in dimension two to transform the problem of
finding holomorphic curves into the one of finding holomorphic maps.
Furthermore, the linear theory is more difficult in this case since we
have to deal with a problem that lacks uniform ellipticity, as we will
explain in Section 3.3. Since the G5 form is cubic, the needed quadratic
estimate of the 3-dimensional instanton equation appears unavailable in
the LP setting (see end of Section 4.3). So we set up the problem in the
Schauder setting, and in linear theory we need to go further from LP
estimates to Schauder estimates. This is different from [10].

As O’ should be sufficiently close to C, we assume that they arise in
a one-parameter smooth family of coassociative submanifolds C; with
small ¢. Contracting with the normal vector field n := dC;/dt|;—o for
the infinitesimal deformation with the Ga-form €2, we obtain a closed
self-dual two form ¢, € Q% (Cj). Using the induced metric, from n one
can define an almost complex structure J = J, on Cy away from the
zero set of 1,9 (see (2) for details).

Theorem 1. Suppose that (M,) is a Go-manifold and {C;} is a
one-parameter smooth family of coassociative submanifolds in M. When
w2 € Q2 (Co) is nonvanishing, then:

1) (Proposition 6) If { A} is any one-parameter family of associative

submanifolds (i.e. instantons) in M satisfying

0A; C Cy U Cy, }in% A, N Cy =Xy in the Ct-topology,
%

then g is a J,-holomorphic curve in Cy.

2) (Theorem 27) Conversely, every reqular Jy,-holomorphic curve ¥
(namely those for which the linearization of 5, on X is surjec-
tive) in Cy is the limit of a family of associative submanifolds Ay
as described above.

Notice that in the product situation, where
(M, Q) := (X x S", ReQx + wx A db)
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(cf. Section 2.2) with (X,{x) being a Calabi-Yau threefold, then our
theorem would follow from the work of [10].

The paper is organized as follows: In Section 2, we first recall some
basics of Floer theory; next we describe their Ga-counterparts; then we
explain the connection between instantons and Seiberg-Witten invari-
ants; and last we study the deformation of instantons with the aim to
generalize to almost instantons. In Section 3, we first study the linear
differential operator D (defined in (19)) on a type of thin 3-manifold,
which is a linear approximation of the instanton equation; then we give
the L? and Schauder estimates of its inverse D~!. In Section 4, we first
compare the linearized instanton equation on almost instantons with the
operator D on linear models, then we use the implicit function theorem
to perturb almost instantons to true instantons, thus proving our main
theorem.
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2. Instantons of dimension 2 and 3

2.1. Review of symplectic geometry. Given any symplectic mani-
fold (X,w) of dimension 2n, there exists a compatible metric g so that
the equation

w (u7 U) =g (J’LL, U)
defines a Hermitian almost complex structure
J: Tx — Tx,

that is, J? = —id and g (Ju, Jv) = g (u,v).
A holomorphic curve, or instanton of dimension 2, is a two di-
mensional submanifold ¥ in X whose tangent bundle is preserved by J.
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Equivalently, ¥ is calibrated by w, i.e. w|s; = voly. By algebraic count-
ing of the number of instantons in X, one can define a highly nontrivial
invariant for the symplectic structure on X, called the Gromov-Witten
invariant.

When the instanton ¥ has nontrivial boundary, then the correspond-
ing boundary value problem would require 9% to lie on a Lagrangian
submanifold L in X, i.e. dim L = n and w|;, = 0. Floer studied the
intersection theory of Lagrangian submanifolds and defined the Floer
homology group HF (L, L') under certain assumptions.

Suppose that X is a compact Calabi-Yau manifold, i.e. the holonomy
group of the Levi-Civita connection is inside SU (n); equivalently, J is
an integrable complex structure on X and there exists a holomorphic
volume form Qy € O™ (X) on X satisfying

n(n—1)

(1) 2 (i/2)"Qx A Qx = w"/nl.

Under the mirror symmetry transformation, HF (L, L") is expected to
correspond to the Dolbeault cohomology group of coherent sheaves in
the mirror Calabi-Yau manifold.

A Lagrangian submanifold L in X is called a special Lagrangian
submanifold with phase zero (resp. 7/2) if Im Q x|z, = 0 (resp. Re Qx|
= 0). With suitable choice of orientation of L, L is calibrated by Re Qx|
(resp. Im Qx|), that is, Re Qx| is the volume form of L. They play
important roles in the Strominger-Yau-Zaslow mirror conjecture for
Calabi-Yau manifolds [35].

When X is a Calabi-Yau threefold, there are conjectures of Vafa and
others (e.g. [3][14]) that relate the (partially defined) open Gromov-
Witten invariant of the number of instantons with Lagrangian bound-
ary condition to the large N Chern-Simons invariants of knots in three
manifolds.

2.2. Counting instantons in (almost) G>-manifolds. Notice that
a real linear homomorphism J : R™ — R™ being a Hermitian complex
structure on R™ is equivalent to the following conditions: for any vector
v € R™, we have:

1) Jv is perpendicular to v.

2) |Jv| = |v].

We can generalize J to the case involving more than one vector. We
call a skew symmetric bilinear map

x:R"@R™ — R™
a (2-fold) vector cross product if it satisfies:

(i)  (u xwv) is perpendicular to both v and v.
(ii)  |u x v| = Area of parallelogram spanned by u and v = |u A v|.
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The obvious example of this is the standard vector product on R3. By
identifying R? with Im H, the imaginary part of the quaternion numbers,
we have

u X v = Imou.

The same formula defines a vector cross product on R? = ImQ, the
imaginary part of the octonion numbers. Brown and Gray [15] showed
that these two are the only possible vector cross product structures on
R™ up to the automorphism of R™.

Suppose that M is a seven dimensional Riemannian manifold with a
vector cross product x on each of its tangent spaces. The analog of the
symplectic form is a degree three differential form Q on M defined as
follows:

Q (u,v,w) = g(u X v,w).

Definition 2. Suppose that (M, g) is a Riemannian manifold of di-
mension seven with a vector cross product x on its tangent bundle.
Then

1) M is called an almost Gy-manifold if df2 = 0.
2) M is called a Go-manifold if V2 = 0 with V being the Levi-
Civita connection.

Remark 3. M is a Go-manifold if and only if its holonomy group
is inside the exceptional Lie group Go = Aut (Q). The geometry of G-
manifolds can be interpreted as the symplectic geometry on its knot
space (see e.g. [25], [29]).

A typical family of examples of Go-manifolds can be obtained via
the product manifold M := X x S' with (X,wy) being a Calabi-Yau
threefold with a holomorphic volume form 2 x, and the Go-form is given
by

Q=ReQx +wx Adf.

Next we define the analogs of holomorphic curves and Lagrangian
submanifolds in the Gy setting.

Definition 4. Suppose that A is a three dimensional submanifold
of an almost Gy-manifold M. We call A an instanton or associative
submanifold if T'A is preserved by the vector cross product x.

Harvey and Lawson [18] showed that A C M is an instanton if and
only if A is calibrated by €2, i.e. Q|4 = vol4. This is in turn equivalent
to 7|74 = 0 in our Lemma 7 for 7 defined in (3) (i.e. Corollary 1.7 in
Section IV.1.A. of [18] and Corollary 14 in [25]).

In M-theory, associative submanifolds are also called M2-branes. In
the case when M = X x S' with X a Calabi-Yau threefold, ¥ x S' (resp.
L x{p}) is an instanton in M if and only if ¥ (resp. L) is a holomorphic
curve (resp. special Lagrangian submanifold with zero phase) in X.
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A natural interesting question is to count the number of instantons
in M. In the special case of M = X x S!, these numbers are related to
the conjectural invariants proposed by Joyce [22] by counting special
Lagrangian submanifolds in Calabi-Yau threefolds, and the product of
holomorphic curves with S'. This problem has been discussed by many
physicists. For example, Harvey and Moore discussed in [19] the mirror
symmetry aspects of these invariants; Aganagic and Vafa in [3] related
these invariants to the open Gromov-Witten invariants for local Calabi-
Yau threefolds; Beasley and Witten argued in [4] that when there is a
moduli of instantons, then one should count them using the Euler char-
acteristic of the moduli space. The compactness issues of the moduli of
instantons are a very challenging problem because the bubbling-off phe-
nomena of (3-dimensional) instantons have not been well understood.
This makes it very difficult to define an honest invariant by counting
instantons.

Analogous to the Floer homology for Lagrangian intersections, when
an instanton A has a nontrivial boundary, A # ¢, one should require
it to lie inside a brane or a coassociative submanifold to make it a
well-posed elliptic problem (see [17] for Fredholmness and index com-
putation), i.e. submanifolds of maximal dimension in M where the re-
striction of ) is zero. Branes are the analog of Lagrangian submanifolds
in symplectic geometry.

Definition 5. Suppose that C' is a submanifold of an almost Gs-
manifold M. We call C a coassociative submanifold if

Qe =0and dimC = 4.

For example, when M = X x S' with X a Calabi-Yau threefold,
H x S* (resp. C' x {p}) is a coassociative submanifold in M if and only if
H (resp. C) is a special Lagrangian submanifold with phase 7/2 (resp.
complex surface) in X. In [25], J.H. Lee and the first author showed
that the isotropic knot space K S1X of X admits a natural holomorphic
symplectic structure. Moreover, ICS1H (resp. ICS1C') is a complex La-
grangian submanifold in K 51X with respect to the complex structure J
(resp. K).

Constructing special Lagrangian submanifolds with zero phase in X
with boundaries lying on H (resp. C') corresponds to the Dirichlet (resp.
Neumann) boundary value problem for minimizing volume among La-
grangian submanifolds as studied by Schoen, Wolfson ([33], [34]), and
Butcher [5]. For a general Ga-manifold M, the natural boundary value
for an instanton is a coassociative submanifold. Similar to the inter-
section theory of Lagrangian submanifolds in symplectic manifolds, we
propose to study the following problem: Count the number of instantons
in Gy-manifolds bounding two coassociative submanifolds.
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The product of a coassociative submanifold with a two dimensional
plane inside the eleven dimension spacetime M x R*! is called a D5-
brane in M-theory. Counting the number of M2-branes between two
D5-branes has also been studied in the physics literature.

In general, this is a very difficult problem. For instance, counting
Sl-invariant instantons in M = X x S' is the open Gromov-Witten
invariant. However, when the two coassociative submanifolds C' and C’
are close to each other, we can relate the number of thin instantons
between them to the number of J-holomorphic curves in C' (Theorem
1), and hence, by Taubes’ work, to the Seiberg-Witten invariant of C'.

2.3. Relationships to Seiberg-Witten invariants. To determine
the number of instantons between nearby coassociative submanifolds,
we first recall the deformation theory of compact coassociative subman-
ifolds C inside any Gy-manifold M, as developed by McLean [28]. Given
any normal vector field n € T’ (NC /M), the interior product ¢, {2 is natu-
rally a self-dual two form on C' because of Q| = 0. This gives a natural
identification,

I' (Nej) = A% (O)
(1) n—ny = S
Furthermore, infinitesimal deformations of coassociative submanifolds
are parameterized by self-dual harmonic two forms ng € H_% (C), and
they are always unobstructed, i.e. any such forms with sufficiently small
norm give actual deformations to nearby coassociative submanifolds (see

section 4 of [28]). Notice that the zero set of 7 is the intersection of C
with a infinitesimally nearby coassociative submanifold C;, that is,

{no=0}=lim(CNC),
t—0
where C'= Cy and ng = dCy/dt|i—o.
Since
o Ao =10 Ao = |nol” * 1,

no defines a natural symplectic structure on C"%9 := C\ {ny = 0}. If we
normalize 19 to 7,

n=mno/Inol,
then the equation
1 (u,v) =g (Ju,v)

defines a Hermitian almost complex structure J on C"¢. The J is de-
termined by 7, which in turn is determined by n, so we denote it by J,.
More explicitly, for v € TC"™9,

(2) Jn (u) = |n| " n x .
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The next proposition says that when two coassociative submanifolds
C and C’ come together, not necessarily disjoint, then the limit of in-
stantons bounding them will be a J,-holomorphic curve ¥ in C™® with
boundary C N C".

Proposition 6. Let M be a Gyo-manifold. Suppose that for some
go > 0, there is a smooth map

b Cx[0,e0) — M

such that for each t € [0,e0], ¢ (+) := ¢ (-, t) is a smooth immersion
of C into M as a coassociative submanifold Cy := 1) (C' x {t}). Suppose
that n = dCy/dt|y—g € T (NC/M) is nowhere vanishing, and

¢tIEX[0,t]—>M

is a smooth family of instantons in M such that for each t € (0,e0], ¢
18 an associative immersion with boundary condition

& (Ex{0}) CCo:=9(C x{0}), ¢ (X x{t}) CCy = (C x{t}).

Suppose that the C'-limit of ¢ (X x {0}) ewists as t — 0. Then Xg :=
limy_,0 ¢ (X x {0}) is a Jy-holomorphic curve in Cy.

Proof. Let us denote the boundary component of A; =Image(¢;) in
Co by X4, i.e. Xy := ¢ (X x {0}). Let wy be a unit normal vector field
for ¥ in A;. We claim that w; is perpendicular to Cy. To see this, note
that T'A; being preserved by the vector cross product implies that

Wy =U XV

for some tangent vectors u and v in ;. In fact, for any unit vector
u € TYy, v:=ws Xxu € TY; by associativity condition of A; and v L wy,
and

uXv=—ux (uxw
=7 (u, u,wi) + g (u, we) u+ g (u, u) wy
=0 + 0 + W = Wy,
where we have used in the second line the definition of 7 in (3) and 7

is a (vector-valued) form. Therefore, given any tangent vector w along
Cy, we have

g(wtaw) :g(uxv,w) :Q(u,v,w) =0,

where the last equality follows from Cj being coassociative and ¥; C Cj.
Reparameterize ¢; : ¥ x [0,e] — M when necessary, then for small ¢
we can assume that %qbt (z, 8)|s:0 is parallel to wy (z) for any z € X.
Noting that

¢t (2,0) C Cp and ¢4 (2,t) C Ct,
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we see limy_,g wy (2) is parallel to
dt |,_,
Therefore, along Y,
limw; (2) = |n (2)] 'n(z).

t—0

=nel (Eo,NCO/M) .
3o

For any u; € TY;, wy X up L w; in associative Ay, so
wy X ug € T4,

Since ¥y — Yo in C! topology, for any u € T, u can be realized as
the limit of u;. Therefore

Jp (w) = |n| 7 nx u = lim (w; x u) € im TS, = TS,
t—0 t—0

i.e. Xg is a Jyp-holomorphic curve in Cy with respect to the almost com-
plex structure J,, defined in (2). q.e.d.

The reverse of the above proposition is also true (Theorem 27). The
Lagrangian analog of it was proven by Fukaya and Oh in [10]. On the
other hand, by the celebrated work of Taubes, we expect that the num-
ber (counted with algebraic weights) of such holomorphic curves in Cj
equals the Seiberg-Witten invariant of Cy. We conjecture the following
statement.

Conjecture: Suppose that C' and C’ are nearby coassociative sub-
manifolds in a Go-manifold M. Then the number of instantons counted
with algebraic weights in M with small volume and with boundary lying
on C'U (' is given by the Seiberg-Witten invariants of C.

The main result of our paper is to solve a special case of the above
conjecture; namely, we will concentrate on the case that C' and C’ are
both compact and they do NOT intersect. (In the remainder of the
paper, we will always assume C' and C’ are compact and they do NOT
intersect.) The basic ideas are (i) the limit of such instantons is a J-
holomorphic curve for almost complex structure J compatible to the
(degenerated) symplectic form 7 on C' coming from its deformations
as coassociative submanifolds and this process can be reversed; (ii) the
number of J-holomorphic curves in the four manifold C' should be re-
lated to the Seiberg-Witten invariant of C' by the work of Taubes ([37],
[38]). Note that one only gets one symplectic form 1 (and hence one
almost complex structure J) from a given coassociative deformation of
C, though of course one can get more (from different coassociative de-
formations).

Suppose that 7 is a self-dual two form on C with constant length /2;
in particular, it is a (non-degenerate) symplectic form, and ¥ is a smooth
holomorphic curve in C', possibly disconnected. If 3 is regular in the
sense that the linearized Cauchy-Riemann operator Dx,0; has trivial



428 N.C. LEUNG, X. WANG & K. ZHU

cokernel [36], then Taubes showed that the perturbed Seiberg-Witten
equations,

Ff =q @) —rv-1n,
D@y =0,

have solutions for all sufficiently large r. Here a is a connection on
the complex line bundle E over C' whose first Chern class equals the
Poincaré dual of X, PD [X], F, is the curvature 2-form of F and F is
the projection of Fy to /\i (C), v is a section of the twisted spinor bundle
S, =E® (K_l ® E) and D 4, is the twisted Dirac operator, and ¢ (-)
is a certain canonical quadratic map from S to i- A% (C'). The number
of such solutions (counted with algebraic weights) is the Seiberg-Witten
invariant SWe (X) of C. Furthermore, the converse is also true; namely,
the Seiberg-Witten invariant SWe (X) is equal to the Gromov-Witten
invariants counting holomorphic curves . Thus Taubes established an
equivalence between Seiberg-Witten theory and Gromov-Witten theory
for symplectic four manifolds. This result has far reaching applications
in four dimensional symplectic geometry.

For a general four manifold C' with nonzero b+ (C), using a generic
metric, any self-dual two form 7 on C' defines a degenerate symplectic
form on C| i.e. n is a symplectic form on the complement of {n = 0},
which is a finite union of circles (see [12][21]). Therefore, one might
expect to have a relationship between the Seiberg-Witten invariants
of C and the number of holomorphic curves with boundaries {n = 0} in
C'. Part of this Taubes’ program has been verified in [37], [38].

Suppose that n is a nowhere vanishing self-dual harmonic two form
on a coassociative submanifold C' in a Go-manifold M. For any holomor-
phic curve ¥ in C', we want to construct an instanton in M bounding C'
and C’, where C’ is a small deformation of the coassociative submani-
fold C along the normal direction given by 7. Notice that C' and C’ do
not intersect. We will construct such an instanton using a perturbation
argument which requires a lower bound on the first eigenvalue for the
appropriate elliptic operator. Recall that the deformation of an instan-
ton is governed by a twisted Dirac operator. We will reinterpret it as a
complexified version of the Cauchy-Riemann operator in Section 3.1.

2.4. Deformation of instantons. To construct an instanton A in M
from a holomorphic curve ¥ in C, we need to perturb an almost in-
stanton A’ to a honest one using a quantitative version of the implicit
function theorem. Let us first recall the deformation theory of instan-
tons A ([18] and [25]) in a Riemannian manifold (M, g) with a parallel
(or closed) r-fold vector cross product

x :AN"TM — TM.
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In our situation, we have r = 2. By taking the wedge product with T'M,
we obtain a homomorphism 7,

T ANTHITM — A2°TM = A*T*M,

where the last isomorphism is induced from the Riemannian metric. As
a matter of fact, the image of 7 lies inside the subbundle g]{/[ which is
the orthogonal complement of gy C so (T'M) =2 A2T*M, the bundle of
infinitesimal isometries of T'M preserving x. That is,

et (M,gfg) .

Lemma 7. ([18], [25]) An r+ 1 dimensional submanifold AC M is
an instanton, i.e. T A is preserved by x, if and only if

Tla=0e Q! (A,gh) )

This lemma is important in describing deformations of an instanton.
Mclean [28] used this to show that the normal bundle to an instanton
A is a twisted spinor bundle over A and infinitesimal deformations of A
are parameterized by twisted harmonic spinors.

In our present situation, (M, g) is a Ge-manifold. Using the cross
product, we can identify 9*/[ C A?’T*M = A?TM with the tangent
bundle TM, i.e. for u Av € A°TM, we identify it with w € T'M that
w = u X v. Then we can also characterize 7 € Q3 (M, TM) by the
following formula:

(%Q) (u,v,w,2) = g (7 (u,v,w) , 2) .
More explicitly,
(3) T (u,v,w) = —ux (v X w) — g (u,v)w+ g (u,w)v.

Therefore AC M is an instanton if and only if xa (7]a) = 0 € Ta|a.
Example. The G5 manifold R:

R" ~ImOQ~ImH® H ={(x11+ xoj + w3k, x4 + 251 + x6j + 27k) },

the standard basis consists of ¢; = 8%i (i=1,2,...7), and the multipli-
cation x for (a,b),(c,d) e InH® H ~ImO is

(4) (a,b) x (¢,d) = (ac — d*b,da + bc*)

(Cayley—Dickson construction), where z* denotes the conjugate of the
quaternion z. The G5 form Q is

0= w123 _ w167 _ w527 _ w563 _ w154 _ w264 _ w374,
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and the form 7 is the following ((5.4) in [28]):

256 247 346 357 o 156 147 345 367 9

( a * a ) —8331 * ( ; a * ) —85172
245 267 146 157 o 567 127 136 235 9

+ ( B o B ) —9133 + ( o + o ) —9174
126 467 137 234 457 125 134 237 9

+(w —w +w +w )—35+(w —w —w +w )—56

(5)
0
124 456 135 _, 236
F (W =W W —w —
( ) 5

where w* = dx; AdxjAdry. InH® {0} is associative (i.e. an instanton),
and {0} @H is coassociative.

As a matter of fact, if A is already close to being an instanton, then
we only need the normal components of *, (7|4) to vanish.

Proposition 8. There is a positive constant § such that for any 3-
plane A in (R7,Q) with |t]4] < &, A is an instanton if and only if
x4 (T]4) € Ta.

Proof. McLean observed (from formula (5.6) in [28]) that if A; is a
family of linear subspaces in M = R” with Ay an instanton, then

dr|a,
o\ T

We may assume that A is spanned by e, es and €3 = eg+ 2224 tqe, for
some small ¢,’s where e;’s are a standard basis for R7, in particular e; x
eo = e3. This is because the natural action of GG on the Grassmannian
Gr(2,7) is transitive. An easy computation (cf. equation (5.4) in [28])
shows that the normal component of * (7|4) in Ny is given by

s (7]a)" = —ts (ea) +ta(es)” +tr (eg)” —tg (er) ",

where ()L denote the orthogonal projection onto Ny /p;. When ¢,’s are

S NAO/M C TM‘AO-
t=0

all zero, we have (ea)l = ¢, for 4 < a < 7. In particular, they are
linearly independent when ¢,’s are small. In that case, * (7| A)L = 0 will
actually imply that ¢, = 0 for all a, i.e. A is an instanton in M. Hence
the proposition. q.e.d.

This proposition will be needed later when we perturb an almost
instanton to an honest one. We also need to identify the normal bundle
Naypr to an instanton A with a twisted spinor bundle over A as following
[28]: We denote P to be the SO (4)-frame bundle of Ny /5;. Using the
identification

a: SO (4) = (Sp(1) x Sp(1))/ % (1,1) — SO (H),
(p,q) -y = pyq, with p,q € Sp(1) and y € H.
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Mclean [28] showed that the normal bundle N, /5, can be identified as
an associated bundle to P for the representation SO (4) — SO (H) given
by (p,q) - y = pyqg. The spinor bundle S of A is associated to P for the
representation s : SO (4) — SO (H) given by (p,q) -y = yG. Let E be
the associated bundle to P for the representation e : SO (4) — SO (H)
given by (p,q) - y = py. Then because the 3 representations a, s, and e
have the relation
a=soe,

we obtain

Nam ES®u E.
An alternative proof of Ny /p; = S®pu £ using explicit frame identification
is contained in the proof of the next theorem.

We re-derive McLean’s theorem on deformation of associative sub-
manifolds A in a Gy manifold M. The original proof (Theorem 5.2 in
[28]) is not quite precise: the associative form 7 € Q3 (M, T M) is vector-
valued rather than a usual differential form, so the pull back operation
and Cartan formula need to be clarified. The key is to define a suitable
notion of pull back for vector-valued forms. Our calculation is flexible
and can be extended to almost associative submanifolds in later sections.
Other proofs were given in [2] and [16].

Theorem 9 (McLean). Under the correspondence of normal vector
fields with twisted spinors, the Zariski tangent space to associative sub-
manifolds at an associative sub-manifold A is the space of harmonic
twisted spinors on A, that is, the kernel of the twisted Dirac operator.

Proof. For any section V' of N4/ with C° norm smaller than the
injectivity radius dp of M, we define a nonlinear map

F:T (Nyj) = Q° (AT M),
(6) F(V)=Tyo(expV)"r,

where for the embedding expV : A — M, (expV)* pulls back the
differential form part of the tensor 7, and Ty : Tcxpp(tV)M — T, M pulls
back the vector part of the tensor 7 by parallel transport along the
geodesic exp,, (tV'). There is an ambiguity of the form part and vector
part of tensor 7 up to a scalar function-valued matrix transform © and
©~! respectively, but by the linearity of 7}, and (expV)* on scalar
function factors, one can easily show the definition of F' is independent
on such O, so F'is well-defined. We make F’ more explicit by using a good
frame. At a point p € A, we pick two orthonormal vectors {W7, W5} in
T,A, then with respect to the induced connection V4 on A, we parallel
transport {Wy, Wy, W3 = W x Wa} from p to a neighborhood B in A
along geodesic rays from p. From the construction we see

(7) VéVin (p) =0, for 1 <i,5 <3.
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Then at any ¢ € B C A, we have orthonormal basis

{W1(q), Wa(q),Ws(q) = Wi(q) x Wa(q)}

spanning T, A. (This uses that W; (¢) x W3 (q) and the parallel trans-
ported W3 (p) are both orthogonal to W (¢) and Wa (¢) in 3 dimensional
A). We further choose a smooth normal unit vector field Wy on B in M
as follows: we choose a Wy € Ny s (p), then use the parallel transport

of Ny with respect to the induced connection V4 in Ny defined

as V1 = 1V from the metric on M, where L : TM — Ny/n is the
natural projection. Thus on B,

W4 1 {Wl,Wg,Wl X Wg} .

Using Lemma A.15 in [18] (Cayley—Dickson construction), we can
uniquely extend {Wy (¢)}; 934 to basis {Wo (¢)},—1 o, 7 of TyM, such
that

Witz (q) = Wilq) x Wy (q)
for i = 1,2, 3, and the correspondence

(8) T,M> Wy eq €eIm0, a=1,2,...,7

preserves the inner product - and cross product x, where {eq},_ ;5 7

is the standard basis of R” ~ Im O defined in the previous example. So
locally N4,y is trivialized as B x H, and at any ¢ € B, by the above
basis W, we have algebra isomorphism

T,M =T,A® Ny (g) ~ ImH& H ~ Im O

that smoothly depends on ¢ € B. Hence N,/ is a quaternion valued
bundle over A isomorphic to S ®yg E. From our construction we also
have

(9) Vir,Wi (p) =0 for i =1,2,3 and k = 4,5,6,7,

because VJWZ- Wy (p) = 0 by construction of Wy, and for k = 5,6, 7, say
k =5,
Vi, Ws () = L (Vw, (W1 x Wa)) (p)
=1 (Vszl x Wy + W7 % VWZW4) (p)

(10) = Viy, W1 (p) x Wy + Wi x Viy. Wy (p) = 0,

where the second row is because N4,y (p) x Wy C T,A (for ImQ =~
ImH @ H, (0,H) x (0,1) C (ImH,0) by (4)) and Wy x T,A C T,A by
associative condition. We remark that the parallel transport in N/
w.r.t V© is an isometry, for if V%W = 0 for section W in Ny, then

(11) Vo (W, W) = 2(VeW, W) =2 <V%W, W> —0.
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Next, for each ¢ € B, we parallel transport the frame {W,, (q)}a:1727___77
along geodesical rays emanating from ¢ in M in N4y () directions up
to length dp. This extends the frame to a tubular neighborhood of A in
M. Then Vy W, (q) = 0 for any V € T' (N4/p). If we write

T=w*@W, (a=1,2,...,7)
following Einstein’s summation convention, then

F(V)(q) = (exp V) w®(q) @ Ty Wy (exp, V).

We have
F(0)V = 4 F(tV)
dt],—g
= . [(exptV)" w® @ Ty Wy
= Lyw® @ Wy + w® @ VyW,
(12) =d (iyw®) @ Wy + iydw® @ Wy, + w®* @ ViyW,,.

Since V7 = 0 and Vy W, (¢) = 0 by the parallel property of 7 and W,
we have

0=Vy7(q) = Vyw* @ W, (q) + w*@VyW, (¢) = Vyw® (¢) @ W4 (q) ,

and so Vyw® (q) = 0. Since V = d + A and in normal coordinates the
connection 1-form A vanishes at g along the fiber direction of N4/, we
have iydw® (¢) = 0. Therefore, by (12), at ¢ we have

(13) F'(0)V (q) = d (ivw®) @ Wa (q).

By our choice of W, the 7 = w*®@ W, at ¢ is the standard form (5), and
by the parallel property of the cross product x and 7, in the neighbor-
hood of ¢ in M the 7 is also of standard form as (5), in the sense that
the coordinate vector % is replaced by the frame W;, and w* = da’A
dzd A dz® is replaced by Wi AW AW where W is the dual vector of
We. Namely,

T=W5 AWSANWE =Wy AWFAWT + -+ ) @ Wi + similar terms.

This is because Vy (1 (W;, W;,W})) =0for V €T (NA/M), by Vr =0
and the parallel property of {W,} a=12,. 70 Na/y directions. There-
fore from (13), similar to the way of deriving (5.6) in [28], and noting
dWr(p) =0 (i=1,2,...7) from (7) and (9), we get
(14) F0)V (p) = d(ivw®) @ Wa (p)

=DV (p) @ Wi ANW5 AW3 (p)

=DV (p) ® dvol 4 (p) ,
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where for V = VAW, + VW5 + VW5 + VW7,
DV (p)=— (VW + V5 +V§) Wa+ (W + V5 - V) W5
+ (‘/24 _ %’5 + ‘/17) W6 + (‘/34 + V25 _ Vlﬁ) W7

is the twisted Dirac operator (5.2) in [28] and also (17) below, with
VFE = dvF(W;), and dvoly = W; A W5 A W5 is the induced volume
form on A C M since {Wa},_103 is the orthonormal basis of T'A.
Since p € A and the section V' are arbitrary, we have

(15) F'(0) = D ® dvol a.

Note that both sides of the above identity are independent on the choice
of the frame {Wy},_; 5 ;- If the normal vector field V' is induced from
deformation of associative submanifolds {4}, , i-e.

Ay =expU (t)-A for U(t) e (Najp) and U'(0) =V,

then differentiating F' (U (t)) = 0 at ¢t = 0 and using (15) we get DV =0
on A, namely V is a harmonic twisted spinor. q.e.d.

Remark 10. 1) The vector field V' is only defined on A C M, but
along the geodesic rays from A in the fiber directions of Ny, one
can extend V to an open neighborhood of A by parallel transport;
therefore the Lie derivative Lyw for any 3-form w on M makes
sense in this neighborhood. However, the Lie derivative of w re-
stricted on A, namely ¥ (Lyw) for the inclusion i : A — M, is
actually independent of the extension of V', as mentioned in [28].
One can see this from the Cartan formula

va =d (ivw) + ivdo.)

as follows: On A, the second term iy dw is independent on the
extension of V. For the first term d (iyw), since we restrict it on
A C M, one can directly check that this term only involves the
derivatives of the section V' and w in tangent directions of A, for
any derivative in normal direction will contribute a covector not
in 7% A and make the corresponding summand in % (Lyw) vanish.
So % (Lyw) is independent on the extension of V' and w to M.
2) In the preceding proof, the normal vector field V is used only to
ensure that expV : A — M is an embedding and give d (iyw?®) ®
W, a twisted Dirac operator interpretation on the normal bundle
Ny Actually, to write down the linearization of F, one only
needs the normal bundle of A in M in differential topology sense
(namely at any p € A, Ny/ps (p)+TpA = T, M, but not necessarily
Nasn (p) L TpA). If we denote the differential topological normal

bundle by NZO/”M, then for section V € T’ <NZO;JM) with small C?

norm, expV : A — M is an embedding so we can define the
linearization of F' as before.
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3) The linearization formula
(16) F'(0)V =d(iyw®) @ Wy + iydw® @ Wy +w* @ Vy W,
holds for any section V € T <NZO;)M), and any tangent frame
{Wa}i=1 2, 7 along any submanifold A C M (not necessarily as-
sociative). The term d (iyw®) ® W, is the principal symbol term
of the first order linear differential operator F’(0) and behaves
functorially under the diffeomorphism between two manifolds. To
get F' (0) V (p) = d (ivw®) @ W, (p), one only needs to choose the
frame {Wy},_, ; that is parallel along the curves exp, (tv) for

allpc Aandv ¢ NZO/pM (p).

4) On an almost instanton A, its normal bundle is not closed under x
by T'A in general, so the linearized instanton equation F’ (0) V can
NOT be interpreted as a twisted Dirac operator. For this reason,
we will seldom use the twisted Dirac operator, but mainly (16) to
do computations and estimates of F’ (0) V', with the aid of good
local frames {Wo},_1 5 7

5) At a point p in a general 3-manifold A C M with volume form
dvol 4, we can write the linearization

F'(0)V (p) = G oV (p)®dvola (p),

where G is a first order linear differential operator, whose principal
symbol depends on the algebraic relation of the frame {W,} under
the products x and -, and the volume form on A. Besides the asso-
ciative {Wo},_; 5 g+coassociative {Wo},_, 547 type frame, there
may be some other type of frames leading to a meaningful differ-
ential operator G.

By McLean’s theorem, the normal bundle to any instanton A is a
twisted spinor bundle S over A corresponding to the representation
SO (4) — SO (H) given by (p,q) -y = pyq. Let D be the twisted Dirac
operator on A. We want to write it down explicitly in local coordinates
near p. We let {VVQ}Z{:1 be a local orthonormal frame constructed as
above. Suppose

V = VW, + VW5 + VW + VT,
is a normal vector field to A and we write the covariant differentiation of

Vas V(V):= VAW, ®w" with {w'} being the co-frame dual to {W;};
then the twisted Dirac operator is

(17) D=W; xVi+ Wy x Vo4 W3 x Vs,

where V,; := VJWi (i =1,2,3). For instance, when the G2 manifold is
ImO ~ImH ® H and the instanton is Im H, then by viewing V as a H
valued function, V = V*4+iV° 4+ jV6 + kV7, the twisted Dirac operator
is D = iVy + jVa + kV3. Expression (17) can be easily shown to be
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independent on the choice of orthonormal basis {Wa}i:17273 of T'A; thus
D is globally defined on A. From (17) and (9) we have

DV (p) = (W1 x V1 + Wy x Vo + W3 x V3)
(VAW + VIW5 + VW + VTW7)
= (VP +VE+ V) Wy + (Vi + V5 — V) W5
(18) + (Vo =V + V) We + (V5 + Vi — V) W,

We remark that away from p the expression of DV may have more 0-th
order terms in general.

3. Dirac Equation on Thin 3-manifolds

3.1. A simplified model. To motivate our analytical estimates for
later sections, let us first consider a simplified model. Suppose that
A. =[0,¢] x ¥ is a three manifold and (z1, z) are coordinates on A.. On
A. we put a warped product metric ga_p = h (%) da;% + g, where X is
a Riemann surface with a background metric gy, and h(z) > 0 is a C*°
function on Y. Let e; be the unit tangent vector field on A, normal to
%), namely along the zi-direction and e; = h~1/2 () 8%1. We introduce
a first order linear differential operator D that

9
8951

where Vi = V., = h=1/2(2) 8%1, and 0 = <5, 5*> is the Dirac operator

(19) D:el-V1+5:el-h_1/2(2) +0,

on the Dolbeault complex Q%* (L) of Hermitian line bundle L over the
Riemann surface ¥ with a connection V (cf. Proposition 3.67 of [6] or
Proposition 1.4.25 of [31], by taking the Kahler manifold to be ¥ and
the Hermitian line bundle to be L). Here 0 acts on the spinor bundle
Sy := ST &S~ via the following identification:

oot PN e w
(20) L !
stes- % S- @St

where on the left ST and S~ are identified to complex line bundles L
and L ® A%l (2) respectively, 9 : QX (L) — Q?C’l (L) is the Dolbeault
operator, and 8 : Q?C’l (L) — Q2 (L) is its formal adjoint operator. The
Dolbeault operator 0 depends on the complex structures j on ¥, J on
L, and the connection V of L.

When & (z) is a constant, from the spinor bundle Sy, = ST & S~
over Y one can construct a spinor bundle S over the odd dimensional
manifold A; := [0,e] x ¥ by taking the Cartesian product of Sy with
[0,&] (see Chapter 22 in [8]). When there is no confusion, we also write
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S = St @ S~ where the S* are the Cartesian products of the S* of
Ss; with [0, ¢]. [8] also constructs a Dirac operator on the spinor bundle
S —A, right from the Dirac operator d on the spinor bundle Sx—3,
and it is D =e; - V1 + 9 as in (19). For general h(z), our D is a Dirac
type operator but not necessarily a genuine Dirac operator.

Let’s recall the Clifford multiplication of T'A. on S. Since S is the
Cartesian product of Sy, with [0,&], it is enough to define the Clifford
multiplication - of ¢; on Sy;. Let o be the volume element of the Clifford
bundle CI (%), 02 = 1. Then ST and S~ are the £1 eigenbundles of o
and Sy; = ST®S™. Since the Clifford multiplication - of e; on Sy; satisfies
e% = —1, the natural choice of the action e;- on Sy, is to let ST and S~ be
the +i eigenbundles; namely, for (u,v) € ST®S™, €1 - (u,v) = (iu, —iv).
The connection of S along the xy direction is trivial.

Given zy € 3, in its neighborhood E)in > we can choose a complex

coordinate z = xo +ix3 € C with 8%27 903 orthonormal at zy. We locally

trivialize the spinor bundle Sy=ST®S~ — ¥ as
H=C+Cj=C?=C.
We may choose the trivialization such that the Dirac operator

(0.97)| =(@..-0.).

20

We may write the section V of S — A as V = (u,v) :== u+vj eST®HS™
with

u=V*+iV? esSt ~C,
v=VS+iV'eST~C, and vje Stj=S".

With these understood, we may write (19) as

e wee[3 8] [ F

o[ 8] (e[ 2]

= ((VW +i0,v) + (Vlv + igzu) -j) i
(22) = (iViu — 9,0) + (=iViv+8,u) - j,

where at zg we have the identification

:az:%(v2+iV3), —5*:8Z:%(V2—ivg)

Ql

with V; =V » fori=2,3and V, = h~1/2 (2) 8%1. We will also denote

oz,
—i0" =0T and i = 9~
respectively. They satisfy 07 = (07)".
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This implies that the equation DV = 0 is equivalent to the following
equations, an analog of the Cauchy-Riemann equation,

v

- _1/2 o
O u+h (2) . 0,
ou
+ _1/2 —_—
(23) OTv+h (2) Ere 0.

We put the boundary condition
(24) vlga, = 0.

(The more precise formulation will be given in (25).) It is similar to the
totally real boundary condition for J-holomorphic maps. When A (z) is
a constant, it is a special case of the theory of boundary value problems
for Dirac operators developed in [8]. For general h (z), the fact that the
boundary value problem is Fredholm follows from our elliptic estimates
in Subsection 3.3. Also see [17] for relevant discussion.

Later in Section 4, we will apply the above D to the case when
h(z) = |n(2)%, where n(z) = %Ct‘t:() is the normal vector field on
Cy coming from the deformation of coassociative submanifolds Cy, and
the Hermitian line bundle L is the normal bundle Ny, /¢, of the J,-
holomorphic curve g in a coassociative manifold Cy, whose connection
V is the normal connection from the induced metric of ¥y C Cy.

3.2. First eigenvalue estimates. In this subsection we will establish
a quantitative estimate of the eigenvalue of the linearized operator for
the simplified model A. = [0, e] x ¥ with warped product metric g, , =
h(z) dx? + gx, where ¥ is a compact Riemann surface, and h (2) is a
smooth function on ¥ with % < h < K for some constant K > 0. The
volume form of this metric on A, is

dvoly, = h2 (2) dvolsdx;.

We introduce the following function spaces for spinors V = (u,v)
over A..

Definition 11. Let S be the spinor bundle over (A;, ga.) and V be a
smooth section of S.

1) We define the norm

1/p

€ N P o1
Wlsws = | 5 [ |90 (07 V] (2) oty

a+B<m

and

Vlenas = > sup|(V2)* (V)" V|
a+B<m
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where V., and Vy are the covariant differentiation along xi-
direction and X-directions (i.e. two tangent directions on X) re-
spectively with respect to the metric g,_, and the LP-norm is with
respect to ga. too. By the standard Sobolev embedding theorem,
we have an ¢ independent constant C such that for any smooth
section V|

3q
3—mq

|’VHLP(A5,S) S C HVHL"’L’Q(As,S) 5 for P S

3
HV”C’"(AE,S) <C HVHLI,I)(AE,S) , forp > T—m

as long as € is bounded below and above by some universal con-
stant. For a later purpose, let us fix € € [1/2,3/2].
2) We define the function spaces

Lmp (Aayg) = {V = (u,v) el (AEvS) ‘ ”VHL"”’(AsvS) < +OO}

and L™ (A.,S) (resp.L" (A;,S) ) to be the closure (with re-
spect to the norm [[*[| m.p(y ) of the subspace of smooth sections
V = (u,v) € I'(A.,S) such that v € C§° (A-\OA:) (resp. u €
C§° (A-\OA.)), where C§° (A-\OA.) denotes the space of smooth
functions with compact support inside A;\0A.. Let us also intro-
duce the space

C™ (82,8) i= {V = (,0) €T (A, 8) [ |Vl < +00} .
™ (A, S) = {v = (4,0) €T (e,) [ |V | com a5 < +00, vlon, = o} .

Let D be the operator (19) in our linear model. We will impose bound-
ary conditions for sections V that D acts on. It is known (cf. [8] Theorem
21.5) that the Dirac operators

(25) Dy =D 12 LY? (a.,S) — L?(A.,S)

give well-posed local elliptic boundary problems and their formal adjoint
operators are D} = D=. This boundary condition restricted on smooth

sections V = (u,v) in L>? (A.,S) means
(26) vlga, =0, 1e. v(0,X) = v (e,X) =0.

The following theorem compares the first eigenvalue for Dirac opera-
tor 0 on the Riemann surface ¥ with the operator D on product three

manifold A.. The theorem refers to the L? metric which is defined as
follows: Let U,V be two sections in L? (A, S). We let the inner product

()12 s) be

(U V). s = / / (U, V) (x1,2) h3 (2) dvolypdxy,
[0,e] /2
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where in the integral the (-,-) is the inner product in fibers of the spinor
bundle S. We let
|V (:El’ Z)|2 = <V (xh Z) ) Vv (:Elv Z)>
IVIIZ2. ) = (Vi V) 2a s -
Theorem 12. Suppose A\g- is the first eigenvalue of the Laplacian
Ay = 910~ acting on the space L (2,S%) and \g+ is the first eigen-

value of the Laplacian Ay, = 0~0" acting on the space Lf (%,87).

Let

2
IDV 724, s)
Apy = mi T
02very’ a8 VIzza. s

(Notice the boundary conditions (25) and (26) for V.) Then for the
operator Dy : Li’z (A-,S) — L% (A.,S), we have

2

cl<z>}’

where K > 0 is some constant such that % <h(z) <K forall z€X.

Proof. In the following we will assume the volume form dvoly, =
dvolydxy to simplify calculation. General cases can be reduced to this
case by observing
(27)

IDVI72. 5 . Jo IDV]? K= 2dvoldzy 1 [, |DV| dvolsdz

VItem.sy — Jo VI KY2dvolsday K[ V] dvolsdz

from the condition % < h(z) < K. It is enough to consider the case
D_ : LM (A.,S) — L%(A.,S). The D, case is similar. For any V =
(u,v) € LY (A.), we have

2

_ ov
(DV7DV>L2(AE,S) :/ <h l(z)

1, 0V [ 0 ot
ra(togs o 5 ]Y)

+ ‘8+v‘2 + |8‘u‘2 > dvoly_
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Using the formula 0~ = (07)", we have

5 0 ot
/ <h 2 83:1 [8_ 0 }V> dvoly,
1 1 0v
/ h™ 25 +(h 2 ,07u ) | dvoly,
Ac Oxq

sS=STeS” orthogonal decomposition)

/(< ( 18“>’”>—<h‘%vv@‘(@>>>M
Ac Oy
dvol —/ h_%v,a_u dvol

Jis! > 5 fp (100 ks

1 ou

T2 h"20~ )
A < ) (0 () )

ou . .
< v,0” <%> >> dvoly_ (since v vanishes on 0A.)

/<8 _l 8— >dvolAE
Ac

(28) (. the above 2nd and 3rd terms cancel).

N)I)—l

+

m

}x

D‘
ml»—'

Therefore

2

1, 0V [0 of
/AE <h 2 (2 )&Tl [8_ 0 ]V>dvolAE
§2/ <8_ > dvoly,
Ac
1
Hh : <8x1 >dvolA5

1 -1 2
< - .
(29) < /As <K g, |* + K Hh || oa 5 |v] > dvoly,

IN

cH®)

In order to estimate |, A h=1 (2) |Vy, |2 dvoly. , we notice that, for any fixed
point p € X, v][o,a]x{p} can be treated as a C-valued function over the
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interval [0, e] with boundary value v (0, z) = 0. Hence

1 Qv

€ 9 B £
/0|v| dml—/o [ e,
€ 1 1| Gy 2
<
<[ ([ ) (/0 0 dt)dm
/wldwl/ 8:61
2
<
(30) kS / = axl | ar,

where the last inequality is by % < h(z) < K for all z € 3. Putting
(29) ’ (30) in <D‘/7 DV>L2(A5,S)7 we have

(DV.DV) 12(a. 5

> /A (h‘1 (2) [ty * + 07 u)* + 271 (2) vz, |2 + |07 0]
_2‘<h—%(2)§—£, [ o 80+ } V>‘>dfuolA€
> /A <<h‘1 (2) — %) ey |2+ [0 u|® + 171 (2) Jog, 2

1 2 2
5 ] > dvoly_(by (29))
-3 )/ [v]? dvoly.
cl(®)/ Ja.
Ke2

h™2
>0+ A /\u!zdvol + 2
el o~ " A K€2
’ (\u!2 + ]v[2> dvol
a1 [ U, *
2

(by definition of A\y- and (30))
. _1? 2
= min )\af’K—gQ —KHh 2H01(2) HVHLQ(AE’S)

-K

-k

> min {)\3,

For general volume form dvoly, = h2 (2) dvolsdzxy, by (27) there is an
extra factor & for the lower bound of the L? eigenvalue Ap, . Hence the
result. q.e.d.

Suppose V. = (u,v) € C®(A,,S) N LY (A.,S) and W = (f,g) €
C> (A;,S)N L% (A.,S) and D is the operator (19). Then with respect to
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the induced volume form dvoly. = h'/? (z) dXdx1 on (A, gs. 1), We have

/ (DV, W) dvol,_

- // i h’l/zum +a+v) ,f> - <i (h*l/%zl +a*u) ,g>} W2 45,
= 1/ / U, fz,) + hl/Qv 0~ f> <h1/2u,8+g> + (v,gzlﬂ dX¥dz;
+1 [ (D)l = () )@z

- 1// [<u —fur — h1/2a+g> + <v,gml + hl/Qa’fﬂ dsdz,
0 b

-H/«wﬁm—mmmmz

// u1 hoU2f, 4ot )> < ( 2+ f)>(h1/2d2d:c1>

i [ () = ) ) a2

@1

— [ vow)dvoly +1 [ ((w.1) 5 (w.9) )4
P

since h is independent of 1. This is the Green’s formula.
When V € L2 (A;,S) and W € Lf (A, S), the above boundary

terms are zero, so we have

/ (DV, W) dvol,, = / (V,DW) dvoly_.
A. Ac

This implies that D is a self-adjoint operator from L} (A, S) to Lf (A;,S)
in the sense of [8]. Since Li’z (A,S) is dense in L? (A.,S), this implies
that D : LY? (A.,S) — L% (A.,S) is surjective if and only if ker D|Li2

0C Li’z (A, S). By Theorem 12, for small enough e, we have
ker D| ;1.2 =0« kerd 0" =0« kerdt =0,
+

(AS) —

(AE 78)

where the last “&” is because (07)" = d~. Hence we have obtained the
following result.

Theorem 13. Let \y— and \g+ be the first eigenvalue for 970~ and
d=0" respectively. For D : LY*(A.,S) — L2(A.,S), if ¢ is sufficiently
small, then we have

ker 07 = {0} & \y- > 0 = D injective,
ker 9t = {0} & Mg+ > 0= D surjective.

Especially if both Ag—, Ag+ > 0, then D is one-to-one and onto.
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3.3. Schauder estimates for the linear model. In this section we
will develop the necessary linear theory for the equation

DV =W on A, =X x [0,¢]

with a warped product metric gy_p = h(z) dx% + gy, where D is the
operator (19) in our linear model. The key issue is to estimate the op-
erator norm of the inverse operator of D with explicit dependence on &,
as £ goes to zero. When ¢ is further away from zero, say ¢ € [1/2,3/2],
we have e-free Schauder estimates. For € small, we overcome the dif-
ficulty coming from e by choosing an appropriate integer k so that
ke € [1/2,3/2] and we extend any solution V' = (u,v) on A; to Ak
in an LP sense by suitable reflection. However, much care will be needed
to obtain the C'*-estimate, because after the reflection of W across the
boundary of A., it will no longer be continuous in general. This prob-
lem will be resolved in the case (ii) part of the proof of the following
theorem.

Estimating the operator norm of D~! in the Schauder setting rather
than in the LP setting is crucial. Since our goal is to construct instantons
A governed by the equation 7|4 = 0, which involves the associative 3-
form 7, for deformations of an approximate solution A by normal vector
fields V in M that are in WP class, the nonlinear equation will have
cubic terms of VV that are outside the LP space. The cubic terms also
cause difficulty for obtaining desired quadratic estimates for the implicit
function theorem in the LP setting (see Remark 25).

The Schauder estimates are harder to obtain than for the Cauchy-
Riemann type equations, partly because in our equation (23), the de-
rivative of v only controls the 0, and 0, derivatives of u, not the full
derivatives.

We recall the definition of Holder norms for functions f on a domain
Q in R™:

._ |[f (=) = F (y)]
z#y

[flea@ = 1fllco) + [flaa
[flera) = 1fler) + [V Flaa -

Using trivialization of the bundle S over A., the Holder norms for sec-
tions V of the bundle S are defined by patching the (finitely many)
O coordinate charts on A..

Theorem 14. Let D : L"* (A.,S) — L% (A.,S) be the operator (23)
defined on A. = X x [0, €] with warped product metric gy, j, := h(z) dz3 +
gs.. Suppose that the first eigenvalues for 9~0% and 070~ are bounded
below by X > 0. Then for any 0 < a < 1 and p > 3 there is a positive
constant C = C (a,p, A\, h) independent of € such that for any V €
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Ch(A.,S) and W e C (A.,S) satisfying
DV =W,
we have

342a

CVligrams <= 02 [Wlgas)-

In other words, there exists a right inverse

Q- : C%(A,S) — C* (4, S)

of D: C* (A.,S) = C* (A.,S) such that ||Qc| < C€_<%+2a).

Proof. For the operator (23), it is known (cf. [8] Theorem 21.5) that
the Dirac operators

Dy := ID|L12 : Li2 (Ac,S) — L? (A:,S)

give well-posed local elliptic boundary problems. Using the orthogonal
decomposition S = STES™, we write sections V = (u,v) € C® (A,S)
and W = (w1, ws2) € C™ (A.,S), where u, w; are sections of ST and v, we
are sections of S™. So the equation DV = W may be explicitly written
as (cf. equation (23))

A Y2 (2)ug, +0%0 = wy

{ h1/2 (2) g, +O0"u = wy

To make the exposition more transparent, we will assume that h = 1,

and it is clear from the proof below that the argument works equally

well for any h (z) € C* () such that & < h(z) < K for some constant

K > 0. For any 0 < € < 3/2, we take an integer k = k(¢) > 0 (which
depends on €) such that

with v|gy, = 0.

k(e)ee[l/2,3/2].

For notation brevity, we will write k for k (¢) in the remainder of our pa-
per. Then Ay, = ¥ x [0, ke| is a product region whose second component
has length uniformly bounded below and above for any €. We divide the
estimates into two cases: Case (i): Suppose that w; = 0. Then we will
have along the boundary 0A., u;, = 0 since v = 0. Since v|gy, = 0, we
can extend v from A, to Ag. by odd reflection along the walls 3 x {je}
with 0 < j < k — 1, while still keeping v in CY® (A;.). Similarly, we
consider an even extension of u to Ay.; then w is still in C1 (4;.) since
Uz, |oa. = 0. The extension formula is

v (25 +2)e—ux,2) forze(2j+1)e, (25 +2)€]
vz z) = { v(x —2je, 2) for x € [2je,(2] + 1) €] ’
Ju(2i+2)e—z,2) forxel(2j+1)e (25+2)¢€]
u(z,2) = u(x — 2je, 2) for x € [2je,(2) + 1) €]

This will induce an even extension of wy so that the equation DV = W
is satisfied in the C'* sense on Ajp.. The motivation of even and odd
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extension is to have an e-independent LP and Schauder estimate. By
differentiating both sides of the equation vy, + 0~ u = wy with respect
to x1, we obtain an equation which is equivalent to the Dirichlet problem
of the second order elliptic equation

Vpyoy — 0 00 = g—gi and v|ga,, = 0,

Ugyzy — 0T u = —0Fwo,
noting that 0~0% is a positive operator. (Since u,v are only in CH®,
they should be understood as weak solutions of the above equations.)
Since the C'“-norm is preserved under the above extension, Schauder
and LP interior estimate for the second order elliptic equation on the
region

Ape C Aoge UA_oke

would then imply that there are constants C' () and C (p) independent

of e (because ke € [1/2,3/2]) such that

[wallcam. sy + 1VIcom.s) = lw2lloa gy ua_gpes) T 1VIco (agron_sre9)
= C(a) [IVllgro,. s

(33) — (@) [Vl s

and

||w2||Lp(A2kEUA72k57§7) + HVHLP(A%EUA,%E,S) > 4C (p) HVHLlf’(Aks,S)
(cf. [13] section 8.11 Theorem 8.32 and [30] Theorem B.3.2 respec-
tively), so
”w2”Lp(A5,S*) + HVHLP(As,S) >C (p) HVHLEP(A&S)
by periodicity of reflection. We also have
Villcow. sy < IVIlgi-srw gy < €@ M) IWllco, s

whose proof is identical to that of (38) in the following case (ii). Plugging
this into (33), we have

(31 C@) [Vlgreq g < (€ 0N + 1) wsll oo o) -

Case (ii): Suppose that we = 0 and wy € C (A, S1). Since v = 0, this
implies that if we consider the odd extension of v and the even extension
of u to AgpU A_oi. as in the previous case, then they induce an odd
extension of w; so that the equation
(35) Uy + 8‘_% = w

Uy +07u = 0
is satisfied in the weak sense on Asgi. U A_gi.. Notice that w; does not
vanish on OA. in general, so after the odd extension, w; is no longer
continuous, but still we have wy € LP (Agge U A_op.,S) for Vp. Since Ay,
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is a proper subdomain in Agg. UA_or. and ke € [1/2,3/2], the interior
LP-estimate then implies that there is a constant C' (p) independent of
€ such that

leHLP(A%EUA,%E,S*) + HVHLP(A%ELJA,%E,S) >4 ( ) HVHLl P(Age,S)

By the periodicity of wy and V, that is
36) il sy + IVl 5 = C O Vi, o -

Then we proceed to the LP estimates of V purely in terms of W. It

follows from (36) and Theorem 12 that for ¢ < 3/2, we have
Wllzzp. sy 2 C ) V2.5 for Ve CZ(A,S)

with the constant C' (\) dependent on Ay+ but independent of . To go
from L? to LP, note the following interpolation inequality:

1/p p—1 1/p
HVﬂm@“&=:(/’\vw) < Wik ([ V1)
Ape Age
ple
1

(by Young’s Inequality)

I8

1 __» 11
T WVllcomens) + 555 1V 100

P .
O ( Wl 5 Wit )
(by Sobolev embedding),

where C'is independent of € in the last inequality because ke € [1/2,3/2].
Putting this into (36), we have

~ _pP_
(€)= 7T ) IVlItnns) < IW o) + CO IV 2y, 5)

co?
< Wl + 3 W Dz,

cor
< Wlleoa,. s (1 + m) -

So
. v Ccoé~
(37) HV”LEP(AJQE,S) < <C (p) — C‘Spﬂ) <1 + (A )> 144 HLP(AkE,S)‘

Fix a small § such that C (p) — C6 7T > 0 and let the constant

con=(em-co) (1+25)
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which is independent of . Then for p > 3, by Sobolev embedding
CL77 (8, 8) < L (A, S) and (37), we have
Vligr-srm, g = IVllgi-srm gy, )
SCWVlpop. 6 <C-CEN WL, s
(38) <O Wleowes) = C 0N W o s) -

where the constant C (p,\) = C - C (p, ) (3vol (E))% is independent of
e. We remark that the above argument also works in case (i), so (38)
holds in all cases. In the following, we give the Schauder estimate of
V = (u,v). Differentiating the second equation in (35) with respect to
x1, we get the Dirichlet problem of the second order elliptic equation
for (weak solutions) v and w:

(39) Vg, — 0 0T =—0"w; and wv|g. =0,
Ugyzy — 0T O U = Oy wy.

Recall that in [13] chapter 4, the non-dimensional Schauder norm
Hf”lcka(ﬁ) is defined as

(40) I llpraay = Seod |Dulyq +d** [Dhu] .

where d is the diameter of 2. For component v, since v|gy. = 0, the
standard Schauder estimate for second order elliptic equation on radius
¢ half balls B, with centers on 0A. (cf. [13] Section 8.11 for regularity
of weak solutions and Section 4.4 equation (4.43)) gives

e lwillgas. s+ + 10llco 5.5y = C (@) HUH/cga(BE/Z,S),
or equivalently, by the definition of || f H/cka(ﬁ)’
e |willcap. s+y + IVllco (B.s)
(41)
> C () [Hv”cg(BE/%S) +e ”VUH(}Q(BE/Q,g) +elte [Vv]a;(BE/Q,S)] )

and hence
(1) elwilloags, sr) + Nollco s,6) = C @) [0l ras, o)

where the constant C («) is independent of e. Covering A. by such
radius-¢ half balls and radius-/2 full balls centered on meridian ¥ x
{e/2} and taking supremum on A., we have

(43) elwillcan, s+ + vl gy = C (@) € [0l gy g -
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By combining this with the fact that v|gy.—g, and the definition of the
Schauder norm, we have

_ 1-3
(44) ||U||CE(AE,S) S ||,U||0173/p(A5,S) 61 3/p S C(pa )\) ||w1||CO(Ag7S) 9 p.

Plugging these into (43), we obtain
(45)

o _<§+a>
C (@) ol g s < & Nt cagst + € (. N) 0o, 7).

For the component u, its boundary value is nonzero, so we cannot di-
rectly apply the above inequalities as v. First we derive the C? estimate
of u, using the assumption that 879~ has trivial kernel on X. Consider
the section @ of the bundle ST — ¥ defined as

&€
u(z) = / u(xy,2)dx;.
0
From equation (35), we have
&€
0 u(z) = —/ Y2 (2) By v (21, 2) day
0

=172 (2) (v(0,2) —v (e, 2)) = 0.
But from the assumption that 970~ has trivial kernel on X, we get that
u(z)=0.

Let Rew and Imu be the real and imaginary parts of the section w
(notice that St is a complex line bundle). Then for any fixed 2 € 3,

€ €
/ Reu(z1,2)dr; =0 = / Imu (x1,2) dzy.
0 0

By the mean value theorem for the R-valued function Re u (z1 z), there
exists s € [0,¢] depending on z, such that Rew (s, z) = 0. Therefore, for
1 # 8, by the definition of the Schauder norm, we have

Reu(z1,2) — Reu (s, z _3
\Reu(xl,z)\ — | ( ) ) 3 ( ) )| . \961 —S’l >
lz1 —s[ P

1—-3
S ”Reu”cl—B/p(AE78)5 P,
Then we have

1—-3
||Reu||CO(AE,g) < ||Reu||01*3/p(As,S)€ !

<Vl

s S

_3
<C N willop.se *
by (38). Similarly,

1—3
Mmullco sty < C (0, A) [willcon. g6 7-
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Combining these, we get

1-3

(46) [ullco o, s+) < C (0, A) lwillcoa, 5y -

Now we are ready to derive the Schauder estimate of u. Using the equa-
tion

.,
{uxl+a .o with v|gs, = 0,

Ugy +07u = 0

the Schauder estimate of wu,, and 0~ u can be reduced to that of v. For
the full covariant derivative Vyu on 3, we observe that

Vel s) < [Vsulgus) + [Vsulilo g
where []7 4 ) and [-]Z?(AE s) as defined in (32) are the Schauder a-

)

components for the ¥ and [0, ] directions, respectively. For [Vxu]”, (2..8)>
on each slice ¥; := ¥ x {s}, we use the elliptic estimate on compact

closed surface X5 to control Vyxu by 0~ u,
[Vsulhs.s) < [uloro,s) < C (‘a_“ba(zs,S) + ‘“‘CO(ES,S)) ’

and then take the sup for 0 < s < e to get
[Vsuli .5y < C (|5_“|ca(A6,S) + ’“\CO(AE,S))

(47) =C (|U901|Ca(A6,S) + |U|CU(AS,S)) :

Since the estimate for v, is known in (45), the only term left to estimate
is [Vxu] Z?( A 5)- For this we reduce u to the zero boundary value case by

introducing

ﬁ:u—p<ﬂ>u(€,z)— (1—p<%>>u(0,z),

€
where p: [0,1] — [0,1],p(0) = 0,p (1) =1 is a smooth cut-off function
such that [|p]|c2.ap1) < €. Then u satisfies
Upyzy — 070 U =0,wi +g and Ulgy, =0,
where

@1 = w4 p (7)) [t (22) — gy (0.2)) + (w1 (0.2) —wn (2. 2))]

and

9= 0" (2) 1(0,2) ~ u(e,2)

20 () [ 02) =ty (62)) + (w1 (6,2) = w1 0,2)].

In the above derivation of wq and g, we have used the equation

OT0 u= Ugyz, — Op, W1
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from (39). By [13] section 4.4 equation (4.46), we have, on radius-¢ half
ball B.,

ullco sy + ¢ ||{Uv1||/0a(35,s+) + & 9lco (B.s) = C () Hﬂ”/c&“(Bg/%s) .

By the definition of the norm || fH/C,m(ﬁ) in (40), this is equivalent to

lillco (5..6) + € M@l cos.s+) + &7 [Wilayps4) + & 190 (5..9)
(48)
~ - 1+
Therefore

[allco 5. s) + € llwillcocp, s+y + ete [Vwilp . s+ + g? |9lco (5. 5)
(49)

> C (a)elte [Vzﬂ]a;( B.j25) "

We are going to get rid of the tilde terms in the above inequality by the
following rule: The terms with tilde differ from the original terms by wy,
u, and their derivatives. If the derivative is with respect to 1 or 07,
then we reduce it to the previous estimates of v using (35). If it is with
respect to Vy, the full derivative on 3, then we use the elliptic estimate
on each slice of Riemann surface {t} x X. Notice that all £ powers are
coupled with the order of derivatives so all terms are dimensionless,
and after the enlargements the estimate of u is of correct € power. The
following is the precise calculation: From the definition of g, w7, and u
we can easily check that

HEQQHCO(B&S) <C <HUHCO(B5,S) + e |uallcop. ) + € le”CO(BE,S))

[wilcos. sy < 3llwillcos. sy + luallcogs. s)
__ 1 1
[wl]zi(Bs,S) <C ([wl]g(Bs,g) + za [ty HCO(BE,S) + o leHCO(BE,S))

(w18, B.s) < C <[w1]z;(B5,S) + [Uml]i;(Bg,S)>
[allcos, sy < 2llullcogn, s
IVstllcop. ) < 21 Vsullcos. s) >

~ 1
192l < € (IVertlona,s S oo, )
(50

x €z 1
[VZU](;(BE/%S) < C <[VZ"J]O:(BE/2’S) + E_O‘ HVZUHCO(BE/Q,S)> :

)

Hence, putting these back into (49) and (48), and noticing that from
(41) we can control |[ug, [|co(p_g) and [[Vsullco(p, 5) that appeared in
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the above inequalities by the following:
e o oo, 5 < C (21070 ogs. 5y + € Irlloogs, ) by (35))
by (41)) <O |(Illoogars) + = lwrllnga.s)) +llwtllens. s
(51) < O (Illeogan sy + € lenlloaas) )
and
ellVsullos,s) < € lVsullga(s, s
< Ce <H8_UHCQ(ES7S) + HUHCO(ES,S)> (by ellipticity on X)

(by (33)) = C (= lvnsllongs,s) + lulloos, o))
(52)
(by (42)) < C (5 Ilollooga,s) + ' Iwillonca. sy + € lulloo, s))

then from (49) and (50), we get the estimate for [Vgu]m?(B 28)
a; g/2y
e willgaga. sty e llulloo sy +&  vllco as)
> CC (o) '™ [Vyuy]

z1
a;(Bz/2.S)

Combining (47) about [Vyul (

. , we have the full control of
oG BE/27S)
[vzu]a;(Bs/z,S):

ee lwillcaa, sty Felullcoas) +e  Ivllcoa.s)

>CC () glte [vzu]a;(Be/zvg) '

Combining with (51) and (52) about ||Vu||-0, we get

ellwillgaa, s+ +elte [ullco a5yt Ivllco (a8
( ) (Ae,S) (Ae,S)

(53) 2 CC(a)e ™ ullgrap, 5

Covering A, by radius-¢ half balls B. and radius-¢/2 full balls centered
on meridian ¥ x {¢/2} and then taking supremum on A., we derive

ellwillgap. sty + & Nullco g + 1vllco a.s)
(54) > CC (a)e't? ”uHofa“E,g) :

Notice that here v is involved on the left side to control u, compared
to similar inequality (43) about v which needs no w. This is partly
because in second order elliptic equations (39) of v and v, the inho-
mogeneous term 0, w; is “more discontinuous” than —0~wy, for the
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(weak) derivative is taken in z; direction along which (the extended)
wy is discontinuous. Plugging these into (44) again, we obtain

C(a) ullgrag, s

1+2«

<e H’wluca(As,Sﬂ +e7 HUHCE(As,S) +e ) |’”HCB(A5,S)

—ax —(242a
(55) < furllgeqse + C 0N fwnlloog g e 12,

The C1 estimates (55) and (45) also hold when A, is equipped with
a warped product metric gy_; with h(z) € C* (%) such that + <
h(z) < K, up to the constant factor K > 0 on the right hand sides of
(55) and (45). This is because they are derived by C° estimates (44),
(46), and local Schauder estimates (42), (53) for w, v on half balls B, (p)
and B, 5 (p) for p € 9Ac = {(0,2), (¢, 2) |z € ¥}, while when £ — 0, the
function h (2) |, () converges to constant function A (p) uniformly in C°
norm in Bc (p), and correspondingly the second order equations of wu,
v converge to those with constant coefficients as above. This is similar
to the “frozen coefficient method” in Schauder theory of second order
elliptic equations. Finally, we estimate the right inverse bound of D in
the Schauder setting. By Theorem 13, the operator D is surjective, so
for any W = (w;,ws) we can write it as the sum of (wq,0) and (0, ws2),
whose preimages V = D! (wy,0) and D! (0, wy) exist. Therefore we
can reduce general cases to cases (i) and (ii). Combining the C1? es-
timates (34) in case (i) and (55) and (45) for v and v in case (ii), we
have

—(242a
Cap N IVl s <€ ) Wl gage sy

where C (o, p,A) = C (a) (14 C (p,)\)"" is independent on . Hence
the result. q.e.d.

Remark 15. (About the asymmetry of case (i) and case (i7)) In case
(i), since v|ga, = 0, after odd reflections of v and even reflections of u
and wy the V = (u,v) is still a C» function on the domain Ay .).
and wy is of class C” on Ay, so we can use the Schauder estimate
of the domain Ay )., which has uniform ellipticity; in case (i), since
wilpa. # 0 in general, after odd reflections of v and wy, w; is no longer
continuous on Ay )., not to mention in Ch. So we have to directly
work on the thin domain A, (which lacks uniform ellipticity as e — 0)
for the Schauder estimates, with e-dependent coefficients. The steps

3
there are from LP, CI_P,CO to Che,

We remark that when A+ > 0 but A\g- =0 (i.e. ker 0~ # {0}), there
still exists a right inverse Q. : C° (As,S) — C2*(A.,S) of D with the
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(3
operator norm bound [|Qc| < Ce <P+2a>

consider the restriction

D: LY (A.,S) N (ker D)* — L?(A.,S)

. To prove this, one needs to

to construct the right inverse Q., where “1” is the L? orthogonal com-
plement, and replace the constants

2
wt IPViiee.s
orver (.8 IV,
_ 2

1mn 2
0£VeLlb?(s,5t) ”V”L2(2,S+)

Ap_ =

)

Ao =

in Theorem 12 by the constants
. IDVI72. 5
0AveL (e S)nker D) [VI[720.5)
—2
107V IZ2(m 5+

in
0£ver 2 sshnkero)t  |V]izmst)

Ap_ =

I

N =

respectively to get the L? estimate of V; and in the C° estimate of u in
case (ii) of the above theorem, use the fact that

ue (kerD)t =T e (ker 8_)l

by integrating in the 1 direction. The details are left to readers.
From now on, we fix p > 3 sufficiently large and 0 < a < 1 sufficiently

small such that
3 1
0<-+3a<.
P 2
This will be necessary for the implicit function theorem in the next

section.

4. Proof of the main theorem

Let Cy C M be a compact coassociative submanifold. Suppose that
n is a normal vector field on Cjy such that its corresponding self-dual
two form

No = tpf) € /\3_ (Co)
is harmonic with respect to the induced metric. So 7y is actually a

symplectic form on the complement of the zero set Z (ng) of 1o in Cj.
Furthermore,

(56) Ip (u) := Tl X U
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defines an almost complex structure J,, on the Cy\Z (19). Since de-
formations of coassociative submanifolds are unobstructed, we may as-
sume that there is a one parameter family of coassociative submanifolds
¢ :[0,e] x Cy — M such that

dp

E o =nel (C(],NCO/M) .

For € small, let
C:=10,¢] x Cy, C:=p(C), and Cy := ¢ ({t} x Cp).

Then C is diffeomorphic to C, and ¢ (¢, -) is an embedding for Vt € [0, ¢].
We remind the readers about the typefaces of our notations: both C and
C are 5-dimensional, while each C; is 4-dimensional. Let

gc = dt* @ g|c,

be the product metric on C and exp® be the exponential map associated
to the metric gc.

In the remaining part of this article, we assume that 7y is nowhere
vanishing on Cj, which implies that (Cp, 1) is a symplectic four man-
ifold, and all coassociative submanifolds C}’s are mutually disjoint. We
are going to establish a correspondence between the regular .J,,-holomorphic
curves Y in C and the instantons in M with coassociative boundary
conditions.

Given such a X C Cy, we denote

A. :=[0,¢] x ¥ and AL := ¢ (A.).

Then AL is close to being associative in the sense that ‘T‘ AL | < Ke for
some constant K depending on the geometry of the family {C;} and
M for small . This is due to the smooth dependence of 7 (¢ (t,2)) on
(t,2) € [0,¢] x X, and the fact that

7_|TA’E\4,(072) = Tl|rarly, = 0,

since ¥ is a Jy-holomorphic curve, the tangent space 1% is closed under
Jn = ‘Z—‘x, and TAL|y, = TY®span{n}.

We want to perturb A. to become an honest associative submanifold
in M. In order to apply the implicit function theorem to obtain the
desired perturbation for AL, we need the estimates for the linearized
problem to behave well as € approaches zero. Notice that for small &,
the induced metric on AL is close to being a warped product metric

ga.h i =h(z) da:% + g%

on A., where h (z) = |n (2)|? is the length squared of the normal vector
n. Namely,

(1-Ke)gnn <0'gm < (1+ Ke)gan
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for some uniform constant K. This is because for any vectors X,Y €
T(1,2)Aeo and t € [0, 0], the function G : [0,e0] x T'Ay x TAgy — R,

Gt,X,)Y):=gm(dp(t,z) X,dp(t,2)Y),
is smooth with respect to (¢, X,Y), bilinear in (X,Y’), and
G (07 TA50 |{0}><Z’ TAso |{0}><E)
=9Mm (d(p’{O}XE (TAEo’{O}XE) 7d90’{0}><2 (TAEO’{O}XE))
= gAEO,h’{O}XEa
where in the last identity we have used that dcp]{o}xg =id:TY - T%
and dp|{oyxx 8%1 —n.

For the warped product metric on A. and the corresponding operator
D, the estimates for its inverse have been established in Theorem 14 in
the previous section. The above discussion indicates that the lineariza-
tion of the instanton equation on AL may be compared with D. We will

first show they agree on X in the next subsection. Then the comparison
on Al is a small perturbation from their agreement on X.

4.1. Geometry of ¥ C C C M. We study the geometry of the .J,-
holomorphic curves ¥ in a Gg-manifold M. Let C = Up<i<.C; be the
family of coassociative manifolds in the previous subsection and ¥ C
C = Cy. We remind the readers that the C is a 5-dimensional submani-
fold so its normal bundle in M has real rank 2, while C' is a 4-dimensional
submanifold. We recall the following results in Lemma 3.2 of [17].

Proposition 16. 1) Ny, and Ne/yls are compler line bundles
with the almost complex structure J, = ﬁx on fibers.

2) Nejuls =~ /\%1 (NZ/C) as complex line bundles, where L is the
conjugate of a complex line bundle L, and /\%1 (NZ/C) = Ny ,0®c
0,1 /s
NG (TE).

Note that the notations 9Y, X, vx, and px in [17] correspond to our
¥, C, Nyc, and Ngjpls, respectively.

In the following we will use the notation N¢/y/|s: rather than Ne /s,
but we emphasize that the isomorphism N /|5 =~ /\%1 (Ng /C) 8 com-
plex conjugate linear and should be regarded as an isomorphism between
real vector bundles. Note that we do NOT complexify Ny, since it is
already a complex line bundle, and more importantly, we want to use
its complex structure J,, = ‘—Z|>< to interplay with the G geometry.

In the following proposition, we will show that Ny, and Ne¢ /M\g are
Hermitian line bundles, and N := Ny,,c®N¢/yrls — ¥ is a Dirac bundle

(in the sense of Definition 5.2 in [23]), i.e. N is a left Clifford module over
> with respect to the G5 multiplication X, together with a Riemannian
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metric (,) and connection V¥ on N satisfying: (a) at each p € ¥, for
any 01,02 € Np and any unit vector e € 1,3, (eo,e02) = (€01, €02);
(b) for any section ¢ of TS and section o of N, V¥ (¢ x o) = (VI*¢) x
o+ ¢px Ve,

Proposition 17. Let V be the Levi-Civita connection of (M, g). For
any subbundle L — o of TM|s,, let the induced connection V¥ of L
be

vi.=7xlov,
where ' is the orthogonal projection of T M|s, to subbundle L according
to the metric g. Then,

1) For L = Nyjc, Nejumls or TS, the induced connection vl s

Hermitian, namely VZ.J, = 0.
2) Let N = Ny o @ Neyuls. Then with respect to the G multipli-

cation X as the Clifford multiplication and the induced connection
VN, N is a Dirac bundle.

Proof. For each p € 3, the subspace T),Xo®span{n(p)} C T,M is as-
sociative since Y is Jp,-holomorphic. By the same Cayley-Dickson con-
struction in Theorem 9, we may choose orthonormal frame {W,} a=1,.7
in a neighborhood B: (p) C ¥ of p satisfying standard -, x relation as
the basis of Im ©, such that

TXo = span {Wy, W3}, Wy := Wy x Wi,
Wy € Nxy/cos Wiva := Wi x Wy for 1 <i <3,
Ny ,/c, = span {Wy, W5}, and NC/M|20 = span {Wg, Wr}.
For ¢ = 2,3, we have
Vividn = Vi Wi x 1) = 78 (VwiWi) x| = (Wi, VigWh) Wi x|, =0,
where the third identity is because for L = TS = span{Ws, W3}, L =

Ny /¢ = span{Wy, W5} or L = N¢ /|y, = span{Ws, W7}, under cross
product X, only the Wy component of Vi ;Wi can preserve L, i.e.

Wiy xLCL, and (W x L)NL={0} for2<k<7

from octonion multiplication relation, and the last identity is because
(W, VwiWi) = $Vw; (Wi, Wq) = 0. Thus VEJ = 0 for any v € T,.
Using the standard G5 multiplication relation of the above “good” frame
{Watazi, 7, it is easy to check that N := Ny,c & Nejyls — Y is a
Clifford module. To show N is a Dirac bundle, we first note that for
any unit vector e € T,,%, ex is an isometry on N by the property of x;
second, for any section ¢ of 7% and section o of Ny,;c © Ne/rls, with

respect to the induced connection V¥ on N we have

VN((,DXO'):WNO(V(,DXO'—FQDXVO'):(VTE(,D) xo+px Vg,
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where in the second identity, the first term is because for distinct i, j €
{4,5,6, 7}, W; xW; espan{W;, Wa, W3}, and the second term is because
span{ W7y, Wy, W3} is closed under x. q.e.d.

It is well known that on a compact Kéhler manifold with a Hermitian
line bundle L, one can define a Dirac operator on the Dolbeault complex
Q%* (L) (cf. Proposition 3.67 of [6] or Proposition 1.4.25 of [31]). Taking
the Kahler manifold to be ¥ and the Hermitian line bundle to be Ny ¢,

we have the Dolbeault Dirac operator on Ny /¢ © A%l (NE/C). On the
other hand, by the above lemma, Ny, & N¢ /M|g is a Dirac bundle and
has a canonically associated Dirac operator. The following proposition
compares the two Dirac operators.

.- . 0,1

Proposition 18. The Dolbeault Dirac operator on Ny, /c®NG (NE/C)
agrees with the Dirac operator on Ny, )c @ Ne/uls, for which the Clif-
ford multiplication is the Go multiplication X and the connection is the
induced connection from M.

Proof. Given any p € ¥, we may further assume the “good” frame
{Wataz12..7 on Bz (p) in Proposition 17 satisfies

Ny

(57)  VERW; () = Yy, Ne

O/CWk (p) = vW

] @

MW () = 0

for 2 <i,j <3 and 4 < k <5, where the VTEO,VNEO/CO, and VNVe/al=o
are orthogonal projections of the Levi-Civita connection V on M to
TXo, N5y /5 and Nejarls,, respectively (with respect to the metric g).

To achieve (57), we can first require V%%Wj (p) = V]V\(,TO/CW4 (p) =0
for 2 < 4,7 < 3, and then use W;14 := W; x Wy for 1 <14 < 3 to show all

other covariant derivatives in (57) vanish at p. Let Z = % (Wy —iW3) €
10 = : 0,1 —* Wy —iWy 4+520,1
TEC,Z:%(Wg—i—ng)ETEC,andZ: 2\/%3€TZ(C,

then <7*,7> = 1. We recall that the real bundle isomorphism f :

/\%1 (Nsy/c) =~ Nejals from [17] (up to factor —%) in local frame was

given by
(58)
fi AS (Nyje) = Wi@c T2 — Wy x TEY = Neyls,
Wi®cZ — —%mxz,

which is complex conjugate linear and independent on the choice of
Wy € Ny c. So we have the map

®:=id® f: Nyjo®Ag (Nso) = Ngjo ® Neuls
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whose action on the basis of (rank two real vector bundles) Ny o and
/\%1 (NE/C) is the following:

id
®: Ny =5 Nsyo, {Wi, W5} — {Wy, W5},
(59)
o AR (Nyc) A Neymls,s {W4 ®Z ,Ws ®7*} — {We, Wr}.

This is because under f,

W®<W5_ZW§> _LW4XW2—W4XZ'W3
! NG V2 NG
—We — (W1 x W, W-
_ W (12>< 4) ¥ E—
Wy —iWs Wy —iWs
Ws ® g);;,LW@(M)
’ ( V2 ! NG

— —Jp, (Ws) = =W x We =Wy,

where the second row is from the tensor property of f and the last row
. 0,1 . . .

is because f : Ag (NE/C) — Ne¢/uls is complex conjugate linear. So
for the sections

U=VW,+ VW5 + VW0 Z + VW5
®7* el (NE/M @ /\E():71 (NE/C')> s
V =V W4+ VW5 + VoW + VW7 €T (Ng)c @ Neyurls)

we have
o (U)=V.
We compute the Dolbeault Dirac operator using the above frame. The
. . 0,1
Clifford multiplication ¢ on the Dolbeault complex Ny ;¢ @ A¢ (Ng /C)
at p is (see Section 1.4.3 in [31])

. V2e(Z* — —*
C<M>;v4w4+v5w5 it )\/§(V4W4®Z +V5Ws®Z)=
V2
. . — —V2i(Z
c (%) VW07 +ViseZ VB0 vE (cvew, - vis)

where e (7*> is the wedge by Z  and 1(7) is the contraction by Z.

Using (57) at p and complex linearity, we have
v<W2+iW3> (V4W4 + V5W5) (p)
vz

1
-7 (Vo'W + V3 T, Wy + Ve Ws + V3 T, W)

(V2 = V&) Wa + (V5 + V5) W5)

Sl
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and

Wo + 1W.
c <%> o V(sz%v%) (V4W4 + V5W5) (p)

= (V= VW, @Z + (Vo + Vi Ws 2 Z".
Similarly, we have
v (s (vﬁw4 Q7 +VWsa 7*) (p)

V2

- % [(Vf V)W ®Z + (V5 +Vy) W ®7*]

and

Wy — ZW3 6 =% 7 —%*
c <T> OV(WQ\;%WB) (V Wi®Z +V'Ws®Z ) (p)
=— (V& +V{) Wy — (V5 + V) Ws.
The Dolbeault Dirac operator @ on Ny, /M D A%l (Ng /M) is defined by
— W2+iW3> <W2—iW3>
9= 2 0 iy e (S22 0V
< V2 (*27) V2 (*=7)
so at p we have
U (p) = — (Vo + Vi) Wy + (V§ = Vi ) W5
+ (V' = V) W@ Z% + (Vs + V') Wi @ Z%,
and
(U (p)) = — (V5 + V5) Wa + (V5 = V) Ws
+ (Vo = V) We + (V5 + V') Wr.

On the other hand, the twisted Dirac operator on N := Ny,)c ® N¢/als
is
(60) D =Wy x Viy, + W3 x Viy,.
Using (57) at p, we have
DV (p) = (Wa x Vi, + W3 x Viy.) (VAW + VOWs + VEWs + VW)

= (Vo!Wa x Wy + V5'Ws x W) + (Vo Wa x Wi + VZWs x W)

+ (VEWa x We + VEW3 x We) + (V5 Wa x Wy + Vi’ W5 x Wr)

=— (V& + Vi) Wyt (V§ = Vi) Ws
(61)  + (V5 = V&) We + (V5 + V5) Wr.
Therefore

® (9U (p)) = DV (p).
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Note that Dirac operators are independent on the choice of orthonormal
basis at p, and our p € ¥ is arbitrary, so ® (OU) = DV on X. The proof
of the proposition is completed. g.e.d.

We now make the connection to Subsection 3.1. Taking L = Ny, /¢ in
that subsection, then, ST = Ny )c and ST = A%l (Ng/c) . Our assump-
tion that ¥ is regular implies dim Hg’l (NE/C) = 0, for Hg’l (NE/C)
corresponds to the cokernel of 0. By the Dolbeault isomorphism, we
have o

dim H' (3, Ny¢) = dim Hy" (Ny;¢) = 0.

Since the dimension for the Seiberg-Witten moduli is 0, by the equiva-
lence to Gromov-Witten moduli we have

dim H° (£, Nyy,¢) = dim H' (2, Nxy¢) = 0,

for we only count J,-holomorphic curves ¥ of index 0. Hence for

5 : QO (NE/C) — QO’I (NE/C)

5* : QO’I (NE/C) — QO (NE/C)

in Subsection 3.1, ker 9 and ker 9" are trivial. Moreover, by Theorem
13, the linear operator

D: LY (A.,S) - L? (A.,S)
is one-to-one and onto.

4.2. Linearization of instanton equation and comparison with
the operator D. To prove the main theorem (Theorem 27), we will
construct a map

F.: cme (NA’E/M) — Cm—l,a (NA’s/M)

such that the solution to the equation F; (V) = 0 will give rise to an
associative submanifold (instanton) with boundary lying on Cy U C..
The spaces C"™“ (NA’E/M) and C"° (NA’E/M) are defined by

C™ (Nazym) = {V el (Nagym)| HVHCWL(NA, ) < +OO},

HVHCm(NA’E/A{) < 400, and }

O (Nag/n) = {V €T (Naz/m)
Vliooyxs) € TCo, Vlperxs) C TC:.

We construct a three dimensional submanifold AL = ¢ (A.) C M by
flowing X along with Cy. For the spinor bundle S —A., we will construct
an exponential-like map exp : S —M, with the following properties of
the differential dexp|s, on {0} x X:

1) on fiber directions of S, dexp|(o) x5 = (id, f) : Ng/CGB/\%l (NE/C) —

Nyyc @ Nejnls, where f A%l (NZ/C) — Ne/arls is the real vec-
tor bundle isomorphism in (58);
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2) on base directions of S, dexp|{gyxx = id : TX — T'Y and dexp|{oy . :
7= = n(2);

3) on the boundary {0,e} x X of A, exp|(o}xx (St®0) C Cy, and

é;(—ﬂ{e}xE (S+ ®0) CCe..

The construction of the map exp is somewhat technical. To keep the
main flow of our paper, we postpone it to the appendix.

To make the linear theory developed in the previous section applica-
ble, we compare the linearization DF (0) with the operator D in Section
3.1 by the following diagram to get the e-dependent bound of its right
inverse:

c™(A.,S) 2 ocmhe(a,,s)
dexp | | dexp
DF.(0)

C (Naymr) Cm = (Ny v )

Now we define the nonlinear map F; with the important property that
elements in F~! (0) with small norm correspond to associative subman-
ifolds in M near AL for small e. Given any CyUC;, we modify the metric
g near Cy and C. to make them totally geodesic. We denote this new
smooth metric by ¢., and we make g. C'-continuously depend on ¢ in
our construction. Let exp9 be the exponential map of g.. Then exp9:
has the following properties:

1) For sections V' of N, a /M With C° norm smaller than a fixed con-

stant gy (depending on the uniform injectivity radius of the family
of metrics {gefo< <., )

exp Vi AL - M

is a smooth embedding.
2) For V € 0" (NA’E/M)y let

(62) A (V) = (exp® V) (4]).

Then A, (V') is a submanifold of M nearby AL satisfying the bound-
ary condition

(63) 0A. (V) C ChUC..
3) For small ¢ > 0, the family of embeddings exp% (tV) : AL — M
satisfies
d
(64) —|  exp% (tV)=V.
dt ]
Next we define F. : C™* (AL, Ny, jns) — C™ 1 (AL, Nay /1),
(65) Fo(V) = w0 Ly o (T o (exp® V)" 7).
where

1) (exp?s V)" pulls back the differential form part of T,
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2) Tv : Toypoe ()M — Tp M pulls back the vector part of 7 by the
parallel transport with respect to g along the path expy” (tV),

3) Ly : TM|p. — Ny /pr is the orthogonal projection with respect
to g,

4) %y : Q3 (AL) — Q0 (AL) is the quotient by the volume form dvoly,
induced from g.

We stress that g. is only used to construct a map exp% : Ny ;py — M
satisfying the coassociative boundary condition (63) and derivative con-
dition (64). For our covariant derivatives, parallel transport, orthogonal
projection, and volume form, we still use the original metric g.

To better understand F;, we let

Pei=spoly:T (TM|A’5) ® Q° (A/a) — T (NA’E/M) ’
and
(66) F9 (V) :=Ty o (exp” V)" .

Then
F.(V)=P.oF% (V).

At any p € AL, both La and *y are linear operators between finite
dimensional spaces, so ||Pz|| < C, where the constant C' only depends
on ¢ and is uniform for all 0 < ¢ < g3. We notice that P. does not
involve V, so the essential part of F, (V') is F9 (V).

By Proposition 8, if AL is sufficiently close to being associative, then
there exists § > 0 such that for HVHC&O‘ (AIE’NA’s/M) <0,

F.(V)=0 & F% (V) =0« A. (V) associative.

We also note that 0A. (V) C Co U, for V € che (AL, NA;/M)-
Before we compute F9%'(0)V, we observe the following useful fact.
The original exponential map exp? : Ny 5y — M does not satisty the

coassociative boundary condition (63), but satisfies the same derivative
condition (64):

d
V)=V = —
t:Oexp( ) o

o exp?s (tV).

t=0

For smooth maps f : AL — M and a smooth form 7, the nonlinear map
I': f — f*r is differentiable with respect to f. Therefore

(67) % » (exp? (V) T=T"(0)V = % L (exp? (tV))* 7.

Recall that the F' (V') (6) defined in our proof of McLean’s theorem is
F(V):=Tyo(exp! V),
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where the parallel transport 7Ty is with respect to g along the geodesic
exp? (tV'). F9¢ (V) and F (V) are different nonlinear maps, but (67) says
that

(68) F9'(0)V = F' (0) V.

We give an alternative proof of (68) in the following lemma. The proof
gives more information of F9’ (0) V when there is a good frame field for
the vector-valued form 7.

Lemma 19. For any V € C-° (Narjar), Fo' (0)V =F'(0) V.

Proof. For any p € AL, we choose a frame field {W,},. -, in its
neighborhood B C A., and then extend V and {W,},., <, to M by
the parallel transport with respect to g along the curve Exﬁpf (tV). We
write 7 = w* ® W, in the neighborhood of p in M, following Einstein’s
summation convention. Similar to (12), we compute

F9(0)V =d(iyw®) @ Wy + ivdw® @ Wy + w® @ Vy W,

where the covariant derivative V is with respect to g, and we have used
that %]tzo exp?s (tV)) = V. By the parallel property of 7 and W, with
respect to g, we have

ydw* @ W, =0=w*® VyW,

(also see Remark 10, item 3). The first term d (iyw®) |4, only depends
on the restriction of V' and w® on AL (Remark 10, item 1). Therefore,

F9"(0)V =d (iyw®) ® Wala = F'(0)V.
q.e.d.

Remark 20. To apply the implicit function theorem to F; (V'), in
the remaining part of our paper we will only need the estimate of F! (0),
and the quadratic estimate (80) of F. (V). Because of the above lemma,
to compute F! (0) = P. o F9'(0), we can replace the metric g. by g in
(66). This will simplify the exposition in many places. For our quadratic
estimate (80), the proof uses no feature of the Gy metric g and is valid
for any Riemannian metrics, including g.. The constant C' in (80) is
uniform for {gc}y..,, since this is a compact family of metrics Cl-
continuously depending on €. So although we used g. in the definition
of F. (V) (65), from now on we will pretend g. is ¢ in F. (V'), and we
will simply write exp? as exp.

Proposition 21. For any section Vi of S and section V5 := dexp -V}
of Ny jar, we have

|[F' (0) Va — (dexp o DV}) & dUOlA'sHCa(A'E,NA, /M) < el IVillcrea.s) -
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and

|| (0) V2 — (dexp) o DV4 | < e Villgraa,s)

Co(ALN 41 0y )
where D is the operator on S in the linear model, and the constant C is
uniform for all €.

Proof. For each p = ¢ (0,2) in ¥y := ¢ ({0} x ) C AL, we choose
“good” frame {Wa},_15 7 on B:(z) C ¥ as before. Then we extend
the frame to U, (p) := ¢ ([0,¢] x B: (2)) such that

Wa(p(t,2) =T, - Wa(p(0,2)) fora=1,2,...7,

where T, is the parallel transport along the path v := ¢ ([0,t] x {z})
by the Levi-Civita connection on M. We further extend {Wa},_; o 7
to a tubular neighborhood of U, (p) C M by parallel transport in fiber
directions of Ny, /5. Both F'(0) V2 and DV; are globally defined on AL
and A. respectively. We are going to compare them in Uy (p) using the
“good” frame. We write 7 = w® ® W, in the neighborhood of p. By
the parallel property of {W,} a=12,.7> the 3-forms w® are similar to the

standard ones in Im O, in the sense that dz; is replaced by (W;)" for
i=1,2,...7. We still have the formula (12) at ¢:

F'(0) V2 (q) = d (iv,®) ® Wa (q)
(69) + iy, dw® @ Wy, (¢) + w* @ Vi, W, (q) .
The first term d (iy,w®) ® W, (q) is the principal symbol part of the
differential operator F’ (0). We claim that
(70) d (iy,w®) ® Wy = (dexp - DV1) @ dvolar + E (q) Vi
where E (g) is a smooth tensor on Us (p) with |[E||c1 g, () < Cse. To

see this, we first compute d (iy,w®) ® Wy. For section Vo of Ny /s, we
write

Va (q) = S4_19” (9) Wa (9) -

Similar to our proof of McLean’s theorem, we have
(71) d (iy,w®) @ We (q) |1,42 = DV2 (q) dvola, + E1 (q) Va
where

DVa (q) = — (&1 + &5 + 0F) Wa + (&1 + 6§ — 63) W5
(72) + (63 — 03 + 07) Wo + (03 + 65 — ¢7) Wr,
and

9 (q) := do* (a) (Wi).

The reason is the following: From our construction of Wy, Vw,W; (p) =

O0for1<i,7 <7, and w® are similar to the standard ones in Im Q. Thus
when g = p,

d (inwa) ® Wy (p) |T,,A’5 = DVs(p) dUOlA/E.
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If g is e-close to p, then in (71) the error term FEj (q) is of order € in
C' norm, because Vy,W; (q) = o () in C* and span{W,, (@)} =123 has
g-order deviation from T, AL in C'. We want to show

(73)  DVa(g) = depo [(irlﬂ Ger g+ a) vl] B () Va,

where the error term Fy(q) is of order ¢ in C! norm, and the 9 is
the Dolbeault Dirac operator on Ny o © /\%1 (NZ/C). Similar to our
argument for Fj (q), it is enough to show

. 0 -
DVa (p) = deipliop s | (172 ()er 5 +8) T (0.2)].
1
We observe that
DVa (p) = DVa (p) — ¢S Wy + ¢1Ws + oI W — ¢S Wy

from (72) and (61), where D is the twisted Dirac operator (60) of Ny,/c®
Ne /M\g over Y in the previous subsection. By Proposition 18, we have

dexp|ioy s - Vi =@ (V1) = DVa.
So it is enough to prove, at p = ¢ (0, 2), that

(74)

S 0

dexpo (W12 (2) e1 - 5=Vi (0,2) | = (=0Wa+ 615 + 6]Ws — 61W7) (p)
From

Va (q) = S1_40” (9) Wa (q) = Sty (q) - Ty Wa (¢ (0, 2))
we get
Vi(t,2) = S1_40” (¢ (t,2)) - (dexp) ™ Ty Wa (¢ (0, 2))
=S40 (0 (t,2)) - @' Wa (¢ (0,2)) + E3 (q) Va,

where {®~1W, (@(O,z))};:4 is regarded as a frame of S — A, that is
invariant along the ¢ direction, and Fj3 (q) is of order € in C'* norm. The
second identity of V; (¢, z) is because the maps dexp and T, at t = 0, are
maps ® and the identity map respectively on span{W,},. <7, and for

0 <t < ¢ we have the error term Ej3 (q) of desired order by smoothness
of , ¢%, and W,. Let

U (21,2) = ¢ (¢ (21,2)) , and 5 (21, 2) = aiw (21,2).
We have

1 a% (570 (21,2) - & Wa (9 (0, 2))]
= ¢! [Wl X Ezzﬂb? (xhz) - We (90 (072))]

(75) = O~ [~y Wy + I W5 + ] We — W] .
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By the chain rule, for 4 < a <7,
(76) 4 (0,2) = Vi ¢ (9 (0,2)) - h ()2 = h (2)2 65 ((0,2))

where the factor h (z)% is from (Wy, £ (t,2) [1=0) = h (z)% Comparing
(74) and (75), and noticing (76), we have

dexp|{oyxx © DV1 = DVa.

Therefore, for g that is e-close to p, claim (70) is proved. So we get
|d (ivyw®) ® W — (dexp o DV1) & dvol . |
= 1£(9) Vallcow. ()

(77) < Cie' ™ Vallgro e »

where the constant C is uniform for all €. The remaining term

BV; := iy, dw® @ W, + w® @ Vi, W,

is a 0-th order linear operator on Va, where B = B (q) is a smooth tensor
on AL. Since V7 = 0, the same as in our proof in Theorem 9, we have

iwdw® (p) = VW (p) = 0 for all W € Ny jur (p)

Cx(Us(p))

so we have B (p) = 0. Since dist(p, ¢) < Cpe for some uniform

IN 4z e @)
constant Cp, and N4 /s is a smooth fiber bundle over AL, we conclude
that the operator norm

HB (a) |NA’E/M((1) ’ < Cae

for some uniform constant C5. From this it is easy to prove

11—«
(78) 1BVallceu. gy < Cse ™ IVl o (AL VA ae)

The constant C3 is uniform for all €, by the compactness of X and finite
covering of AL by U, (p). Putting (78) and (77) in (69), we have

HF/ (0) Vo — (dexp - DV1) ® dUOlA/J
< Cae' |12

C*(Us(p))

che (A'stA’E/M>
< Cse' ™ Villgraga. )
where the constants Cy and Cy are uniform for all €. Using finitely many
U. (p) covering AL and then taking supremum, we have
(79)
HF/ (0) Vo — (dexp - DV1) ® dvol a1

1—
coany S Ce T Villgraa, s -

Applying P- on the left-hand side of the above inequality, and noticing
that (dexp) [(oyxx © DV1i = DV3 is a section of Ny /s, we have

P. o ((dexp) o DV; (t,2) ® dvola,) = (dexp) o DVi (t, 2) + E3 (q) Vi,
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where E3 (q) is of order € in C' norm, because at ¢ = ¢ (¢, z) the vec-
tor (dexp) o DVi (t,z) may have a component of order ¢ in C' norm
orthogonal to N4 /ps (). So we get

|2 0) V2 = (@650) 0 DVi o4, v, )

< HPE . (F/ (0) Vo — (d&ﬁ) o DVI ® dUOlA,s)HCa(A’,NA//M)

+ 185 (0) Vill o ar)
< Ce' ™| Villpraga.s)

where C' is a uniform constant independent on ¢. q.e.d.

~—t
Proposition 22. There exists a Tight inverse Q. e of FL(0), such
—~—t
that ’Qe
0<e<Leg.

(3
me‘ < Ce <P+2a>, where the constant C is uniform for all

Proof. From Theorem 14, for operator D on spinor bundle S over A.,

there is a right inverse Q. of D such that ||Q.]| < C’s_<%+2a>. Let
D = dexp o Do (dexp) !,
Qe = dexp o Q- o (dexp)

then

|62 < aspl - 0=~ (%) | aempy 1| < e (+22),

and
FL(0) Q. —id = (FL(0) =D+ D) Q. — id
- (Fé(O)—ﬁ)@—i—ﬁ@va—id
= (FL)-D)Q-,

where the last identity is because 5@ = dexp o DQ; o (d(?}?f))_l = id.

From the previous proposition, (Fe’ (0) — 5) H < Ce'~. Therefore

|

0 -l < (0 5)]
< Celme. CE_<%+2Q> < %

when ¢ is sufficiently small, by our assumption that 1 — (% + 3a) > 0.

So @; is an approximate right inverse of F! (0). The true right inverse
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Q'ree of F!(0) is Qe = Q. (FE’ (0) @;)_land

3 19a

H@”“ gCe‘<p >-2<05‘(p )_

< |le

[(roa)”

4.3. Quadratic estimates.

Proposition 23. There exists dg > 0 such that for all sections Vo,V

of Najm that |[Vol| .., (A{E?NA’/A{> < dp, we have

HFE, (Vo) V - Fﬁ/ (0) VHCQ(A/ngA’E/]\/I)
(80) S C Hvb”cl’a<Aé,NA/E/M> Hv”cl,a (AlngAé/]\/I>’

where the constant C is independent on €.

Proof. Because F; (V) = P.o F (V) and P is a bounded linear oper-
ator independent on V, it is enough to prove the quadratic estimate of
F (V), namely

HF’ (Vo) V — F'(0) VHga(A/E,NA//M)
S C HVYOHCLO‘(A’E,NA/E/A{) HVHCI,& <Al57NAé/M>'

For any p = ¢ (¢, z) on AL , we choose a normal frame field {Wa}a:1727___77
in its neighborhood By, (p) where 7 = w*®@W,, with dp = the injectivity
radius of M. For the point ¢ := exp, Vo and if |Vg| < do, then we can
assume this neighborhood covers ¢. Let the submanifold

A (V) =: (expV) (Aé) ,

which is similar to (62), except that the section V' here is in Nas /5
instead of S, and the exp : N,y — M is the exponential map on M.
For the family of embeddings of submanifolds

WYy 1= exp(VO —I—tV) A — Ae(VO —I—tV) C M,
we have
%o (AE) = A. (VO) )

| (@) = (dexp, o)V (p) = Vi (0)
t=0
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A; (0). Arguing as in Theorem 9, from V7 = 0 we

for any p € AL =
dw® (q) = 0. We have

have VW, (q)

/
€

F' (Vo) V (p)

d
=% F (Vo +tV)(p)
t=0

d .
= 2| [ep (Vo + V) w® (p) @ Tigrsv Wa (exp, (Vo + V)]
t=0

d %
= — (exp (Vo + tV)* w®) @ W, (p)
dt],_g

* o d
(81)  +(expVo)" " (p)@ — | TiprevWa (exp, (Vo +tV)) ,
t=0

where in the last equality we have used Ty;+vWa (expp (Vo + tV)) =
W, (p) by the parallel property of W,,. For the first term of (81), by the
property of the exponential map, namely dexp, (0) = idz, s, we have

exp, (Vo +tV) = exp, (tV1 +t|V| B (Vo,V, 1)) o exp, Vo

where V| = (deXpAé VO) V' is a vector field on A, (Vp), B8 (V,V,t) and
B (Vp,V, t) are uniformly bounded, and lim;_,o 8 (Vo,V,t) = 0. Therefore

Z1 e (Vo +11) 0 (p)

t=0

= (expa, Vo) expa vy (V2 + £V B (Vo V)" w0
t=0

— (expp VO)* Ly, w®
= (exp, Vo)" (d (iv,w®) + iy, dw®),

where in the third equality we have used that lim; o 3 (Vo,V,t) = 0. For
the second term of (81), by the Gauss-Bonnet formula, which compares
the parallel transports along different paths by curvature integration,
we have

Tvy+tv Wa (expp (Vo + tV))
= Ty, © Ty 4viavo vy Wa (exp, (VL 4+t V] 8 (Vo,V 1))

+ / R (o) doWa (p),
A(Vp,tV)

where R (o) is the Ricci curvature tensor, A (V) tV') is the 2-dimensional
geodesic triangle with the vertices p, exp, Vo, and exp,, (Vo +tV), and o
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is the area element. Therefore

d
d_ TV0+tVWa (epr (Vb + tV))
tli—o
d d
=Ty, 0 —| Ty Wa (exp, tV1) + — / R(0)doW, (p),
dt | dt |, Jawe tv)

where in the first term we have dropped the higher order term
t|V] B (Vo,V,t) since it is irrelevant for the derivative at 0. If we denote

/ R (o) do,
t=0 A(VoytV)

by the area formula of A (V( tV') it can be shown that

d

B (W, V) = 7

1B (Vo, V) Wa (p)| < Cs [Vo| V[ [Wal (p)

where Cj5 is a constant only depending on (M, g). Plugging these into
(81), we have

F' (Vo) a0,V (p)

= (exp Vo))" Lyw™ ® Wy (p) + (exp Vo))" w™ @ Ty, Vi Wa ()
+ B (VOa V) Wa (p)

= ((exp Vo))" ® Tg) o [Ly,w™ @ Wa (¢) +w® (q) @ Vi, Wa (¢)]
+ B (V()a V) Wa (p)

= ((exp V)" ® Tyy,) o [(d (ivgw®) + ivy dw®) @ Wa (q)
+w” (q) ® Vi, Wa (¢)]

(82) + B (Vo, V) Wa (p) -

Here we have used that Ty,W, (¢) = W, (p). Equation (82) can be
rewritten as

F' (Vo) |4,V (p) = ((exp Vo))" @ Tip,) © [F' (0) | 4. (vi) V1 (9)]
+ B Vo, V) Wa (p),

which means the derivative F’ (1)) on A. (0) can be expressed by the
derivative F” (0) on A, (Vp) via the transform (exp Vp)* ® Ty, up to the
curvature term B (Vp, V) W, (p). If Vi = 0, then ¢ = p and V; =V,
together with

ivdw® (p) = VvWa (p) = B(0,V) =0,
the formula (82) is simplified as
F'(0) |4,V (p) = d (ivw™) @ Wa (p) -
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Therefore

F'(Vo)V(p) = F'(0)V (p)

(83)

— [(exp V0)" dlinyw®) — d(ivw®)] |4, ©® Wal(p)+
(84)

((exp Vo)™ ®@ Tiy) o [ivydw™ @ W + w® @ Vi, Wa] (p) + B(Vo, V)Wa(p)-

For the second line (84), it is a 0-th order linear differential operator on
Vel (I‘ (NA’E/M))a where
Vi=(dexpVp) a0V = E (Vo) V.

We notice that for the linear operator

H: CH (U (Nagjar)) — C* (T (Hom (TM|a, TM|a.(vr))))
that sends

Vo = ((exp V0)" @ Ti) © [ip(vy) () dw” ® Wa +w® © Vi) Wa

+ B (‘/07 ) Wom
H is a bounded operator since the terms exp Vo, (exp Vo)*, Tv;,, E(Vo),
and B(Vp, -) as elements in C* are differentiable for Vo € CY*(T'(Na, /ar))
with bounded Frechet derivatives. The bound of the derivatives is uni-

form on ¢, so | H|| is uniformly bounded. Since H(Vy) = 0 when V = 0,
we have

1H (Vo,V)ll o < Cs IVollcraqary IV ot ary -
For the first line (83), [(exp Vp)" d (iy;w®) — d (iyw®)] is a first order
linear differential operator on V (Vi = (dexp Vo) |4.(0)V ), and only in-
volves the covariant derivatives of V. In the next lemma we will show
[[(exp Vo)" d (iv;w?®) — d (ivw*)||ca(ar) < C7 [Volloraqary IV IIcraay) -

Combining the two lines we get

HF’ Vo)V — F’ (0) VHCQ(AIE7NA’/M)

< C|vll VI

Cre(ALN 4y ) T Ote (LN, )
q.e.d.

Lemma 24. For any Vo,V € T (N, ) with [Vollcra(ary < do, we
have

[| (exp Vo) d (i, w®) — d(ivwa)llca(A/s) <C7 ||V0||CLQ(A’5) HVHC’LQ(A/E) )

where the constants &g and C7 are independent on €.
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Proof. Consider the 3 linear maps from T,M to T,M, where q¢ =
exp, Vo

Paly, : T,M — T,M, parallel transport along the geodesic
exp, tVp for 0 < ¢ <1,

d(expVp) : T,M — Ty M, tangent map of the diffeomorphism
expVp: AL — A. (Vp),
d (epr) (Vo) : Ty, (T, M) — T, M, tangent map of the exponential map
exp, : Tp,M — M,

where in the last one we identify Ty, (7,M) ~ T,M. Note that for
diffeomorphism d (exp Vy) we need a vector field V5 on AL, but for
d (expp) (Vo) we only need Vy € T,M, so they are essentially differ-
ent maps. But the 3 maps are very close to each other when Vj is small.
More precisely, for any V5,V € T (NAg/M) with H‘/Oucl,a(A/E) < &g, we
have comparison of the maps as in the following:

d(exp Vo)V = Paly,V + hy (Vo) V,

d (exp,) (Vo) V = d (exp Vo) V + ha (Vi) V.
where for each i = 1,2, the error term
hi (+) : €2 (D (Nagyar)) = C* (U (Hom (TM|ay, TM|a.(vr))))

is differentiable with respect to the variable V{, and

h; (Vo) =0 for Vp = 0.

This is because for any fixed p, Paly,,) and d (expp) (Vo) smoothly de-
pend on Vj, and for the compact family p € AL, Paly, and d (expp) (Vo)

inherit the smooth dependence on V € CH® (F (NA’E/M))- For d (exp Vp),
since

d(expVp) (z) = Fy (z, V) dz + Fy (2, V) dVj ()
where F (z,y) = a% exp, y and Fs (z,y) = a% exp, y are bounded on

A., we see d (exp Vp) € C* smoothly depends on Vp € C1 (T (Naz/nr))
with bounded Frechet derivative. This especially implies that

(85) 17 (Vo) Viga < Cs [IVollcraary IVIIetear
for ¢ = 1,2. We have
Vi=d(expVo)V + ha (Vo) V,
d (exp Vo) Wa (p) = Wa (@) + ha (Vo) Wa (p) ,
(exp Vo)™ w® (q) = w® (p) + hs (Vo) w™ (q)

using the parallel property of W, and 7 (hence w®). (Here hs (Vp) de-
pends on Vj € C1 (F (N AL /M)) smoothly by similar reason of hy and
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hg. Since w® is a 3-form, hs (Vj) can have terms of cubic power order of
Vo.) Therefore

(exp Vo) d (iyyw®) — d (iyw®)

= d [(exp V)" (d(exp Vo)V +ha(vo)vw®) — ivw®]

= d [(exp Vo) id(exp vo)vw® + (exp Vo)™ iy vy w® — ivw®]

= d [iv (exp Vo)™ w® + (exp Vo) " ip,(vpyvw® — ivw®]

= d [iy (W + h3 (Vo) w®) + (exp Vo)™ iny(viyvw® — ivw®]

= d [iv (hs (Vo) w™ (q)) + (exp Vo)™ in, (vpyvw™ ()] -
Using the property (85) of h; (i = 1,2,3), we observe that each term
in the above last identity in C® norm smoothly depends on V, € C'h
(F (NAQ/M)) and linearly on V € O (F (NA;/M))- Also when Vy = 0,
we have (exp V)" d (iy,w®) — d (iyw®) = 0. Therefore

[(exp Vo)™ d (iv;w®) — d (ivw™)ga(ary < CIVollcraay IV Ilcragar) -
q.e.d.

Remark 25. We also have some point estimates tied to the feature
that 7 is a 3-form. It is well known that for any smooth embeddings
¢+ Ac — M and smooth sections Vo of TM |4, with [Vp| smaller than
the injectivity radius of M,

|dexp,, Vo| < Cs (ldg| + [VVo))

where Cj is a constant only depending on (M, g). Hence for the map
exp Vo : TM| 4, — M and any section V of TM| 4, at p € AL we have

[(dexp Vo) (p) V| < Cs (Idep| + [VVO]) [V ()] -
So for the first term (83), we have
|[(exp Vo)™ d (iv;w®) — d (ivw®)] @ Wa ()|
< Cr (Jde| + [VVo))* (IVV] Vol + [V] [V Vo| + V] [Val) (),

where the power 3 is because w® is a 3-form. For the next row (84), it is a
0-th order linear differential operator on V, where Vi = (dexp Vo) [4.(0)V -
By the C? smoothness of 7 = w® ® W, and

iwdw® (p) = VwWa (p) =0
for any W €T (NA’E/M), at ¢ = exp, Vo we have
lividw® (q)| < Ca[Vol V], [VuWa (9] < Ca Vol [V].
Hence
|((exp V)™ @ Tig) © [ivs dw® @ W + w* @ Vs Wal (p) + B (Vo, V) W (p)]|
< CF (ldel + |VVl)* - 2C4 [Vo| [V (p) + C5 Vol [V (p)
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where the power 3 is because w® is a 3-form. Combining all, we have

[F' (Vo) V = F' (0) V] (p)

< [0r (gl + VW) (VI V] + (VW6 [V] + Vol [9V]) + Cs Y6l V] 9)
Because of the cubic power terms, it is difficult to get a similar quadratic
estimate in the LP setting, namely

HF/ (‘/0) V - F/ (0) VHLP(AQ,NAéﬂw)

< C|IV, 14
>~ H OHWLP(A{‘?’NA’E/]W) H ||W1’p<A{~:7NAé/M)'

This is one of the key reasons that we choose the Schauder setting for
implicit function theorem, where the right inverse bound of F”(0) is
much harder to obtain than in the LP setting. In contrast, the Cauchy-
Riemann operator of J-holomorphic curves is more linear in the LP
setting: it has the quadratic estimate (see Proposition 3.5.3 in [30])

HF/ (VO) V- F (0) VHLp(E) <C ”VOHWLP(E) ”VHWLP(E).

4.4. Perturbation argument. To find the zeros of F., we are going to
apply the following quantitative version of the implicit function theorem
(cf. Theorem 15.6 [9] or Proposition A3.4 in [30]).

Theorem 26. Let (X, |-|y) and (Y,|-|y) be Banach spaces and F :
B, (0) C X =Y a C'-map, such that

1) (DF (0))~" is a bounded linear operator with H(DF (o)~ 'F (O)H <
A and H(DF (0))—1H < B;

2) |DF (z) = DF (0)|| < kx| for all x € B, (0);
3) 2kAB < 1 and 2A < r.

Then F has a unique zero in Baa (0).

To apply the above theorem, we define the map

(3
F.:=¢ <p+2a>F€ : C{’a (AfzvNA’E/M) — (A/E’NAQ/M) :
Then Proposition 22 implies that

(DB )"
By Proposition 23, for ||V|| oo

(AL, Nagymr),
|(PE (Vo) - DE. () V|

< 6%—1—204 . C€—<%+2a) —C.

) < dg and any V € cte
AstAg/l\/I)

ok )

IVl jre

< e (72 g

- (AlstA’E/]%) (AIE’NA’E/M) .



476 N.C. LEUNG, X. WANG & K. ZHU

For F (V) = Ty o (exp V)" 7, fixing a volume form on AL, we can
regard F' (V') as a section of T'M|y, . We have

O TR e P,
T 6
=0Wwﬂu@+/ 9 (o) (5, 2) ds
Iy Co(AL,TM)
(86) =C —p 1 (8,2)ds < Cel™e,
Co (AL, TM)

where (¢*7) (0, z) = 0 is because ¢ (0 x X) is J,-holomorphic and then
T\TA/E P 0, and the last inequality is because for

H (z1,z / axlgp T(s,2)ds

where f (s,z) = aicp*T (s, z) is smooth on [0,¢] x X, we have

1Hleweay < | 1Flenquy ds = W llencay
€
(Mo, < | Ulaeds = Ul o

[H]QAE <C [H]Ef;lAs e < HfHCO(AE) €

(Here [f].,., [f]oia, are the Schauder components of f in the z and z;
directions of A..) Note that (86) implies that the tangent space of AL is
e~ close to being associative.

By our construction
FE (V) = *Afs o ‘LAé OF(V),

where #p, o Ly, is a bounded linear operator and Ty is a parallel trans-
port, we have

(ﬁe (0)\ <o) r (o))

Ca (AE,NA/E/M> - o« (AE7NA’E/M)

< C€—<%+2a>€1_a _ 081—(§+3a).

- 0)

Note we have chosen that 0 < 5 +3a < i (say @ = 1/12 and p > 12)
in the beginning, so 1 — g — b5a > 0, then

0)(

< Cgl—(%+3o¢)€—<%+2a) _ 061—2—504 =0

Then we have

6—(§+2a) < Ce 1-8-5a

HDF
C (A ,5)

o (2+2q)

HDF& ™ Co(Ae.S)
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as € — 0. Theorem 26 then implies that there is a unique V; € I’ (N ALy M)
with
1—- §+3o¢>
87 V. <2Ce <P
( ) || EHCLQ<A/€7NA{;/1VI> —

that solves F. (V.) = 0, i.e. F. (V%) = 0. Note that (86) and (87) together

(3
imply that the tangent space of A, (V) is ¢! (P+3a) -close to being as-
sociative. By Proposition 8, for almost associative submanifolds A. (V%),

Fo (Vo) =0 F(V2) =0,

while the latter means that A. (V;) is associative.
Finally, we obtain our main result:

Theorem 27. Suppose that M is a Go-manifold and Cy is a one
parameter family of coassociative submanifolds in M. Suppose that the
self-dual two form n = dCy/dt|—o € Q% (C) is nonvanishing, then it
defines an almost complex structure J on Cy.

For any regular J-holomorphic curve X in Cy, there is an instanton
A; in M which is diffeomorphic to [0,e] x ¥ and 0A. C CoUC:, for all
sufficiently small positive €.

Finally, we expect that any instanton A in M bounding Cy U C; and
with small volume must arise in the above manner. Namely, we need to
prove a e-regularity result for instantons.

A few remarks are in order: First, counting such small instantons is
basically a problem in four manifold theory because of Bryant’s result
[7], which says that the zero section C' in A2 (C) is always a coasso-
ciative submanifold for an incomplete Go-metric on its neighborhood,
provided that the bundle A%r (C) is topologically trivial. Second, when 7
has zeros, the above Theorem 27 should still hold true. However, using
the present approach to prove it would require a good understanding
of the Seiberg-Witten theory on any four manifold with a degenerated
symplectic form as in the Taubes program. But at least for regular .J,-
holomorphic curves ¥ in Cy that are away from the zero locus of n,
the instantons AL in Theorem 27 still exist nearby to ¥ C M, for our
gluing analysis only involves the local geometry of ¥ in M. Third, if
we do not restrict to instantons of small volume, then we have to take
into account the compactification of the moduli of instantons which
has not been established yet, e.g. bubbling phenomenon as for pseudo-
holomorphic curves, and gluing of instantons of big and small volumes
similar to [32] in the Floer trajectory case. Nevertheless, one would ex-
pect that if the volume of A;’s is small, then bubbling cannot occur; thus
they would converge to a J,-holomorphic curve in Cp.
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5. Appendix: The exponential-like map exp

We construct the exponential-like map exp : S —M satisfying the
properties 1~3 in Subsection 4.2.

For any section V' = (u,v) of the spinor bundle S — A, since the
bundle S — A, is a Cartesian product of the spinor bundle Sy — X
with the interval [0,e], we may alternatively regard V (¢,z) as a one
parameter family of sections of the bundle Sy — X for the parameter
t € [0,e]. Our goal is to obtain the deformation of AL C M from V. The
idea is to deform A, C C: = [0, ] x C using only the u component, then
map the deformed A, to M by ¢, and at last deform it in M by the
v component. The coassociative boundary condition is preserved under
the map exp, since we separate the v and v deformations before and
after the map ¢, respectively. The precise description is in order.

For each fixed t € [0,¢], u (¢, 2) and v (¢, z) are sections of the spinor
bundle Sy, — X. Using the real vector bundle isomorphism

(id, ) : Nyo @ AZ" (Nxyc) = Nsjo & Neyuls,

u(t,z) and f (v (t,2)) are sections of Ny, and N¢jyls, respectively.
For any fixed z € X, using the u component, we have a one parameter
deformation exp u (t,z) in C for 0 < t < &, where exp® is the expo-
nential map associated to the induced metric of C' in M. Alternatively,
we can view the deformation in the product space C: = [0,e] x C,
such that the line [0,e] x {#} C C is deformed to the curve
{(t,expSu(t,2))|0 <t <e} CC. Let the curve 7, in M be

Yo (t, 2) == gp(t,expzcu(t,z)) , for0<t<eandzeX.
It is clear that
Yu (t,2) C Cy = (t,C)
since exp$ u (t,2) C C.
For the v component, for each fixed ¢ € [0,¢], we have f (v (t,2)) €
Neymls (2)- Let
Ty, (t,2) : Neymlya0,2) — Netlyae,)
be the parallel transport along the curve 7, (s,2) for 0 < s < ¢ with
respect to the connection of N¢/ps induced from the metric g on M. We
define the exponential-like map exp as follows:
exp:S=StaS™ — M
Vit2) = @lt2),o2) o (T, f 02)
where expM is the exponential map in M. It follows from our construc-

tion that for any V € C™ (A.,S) and x € 0A. = {0,e} x X, expV satisfies
the boundary condition expV|sy. C CoU C¢, because

&V (2) = exp ) (0) = 7 (2) C (0,6} x C) = CU C.
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By the definition of exp, it is easy to see exp|s. = , because A. is the
zero section of S. Hence on base directions of S — A., dexpl|a. = dp|a_,
especially

dexplioyxx = id : TX — TY and dexplipyxx : aixl —n(z).

On fiber directions, that dexp|(o)xs = (id, f) : Ny/c @ /\%1 (Nsyc) —
Ny ® Neyu|s follows from dexp™ (0) = id.
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