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BERNSTEIN THEOREM AND REGULARITY FOR
A CLASS OF MONGE-AMPERE EQUATIONS

Huaryu JiaN & Xu-Jia WANG

Abstract

In this paper we first introduce a transform for convex func-
tions and use it to prove a Bernstein theorem for a Monge-Ampere
equation in half space. We then prove the optimal global regularity
for a class of Monge-Ampeére type equations arising in a number
of geometric problems such as Poincaré metrics, hyperbolic affine
spheres, and Minkowski type problems.

1. Introduction

In this paper we introduce a transform for convex functions, prove
a Bernstein theorem for a Monge-Ampere equation in half space, and
establish the global regularity of solutions to a class of Monge-Ampere
equations by new techniques. A well-known transform for convex func-
tions is the Legendre transform, given by

y = Du(z),

(- w(y) = x-y—u(x)

The Legendre transform is very useful in the study of Monge-Ampere
type equations and optimal transportation, and in the theory of convex
bodies.

In this paper we introduce the following new transform for convex
functions:

Yy = x/u(m),
u(y) = 1/u(x),

where u is defined in a domain 2 C R™. This transform is closely related
to the concept of polar set in the theory of convex bodies; a geometric
interpretation of it will be given in Section 2. See in particular Lemma
2.1 for its relation to the Legendre transform (1.1). Some properties of
the transform are summarized in the following theorem.

(1.2)
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Theorem 1.1. Let u be a convex function. Then

(a) u? is convex if u*Ju >0, and concave if u*/u < 0.
(b) (u*)# = (u¥)".

(c) Denote Qu] = |u|"T2det D?u, and w = (u?)*. Then

(1.3) Qlu] = 1/Q[w]
if u is convex, and Qu] = 1/|Q[w]| if u” is concave.

The transform v — w# has some other properties that should be
useful in studying Monge-Ampere type equations. For example, if u is
a convex function satisfying u(0) = |Du(0)] = 0 and |Du(z)| — oo as
|z| — oo, then the transform (1.2) sends z = 0 to y = co and & = oo to
y = 0. This property is shared by the Kelvin transform

y=1(@) =/l
v(y) = TP (),
where J is the Jacobian of the mapping . Another property shared
by the transforms (1.2) and (1.4) is the invariance of certain quantities,
n+2
that is, Q[u] for (1.2) and |u|_ﬁAu for (1.4). Moreover, Q[u] is closely
n+2
related to the Blaschke-Santalo inequality, just like \u]_n%? Auw is related
to the Sobolev inequality.
The Kelvin transform is very useful in the study of semilinear elliptic

equations involving critical Sobolev exponents. It is natural to use the
transform (1.2) to study the equation

(1.4)

nx) .
(1.5) det D%y = ’u‘(mL in Q,

where 2 is a convex domain in R”, and n € C(f2) is a positive function.
Equation (1.5) arises in several geometric problems such as the Hilbert
metric (Poincaré metric) in convex domains [24], affine spheres [6, 7],
the p-Minkowski problem [25], and the Minkowski problem in centro-
affine geometry [10]. A parabolic version of equation (1.5) has been used
in image processing. In Section 2 we will see that equation (1.5) is related
to the Euler equation of the well-known Blaschke-Santalo inequality
[26, 30].

A special case of (1.5) is when 1 = 1, which is the equation for affine
hyperbolic spheres. By the rotation of coordinates,

yl - _':U’n-i-l)
(1.6) Yk = Tk, k=2...,n,
yn—l—l - xla

equation (1.5) (with n = 1) can be rewritten as

(1.7) det D>y = (Z1)™2 iy R = R" M {2, > 0}.
Ty
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Equation (1.7) and the more general equation (4.2) also arise in opti-
mal transportation; namely u is the potential function of the optimal
transportation from R™* to R™™,

Equation (1.7) is invariant under both transforms (1.1) and (1.2). As
an application of the transform (1.2), we prove the following Bernstein

property.

Theorem 1.2. Let u be a smooth convex solution to (1.7) in R™™T.
If u(0, %) = |Z|?/2, where & = (x,...,1,), then

either  u(x) = |z|*/2,

18 or  u(x)=|E?/2.

Bernstein theorems usually concern the classification of entire solu-
tions and have been a key issue in PDEs. But the Bernstein theorem in
half-space is also important. For example, an interesting problem is the
Bernstein theorem for the equation

(1.9) det D*’v = 1 in R,
' u = 37> on {z =0}
(namely, a smooth convex solution to (1.9) must be u(z) = $|z> up

to a linear function). If the Bernstein property for (1.9) is true, then
one can recover the global C%% regularity of convex solutions to the
Dirichlet problem of the Monge-Ampeére equation [4, 18, 31], and it
can also be used to establish the global W?2P estimate, extending the
interior estimate of Caffarelli [2].

As another application of the transform (1.2), in this paper we also
prove the regularity up to boundary for the graphs of solutions to the
Dirichlet problem

det D?u = n(z)/|Ju|"? in Q,

1.10
( ) u=0 on 0L,

where 2 is a bounded, uniformly convex domain in R™, and 7 is a
positive, sufficiently smooth function. There are a number of deep works
on boundary regularity for related problems such as (1.12), and (1.14)
below [7, 12,19, 32, 33]. Let u € C*®°(2)NC°(Q2) be a solution to (1.10).
If p = 1, then (—u)™' Y ug,e;daida; is a Hilbert metric in Q [24], and
u*, the Legendre transform of u, defines an affine hyperbolic sphere [7].
The existence and uniqueness of smooth solutions u € C*(Q2) N C%(Q)
to (1.10) was proved in [7]. Due to the singularity on the right hand side
of (1.10), the gradient Du necessarily blows up at the boundary. One
cannot expect the regularity of the solution w up to the boundary. But
we want to know if its graph M,,, as a hypersurface in R"*!, is smooth
up to the boundary. In this paper we prove
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Theorem 1.3. Suppose 2 is a bounded, uniformly convex domain
in R™ with C*° boundary. Suppose n > 0 and n € C*(2). Let u be a
convex solution to (1.10). Then the graph M, is C" %% smooth up to

its boundary, for any «a € (0,1).

In §5.5 we will introduce a compatibility condition, which implies that
the C"*2 regularity is probably optimal, even if Q and 7 are C™
smooth. A similar phenomenon occurs for Fefferman’s equation (1.12)
below. We point out that the global Cb! estimate in Theorem 1.3 (in
the two-dimensional case) was first observed by Loewner and Nirenberg
[24], and the C% regularity was obtained by Lin and Wang [22] by con-
structing proper sub- and super-solutions (see Remark 4.1 for details).
In this paper we will present a different proof for the C%® regularity.
Here our main interest is the optimal regularity, stated in Theorem 1.3.
It is also a question raised by S.T. Yau in his lecture at the Chinese
Academy of Sciences in 2006.

Due to the singularity on the right hand side of (1.7), our proofs of
Theorems 1.2 and 1.3 involve new techniques. Our proof of Theorem
1.2 and the C?® regularity in Theorem 1.3 is based on the transform
(1.2) and the method of moving planes. The method of moving planes
and the Kelvin transform have been used in semilinear elliptic equations
to prove the rotational symmetry of solutions and Liouville theorems.
But for Monge-Ampere type equations it is new to use it to establish
the regularity of solutions, and this should be of interest itself. We ex-
pect more applications of the transform (1.2) in Monge-Ampeére type
equations.

For the C*® (k > 3) regularity of (1.7), we introduce an iteration
for an ordinary differential equation, which is the linearized equation of
(1.7), by regarding & as parameters. The iteration improves the regular-
ity of solutions step by step until the C"+3~¢ regularity. It also applies to
the linear elliptic equation with singular coefficients near the boundary,

n n bi(z)
(1.11) Zi’jzlaij(m)umi% + Zi:l () Uy, + c(x)u = f,
and yields the global C#*! regularity if 3 > 0 is not an integer, where
B = aijl')';;:')’j7 « is the unit outer normal of 92, and where d(x) is the

distance from x to the boundary 9€2. If 8 is an integer, our iteration gives
a necessary and sufficient compatibility condition for regularity higher
than CP*!. This compatibility condition implies that the regularity in
Theorem 1.3 is optimal.
An interesting and related problem is the boundary value problem
for the equation of Fefferman [12]
(—1)"detzv’ Yz ) =1 in Q,

Zi) /UZi Zj

(1.12)
v=0 on .
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The equation is obtained by the change v = e from the complex
Monge-Ampeére equation [12]

detu,,z = e DU in Q,

(1.13)
u=o00 on Jf,

where (Q is a strlctly pseudoconvex domain in C". If u is a solution to
(1.13), then 3 52 Jo B 8‘ dz;dZ; is a complete Kéhler-Einstein metric on 2

[12], in a way similar to the real case (1.10) considered in [24], where
_71 > Uge;dzidz; is a Hilbert metric in 2.

By computing the formal power series expansion, Fefferman observed
that the solution hypersurface to (1.12) should be C™*2~% smooth up to
the boundary, and Cheng and Yau [8] were able to prove the Cnt3/2-6
regularity for any small 6 > 0. Lee and Melrose [19] finally obtained the
optimal C"+279 regularity result observed in [12].

Another boundary value problem for the Monge-Ampere equation
with singularity at the boundary was studied by Urbas [32, 33]. He
proved that there exists a positive constant K such that when 9Q2 € C'*°
is uniformly convex, there is a unique (up to a constant) convex solution
to

det D?u
(1.14) (1 + |Du|?)(n+2)/2
|Du| = co on 09.

The solution itself is not smooth at the boundary, but its graph is a C'*°
smooth hypersurface up to the boundary.

We would like to point out that equations (1.7) or (1.10), (1.12), and
(1.14) contain different singularities and the regularity of solutions to
these equations is quite different. For equation (1.14), by the elliptic
regularity theory and using the support function of the convex hyper-
surface, higher regularity follows readily from the C*% regularity. The
higher regularity for (1.7) and (1.12) is more complicated. For equation
(1.12), which becomes vAv = |Dv|?> — 1 in C!, Lee and Melrose [19]
proved the following interesting singularity profile. There exist func-

=K in Q,

tions v; = (b"“ aj, j > 1, a; € C>(Q), such that for all integers
N>1,
(1.15) u—Z JWillog(—go)l € CUHINTL(Q),

where ¢ is a defining function for the domain Q, namely —¢o(z) =~ d,
when z is close to 0f2, where d, is the distance from x to 0f2.

By a formal computation in dimension 2, a solution to equation (1.7)
does not seem to have the singularity profile (1.15). Our argument im-
plies that there exists a smooth function a(Z) such that

(1.16) u(@) = p(z) + a(@)2t log 21 + q(z)
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where p is a polynomial of order n + 3 and ¢ is a higher order term,
namely ¢(z) = o(|z|""3) near x = 0. By our compatibility condition, if
a =0, then ¢ € C*™(Q).

We would like to point out that the transform (1.2) and its proper-
ties in Section 2 below were found by the authors in 2005. In the last
few years, the authors asked several researchers in the area whether
the transform (1.2) is new. In early 2009, John Loftin told us that the
transform coincides with the conormal map in affine geometry, which
transforms a hyperbolic affine sphere to its dual sphere [23]; see Exam-
ple 4 below. The authors would like to thank John Loftin for this.

This paper is arranged as follows. In Section 2 we discuss in some

detail the transform (1.2) and prove Theorem 1.1. In Section 3 we prove
Theorem 1.2. In Sections 4 and 5 we prove Theorem 1.3 for the cases
k =2 and k > 3, respectively.
Acknowledgments. The first author was supported by NSFC (Grant
No. 11131005) and the Doctoral Programme Foundation of Institution
of Higher Education of China. The second author was supported by
Australian Research Council DP1094303 and DP120102718.

2. A transform for convex functions

To make the notation simpler, we write h = u# and the transform
(1.2) as

y= —
u(a)
(2.1) , 1
(y) = m
Obviously the inverse transform is given by
_ Y
h(y)’
(2.2) @ 1
u(z) = —.
h(y)

Hence (u”)# = u; namely, the transform of u* is u itself.

Geometric interpretation. The transform (2.1) has a clear geometric
interpretation. Let M, = {(x,u(z),z € Q} be the graph of the convex
function u. For any point X = (z,u(x)) € M,, consider a ray R from
the origin O, given by R = {tX : ¢ > 0}. If u(z) > 0, then the ray R
intersects with the hyperplane P = {z,11 = 1} at a point Y = (y,1) €
P, where y = x/u(x). We have two similar triangles OzX and OyY,
where x,y are regarded as points on the plane {z,+1 = 0}. Then the
value of h at y is equal to the ratio

lyl _ 1 _ Y]

ol u(@) X
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The following properties of the transform are easy to verify.

(i) If w(0) = 0, Du(0) = 0, and u is uniformly convex, then h is
asymptotically quadratic.

(ii) If Q is a convex domain containing the origin and u < 0 is a
convex function in {2, vanishing on 92, then —h is an entire convex
function in R™, asymptotic to a convex cone determined by (2.

(iii) For any vector & # 0, like the transform z — x/|z|? in (1.4), the
transform (2.1) maps the ray Re = {t{ : ¢t > 0} to the ray itself.

(iv) From the above geometric interpretation, we have the following
monotonicity of the transform. Let u, P, R, X,Y be as above. If @
is another positive convex function such that X = (Z,4(#)) is a
point on R between X and Y, then ﬁ(y) < h(y). As a consequence,
for any positive constants C and Co, we have

if u(z) > Cylz|?, then h(y) < Cilyl*;
if 0 < u(z) < Cylz|?, then h(y) > Ca|y|?.

The transform has some other interesting properties. For example, it
transforms linear functions to linear functions (Example 1), and trans-
forms the quadratic function u(z) = > a;jz;x; to itself (Example 2).
For relation with polar set of a convex body, see Example 4 below. Now
we compute

Oy Ok Tpug,
or; u2
and
_ hyk Oy,
Yo = h? 8%,
hyk (5]“ LUy,
NATINCR
_ hyk ykhykul‘i
T T T
Hence
hy. Ry,
2.3 Uy, = ——— = &
(2.3) ' yrhy, —h  Rh*
and
(2.4) ut = T, —u
_ Yihy 1
~ h h* h
_ 1
=

Lemma 2.1. We have

(2.5) (u*)# = (u#)*
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Proof. By (2.4), we have

By definition (2.1), we have

Hence (u*)# = h* = (u?)*. q.e.d.

Next we compute the second derivatives.
hyi oy

(26) Umimj - ( B* )yl%j
_ (hyiyz  Ykhy oy, ) (% B xlul‘j)
- h* h*2 U u2
h Yk Yl
= E(hil - Ehyihykyz) (5lj - Ehyj)
h Yk Ul Ykl
h
= E(&'k — aiby) {hii} (615 — biaj),
where
a; = hy,, bp= %
We have
det(éij — aibj) = 1- Z aby,
ykhyk
= 12U
h*
_ _t
— s
Hence
h?’L
(2.7) det D*u = 2o det D?h | det(8;; — a;bj)[?
hn+2 9

In particular, we have (see Remark 2.2 below)

1

n+2 2

Proof of Theorem 1.1. Part (b) of Theorem 1.1 was proved in Lemma
2.1. Part (a) was verified in (2.6). Part (c) follows from (2.8). O
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Remark 2.1. In order to keep h convex, we may let

Y= m,
) =~

if u*/u < 0.

Remark 2.2. In comparison to (2.8), we recall the corresponding for-
mula for the Legendre transform (1.1). For the Legendre transform (1.1),
by differentiating either x = Du*(y) or y = Du(x) we have

{D*u*(y)} - {D?u(2)} = 1,
namely D?u* is the inverse of D?u. It follows that
(2.9) det D?u = 1/ det D*u*.

Let us compute a few examples.
Example 1.

wz)=a-z+b (b#0).

The graph of u is a linear function. Then by y = ﬁ = o245 We have
T = 1_bz.y and
1
h(y) = (1 —a-y).
Example 2.

u(z) = Z A TiT 5,

where (a;j) is positive definite. To compute h = u?, let £ be a unit
vector in R™. By the geometric interpretation, it suffices to compute the
transform of u restricted to the 2-plane spanned by the vectors £ and
ént1 = (0,...,0,1). Therefore it suffices to compute the transform for
@(t) = ct?, where t € R! and c is a constant. By direct computation we
have h(s) = cs2. Hence

h(y) =Y aiyiy;.

Namely, u# = u, the transform of u is itself.
Example 3.

u(z) = o+ laf?).
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By y = £ we have |y| = %g Hence |z| = |—Z1/‘(1 + /1 — aly[?). There-
fore

1 ||
My) = — =1
u(z) |zl
_ lyl”
1+4/1—alyl?

= %(1; 1—aly]?) = h* ifa#0.

We obtain
if a >0, then h* are two parts of the same sphere;
ifa=0, then h=u;
if a <0, then h* are two hyperboloids.

Note that in the above example, if |z|? is replaced by > aijrixy in w,
then |y|? in h can simply be replaced by > aijYiYj-

Example 4. Let u be an affine hyperbolic sphere asymptotic to a convex
cone with vertex at the origin. Then u* (the Legendre transform of u)
is a convex function that satisfies

|u*|"*2det D?u* = ¢y  in Q,

(2.10)
uw = 0 on 0,

for some constant cy > 0. By (2.8), h = u™ satisfies
|n|"*2 det D’h = 1/cg  in QF,

2.11
( ) h = 0 on 007,

where Q7 is the polar body of €2, given by [30]
Qf = {z eR": (z,9) <1V yeQ}

Hence h* also defines an affine hyperbolic sphere. It is the dual affine
hyperbolic sphere defined by the conormal map of u, given in [14]. For
affine hyperbolic spheres, the explicit formula (2.1) for the dual affine
sphere was first given by J. Loftin in [23].

There are a number of geometric problems that involve the following
equation:

n(X)
(2.12) det(V2H + HI) = oz on 5™
For example, if n = 1, then H is the support function of an elliptic affine
sphere. For general 7, (2.12) is the equation for the p-Minkowski problem
[25] or for the Minkowski problem in the centro-affine geometry [10].
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The equation is also closely related to the Blaschke-Santalo inequality
126, 30],

1 w2

2.13 inf V(K < —n
(213) fex (K) gn (H—E- )"+ — n+1
where K is a convex body, H is its support function, and
1
V(K) = Hdet(V?*H + HI) do

is the volume of K. The infimum is taken over all £, satisfying H —£-x >
0. For symmetric convex hypersurfaces, (2.12) is the Euler equation of
the Blaschke-Santalo inequality.

Let u be the projection of H on {z,+1 = —1}, given by

(2.14)  w(@x)=V1+zPHX), X=(
By direct computation,

det D?u = (1 + |2[?)~ "% det(V2H + HI).
Hence u satisfies (1.5).

-1

x
VIF 22 1+ W)'

3. A Bernstein theorem

In this section we employ transform (1.2) to prove a Bernstein theo-
rem (Theorem 1.2) for the problem

(81)  detDw = (=) m R =R {ar >0},
1
Lo
(3.2) u = 5\95] on {z1 = 0}.

That is, a smooth convex solution to (3.1)~(3.2) is either u(z) = 1|z|?
or u(z) = 3|2 For the equation

(3.3) det D*u =1 in R™,

it is well known that an entire convex solution must be a quadratic
function, proved by Jorgens [17] for n = 2, Calabi [5] for n < 5, and
for all n > 2 by Pogorelov [27]. See [9] for a different proof. A more
general result was proved by Caffarelli and Li in [3]. For semilinear
elliptic equations in half space, a Liouville type theorem was proved by
Li and Zhu in [20].

Here we use transform (1.2) and a method of moving planes to prove
the Bernstein theorem for (3.1)—(3.2). As the reader will see below,
technically our proof for the Monge-Ampere equation is quite different
from that for the semilinear elliptic equation [20]. First we point out a
nice property of equation (3.1), namely its invariance under transforms
(1.1) and (1.2).
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Lemma 3.1. Let u be a smooth convex solution to (3.1). Then both
u* and u? satisfy (3.1).

Proof. By (1.1) and (2.9), it is apparent that the Legendre transform
u* satisfies (3.1).

Let h := u” be the transform of u, given in (1.2). By (2.2) and (2.3)
we have

(&)7&2 _ (hy1 /%)n-ﬂ _ (hy1 h(y))n+2

I h* h* U1 ’
where h* is the Legendre transform of h. By (2.7),
hn+2
det D*u = ——— det D*h.
Hence h satisfies (3.1). q.e.d.

Lemma 3.2. Let u be a smooth convex solution to (3.1). Then uy, =
0 on {x; =0}.

Proof. If |ug, (0)| > 0, then |ug, (z)| > 3|us, (0)] for z € B;(0), where
B} (0) = B,(0)Nn{xz1 > 0} and r > 0 is small, depending on u. Consider

the integral
/ det D?u = / (&)nw.
Bt Bf 11

The left hand side is equal to Du(B; (0)), but the right hand side is
equal to co. The contradiction implies Lemma 3.2. g.e.d.

Lemma 3.3. Let u be a smooth convez solution to (3.1)—(3.2). Then
either u = |%|? or ug, >0 when x1 > 0.

Proof. By Lemma 3.2 and the convexity of u, we have u,, > 0. Hence
vz € R"! and 21 > 0 we have u(z1,Z) > $|Z|>. We claim that if
u # $|Z[%, then V & € R"! and there exists ; > 0 such that u(zq, &) >
$1Z|%. Indeed, if there exists o € R"! such that u(z1, Zo) = 3|Zo|* for
all 1 > 0, by a translation of Z and subtraction of a linear function of
Z, we assume Ty = 0. Then u(xz1,0) = 0 for all ;1 > 0. Extend u to
R"™ such that it is even in z1. Then u is a convex function in R™ and
u(z1,0) = 0. The convexity of u then implies that u is a function of z,
independent of 1. By the boundary condition (3.2) we have u = ||
The claim is proved.

Note that if there is a sequence T}, — Zg and x; — oo such that
w(zy g, i) = 3|@k|?, by convexity it means u(z1,Zo) = %|Fo[* for all
x1 > 0, which is ruled out by the above claim. Hence V. R > 0,3 M > 0
such that u(zq,#) > 1|#|? whenever 21 > M and |Z| < R.

To prove ug, (x1,Z) > 0 when z; > 0, it suffices to prove it for £ = 0.
Let v(z) = %¢|z|?. Then

det D%v > (%)nw.
X1
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By the above claim, we can choose ¢ > 0 small and R > 1 large such
that v < w on 83;3'(0). By the comparison principle, we obtain v < u
in B} (0). Hence ug, (0) > 0 and ug, (z1,0) > 0 when 21 > 0. q.e.d.

In the following proof of Theorem 1.2, we always assume u # 1(Z|2.

Lemma 3.4. Let u be a smooth convez solution to (3.1)—(3.2). Then
for any R > 0, there exist constants C1,Co > 0 such that

1
(3.4) Cr2? < u(z) — §|i|2 <Cox? Vae BE(O),
where C1,Cy are allowed to depend on & and R.

Proof. For any &, € R"™!, by a translation of the coordinates & =
(z2,...,zy,), we may assume zg = 0. By subtracting a linear function
of &, we may also assume that «(0) = 0 and Dzu(0) = 0.

In the previous lemma, we have shown that v(z) = %e\x!z is a sub-

barrier. Hence the first inequality was proved. Let w(z) = 3 M |z|2. Then

-2
det D*w < (%)M_2
I
if we choose M large such that w > u on dB#(0). By the comparison

principle, we obtain w > w in BE(O). Hence w is an upper barrier and
we obtain the second inequality of (3.4). q.e.d.

Lemma 3.5. Let u be a smooth convex solution to (3.1)-(3.2). Then
u11 =1 on {x1 = 0}, where we denote uij = Uy, -

Proof. By Lemma 3.2, we have u,, = 0 on {z; = 0}. Hence by
differentiating in & we have

(3.5) uik(z) =0 on {z; =0}.
From equation (3.1), it then follows:
(3.6) upy det D2u = ul? on {x; = 0}.
Namely,

ultt = det D2u on {x; = 0}.
By (3.2), det D2u =1 on {x; = 0}. q.e.d.

By Lemma 3.5, we have, for £ > 1,

(3.7) Diujp =0 on {z; =0}
By Lemma 3.2, we also have
(3.8) DEu, =0 on {z; =0}
The boundary condition also implies that if k& > 3,
(3.9 Diu=0 on {z; =0}

Lemma 3.6. Let u be a smooth convez solution to (3.1)—(3.2). Then
ui11 =0 on {z1 = 0}.
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Proof. Write equation (3.1) as

(3.10) un = {(52)"** + g}/ det Diu,
1
where
0% detr
3.11 g=— irj1 =———— at r = D?u.
(3.11) g i]Z;lrl Tj1 s at r U

Differentiating (3.10) in &, we have

U11 Ugq

12 =H(— - =
(3 ) U111 ( o x% ) +G
where
(3.13) H = (n+ 2)[%]”“ /det Du,
1

g 1 Uzy \n+2
3.14 G = (——), —_— ) (— .
( ) (detD?Cu) 1—i_(detD%u) 1(:171 )

By (3.5), (3.7)-(3.9), and Lemma 3.5 we have
G(0,7) =0, H(0,7)=n+2.

Hence by Taylor expansion and (3.12) we have uj;; = (n + 2)uq1; on
{z1 = 0}, which implies the desired result. q.e.d.

Lemma 3.7. Let u € C3Y(B,(0)) be a smooth convex function. Sup-
pose at the origin 0, u has the expansion

(3.15) u(z) = %W +a(z) + b()

where

a(z) = Zuijk(O)xixjxk,
ijk
|DEb(2)| = O(|z|*7%)  for 0 <k < 4.

Let h = u# be the transform of u. Then as y — oo,

1 a
(3.16) ) = 3l + 275 +°(0)
with
b(y) = O(1),
Db (y) = O(—) as |y| = oo.

|y
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Proof. By y = ﬁ we have

2 ||
Vi T iR el + 2a(w) + 2b(2)
_ 2z [1_ 2a(x) + 2b(x) ]
|z|2 |z]2 + 2a(x) + 2b(x)
1 o)

2

Hence y; = |2;c|§ (1 + O(|z|) ) and x; = ‘y|2
1 1
Yl 1+ 2a(z)/|2|* + 2b(x)/|2|?

= 20y|7 [1 - 2a(2)/|2]* — 20 (2) /| |?]

= 2y |1~ da(y)/Iyl* +b(y)|
where ' satisfies | DFV (x)] = O(|z[*~*) for 0 < k < 4, and b satisfies

)l < Clyl ™, [Db(y)| < Cly| ™ asy — .

(14 O(‘ |)) It follows that

|| =

Hence
u(z) = %]azF + a(x) + b(x)

= 20y|72[1 —da(y)/|y|* +b(y)] + 8aly)/|yl® + b(y) /Iy
= 2y {1 - 4a( )/lyl* + by )]2 +da(y)/|y[* +b(y)}
= 2y[*{1 - aly)/ly* + b(y)},

where b changes from line to line but all satisfy the above asymptotic

behavior. We thus obtain
1 y|?/2
h(y) = v/

u(z) 1 4da(y)/[y|* + by)
_ %,y\z(l +4a(y)/lyl* + b(y))

1 *
= Slyl* +2a()/ Iyl + 0" (). q.e.d.

We are now ready to use the method of moving planes to prove The-
orem 1.2. Denote

¥x = {zn= A}
Dyr = BR(0)x{A <z, <A+ R},
Dfn = By(0)x {A—R <z, <A},
where ¥, is a plane, BR(0) = {2/ € R*! : [2/| < R, 21 > 0},

where 2’ = (21,...,2,-1). The domain D) g is a cylinder in {z; > 0},
and Dj p is the reflection of Dy g in the plane X). For a point z =
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(1, ,xn) € Dypr, we denote by zx = (z1,...,2n-1,2\ — x,) the
reflection of = in X).

By the moving planes we want to prove that for any A > 0 and all
large R > 0,

(3.17) h(z) > h(zy) VYV a € Dypg.

In the following we use x to denote the variables of h. If (3.17) holds,
then by sending A — 0 and R — oo, we obtain

h(xla tee 7xn—17xn) 2 h(f]}'l, tee 7xn—17_xn)'

As the axis x,, can be chosen in any direction perpendicular to 1, hence
h, and also u, are symmetric in . Note that we can choose any point
Zo as a center. Hence the above proof implies that « is symmetric with
respect to Z (with center at Zp). We can then use the following lemma
for u(zq, Z), for any fixed 1, to conclude that u is a quadratic function.

Lemma 3.8. Let u be a convex function in R™. Suppose that at any
point xo € R, u— Du(xg)(x—x0) is symmetric with respect to xo. Then
up to a constant multiplication, u(z) = |z|? + £(z), where £ is a linear
function.

Proof. By subtracting a linear function we assume that «(0) = 0 and
Du(0) = 0. By assumption, u is symmetric with respect to the origin
0. Hence u(xz) = u(|z|). Therefore it suffices to consider u as a radial
function defined on [0,00). Hence the condition in the lemma implies
that for any a > 0,

u(a+t)—u(a—t) = [u(a+t)—u'(a)t]—[u(a—t)+u'(a)t]+2u' (a)t = 2u'(a)t.

If w € C3, by the Taylor expansion at a, for sufficiently small t, we
find that the third derivative of u must vanish everywhere. Hence u is
a quadratic function.

If u is not C® smooth, consider the case a = 0, and by subtracting a
linear function we assume u’(0) = 0. Then the above formula means u
is even, so its mollification is also even. Hence its third derivative exists
and vanishes at a = 0. As «a is arbitrary, u is a quadratic function. q.e.d.

From Lemma 3.8 and by (3.17) (or the above discussions), we see
that for any given z1, u(x1, ) is a quadratic function of Z, i.e.

1
u(wy, @) = 5|2 + a(@1)z + b(a),
where a(z1) = (az(z1),...,an(z1)). Hence

det D>u = b — Zj:2(a;)2,
(%)TL+2 ‘ (I/j + b, |n+2
T I

)
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where ' and 0" are the first and second derivatives of b. Notice that
det D?u is independent of #. Hence the right hand sides of the above
two formulas are the same and we have a’ = 0,

/
by — ‘%‘TL—H'

Noting that &(0) = 0, we have b’ = 21 and so u = §|z|%.

It remains to prove (3.17) for any A > 0 and all large R. This will be
achieved in the following two steps.
(i) We show that (3.17) holds for all large R > 0 when A > \g, where
Ao > 0 depends only on the upper bound of |u;;,(0)|. This step is
for any h = u™, provided u satisfies the expression (3.15).
(i) When u;;,(0) = 0, by the maximum principle we show that \g = 0.
Step (i) readily follows from (3.16). First note that by the boundary
condition (3.2), we have

1
h(z) = 5\:%]2 on {z; =0}.
By (3.16) we have
(3.18)
_ _ 1 2 . 2 @ . a(xy)
h(z) — h(zy) = 2[azn (T 2)\)]+2[]a:\2 ’@\‘2]
+  [b*(z) — b*(2))]
a(ﬂj‘) CL(ZE)\) * *
= 2Az, — AN +2|—= — —| + |b"(x) — b (x))].
Note that
(3.19) |Dy,a(x)] < CY |uijr(0)] when |z| >> 1,
(3.20) D, b (2)] = O(|z7h),
where a*(z) = %ﬁ) Hence 3 A\ such that if A > Ao and z, > A,

h(xz) — h(zy) > 0.
For step (ii), first we observe that equation (3.1) is invariant in re-
flection, namely if h(z) satisfies (3.1), so does

ha(z) :== h(z', 2\ — ).
Therefore both h and h) satisfy the equation
hoy\nt2 .
(3.21) det D*h = (=) "2 in Dyg.
1

Hence by the strong maximum principle or the comparison principle, it
follows that if

(3.22) h>hy on 0D)R,
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then
(3.23) either ~ h > hy in DR,
(3.24) or h=hy in Dyp.

In the former case, (3.17) is proved. In the latter case we have h = h) in
the whole {z,, > A}, and hence h is symmetric with respect to {z,, = \}.
By the boundary condition (3.2), A must be zero.

Therefore it suffices to verify (3.22) for all large R > 0. The boundary
0Dy g consists of the following parts, 0D\ r = U?:l I';, where

Iy = aDA,R N {ﬂjn = )\},

I'y = 8D,\,R N {(L’l = 0},

I3 = 0Dy rN{|2'| = R},

Iy = 8D,\,R N {(L’n = A+ R}

On I'1, we obviously have h = h,.

On I'y, by the boundary condition we obviously have h > hy, provided
A>0.

On T, by (3.7)-(3.9) and Lemma 3.6, we have u;;;(0) = 0. Hence for
any given A > 0, if R > 1 is sufficiently large, by (3.19) and (3.20), we
obtain from (3.18) that

h(z) = ha(z) = h(z) —h(zs)
> 2M(zp — A) —o(xy — N) > 0.

On I'y, (3.22) follows from (3.18) and (3.20) as a* = 0 in (3.19).

Therefore we have verified (3.22), and so also (3.17) by the maximum
principle, for all A > 0. Hence by Lemma 3.8 and the discussion before
it, we conclude that w is a quadratic function. Theorem 1.2 is proved.

Remark 3.1. For any « > 0, the above moving plane argument also
implies that a smooth convex solution to

(3.25) det D%y = (%)"*”“ in R™,
1
1
3.26 u = —|z? on {z; =0
2

must be u(z) = 3|z[?> or u(z) = $|Z|%. Indeed, by the transform (2.1),
equation (3.2) is changed to

2, i « % n+2+a
(3.27) det D*h = (h*) (xl) :

When « > 0, the comparison principle is applicable to the functions h
and hy, and from (3.22) we can still infer (3.23) or (3.24).
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Remark 3.2. By the moving plane, we see that a smooth convex solu-
tion to

(3.28) det D2y = (%)"+2 in R™* = {z; > 0},
1
(3.29) u = ¢(&) on{ry =0}

is symmetric with respect to Z if ¢ is. One can easily verify that (3.7)—
(3.9) and Lemma 3.6 hold at « = 0, and hence u;;;(0) = 0.

An interesting question is whether one can use the transform (1.2) to
prove Bernstein theorems for other Monge-Ampere type equations,

(3.30) det D?>u = f(x,u, Du) in R",

such as the case f = 1. Let u be a solution to (3.30) and let h = u?
be the transform of u. Another interesting question is the singularity
removability for h near the origin. Note that if h is smooth at the origin,
then u is asymptotic to a quadratic function as infinity.

4. C?%“ regularity

In this section we prove the global C>® regularity for the problem

det D% = 1)y g
(41) € U ‘u’n+2 m s

u=0 on Jf.

Namely, the graph of u is C%® smooth up to the boundary. In this
section we assume that € is a bounded, uniformly convex domain with
C* boundary, and 7 is positive and C*~2 smooth, k > 3. By Cheng-
Yau [7] and Caffarelli [2, 16], there is a unique convex solution u €
Crk(Q) N C%(Q) to (4.1). By a translation of coordinates, we assume
that the origin 0 € 0%, and e; = (1,0, ...,0) is the inner normal of 02
at 0. We make the rotation of the coordinates

yl - _$n+17
Y =Tk, k=2,...,n,
Yn+1 = T1.

In the new coordinates, the graph of u near the origin can be represented
as
Ynt1 = v(y).
Since u,, < 0 near the origin, we have vy, > 0 near the origin.
From equation (4.1), the Gauss curvature

det D?u
[1 + |Du|2](n+2)/2
n
|u|n+2[1 + |Du|2]("+2)/2 .

K =
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Hence
det D*v = K1+ |Dy[2)"+2)/2

n+2
B 77[ 1+ |Dv|? ] 2
yi(1 + |Dul?)

n+2
[1 T \qu F

1+ |Du|? IR
Indeed, note that the tangent plane is given by

Claim:

Tpgl — Uz T1 — * -+ — Uy, Ty, = 0.
After the above rotation of coordinates, it is given by

Ug,,

1 Ugy
Ynt1+ — Y1+ —Ya+ -+

yn = 0.
x1 x1 Ugsy
Hence
Uy, = — 1/,
Vyy = _um/uwlv
Uy, = —Usg, [Ug,,

and the claim follows.
Therefore equation (4.1) can be written as (from now on we write v
and y as u and x)

(4.2) det D*u = n[%]nw in Bf,
x1
where n = n(u, z2,...,2,). By a rescaling, we assume that
n(0) =1

and near 0, the boundary 02 is given by {x1 = ¢(x2,...,2z,)} in the
original coordinates. Then the boundary condition for (4.2) is

(4.3) u=¢ on {x; =0}
Moreover, we have
u(0) =0, w >0 and uy, > 0 near 0.

By Lemma 3.2,

uy, =0 on {x; =0}
It follows that for any k > 0,
(4.4) Dfu,, =0 on {z1 =0},

Dju = Di¢,

where & = (z9,...,x,). In particular, we have u;x = 0 on 27 = 0, for
any k > 2. Therefore at any boundary point, we can make a rotation of
the axes xo,...,x, such that D?u is diagonal. By a unimodular linear
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transform of &, we may assume that u;;(0) = u;;(0) for all 2 < 4,5 < n.
Since ¢ is uniformly convex, there is no loss in assuming that u;;(0) = 1
for all 2 < i < n. By (3.6) we can then assume that

(4.5) D*u(0) =1
is the unit matrix.

To prove the regularity of the solution to (4.1), we employ the method
of continuity, as was used in [8] for equation (1.12). It is worth noting
that one may use the method of continuity in different ways. For ex-
ample, we can write problems (4.2)—(4.3) as a Dirichlet problem for
the support function of the solution on the south hemisphere S™~ and
apply the method of continuity to the Dirichlet problem in the space
C32(S™~). We can apply the method of continuity to v = u? in C>%(Q).
Instead of fixing the domain 2 and allowing 7 to vary, we can also fix
an 7 and allow the domain Q to vary. That is, letting €; be a family
of uniformly convex domains such that €y is the unit ball and 2, = 2,
apply the method of continuity to £2;.

Remark 4.1. (i) The C%© regularity at boundary was obtained in [22].
At a boundary point 0, one can construct a lower-barrier w; and an
upper-barrier ws such that

(4.6) 0 < wa(z) — wy(x) < Ol

From (4.6), one can obtain the boundary C*% estimate as follows. By
rescaling, one can first prove the strict convexity of solutions and use
the interior second derivative estimate of Pogorelov [28] to get the C'!
estimate, such that equation (4.2) is uniformly elliptic. Then by (4.6)
one can prove that for any ball B,(z), there is a quadratic polynomial
P, such that supp ) u(z) — P.(x)] < Cr***. By using Campanato’s
space, the C%® regularity follows as in [1, 29].

(ii) Unaware of the work [22], in early 2008 we found a similar proof.
We also constructed upper and lower barriers satisfying (4.6). Our barri-
ers are as follows: Considering a boundary point 0, by a linear transform
of Z, we may assume that ¢(Z) = 1|Z|? + O(|Z|*T®) for some « € (0,1).
Then it is straightforward to verify that

1
wi@) = ol + alaf,

ws(@) = glaf’ —ala*

are upper and lower barriers provided a is sufficiently large. Instead of
using Camponato’s space, we observed that the C>® estimate can be
obtained from the interior regularity theory of Evans-Krylov [11, 18] by
a rescaling argument. That is, for any points z,y € R™" with |z — y| <
%min(dm, dy), where d, = dist(z, JR™™), by rescaling and the interior



452 H. JIAN & X.-J. WANG

regularity theory of Evans-Krylov we have |D?u(z) — D?u(y)| < C|z —
y|*. For any two points z,y € R™T, assuming d, < d,, we choose a
sequence of points (zx) on the line segment Ty such that zp = x and
xy = y such that |z; — z;41| < %min(dwi,dxiH) for: = 0,1,...,N.
Then

N
[D?u(z) — D*u(y)| < Y |D*u(x;) — DPulio))|
i=1

< ZC’|$Z — x| < Clx —y|*.

Note that N = oo if y is a boundary point. Note also that D?u is C*
smooth on {z; = 0}, which follows from uz,,, = 0 (Lemma 3.2) and
(3.6), and so we may assume that the segment Ty is parallel to the
T1-axis.

(iii) Note that if one applies the regularity in [1, 11, 18, 29] directly,
one may get the C?® regularity for a small & > 0 only. But for the
Monge-Ampere equation (4.2), if 7 is sufficiently smooth, we have the
C interior regularity and the above argument implies the C*® regu-
larity, for any a > 0.

In the following, we first use the method of moving planes to prove
a continuity estimate for D?u at the boundary, then prove the C%¢
regularity, for any o € (0, 1). The proof is more complicated than the one
in Remark 4.1, and also we need to assume 9Q € C*®. We present the
proof here because the technique is new and should be of some interest
in the area. Moreover, some estimates will be needed in the next section
for the proof of the higher regularity, which is more complicated. Our
main interest is to obtain the optimal regularity, as with Fefferman’s
equation (1.12), mentioned in the introduction.

4.1. Continuity estimate for D?u. Let u be a smooth convex solu-
tion to (4.2) and (4.3). We assume 99 € C3 and n € CH*. We will
first prove for simplicity the regularity of solutions to (4.2)—(4.3) for the
case n = 1. We then explain that our argument also applies to solutions
with general smooth and positive 7.

To start with, we first recall the estimate in Lemma 3.4,

¢(&) + Crat < u(x) < ¢(F) + Coxl  in BE(0),

obtained by proper construction of barriers, which also follows from
(4.6). Hence by the uniform convexity of ¢ we have

4.7 C’lx2§u:17 §C’2x2 inB+0,
R

for two positive constants C,Cy. From (4.7) and the convexity of u we
also have

(4.8) dpu>0 in BE(0).
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To prove that D?u is continuous at the boundary, it suffices to prove that
D?u(x) — D?u(0). Namely, for an arbitrary sequence p,,, — 0, we want
to prove that D?u(p,,) — D?u(0) = I by (4.5)." By a translation of &,
we may assume that p,, lies on the z1-axis such that p,, = (6,,,0,...,0).
Make the dilation 2 — /6, and u — u/62, =: uy,. Then by the
interior regularity of the Monge-Ampere equation (as in Remark 4.1),

U, is locally uniformly smooth near e; = (1,0,...,0) and so D?uy,(e1)
converges. Moreover, u,, satisfies the equation

2 U +2 .
(4.9) det D*u = [xill]n in BE/6m7

u = ¢m on {x; =0},

where ¢y, (Z) = 6,,26(6,,). Note that (4.7) is also invariant under the di-
lation. Since ¢y, — |#|? locally smoothly, as in (3.7)—(3.9) and Lemma
3.6 we have

D3 u (0
Dz D2 (0
D2D,, u(0) =0,

D3, (0) — 0,

where the equality in the third line of (4.10) is due to Lemma 3.2, which
also holds for solutions to (4.2) and (4.3).

Let h,, = ult be the transform of Upm. By (4.7), the function h,,
is defined in R™%\ B¢y, (0). By the monotonicity property (iv) of the
transform in Section 2, we also have

(4.11) hm < C32, on aBgém(O).

) =0,
) —0

(4.10)

We can extend h,, to Bgém(O) such that h,, is convex in R™* and
hm < C6Z, in Bl (0).

With the above preparation, we now apply the moving plane argu-
ment in Section 3 to h,,. By step (i) of Section 3 (details after Lemma
3.8), there exists A9 > 0, independent of m, such that

(4.12) hm(az) > hm)\(az) Ve D)\7R

for all A > Ao and large R > 0, where Ay, \(2) = h(2)).
For step (ii), by (4.10) and (4.11), one can easily verify that for each
m, there exists A, > 0, with \,, = 0 as m — oo, such that (4.12)

1Since we use the continuity method, the solution is assumed to be smooth and
D*u(pm) — D?u(0) holds automatically. Our blow-up argument below gives a uni-
form convergence rate for the sequence Dzu(pm), which implies an estimate for the
modulus of continuity of D?u at the boundary. More generally the blow-up argument
also applies to a sequence of solutions {unm }, and one obtains an estimate, uniformly
in m, for the modulus of continuity of D?u,, at the boundary.
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holds for any A > A, and large R > 1. Hence the limit functions
h = limy, o0 iy and hy = limg, o0 fyy  satisfy

(4.12) h(z) > hy(x) Yz € R™T.

Therefore h is rotationally symmetric in . By Lemma 3.8 and our
boundary condition, we have h = %|:1:|2 Changing back, we obtain
D?*u(py,) — 1.

Next we show that the above moving plane argument also applies to
(4.2) for any positive and continuous 7). Indeed, examining the above
proof, we see that the argument for (4.7)—(4.11) is fine, and the argu-
ment for (4.12) and (4.12)" needs change. When 7 is not a constant, the
functions h,, and h,, ) satisfy respectively the equation

det D2h — 77(')(}”1 )n+2

1

det D2hy = m(.)(%)ﬂ”

1

in Dy g. For a given X € (0, A\g), we don’t have the monotonicity n < ny
and cannot infer the monotonicity (4.12) directly. But we have a weak
form of (4.12); namely, for any given \g > 0 and Ry > 1, there exists
€mn — 0 such that

(4.13) hi(x) > hpA(2) —€m Vo € Dyp

for all A > A\g and large R > Ry. Indeed, if this is not true, by step (i)
we can move the plane ¥y such that when m >> 1,

(4.13) B (z) > hp A (x)—€0 Y@ € Dy R
for all A > Mg, and there is a point xg € D) g such that

(4.13)" hm(z0) < him A (20)—€0/2,

where €y > 0 is a small constant. We should point out that the functions
hp and hy, x behave nicely at infinity, and (4.13) holds when |z| is
sufficiently large, as shown in step (i). Sending m — oo and noticing
that both n and 7y converge to 7(0) locally uniformly, we infer that
(4.12)" holds for the limits h = limy,, o0 Ay and by = limy, o0 A a,
which is in contradiction with (4.13)”. Hence the limit function A is
rotationally symmetric, and so we also obtain a continuity estimate for
D?u.

We also remark that the modulus of continuity of D?u depends on
n, infn, ||nllcre, and ||@||cs.a. The C3* regularity of ¢ and the C1@
regularity of n are such that (4.10) holds. But for the argument in §4.1,
it suffices to assume 7 is continuous. Note that in Lemma 3.7, we need
u € C31, but by approximation it suffices to assume that u € C3.
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4.2. CY-estimate for uz. Differentiating equation (4.2) in zy, k& > 2,
we get

1 Uzy n+1Wgy ~ Ugy 1n+2
4.14 L 2 —
(4.14) o) = (-2 [ 25 4 e [
where 7j(x) = n(u(z), ), w = Uy, and L =} a;j(x)0z, 0y, is the lin-
earized operator of det D?u. It is a linear, uniformly elliptic operator
with continuous coefficients. By the boundary condition (4.3), we have

w(0,Z) = ¢g, (Z).

We construct proper barriers to show that
(4.15) lw(x) — ¢r, (2)] < Ca? in Gy,

where

G, ={]z| <r,0 <z <r}
First by subtracting a linear function of Z, we assume that w satisfies

lw| < C|z|* on {z; = 0}.

Let

z = a|Z|* + ba?.
Obviously
(4.16) z>w on 0Gy,
when a, b are suitably large. To verify
(4.17) Lz< (n+ 2)77[121]”“% . [Z;””ll]”*2 in G,
by (4.5), the continuity of D?u, and recalling that 7(0) = 1, we have

the matrix {a;;} = I+ o(1),
7;—521 = un(0) +o(1) = 1+ o(1),
i = 1+o(1)

near the origin. Hence
Lz=ap1z1+C = 2b[1+0(1)]+C,
(n+2)i[ =)™ 2 g [22])™2 > ab(n+2)[1—o(1)] - C,
1

where C' depends on a but not b. Therefore (4.17) holds when b is chosen
large.

From (4.16) and (4.17) and by the comparison principle, we have
z > w. It follows that on the xj-axis, w(z1,0) < bml on the zp-axis.
By the same argument we also have w(:z:l, 0) > —b:z:l on the z;-axis.
Similarly, for any Z, we have |w(z) — ¢4, ()| < bz7. Therefore (4.15)
holds.



456 H. JIAN & X.-J. WANG

Observe that (4.15) implies -1 € L>®(G,). By (4.14) and the WP

1
estimate for the linear elliptic equation, we obtain

(4.18) ||u5cHW2,p(GT) < Cy,

where C; depends on n, 7, p, ¢,n and the modulus of continuity of D?u.
By the Sobolev embedding, it follows that for any « € (0,1),

(419) ||D;E’LL||Cl,a((‘;T.) < C,

where C' depends on C7 and a.

4.3. C%*“-estimate for u. It remains to prove u;; € C®. Usually the
regularity of ui; follows from the regularity of w;; (i +j > 2) and the
equation. However, this is not the case for equation (4.2), due to the
singular term u,, /x.

Denote

f(t) = Uz, (tvj)v
h(t) = 71/ det D2u(t, %),
g(t) = §(t, %)/ det Diu(t, &),

where ¢ is given in (3.11). Then we can write (3.10) as an ordinary
differential equation

(4.20) 7 = h 217 + g10),

regarding & as parameters. By (4.4) and (4.19), we have g,h € C%(G,)
and

9(0) =0, |g(t)] = Ct*,
|h(t) — h(0)| < Ct2.
By (4.5) and the C? continuity of u, we have
1 t 3
4.22 - < = h t, T G
(4.22) 2<f(t)<2wen(,x)€r
for some r > 0. To prove uj; € C%, by equation (3.10) it suffices to
prove %1 e Ce.

(4.21)

We first show that %1 is C* in x1; namely, % is C* in t. Solving the
ordinary differential equation (4.20), we have

a4 (o " [ h(s) g(s) <
@I =+ ( “)/t [8"+2+f”+2(8)}d'
Namely,
(4.23) 1yn+1
— (tr— n+
)™ = [+ G 0 60 + )] + 0
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where
(4.24) Gi(t) = "t / Tww,
(4.25) Go(t) = ¢t /tr fﬂjzs)ds'

Differentiating G1 and Ga, we get

GL(t) = (n+1)tn[Mds_tn+1M

Sn+2 tn+2 ’

Galt) = (v [ s - I

By (4.21) and (4.22), we obtain |G%(t)] < Ct*~! for t € (0,7) and
i = 1,2. Hence G; € C?[0,r] and so is [%]”“. It follows that the
right hand side of (4.20) is in C*[0,r]. Hence u1; = f' € C[0,7], i.e.,
u11 is Holder in 21, and its Holder norm is controlled by that of u;; for
i+ j > 2, obtained in §4 2.

Next we show that ”11 is C'“ continuous in Z. Indeed, regard T as
parameters, and recall that f, g, h in the ordinary differential equation
(4.20) all depend on the parameters Z, and are Holder continuous in Z.
We have

|G1(t, 1) — G1(t, Z2)]

A

Sn+2

IN

tn-l-l/ |T1 — | —fczla

< Cl|&1 — 22|
Next we estimate Go. Note that if |21 — Zo| > ¢, then

|Ga(t, T1) — Ga(t, T2)| < |Ga(t, T1)| + |Ga(t, T2)|
< Ct* < Clar — i)™

If ’fl — (ig‘ < t, then

(Ga(t,31) — Gt :v2>l<’f”“/ ‘fn+§ :1921)_ff+(§&:2522)|d8

< gntl g(s,%1) — g(s,72) / g(s,2) g(s,T2)
— t |:/ ‘ fn+2 S 531 ‘d + |fn+2 S 5171 f”+2(8 x2 ‘d

The first integral

I T
< Ctn+1/t ‘ST‘dS < C’xl — .Z'Q

tn+1/ V‘L S xl (S,i’g)’ + ‘h(o,fl) — h(O,fg)‘

ds
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The second one
< Ctn+1 /Tsa|fn+2(s7‘%1)_fn+2(37i'2)|ds
¢ fr2(s, 21) [ T2(s, T2)

r et ~ " R
< Ct"+1/ Sty (s, 80) — [ (s, B2)|ds
t
Tos® - -
< Ctn+1/ W |f(37x1) —f(s,x2)|ds
t
S Ctn+1/ —Sz+3 |§71—§72|d8
t

< ClEy — #9|™

We have therefore obtained by (4.23) that [%]NH is Holder in .
Hence, uq; is Holder in Z by (4.20).

5. Higher regularity

In §4 we have proved the boundary C*® regularity for solutions to
(4.2) and (4.3). But due to the singularity 1%1 in (4.2), it does not
imply higher regularity. The following examples show that a solution to
an elliptic equation with singularity u,, /x; is usually not smooth at the
boundary.

Ezample 5.1. The function u = x}+°‘, a € R!, satisfies the equation
Au=al® in R™*,
Ty
but u & C1**€V ¢ > 0 if a is not a positive integer.
Ezample 5.2. The function u(z) = ¥ logz; (V k > 0) is a solution to

Au = (k+ 1)% +(k+2)2 in R,
1

but u ¢ CF+2,

The above examples show that the regularity is determined by the
coefficient of %1 The first example shows that u cannot be C'°° smooth
if the coefficient of uxill is not an integer. In the second example, the so-
lution is not C1! if k = 0. In this case, there is no C'! super-solution to

the equation. In fact, we will prove for the ordinary differential equation

6.1) 7w =m0 g, tefom),

that if h(0) =1, h,g € C° for some a € (0, 1), then the solution to (5.1)
is CL@ at t = 0 if and only if g(0) = 0.

For the linearized equation of (4.2), the coefficient of %1 is equal to
n + 2 at 1 = 0; see Remark 5.3 below. In this section we introduce an
iteration to prove the C"t2% regularity. We point out that our iteration
does not assume a priori the regularity of the solution at the boundary.
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We prove directly that a C>“ solution is C"*2® near the boundary. An
interesting consequence of our iteration is a compatibility condition for
the general elliptic equation with the singularity u,, /x1, which implies
our regularity is optimal.

5.1. A lemma. Our iteration and higher regularity are based on the
following lemma.

Lemma 5.1. Assume h,g € C%(G,), f € C*(G,) N CYG,), where
a € (0,1). Assume
h(0,2) =N VY |z| <7

for some positive integer N. If N = 1, we also assume that g(0,Z) = 0.
Then if

f(t, %)
t
where f' denotes a derivative of f in t, we have f(0,%) =0 for |T| <r

and for any € > 0, f € CY*¢(G,) and

fllera-cg,) < Ce

for a constant C. depending only on € and the Hélder norms of g and
h.

(5.2) f'(t, %) = h(t,7) +g(t,z) (t,7) € Gy,

Proof. Let z =t~ f. Then equation (5.2) is changed to

~ h(ta‘%) - N ~ g(uj)
z'(t,x) = fz(t,x) t—N
Hence
- CH(t 5 " G(s,T)
_ H(t,x ;
2(t, %) = e M )[z(r,x)—/t N ds],
where
H(t7) = / s ) =N,
t S
G(s,z) = g(s,&)eflD),
We obtain
f(tvj) —H(t,x f(?",i‘) N— ~
(5:3) = = e D[N G 7)),
where
- 1 [T G(s,7)
N-1 )

v [/t G(o,:z)dH/tT G(s,3) —GO.3) |

sV sV
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By assumption, N is an integer and G(0,z) = 0 if N = 1. Hence
the first integral on the right hand side is a smooth function. Therefore
there exists a constant C' > 0 such that

|H(t,z)] < C,
|H'(t,%)] < Ct* !,
G(t, %) < C,
IG'(t, )] < Ctt

for all (t,#) € G,. Namely H(t,-),e"H®) G(t,-) and G(t,-), and so also
@, are all in C%[0,r] in ¢ and their Holder norms are independent of
#. It means by (5.2) that f/(t,-) € C®[0,7] in ¢, and so f(t,-) € CH*[0, 7]
and its C1® norm is independent of Z.

Multiplying both sides of (5.2) by ¢ and by the C'® regularity of f,
we obtain that f(0,Z) = 0 for all |Z| < 7.

To show that f is C1®~¢ in &, observe that

H(0,%) = /0 st _ /0 h(s,Z) ; h(o,;ﬁ)ds_

The Holder continuity of A implies that
H(t,7) — H(0,5)] < Ct°

for all (¢t,%) € G,; namely, H is Holder continuous in ¢. To show that H
is Holder continuous in Z, note that

|h(t,71) — h(t,Z2)| < |h(t,%1) — N|+ |h(t, Z2) — N|

= [n(t,21) = h(0,21)[ + [h(t, Z2) — h(0,71)]
< Ct.

If |1 — Z3| > t, then for any € > 0,

|H(t7j1) - H(t7j2)|

/tr ‘h(s,i'l) ; h(S,fQ) |d8

T 70\ ~ )| 1—e€
< C/ Sa6|h(8,l‘1) h(87$2)| ds
t S
< C’£1_£2‘a(1—e)/ Sae—lds
t
< Ce|j1—i‘2|a(1_e).
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If |1 — Z2] < t, then for any € > 0,

‘H(tv‘%l) - H(tv‘%2)’

/tT ‘h(s,il) ; h(S,:ﬁg) |d8

[ P>~ 1s'
< C / [7 = Bof*
¢ s
< C’fl — fg‘a’ logt]
< Ce|j1 — i‘2|a_e.
Similarly, one can estimate the Holder continuity of é(t, z). g.e.d.

Remark 5.1. By the function u = Ct?logt and letting f = u,,, we see
from Example 5.2 that Lemma 5.1 is not true if N =1 and ¢(0,2) # 0.
Namely, the solution f of (5.2) is not Lipschitz if g(0,Z) # 0. This is
due to the integration in (5.3),

N ds = G(O,i)logs‘:,

)/
por [0
¢
which is not continuous at ¢ = 0 when N = 1. More precisely, if N =1,
then by (5.3), the solution can be expressed as

f(tw%) = fO(tv‘%) +g(07‘%) log t,

where fy € C1®. The solution cannot be Lipschitz continuous at t = 0
if g(0,2) # 0.

Therefore, if h(0) = 1, by Lemma 5.1 and Remark 5.1 we see that
the solution f is C1*® near t = 0 if and only if g(0) = 0.
Remark 5.2. In Lemma 5.1 we proved that f is Cb® in t and Ch¢
in #. However, for the solution u to (4.2)-(4.3), if u = ¢ € C** on
{1 = 0} and w is C%® in x1, then by the rescaling argument in Remark
4.1(ii), u is C** smooth in all variables z. Therefore for the regularity
of u, the Holder exponent in T is the same as in 1.

5.2. C*% estimate for DJu.In §4.2 we have shown that uz € che
for all @ € (0,1). Now we show that uz € CH! up to the boundary
{1 = 0}. Indeed, consider the point (d,0) on the x;-axis, where 6 > 0
is a small constant. We make the scaling v(y) = 6 2w(x) and y =
x/d, where w = Dzu as in (4.14). Then by (4.19) and the argument in
§4.2, v satisfies the uniformly elliptic equation (4.14) in By/3(e1) with
Hélder continuous coefficients, where e; = (1,0,...,0). By (4.15), v is
uniformly bounded. Hence, by the interior regularity for the equation
(4.14), we have [[v]|c2(p, ,(e)) < C- Scaling back, we see that the second
derivatives of w are uniformly bounded. Hence we obtain

(5.4) uzllcra @,y < C-
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To prove that uzz € CY!, we differentiate equation (4.14) in & again
to get
~ Uz \n+1Wgy
5.5 L 2 —
(55 (1) = (n-+ D(22)" 22 4

where w = D2u, g = §+ g, § arises in differentiating the coefficients

of the operator L, and ¢ arises in differentiating the right hand side of

(4.14),

~ ~ Uz Uiz Ugy \n+1ULZ Ugy \n+2
= 2 1 2(n+2 — .

§ = (+2) (D)) (5 204207 ()" ()

By the C1! estimate for uz, we have § € L>(G,.). By (4.19) and (4.10)
(or (5.4)), we have %1, & € L, which implies g € L*. Hence, by
the W?P-estimate we have the estimate [Jwl|y 2 (g,) < C, which implies
w € CL%(G,) ¥V a € (0,1). By the rescaling argument in Remark 4.1(ii),
we obtain w € CH1(G,), i.e.,

ID3ullcrag,) < C.
Repeating the above argument, we obtaln
(5.6) || D2 UHC«11 ay <C

for any j > 1.

To prove the C*% estimate for Déu, by (5.6) it remains to prove that
D%ull € CYG,) for j > 1.

Fix a k > 2 and denote f(t,Z) = uik(t,Z). We write equation (4.14)
in the form

‘5
(.7 7.3 = h ) T8D gz,
where
_ n+2 _, Uy (tT) st
t = t
) au(t’j)nm)[ g
- az ~ flx Ugy \n+2
g(t,z) = — Z s z]k(t T) + 7k~(—) :
52 ai(t, a1 (t, o) " oy
Note that h,g € C*(G,) by (5.6), and
(5.8) h(0,3) = n + 2

by Remark 5.3. Applying Lemma 5.1 to equation (5.7), we obtain e
C*¢(G,) for any € > 0. Therefore uj1; € C* ¢(G,) for k=2,3,...,n
and we have the estimate

(5.9) [urikllga—e@,y < C-

As noted in Remark 5.2, the C*™¢ norm can be replaced by the C¢
norm. To prove

(510) ”DJUHCQO‘ Gr) < C V] > 1
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we use induction. Denote

fitt,7) = Ditluy(t, %),
gj+1(t, ) = 03g9;(t,T) + 0zh(t, )fj(t )

Note that the subscripts in f%, gi, and hg mean index and the subscripts
in uy, mean partial derivatives. By (5.7), we have the equation

(5.11) fit,2) = h(t,:ﬁ)@ + g;(t, T).
From (5.9), we have
lg1llca—e@,) < C,
155 leee@) < C.

By induction, assume that for some j > 1 and any small € > 0 (such
that je << 1),

(5.12) IDLuntl| ga-ie(a) < C,
l9llcaiea,) < C.

We want to prove that (5.12) holds for j + 1. Applying Lemma 5.1 to
equation (5.11) for j+ 1, we obtain that f;H e C*~U+De(G,). Namely,
IDL i [l ga-ne(a,y < G

which together with (5.6) implies
||9j+1||ca7(j+1)e(G}) <C.

Therefore, we have proved that (5.12) holds for all j > 1. Hence (5.10)
is proved. Note that by Taylor expansion, (5.10) implies

D%ul(ajl,i*)
x1
Remark 5.3. We claim that
h(0,Z) =n+ 2.
Indeed, from (4.2) and (4.4), we have

(5.13) I HCO‘(GT) <C, Vj>1.

_ n+2 _
ajju; =nuiy® on {z; =0}.

Hence u}{™! = a11/n on {1 = 0}. We obtain

2 t,Z 2
h(O,j):limn+ n[uxl(’x)]nﬂ nt —nut =n+2.

t—0 aqy t a1
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5.3. C3“ estimate for u and D%u. We first show uji; € CYG,).
Write equation (4.2) in the form (3.10), namely,

 Yay )
d d
where g is given in (3.11) and d = det D2u. From §5.2, d € C**(G,)
and g € C1%(G,). Differentiating the above equation, we have

~ U Uy -
(5.14) (. 2) = h(t, ) (— — —5) + g(t, 7)
where t denotes 1,

)

_n+2 Uz ntl
g Uz \nt2 /7
9= (), + 2y,

By Taylor expansion at t = 0 and recalling that D%leu =0at {z; =

0}, we have u% € C%G,). Hence g, h € C*(G,).

Denote -
fO(tV{i') = ull(tw{i') - uxl(t 7‘T) .
Then (5.14) can be written as
. . t, T .
(5.15) fatt. ) = o522 1 goe,7).

t
where

gO(twi') = g(tv‘%%
(5.16) ho(t, &) = h(t, &) — 1,
ho(0,%) = n + 1.

Applying Lemma 5.1 to equation (5.15), we obtain f, € C*~¢(G,).
Observing that (5.14) and (5.15) imply

(5.17) ulll(t, f) = h(t, i’)@ + g(t, f)
= [hfé - 90] (t,7) +g(t, 7),

ho
we obtain u111(¢,%) € C“¢(G,.). Note that o € (0,1) is arbitrary and
€ > 0 can be sufficiently small. We have thus proved

(5.18) ui11]lca(q,) < C.

Next we show that Dlu € C3%(G,) for j > 1, namely Diujy; €
C%(G,). By (5.17), it suffices to prove that D f} € C%(G,). By differ-
entiating (5.15) and applying Lemma 5.1, this can be proved similarly
as (5.10). Note that equation (5.15) is of the same type as (5.7). We
leave the details to the reader.
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5.4. C*“ estimate for u and D%u (4 < k < n+2).To prove the

C* estimate for u and D%u, we use the induction argument. Assume
that for some 3 <k <n+1andany j>1,

lullcreg,) < C,
|1 DL ullaa,y < C.

We want to show that (5.19) holds for k£ + 1.
We first prove that

(5.20) 195l oo,y < C-

(5.19)

For this purpose, we introduce an iteration as follows. Let fy be as given
n (5.15). For ¢ = 1,2,..., suppose f;_1 satisfies

G2) () =D
We introduce

(5.22) fi= T -
Then

+ gi_l(t, f)

(5.23) (fit‘l)’ = ";

and f; satisfies the equation

(5.24) fl=hdt g

where

hi = hi—1 —1,
(5.25) Z_

gi =gl + R I

From (5.19) and using the Taylor expansion, we have hg, go € C*~2(G,.).
Therefore hy_o € C*~2%(G,) and g,_» € C®(G,). Note that hj,_»(0, %) =
n—k+ 3 for k < n+ 1. Applying Lemma 5.1 to equation (5.24), we
obtain f] , € C*"¢(G,) for any € > 0.

Observe that (5.22)—(5.24) imply

fz

(5.26) L= (Y

= (h +1)f’ + g

f/

= (h+1) +gz

Hence f;_, € C* ¢(G,) implies that f(k Ve C*~¢(G,) for any € >
0, where we denote ¢*)(t) = ¢1t_k¢‘ From (5.17) we then infer that
O lu(xy, %) € CY(G,), and (5.20) is thus proved.
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From (5.19) (the induction assumption), we see that for any j > 1,
Dlhy_s € Ck=22(G,) and Dlgi_s € C*(G,). Differentiating equation
(5.24) and repeating the argument from (5.11) to (5.13), we infer that
for any j > 1,

I3 fi—a(t B)llm ) < C-
Hence by (5.26) and (5.17), as above we conclude that

 gk+1
Combining (5.20) and (5.27), we obtain (5.19) for k& + 1. We have thus

proved the global C*¢ estimate for u and Dlu for any k < n+ 2 and
j > 1. Theorem 1.3 is proved.

Remark 5.4. In Theorem 1.3 we assume that the boundary 02 € C*°.
This condition can be weakened. For the C%® regularity, it suffices to
assume 92 € C*“ by the argument in Remark 4.1 (but note that our
moving plane argument assumes 92 € C>%). For the C*® regularity,
k > 3, it suffices to assume that 0Q € C*!, as we have used the WP
estimate between (5.5) and (5.6).

5.5. A compatibility condition. For the regularity higher than C"2,
we need to apply Lemma 5.1 to f,. Note that h,(0,Z) = 1. By Lemma
5.1 and Remark 5.1, f, € Cb?, or equivalently v € C"*3% if and only
if the condition (5.28) holds,

(5.28) gn(0,3) =0 V 7.

This is a compatibility condition, and if it holds, then by the iteration
(5.22)—(5.25), hyp41(0,Z) = 0. Hence we can write (5.24) in the form

hnt1
f;b+1 = ann+1 + Gn+1,

where % is smooth and we obtain higher regularity for w. In other

words, u € C if and only if (5.28) holds. By Remark 5.1, the solution
has the expression (1.16) in general.
The compatibility condition (5.28) does not hold in general. Indeed,
consider the simplest equation
Au:N%—I—g in R,
(5.29) T
u=¢ on {z; =0},

where NN is a positive integer, and ¢ and g are C'* smooth functions.
Denote fo = u,, and write the above equation in the form

(5.30) g2y = NPTy g ),

where t = z1 and go = § — ;5 u;. The argument in §5.2-5.4 implies
that v € C™V®. By Lemma 5.1 and Remark 5.1, v € CV+1¢ if and only if
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gn-1(0) = 0. By (5.25) and since h = N for (5.29), we have gy_1(0,%) =
C‘lig\,—: go(t, &) |t=o. Hence we need the compatibility condition

dN—l

(5.31) Wgo(t,:i) lt=0= 0.

If N =1,2,3, (5.31) can be written explicitly as

§(0,8) =Y bupai(&) =0,
=2
(5.32) gz, (0,%) = 0,

9901961(0757) + %ngzmz(()?j) - % Z ¢$irﬂj%‘ (j) =0.
i>2 i,j>2
We note that when N < 0, the global regularity of solutions to (5.29)
was obtained in [13].
To conclude this paper, we note that the argument in this section
applies not only to the linear equation (1.11) but also to fully nonlinear,
uniformly elliptic equations of the form

(5.33) F(D*u, =%, Du, —,2) =0 in R™*.
T a;l

If F is independent of u/x?, F € C°°, and F satisfies F,/Fy,, > N on
{z1 = 0}, we can prove u € CN*% up to the boundary for a € (0,1),
where N > 0 is a constant. If F,/Fy;,, = N is an integer, then u €
CN+Le (up to the boundary) if and only if the compatibility condition
gn-1(0,Z) = 0 on {z; = 0} is satisfied, as in (5.28) or (5.31). If the
operator F depends on u/ x%, the above iteration does not work and we
need a different one to get higher regularity. These results are of interest
themselves, and we plan to consider them in a separate work.

References

[1] L.A. Caffarelli, Interior a priori estimates for solutions of fully nonlinear equa-
tions, Ann. Math. (2), 130 (1989), 189-213, MR 1005611, Zbl 0692.35017.

[2] L.A. Caffarelli, Interior W*P estimates for solutions of Monge-Ampére equa-
tions, Ann. Math. 131 (1990), 135-150, MR 1038360, Zbl 0704.35044.

[3] L.A. Caffarelli & Y.Y. Li, A Liouville theorem for solutions of the Monge-
Ampére equation with periodic data, Ann. Inst. H. Poincaré Anal. Non Linéaire
21 (2004), 97-120, MR 2037248, Zbl 1108.35051.

[4] L.A. Caffarelli, L. Nirenberg & J. Spruck, The Dirichlet problem for nonlinear
second-order elliptic equations I, Monge-Ampére equation, Comm. Pure Appl.
Math. 37 (1984), 369-402, MR 0739925, Zbl 0598.35047.

[5

E. Calabi, Improper affine hyperspheres of convex type and a gemeralization of
a theorem by K. Jorgens, Mich. Math. J. 5 (1958), 105-126, MR 0106487, Zbl
0113.30104.



468
(6]

(7]

8]

[9]

(10]

(11]

(12]

(19]
20]
(21]

(22]

H. JIAN & X.-J. WANG

E. Calabi, Complete affine hypersurfaces I, Symposia Mathematica 10 (1972),
19-38, MR 0365607, Zbl 0252.53008.

S.Y. Cheng & S.T. Yau, On the regularity of the Monge-Ampére equation

det 9;‘32—5;1 = F(z,u), Comm. Pure Appl. Math. 30 (1977), 41-68. MR 0437805,

Zbl 0347.35019.

S.Y. Cheng & S.T. Yau, On the existence of a complete Kdahler metric on non-
compact complex manifolds and the regularity of Fefferman’s equation, Comm.
Pure Appl. Math. 33 (1980), 507-544, MR 0575736,

S.Y. Cheng & S.T. Yau, Complete affine hypersurfaces I, The completeness of
affine metrics, Comm. Pure Appl. Math. 39 (1986), 839-866, MR 0859275,
Zbl 0506.53031.

K.S. Chou & X.-J. Wang, The L,-Minkowski problem and the Minkowski prob-
lem in centroaffine geometry, Adv. Math. 205 (2006), 33-83, MR 2254308, Zbl
pre05054348.

L.C. Evans, Classical solutions of fully nonlinear, convex, second order elliptic
equations, Comm. Pure Appl. Math. 25 (1982), 333-362, MR 0649348, Zbl
0469.35022.

C.L. Fefferman, Monge-Ampére equations, the Bergman kernel, and geometry of
pseudoconver domains, Ann. of Math. (2) 103 (1976), 395-416, MR 0407320,
Zbl 0322.32012.

J.X. Hong & G.G. Huang, L? and Hoélder estimates for a class of degenerate
elliptic partial differential equations and its applications, preprint.

S. Gigena, On a conjecture by E. Calabi, Geom. Dedicata 11 (1981), 387-396,
MR 0637915, Zbl 0475.53009.

D. Gilbarg & N.S. Trudinger, FElliptic partial differential equations of second
order, Springer-Verlag, New York, 1983, MR 0737190, Zbl 0562.35001.

H.Y. Jian & X.-J. Wang, Continuity estimates for the Monge-Ampére equation,
SIAM J. Math. Anal. 39 (2007), 608-626, MR 2338423, Zbl 1138.35326.

K. Jorgens, Uber die Lésungen der Differentialgleichung rt — s> = 1, Math.
Ann. 127 (1954), 130-134, MR 0062326, Zbl 0055.08404.

N.V. Krylov, Boundedly inhomogeneous elliptic and parabolic equations in a
domain, lzv. Akad. Nauk SSSR Ser. Mat. 47 (1983), 75-108, MR 0688919,
Zbl 0578.35024.

J.M. Lee & R. Melrose, Boundary behaviour of the complex Monge-Ampére
equation, Acta Math. 148 (1982), 159-192, MR 0666109, Zbl 0496.35042.

Y.Y. Li & M.J. Zhu, Uniqueness theorems through the method of moving
spheres, Duke Math. J. 80 (1995), 383-417, MR 1369398, Zbl 0846.35050.

G.M. Lieberman, Elliptic equations with strongly singular lower order terms,
Indiana Univ. Math. J. 57 (2008), 2097-2135, MR 2463963, Zbl 1171.35032.

F.M. Lin & L.H. Wang, A class of fully nonlinear elliptic equations with singu-
larity at the boundary, J. Geom. Analy. 8 (1998), 583-598, MR 1724206, Zbl
0958.35049.



23]

(24]

25]

[26]

27]

28]

29]

BERNSTEIN THEOREM 469

J.C. Loftin, Affine spheres and convex RP"-manifolds, Amer. J. Math. 123
(2001), 255—274, MR 1828223, Zbl 0997.53010.

C. Loewner & L. Nirenberg, Partial differential equations invariant under con-
formal or projective transformations, in Contributions to Analysis, pages 245—
272, Academic Press, 1974, MR 0358078, Zbl 0298.35018.

E. Lutwak, The Brunn-Minkowski-Firey theory I, Mized volumes and the
Minkowski problem, J. Diff. Geom. 38 (1993), 131-150, MR 1231704, Zbl
0788.52007.

E. Lutwak, & G. Zhang, Blaschke-Santaldé inequalities, J. Diff. Geom. 47
(1997), 1-16, MR 1601426, Zbl 0906.52003.

A.V. Pogorelov, On the improper affine hyperspheres, Geom. Dedicata 1
(1972), 33-46, MR 0319126, Zbl 0251.53005.

A.V. Pogorelov, The Minkowski multidimensional problem, J. Wiley, New
York, 1978. MR 0478079, Zbl 0387.53023.

M.V. Safonov, Classical solution of second-order nonlinear elliptic equations,
Izv. Akad. Nauk SSSR Ser. Mat. 52 (1988), 1272-1287; English translation in
Math. USSR Izv. 33 (1989), 597-612, MR 0984219, Zbl 0682.35048.

R. Schneider, Convez bodies: The Brunn-Minkowski theory, Cambridge Univ.
Press, 1993, MR 1216521, Zbl 1143.52002.

N.S. Trudinger & X.-J. Wang, Boundary regularity for the Monge-Ampére and
affine mazimal surface equations, Ann. Math. (2) 167 (2008), 993-1028, MR
2415390, Zbl 1176.35046.

J.ILE. Urbas, Global Hoélder estimates for equations of Monge-Ampére type,
Invent. Math. 91 (1988), 1-29, MR 0918234, Zbl 0674.35026.

J.ILE. Urbas, Boundary regularity for solutions of the equation of prescribed
Gauss curvature, Ann. Inst. H. Poincare Anal. Non Lineaire 8 (1991), 499-
522, MR 1136354, Zbl 0757.35024.

DEPARTMENT OF MATHEMATICS

TSINGHUA UNIVERSITY

BEDING 100084, CHINA

AND

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS
AUSTRALIAN NATIONAL UNIVERSITY

CANBERRA, ACT 0200, AUSTRALIA

E-mail address: hjian@math.tsinghua.edu.cn

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS
AUSTRALIAN NATIONAL UNIVERSITY
CANBERRA, ACT 0200, AUSTRALIA

E-mail address: Xu-Jia.Wanganu.edu.au



