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Abstract

Let S be a complex smooth projective surface and L be a
line bundle on S. Gottsche conjectured that for every integer
r, the number of r-nodal curves in |L| is a universal polynomial of
four topological numbers when L is sufficiently ample. We prove
Gottsche’s conjecture using the algebraic cobordism group of line
bundles on surfaces and degeneration of Hilbert schemes of points.
In addition, we prove the Gottsche-Yau-Zaslow Formula which ex-
presses the generating function of the numbers of nodal curves in
terms of quasimodular forms and two unknown series.

1. Introduction

1.1. Main results. Consider a line bundle L on a complex projec-
tive smooth surface S. This paper attempts to answer the following
question: how many reduced curves have exactly r simple nodes and
no higher singularities in a generic r-dimensional linear system of |L|?
Equivalently, how many r-nodal curves in |L| pass through dim|L| — r
points in general position?

Gottsche [Go98| conjectured that for every r, the numbers of r-nodal
curves are given by universal polynomials of four topological numbers:
L?, LK, ¢1(S)? and c3(S) provided that the line bundle L is (5r — 1)-
very ample (i.e. H(S,L) — H°(L|¢) is surjective for every & € SP'1).
These polynomials are universal in the sense that they only depend on
r and are independent of the surface and line bundle. Our first result is
an algebro-geometric proof of Géttsche’s conjecture.

Theorem 1.1 (Gottsche’s conjecture). For every integer r > 0, there
exists a universal polynomial T, (xz,y, z,t) of degree r with the following
property: given a smooth projective surface S and a (5r —1)-very ample
(5-very ample if r = 1) line bundle L on S, a general r-dimensional sub-
linear system of |L| contains exactly T,(L* LK,c1(5)?, c2(S)) r-nodal
curves.
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Since the numbers of nodal curves for all line bundles on P? and
for primitive classes on K3 surfaces have been determined ([CH98],
[BLOO]), all coefficients of T}, can be computed by solving linear equa-
tions. Moreover, one can combine all universal polynomials as coefhi-
cients to define a generating function. Inspired by the Yau-Zaslow for-
mula, Gottsche [Go98] conjectured the closed form of this generating
function, which we call the Gottsche-Yau-Zaslow formula.

Theorem 1.2 (The Gottsche-Yau-Zaslow formula). There exist uni-
versal power series By1(q) and Ba(q) such that

ST (L2 LK, o1 (S)?, ¢2(S))(DGa(7))

r>0

(DGa(1)/9)¥™P) By ()5 By (q) MK
(A(1)D2Go(7) /?)x©@s)2

where Gy is the second Eisenstein series —i +D ns0 (Zd‘n d> q*, D =
g4 and A(q) = q[Tiso(1 — ¢F)*%.

If we write ¢ = e?™7 for 7 on the complex upper half plane, then G,
DGs, and D?G5, are quasimodular forms in 7, and A is a modular form
in 7. For the precise definition of quasimodular forms, see [KZ95].

1.2. Background. On P?, the number of nodal curves is classically
known as the Severi degree Ny 4, which is the number of plane curves
of degree d and genus g passing through 3d + ¢ — 1 points in general
position. This subject was studied by Ran ([Ran89], [Ran87]), using
degeneration of P? and an inductive procedure. In 1993, Kontsevich and
Manin [KM94] introduced the techniques of Gromov-Witten theory to
this problem, from which they obtained a beautiful recursive formula
of rational curves for all degrees. For plane curves of a higher genus,
Harris and Pandharipande [HP95] computed the Severi degrees with
at most three nodes using Hilbert schemes, and Choi [Ch96] extended
the result to at most four nodes using Ran’s method.

The counting of nodal curves of arbitrary genus g in P? was com-
pletely solved by Caporaso and Harris [CH98]. They defined the gen-
eralized Severi degrees Ny (o, 8) with tangential conditions and used
deformation theory to derive recursive formulas of Ng4(a, 3). Shortly
after, Vakil [Va00] derived similar results for rational ruled surfaces.

For an arbitrary smooth projective surface, the number of nodal
curves with at most three nodes can be computed directly by standard
intersection theory. In 1994, Vainsencher [Va95] proved the existence of
universal polynomials in the case of up to six nodes. By computing the
polynomials explicitly, he showed that the polynomials only depend on
L% LK, c¢1(S)?, and cp(S). Later, Kleiman and Piene [KP99] refined
Vainsencher’s approach and generalized the result to up to eight nodes.
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Since their methods rely on a detailed analysis of the singularities of
low codimensions, it is difficult to generalize the methods to the case of
a higher number of nodes.

On algebraic K3 surfaces and primitive classes, the number of rational
curves not only can be determined but also possesses a general pattern.
Yau and Zaslow [YZ96] discovered a surprising formula for the gener-
ating function in terms of the Dedekind function, which prompts the
speculation that general modular forms may be involved. In particular,
the Yau-Zaslow formula implies that the number of rational curves in
an effective class C' only depends on the self-intersection number C?2.

The Yau-Zaslow formula was generalized by Gottsche [Go98] to arbi-
trary projective surfaces. Using Vainsencher and Kleiman-Piene’s num-
bers, Gottsche conjectured the Gottsche-Yau-Zaslow formula, which re-
lates the generating function to quasimodular forms. This generating
function is defined by universal polynomials, which can be viewed as
a virtual counting of nodal curves, especially when the line bundle is
not ample enough. In addition, Gottsche observed that the generat-
ing function is completely determined by the number of nodal curves
on P? and K3 surfaces; thus it can be computed by the Severi degrees
and quasimodular forms. A reformulation of the Gottsche-Yau-Zaslow
formula gives the generating function on the number of genus g curves
([Go98], remark 2.6), and this reformulation has been verified by Bryan
and Leung [BLOO] for K3 surfaces and primitive ample line bundles.

The Severi degrees also have interesting properties. On P2, fixing the
number of nodes and letting the degrees vary, Di Francesco and Itzykson
conjectured [FI94] that the number of plane r-nodal curves of degrees
d is a polynomial in d, or the node polynomial. Recently, Fomin and
Mikhalkin [FMO09] proved the polynomiality with tropical geometry and
found many interesting properties of node polynomials. Block [B110]
generalized it to relative node polynomials and proved that there is a
formal power series which specializes to all relative node polynomials.
These results suggest that enumerating curves with broader conditions
may possess a generalized structure, which could be used to provide
answers to open problems and interpretations for known results.

We add that a symplectic proof to Gottsche’s conjecture was given
by A.K. Liu ([Liu00], [Liu04]), based on the work of Taubes on the
equivalence of Seiberg-Witten theory and Gromov-Witten theory. Re-
cently another proof was also found by Kool-Shende-Thomas [KST10],
using the BPS calculus and the computation of tautological integrals on
Hilbert schemes by Ellingsrud, Gottsche, and Lehn.

1.3. Multiplicative structure. The Go6ttsche-Yau-Zaslow formula ex-
pressed the generating function in terms of quasimodular forms and two
unknown series Bj(q) and Baz(q). If the canonical divisor of a surface S
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is numerically trivial, only the quasimodular forms appear in the gen-
erating function. Consequently, the generating function for K3 surfaces
and abelian surfaces is known. The unknown series Bj(q) and Ba(q)
can be determined using Caporaso and Harris’ recursive formulas of the
Severi degrees of P2. Gottsche has computed the coefficients of Bi(q)
and Bs(q) up to degree 28. However, we are still unable to find the
closed forms for B;(q) and Ba(q).

Instead of indexing on (DG2)", we can simply use " to define another
generating function

T(S,L) = T.(L* LK, c1(S)? c2(S))a"
r>0

Because all coefficients are universal, T'(S, L) is a universal power series.
Moreover, T'(S, L) is multiplicative:

Theorem 1.3 ([Go98], proposition 2.3). Assuming the numbers of
nodal curves are given by universal polynomials, there then exist univer-
sal power series Ay, Ag, Az, Ay in Q[[z]]* ' such that the generating
function has the form

The coefficients of A; can be determined by Caporaso-Harris [CH98]
and Vakil’s [Va00] recursive formulas on P? and P! x P!, but the closed
forms are unknown.

While Gottsche proved this theorem by considering disjoint union of
surfaces, we will give a different proof using algebraic cobordism in Sec-
tion 4. The new proof plays a central role in our approach because it
demonstrates that universality is a result of algebraic cobordism struc-
ture.

The difficulty in proving closed formulas of generating functions comes
from the fact that they are defined by universal polynomials, not the
actual number of nodal curves. The generating functions in Theorems
1.2 and 1.3 are well-defined for all line bundles even if they are trivial
or negative. In this setting, the r-th coefficient of T'(S, L) equals the
number of r-nodal curves of [S, L] if L is sufficiently ample relative to
r. Therefore, usually only a finite number of initial coefficients honestly
represent the number of nodal curves, and after that the coefficients lack
a geometric interpretation. This difficulty will be overcome by depicting
the universal polynomials as intersection numbers d, (S, L) and working
with d,(S, L) directly.

'Q[[z]]* is the group of units in Q[[x]] and the group action is defined by multi-
plication of power series.
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1.4. Approach. In this article we prove Theorem 1.3 first, and derive
other theorems from this theorem. The main ingredients in our proof
consist of the algebraic cobordism group ws 1, the enumerative number
d,(S, L), and the moduli stack of families of ideal sheaves. These tech-
niques are developed in order to study the degeneration of line bundles
on surfaces, and to derive a degeneration formula for the generating
functions. As a consequence, we will prove, when L is (57 — 1)-very am-
ple, the number of nodal curves in |L| on S only depends on the class
of [S, L] in ws 1, which can be computed by L%, LK, ¢1(S)?, and ca(S).

The algebraic cobordism theory has been developed by Levine and
Pandharipande [LP09]. They call

[Xo] — [Xi] — [Xo] + [X3]

a double point relation if there exists a flat family of projective schemes
7w X — P! satisfying the following properties: firstly, X' is smooth
and X is the fiber over 0 € P! and is smooth. Secondly, the fiber over
oo € P! is the union of two smooth components X; and X, intersecting
transversally along a smooth divisor D. Thirdly, X3 =P(1p @ Nx, /p)
is a P! bundle over D. Define the addition of two schemes to be the dis-
joint union and the multiplication to be the Cartesian product. The al-
gebraic cobordism ring is defined to be the ring generated by all smooth
projective schemes modulo the double point relation.

Since the problem of counting nodal curves is about a surface S and
a line bundle L on S, we generalize Levine and Pandharipande’s con-
struction to pairs of line bundles on surfaces. Let L; be line bundles on
X;; we call

[Xo, Lo] — [X1, L1] — [Xo, Lo] + [X3, L3]

an extended double point relation if [Xo] — [X1] — [X2] + [X3] is a double
point relation, and there exists a line bundle £ on X' such that L; = L|x,
for i =0,1,2; Ls = n*(L|p) where n: X3 — D is the projection.

In [LP09], Levine and Pandharipande defined the algebraic cobordism
group of surfaces and line bundles wo 1 to be the vector space over Q
spanned by all pairs [S, L] modulo all extended double point relations.
The subscript (2,1) captures the dimension of surfaces and the rank
of line bundles. In Section 2, we prove ws ;1 is a four-dimensional vec-
tor space over Q and (L%, LK, c1(S)?,c2(S)) induces the isomorphism
from wo 1 to Q*. Consequently, the class of [S, L] in wo 1 is linear in
L% LK, c1(5)?%, and c2(S). Two important bases of wy are

{[P,0],[P*,0(1)],[P' x P, 0], [P' x P!, O(1,0)]} and
{[]P27 O]? []P)zv O(D]? [517 Ll]a [527 LQ]}7
where S; are K3 surfaces and L; are primitive classes on .S; with L% #+ L%.

In general, for pairs of vector bundles of rank r on smooth projective
scheme of dimension n, one can define the algebraic cobordism group
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wp,r. Lee and Pandharipande [LP10] have studied the structure of wy, ,.
Our result about wy 1, although written independently, is a special case
of [LP10].

Another important ingredient of our proof is the enumerative number
d,(S,L). This number is defined by Géottsche ([Go98|) as the intersec-
tion number of a closed subscheme W3 of S13 and the 2r*" Chern class
of the tautological bundle of L on SB"! ie.

d.(S,L) = / cor (LB,
WST'

He proved that when L is (57 — 1)-very ample, d,(S,L) equals the
number of r-nodal curves in [S, L]. Although it is difficult to compute
d, (S, L) directly, we believe it is the correct object to investigate for two
reasons.

First, when a pair of smooth surface and ample line bundle degen-
erates to the singular fiber, ampleness of the line bundle is usually not
preserved. When the line bundle is not sufficiently ample, the uni-
versal polynomial 7T}.(L?, LK, c1(S)?,c2(S)) is not necessarily equal to
the number of r-nodal curves in [S, L]. On the contrary, the numbers
d,(S, L) can be defined for every line bundle, even if it is not ample. In
the end, we will show that for every pair [S, L], d,-(S, L) is the universal
polynomial T}.(L?, LK, c1(S)?, c2(9)).

Second, since d,.(S, L) is defined as an intersection number, it has
many good properties under degeneration. Suppose 7 : X — P! defines
a double point relation and U is a Zariski open set of P! such that all
fibers are smooth except 77 (c0). J. Li and B. Wu [LW] constructed
a moduli stack X" — U, which is the moduli stack of rank one stable
relative ideal sheaves in the family Ay = X xp1t U — U. For each
integer n, the moduli stack X[ — U can be viewed as a family of
Hilbert schemes of n points on fibers. The generic fiber of X" — U at

oo # t € U is the Hilbert scheme Xt[n] and the special fiber is the union
of products of relative Hilbert schemes

n

U /D) x (xp /D),
k=0

For each r € N, recall d,(S, L) is defined to be / cor (LB . The
War

closed subscheme W3 in SB"! can be extended globally to a family
of closed subschemes W3 in X131, In addition, if £ is a line bundle
on X, then its restriction on U similarly defines a tautological bundle
£" on X" for each n. Thus on X%"), the intersection of ¢y, (L)) and
WETT defines a family of zero cycles. Consider an extended double point
relation [Xo, Lo] — [X1, L1] — [ X2, La] +[X3, L3]. By rational equivalence
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of the fibers of W?" over 0 and oo, we show the generating function
(S, L)(x) =Y _dn(S, L)’
r=0

satisfies the following degeneration formula:
¢(X07 LO) = ¢(X1/D7 L1)¢(X2/D7 L2)7

where ¢(X;/D, L;) is the “relative” generating function.

The relation of absolute generating function ¢ can be computed by
applying the degeneration formula on several families to eliminate the
relative functions, which is

¢(Xo, Lo) =

¢(X1, L1) (X2, Lo)

o(X3, L3) '
Thus ¢ induces a group homomorphism from the algebraic cobordism
group wa to (Q[[z]]*, -). Consequently, Theorem 1.3 is proved and
d-(S, L) equals the universal polynomial T,(L? LK, c;(5)?, c2(S)) for
all smooth projective surfaces S and line bundles L. Since d,(S5, L)
equals the number of r-nodal curves when L is (5r — 1)-very ample,
Theorem 1.1 is proved as a corollary.

The generating function in Theorem 1.2 is

Y(S,L)(q) = Y To (L, LK, c1(8)?, e2(9))(DGa(7))" = ¢(S, L)(DGy).

reZ
Therefore this generating function also induces a homomorphism from
wa1 to Q[[g]]*. Since Bryan and Leung [BLO0O] have computed ~(S, L)
on generic K3 surfaces and primitive classes, we shall use a different
basis

{[P27 0]7 [P27 0(1)]7 [51, L1]7 [527 L2]}

of wg 1, where S; are K3 surfaces and L; are primitive classes on .S; with
L? # L. By Theorem 1.3, v(S, L)(q) is a weighted product of v(P?, 0),
v(P2,0(1)), v(S1,L1), and ¥(S2, Ly). This proves Theorem 1.2. See
Section 4 for more details about proofs and computation.

1.5. Outline. In Section 2 we construct the algebraic cobordism group
wo,1 and study its structure. We prove ws ;1 is a four dimensional vector
space and L?, LK, ¢1(S5)?, c2(S) are invariants of extended double point
relations. Therefore we can describe all bases of w1 and degenerate any
[S, L] to basis elements.

Section 3 is dedicated to the enumerative number d,.(S, L) and its
generating function ¢(S,L)(x). The main result in this section is a
degeneration formula about ¢(S, L)(z) for pairs satisfying an extended
double point relation.

Finally, in Section 4 we combine the techniques developed in Sections
2 and 3 to prove Theorems 1.1, 1.2, and 1.3. We express the infinite
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series A; and B; as the weighted product of generating functions on P2,
P! x P!, and K3 surfaces.

1.6. Notation and Convention.

1) All surfaces are assumed to be complex, projective, smooth, and
algebraic.

2) An r-nodal curve is a reduced connected curve that has exactly r
nodes and no other types of singularity.

3) We always denote by [S, L] a pair of a smooth projective surface
S and a line bundle L on S.

4) The number of r-nodal curves in a pair [S, L] means the number
of r-nodal curves in a generic r-dimensional linear system of |L|
on S.

1.7. Acknowledgments. I am very grateful to my advisor Jun Li for
his supervision, advice, and guidance during my Ph.D. years in Stan-
ford. His contribution of time, ideas and patience is invaluable to me.
Special thanks also to Ravi Vakil for teaching me lots of things and
great contribution to Stanford’s algebraic geometry group. Moreover, I
thank Lothar Goéttsche for the explanation of his approach and Rahul
Pandharipande for useful suggestions.

2. The Algebraic Cobordism Group wo

2.1. Outline. Degeneration methods have been applied widely in al-
gebraic geometry. The general principle is that, if desired properties
on general spaces are preserved under degenerations, then they can be
verified by studying well-understood spaces.

To count the number of nodal curves, degenerating surfaces alone
is not sufficient. Instead, we consider the degeneration of pairs [S, L]
where S is a smooth projective surface and L is a line bundle on S. In
section 14.4 of [LP09], Levine and Pandharipande defined the algebraic
cobordism theory w1 for surfaces and line bundles. In this section
we will find its dimension, bases, and invariants.? The study of wa.1
has been extended to schemes of any dimension and vector bundles of
arbitrary rank in [LP10]. Therefore the result in this section becomes a
special case of [LP10]. We keep our proof in order to make this article
self-contained and provide an elementary argument.

2.2. Algebraic cobordism.
Definition 2.1. Suppose [X;, L;] are pairs of smooth projective sur-

faces and line bundles for i = 0,1, 2,3. The extended double point rela-
tion is defined by

(2.1) [XQ,LQ] = [Xl,Ll] + [XQ,LQ] — [Xg,Lg]

2The algebraic cobordism theory developed in this section can be carried out for
surfaces are over any field of characteristic zero.
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with the assumption that there exists a flat family of surfaces 7 : X —
P! and a line bundle £ on X which satisfies the following properties:

1) 77 (c0) = X3 Up X2 is a union of two irreducible smooth com-
ponents, and they intersect transversally along a smooth divisor
D;

2) X is smooth and of pure dimension three; the morphism m is
smooth away from the fiber 771 (00);

3) the fiber over 0 € P! equals Xy, and by (2) it is an irreducible
smooth projective surface;

4) L; is the restriction of £ on X; for i = 0,1,2;

5) X3is P(Op®Nx,/p) 2 P(Nx,/p®Op), n: X3 — D is the bundle
morphism, and L3 = n*(L|p).

REMARK. We use X1/D and X3/D to emphasize the divisor D when
discussing the relative geometry on Xj.

Let M be the Q-vector space® spanned by pairs of smooth projec-
tive surfaces and line bundles, and let R be the subgroup spanned by
all extended double point relations. We define the algebraic cobordism
group of surfaces and line bundles to be

w21 = M/R

By definition, wq 1 is a Q-vector space. We will find its dimension,
its bases, and the invariants of this degeneration theory. To find a
basis of wy 1, the central idea is degenerating the pairs of surfaces and
line bundles [S, L] into the sum of “simpler” pairs until the surfaces of
generators become P! x P! and P2. When Levine and Pandharipande
[LP09] first defined this group wp; (which they called wy1(C)), they
found an infinite set of generators which consisted of all line bundles on
P2, P! x P! and the blow-up of P? at a point. We will refine this result
by showing ws 1 is a four-dimensional vector space, and it has a basis

{[P%,0],[P%,0(1)], [Pt x PL, O], [P! x P*,O(1,0)]}.

During degeneration, many geometric properties are forgotten except
four topological numbers L2, LK, c1(S)?, and c2(S), and they are the
only four invariants of wy 1. As a result, the class of [S, L] in wy; only
depends on L2, LK, ¢1(5)?, and c3(S). A simple criterion to determine
all bases of wo 1 using these four numbers will be given at the end of
this section.

First we review the algebraic cobordism theory. In [LP09], Levine
and Pandharipande consider projective morphisms

7:Y > X x P!

3We use Q here because it is enough for our purpose and for simplicity. In general,
the coefficients can be Z as discussed in [LP09].
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and composition

Wgngosz—HP’l
where k is a field of characteristic 0, Y is a smooth quasi-projective
scheme of pure dimension, and X is a separated scheme of finite type
over k. Assuming 7, '(c0) = AU B where A and B are smooth Cartier
divisors intersecting transversely along D = AN B,

X3 =P(Op® Ny/p) =P(Np,p ® Op)

is a P! bundle over D, and Yj is the fiber of 7 over 0. The double point
relation over X defined by 7 is

Yo = X]|—-[A— X]—[B— X]+[X53 — X].

Let M(X)™ be the free additive group generated by [M — X|, where
M is a quasi-projective smooth scheme and the morphism is projective.
Denote R(X) to be the subgroup generated by all double point relations
over X and w,(X) = M(X)"/R(X). Then the following theorem states
w4 (X)) is isomorphic to the other algebraic cobordism ring Q. (X'), which
is constructed in [LMO7].

Theorem 2.1. ([LP09], theorem 1) There is a canonical isomor-
phism
wie(X) 2 Qu(X).
In particular, if k is a field, we denote Q(k) to be Q. (Spec k) and
ws(k) to be wy(Spec k) in short. In [LMO7], Levine and Morel showed
that Q, (k) is isomorphic to the Lazard ring L,; it follows that L, is also

isomorphic to w (k). Furthermore, it is well known that L, ®z Q has a
basis formed by products of projective spaces. Hence

Corollary 2.2.
w(k)2zQ= P QP x-- xPV]
)\:()‘17"'7)\7')
where the index X belongs to N” for some positive integer r. In par-
ticular, wo(k) is generated by P? and P! x P! over Q, i.e. all smooth

projective surfaces can be degenerated to the sum of P? and P* x P! using
algebraic cobordism.

We only consider the case that X = Spec C. It is easy to see that
the extended double point relation generalizes the double point relation
in dimension two.

2.3. Theorem. The following theorem is the main result of this section:

Theorem 2.3. Let S be a smooth projective surface and L be a line
bundle on S; then
(2.2)
[S, L] = a1[P?, O] 4 aa[P?, O(1)] + az[P' x P, O] + a4[P' x P!, O(1,0)]
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in wo 1, where

2
a] = —L2 + —CI(S) ?‘)1‘02(5) — CQ(S), ag = L2,

2 2 2
w124 LK2+L _als) :cz(S) +ooS), as=—L2— #

In other words, wa 1 is a four dimensional vector space spanned by four
elements, [P?, O], [P?,0(1)],[P! x P}, O], and [P x P!, O(1,0)]. More-
over, (L?, LK, c1(5)?, c2(9)) defines an isomorphism from wa 1 to Q1.

REMARK. By Theorem 2.3, the class of [S,L] in wp; is uniquely
determined by topological numbers (L%, LK, c;1(5)?,¢c2(S)). Noether’s
formula states

X(05) = 5 (@1(S)? + ex(8))

and thus c1(S)? + ¢2(5) is divisible by three and four. In addition, the
Riemann-Roch formula for L is
1
X(L) = X(Os) + 5(L* ~ LK)

and thus L? + LK is divisible by two. Therefore all coefficients in (2.2)
are integers.

Before we prove Theorem 2.3, several lemmas are needed.

NOTATION. Suppose C' is a smooth curve and N is a line bundle on
C. We call Py to be the P! bundle Po(Oc @ N) over C and write
h for the class of the tautological bundle Op, (1) in PicPy. Recall
PicPy = n*PicC ® Zh, where 7 is the structure morphism Py — C.
Moreover, denote the Hirzebruch surfaces Ppi(Op1 & Opi(k)) by Fg.
Then Pic Fp = Zh @© Zf; here f is the fiber class and h is the class of
OF, (1). Their intersection numbers are

=k, hf =1, f2=0.

We will abuse notation slightly by using 7 to denote all structure
maps from the projective bundles to their base curves. The referred
morphism should be clear from the text.

Lemma 2.4. Let C be a smooth curve in S, L be a line bundle on
S, N be the normal bundle of C in S, and n: Py — C be the structure
map. Then for any integer k,

[S,L] =[S,L ® Og(—kC)| + [Pn,n" (L|c) ® Op, (EC)]
— [Pn,n"((Os(=kC) ® L)|c)]

in wo1.
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Proof. Let bl : X — S x P! be the blow-up S x P! along C x {0}, pry
be the projection from S x P! to S, and 7 : X — S x P! — P! be the
composition of bl and projection to P!. Then X is a family of surfaces
with general fiber S and singular fiber 77!(00) = SUc Py. In addition,
let

L =DblI'priL ® Ox(—kE),

where E = Py is the exceptional divisor of the blow-up morphism.
Then the desired formula is exactly the extended double point relation
on (X, L). q.e.d.

Corollary 2.5. Every pair [S, L] in wa 1 is equal to the sum of [S, O]
and pairs on ruled surfaces of the form Py.

Proof. Lemma 2.4 implies that we can twist the line bundle L by
effective divisors so that the remaining terms are pairs on Py. Since
every line bundle on a projective surface can be written as the difference
of two very ample line bundles, the statement can be proved by applying
Lemma 2.4 with k£ = 1 twice. q.e.d.

In Levine and Pandharipande’s algebraic cobordism theory, the classes
of surfaces are generated freely by P? and P! x P! over Q. Moreover,
the class of S depends only on c1(S)? and cp(S) and is given by

[S] = <Cl(5)2 ; 202(5)> P2 + <_Cl(5)24+ 302(5)> P! x P1].

Since extended double point relations with trivial line bundles reduce
to double point relations, a similar formula also holds in wa ;:

Lemma 2.6.

5.0] = <61(S)2 ; 262(5)) P2,0] 4 <—c1(5)24+ 3c2(5)> P x P!, O]

in wo1.

According to Lemmas 2.4 and 2.6, wa is generated by pairs on P2
and ruled surfaces of the form Py. Consequently, in the following lem-
mas we concentrate on degenerating these two kinds of pairs. A useful
observation is that deformation of ruled surfaces can be achieved by
deforming the base curve C' and constructing a family of P'-bundles on
each fiber.

Lemma 2.7. Suppose N and N’ are two line bundles over a smooth
curve C, and x is a closed point on C, n € N. Then in wa 1,

[Pn, "N & Op,, (n)] = [Pni(—a), " N @ Opy, _, (n)] + [F1, Op, (n)]
— [P x P!, O(n,0))].

(==)
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Proof. Define X to be the blow-up of C' x P! at the closed point z X co.
X is a family of curves whose general fiber is C' and whose fiber over co
is isomorphic to the union of C' and exceptional curve £ = P!, C and
FE intersect at the point . There are morphisms

x 2 oxp 2o

where bl : X — C x P! is the blow-up morphism and pr; : C x P! — C
is the projection.

Let M’ be the pullback line bundle bl*prj N’ and consider the line
bundle M'(—FE) on X. The restriction of M’'(—FE) on general fiber is
N, on the first component of singular fiber C' is N’(—z), on P! is O(1),
and it restricts to the trivial line bundle at z.

Therefore, the Pl-bundle X = Px (0O & M'(—E)) over X is a fam-
ily of surfaces which has generic fiber Po(O @& N’) and singular fiber
isomorphic to Po(O & N(—x)) Up1 Fy.

Let 7 : X — X be the bundle map. The morphism

x5 x 2 oxpt 25 p!

defines X' as a flat family of surfaces over P!. Denote the generic fiber
Po(O & N') by Xg, components of the singular fiber Po(O & N'(—x))
by X1, F1 by X», and their intersection P! by D. Then X is a family
of surfaces which satisfies the conditions in Definition 2.1.

Next we construct a line bundle £ on X. Let Oy (1) be the tautolog-
ical bundle of the projective bundle X and £ be 7*bl*priN ® Ox(n).
The restriction of £ on each fiber is:

£|X0 gU*N® OPN/ (n)7 £|X1 g’l’]*N ® OPN’(*JC) (n)7

‘C‘Xz goﬂ'ﬁ(n)a ‘C‘D goﬂ“(n)‘
Then the desired formula is the extended double point relation on X
and L. q.e.d.

Every line bundle on Py can be written as n* N ® Op,,(n). We can
write N as O3 a;x; — b;y;) for some closed points z;, y; on C and
positive integers a;, b;. By using Lemma 2.7 inductively on ) |a;| +
> ||, pairs on Py can be reduced to pairs on Po(Oc @ O¢) = C x P!
with excess terms on F; and P! x P!.

Furthermore, line bundles on C' x P! can also be reduced using the
following lemma;:

Lemma 2.8. Every pair on C xP! can be written as the sum of pairs
on P! x P

Proof. Every line bundle on C x P! is isomorphic to LKO(n) for some
integer n and line bundle L on C. Let x be a closed point on C' and
X be the blow-up of C' x P! x P! at 2 x P! x co. The third projection
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X — P! defines X as a family of surfaces over P! with general fiber
X = C x P! and singular fiber X7 Up X = (C x P!) Up1 (P! x PY).
Let £ be priL ® pr3Op:1(n) ® Ox(—X2), where pr; are projections to
C and the first P!,
The extended double point relation from X and L is

(2.3)
[C xP',LRO(n)] = [C x P', L(—z) R O(n)] + [P' x P!, O(1,n)]
— [P' x P',0(0,n)].
By applying (2.3) several times, we can see that [C' x P!, L K O(n)]

is the sum of pairs on P! x P! and [C x P!, Oc X O(n)].
On the other hand, if

[Co] = [C1] + [Ca] = [C3]

is a double point relation of curves defined by a family Y, then (Y x
P!, pr3Op1(n)) gives an extended double point relation

[Co x P!, pr3Opi (n)] = [C1 x P!, pr5Opi (n)] + [Cy x P!, pr;Opi (n)]
— [C3 x P, pr3Op1 (n)].
Since every smooth curve can be degenerated to several P!’s using dou-

ble point relations, [C x P, L K O(n)] is the sum of pairs on P! x PL.
q.e.d.

From the previous lemmas, we have shown that ws; is spanned by
[P2, O], pairs on P! x P!, and [Fy, O(nh)].

Lemma 2.9. The following equalities hold in wy 1 for all integers
a, b.
1) [P* x P*, O(a,a)] = 2[F1,ah] — [P* x P*, O(0,a)]
2) [P1xP!, O(a,b)] = ab[P xP!, O(1,1)]—(2ab—a—b)[P* x P, 0(0,1)]
+ (a—1)(b—1)[P! x P, O]
3) [P2,0(1)] = [Fy,h] + [P2,0] — [P* x P, O]

Proof. 1) Fix two points 0,00 € P!, and consider the family

bloxeoP! x P P2 Pl The fiber over 0 is Cp = P, fiber over oo is
the union of C; and Cs, both isomorphic to P!, and they intersect
at one point. A section of the family either passes through C; or
(5, and hence induce two line bundles M; and Ms on bl gy oo P! x P
which satisfy:

Ml‘CO - 0(1)7 Ml‘cl = 0(1)7 M1‘02 = 07
MQ‘CO = 0(1)7 MQ‘C& = Oa MQ‘C’z = O(l)
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Then the composition
P(M; ® Ma) — bloxeoP! x P! 22 P!
defines P(M; & Ms) as a family of surfaces along with tautological
bundle Op(rs,a01,)(1). The extended double point relation from
P(M; & Mz) and Op(ar,enr)(a) is exactly
P! x P, O(a,a)] = 2[Fy,ah] — [P' x P!, O(0,a)].
2) Applying (2.3) to the case C' = P!, L = O(a) and using induction
on |a|, we have
P! x PY, O(a,b)] = a[P! x P, O(1,0)] — (a — 1)[P' x P, 0(0,0)].
By using the identity on both a and b, we get
P! x PY, O(a,b)] = a[P! x PL,O(1,b)] — (a — 1)[P! x PL, 0(0,0)]
= ab[P! x P}, O(1,1)] — (2ab — a — b)[P! x P}, 0(0,1)]
+ (a —1)(b— 1)[P! x P, O).

3) Let X be the blow-up of P2 x P! along pt x co and £ be the pullback
of Opz2(1) in X Dp2 s pt 23 P2, The identity we need to prove is
the extended double point relation on (X, £) plus
a) Fy is isomorphic to P? with a point blown up;

b) because the Chern numbers of F; and P! x P! are the same,

[F1] = [P! x P!] in the algebraic cobordism ring of schemes;
hence [F1,0] = [P! x P}, O] in wa ;.

q.e.d.
Corollary 2.10.
P! x P, O(1,1)] = 2[P2,0(1)] — 2[P?, O] + 2[P' x P!, O]
—[P! x P!, 0(1,0)].
Proof. This follows from Lemma 2.9 (1) and (3). q.e.d.

Next, we show that wo ; has four independent invariants.

Proposition 2.11. Suppose
[Xo, Lo] = [X1, L1] + [Xo, Lo] — [X3, L]
1s an extended double point relation; then
(L§, LoK x,, c1(X0)?, c2(X0)) = (L3, L1 Kx,, e1(X1)?, c2(X1))
+ (L3, LoK x,, c1(X2)?, ea(X2)) — (L3, L3 K x,, c1(X3)%, c2(X3))

In other words, if

X L) =) (X, L] inway

? J
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then
§ (L%, LiKx,,c1(X;)% ca( X)) = § j(L?,LjKXj,cl(Xj)2,cz(Xj)).
i J

Thus (L%, LK, c1(S)?, c2(S)) induces a homomorphism from w1 to Q*.
Proof. Recall that X3 = P(Op © Nx,,p) and L3 = n*(L|p). Simple

calculation shows
L3 =0,
LsKx, = (deg(L]p) f)(~2h + (deg(Nx, /p) + 29(D) — 2)f)
= —2deg(L|p),
K%, = (—2h+ (deg(Nx,/p) +29(D) — 2)f)?
= 4deg(Nx, /p) — 4deg(Nx, /p) — 89(D) +8 = —8g(D) + 8.

Because X and X; U X5 are two fibers of X — P!, in the Chow group
of X,

[Xo] - [Xo] = 0, [Xu] - [X1] = —[Xo][X1] = —[D] = [Xo] - [X3],
[Xo][X1] = [Xo][X2] = 0.
Then simple calculation shows
L3 = c1(L£)?*[Xo] = e1(£)*[X1 Up Xo] = L3 + L3 — L3,
LoKx, = c1(L)(e1(Kx) + [Xo))

c1(L)er (Kx)[ X1 Up Xo]
LiKx, + LaKx, +2deg(L|p)

= L1Kx, + LoKx, — L3 K,
K%, = (a1(Kx) + [Xo])* - [Xo] = e1(Kx)?[X1 Up Xo]

= K%, + KX, +4(29(D) - 2)

=K%, + K%, — K%,

In addition, the exact sequence
0— Oxyupx, — Ox, ®0x, — Op — 0
implies
X(Ox,) = x(Oxyupx2) = X(Ox,) + X(Ox,) — x(Ob)

=x(0x,) +x(Ox,) — (1 — g(D))

= X(0x,) + x(Ox;) — x(Oxy)-
Using x(Os) = 15(K2 + c2(5)), we conclude

c2(Xo) = c2(X1) + c2(X2) — c2(X3).
This completes the proof. q.e.d.
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Proof of Theorem 2.3. We outline the process of degenerating pairs in
wo 1 here as a summary. In the following computation, we don’t keep
track of the coefficients and use * to indicate them. Recall that if N is
a line bundle on a smooth curve C, then Py is defined as the P! bundle
Pc(OC EBN) on C.
For every pair [S, L] in ws 1, using Corollary 2.5 to Corollary 2.10 we
are able to write
S, L]
=[S, O] + pairs on ruled surfaces Py
= [P2, 0] + #[P' x P!, O] + pairs on ruled surfaces Py
= % [P?, O] + *[P! x P!, O] + pairs on C x P! + *Z [F1, O, (n)]
nez
= % [P, O] 4 *[P' x P!, O] + pairs on P! x P! + *Z [F1, OF, (n)]
nez
=% [P2, O] + #[P! x P1, O] + #[P! x P!, O(a,b)]
= % [P2, O] + «[P* x PL, O] 4+ *[P! x P}, O(1,1)] + «[P! x P1, O(0,1)]
— + [P2,0] + +[P! x P, 0] + «[P2, 0(1)] + +[P* x PL, 0(1,0)]
As a result, wo 1 are spanned by these four pairs. They are also inde-

pendent because wo 1 has four independent invariants L? LK, c¢i(S)?
and c2(S)(Proposition 2.11). Thus

P2, 0], [P?, 0(1)], [P x P!, O], [P! x PL,0(0,1)]

is a basis of wy 1.
To prove equation (2.2), it suffices to find the coefficients. Suppose
the class of [S, L] in wy; is

[S, L] = a1[P?, O] + az[P?, O(1)] + a3[P! x PL, O] + ay[P' x P!, O(1,0)].

Since the topological numbers (L2, LK, ¢1(5)?, c2(9)) of [P2, O], [P2, O(1)],
[P! xPY, O], and [P' xP!, ©0(0,1)] are (0,0,9,3), (1,-3,9,3), (0,0,8,4),
(0,-2,8,4) and (L2, LK, c1(S)?,c2(S)) are invariants of wo 1, we have

(L27 LK, (5)27 02(5))
=a1(0,0,9,3) + az(1,-3,9,3) + a3(0,0,8,4) + a4(0, —2,8,4).
Computation shows

1(5)% + 2(9)

a; = —L* + ¢ 3 —c2(9), ag = L,
LK + L? 2 LK + L?
az = L2 + ;_ — 61(5) 2_02(5) + CQ(S), a4 = —L2 — T—i_

q.e.d.
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REMARK. 1) From the proof of Theorem 2.3, we know a set of four
elements
{[Si;, L] | i=1,...,4}
is a basis of wp 1 if and only if the four vectors
{(L?, LiKS“ Cl(SZ')2, CQ(SZ)) ’ 1= 1, . ,4}

are linearly independent over R (in fact, over Q is enough, but we
don’t need it).
2) Because the two vectors

(L%, LK, c1(S)?,¢2(9)) and (LK, x(L), x(0), K?)

determine each other, (LK, x(L), x(0), K?) is also an invariant of
wa,1. As a result, if for a set of four elements in wy 1, the corre-
sponding vectors (LK, x(L),x(0),K?) are linearly independent,
then the set is a basis of wo 1.

3) If 51,5, are two K3 surfaces and L; are primitive classes on S;,
respectively, the four numbers (LK, x(L), x(O), K?) of

B = {[P%,0],[P?,0(1)],[S1, L1],[S2, L]} are

2 2
It follows that B is a basis if and only if L} # L3.

L? L2
(0,1,1,9),(-3,3,1,9), (0,2 - —1,2,0> , <0,2 + —2,2,0> :

3. Degeneration Formula

3.1. The enumerative number d,(S, L). In this section we use the
enumerative number d, (S, L) to study the number of nodal curves. This
number d,(S, L) was introduced by Gottsche [Go98] for pairs of smooth
projective surface and line bundle [S, L], and he proved that d,.(S, L)
equals the number of r-nodal curves on [S, L] if L is (5r — 1)-very ample.
The goal of this section is to derive a degeneration formula for the
generating function

$(S, L)(x) = dp(S, L)a"
r=0

for pairs satisfying an extended double point relation.
Let S be the Hilbert scheme of n points on S, and let Z,, C S x S
be the universal closed subscheme with projections

Dp Lp — S, qn:Zn—>S["}.

Define LI" = (¢,,), (pn)* L. Because g, is finite and flat, LI" is a vector
bundle of rank n on S". Géttsche [Go98] suggested the following
approach, which interprets the number of nodal curves as intersection
numbers on Hilbert schemes:
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Definition 3.1 ([Go98], definition 5.1). Let Wg" be the locally
closed subset

{ H SpeC(OS,xi/m%,xi)
=1

x; are distinct closed points on S }

and W3 c SB'1 be the closure of W (with the reduced induced struc-
ture). It is easy to see that W3 is birational to SI'l. Define

d.(S, L) = / eon(LI37)).
W37‘

For simplicity, define dy(S,L) = 1 because the number of 0-nodal
curves, which by definition are smooth, in a zero-dimensional linear
system is one.

Definition 3.2. We call a line bundle L k-very ample if for every
zero-dimensional subscheme £ C S of length k& + 1, the natural map
HO(S,L) — H°(&, L ® O) is surjective.

If L and M are very ample, then L®* @ M®! is (k + [)-very ample.
In particular, very ampleness implies 1-very ampleness.
We quote a result of Gottsche below:

Proposition 3.1 ([Go98]|, proposition 5.2). Assume S is a smooth

algebraic surface and L is a (5r —1)-very ample line bundle on S; then a
general r-dimensional sublinear system V' C |L| contains d,(S, L) curves
with precisely r-nodes as singularities.
3.2. Degeneration formula. In Section 1.4 we explained why d,.(S, L)
behaves better than the actual number of nodal curves in flat families.
The goal of this section is to derive a degeneration formula for d,.(S, L).
More explicitly, we will show that if

[Xo, Lo] = [X1, L1] + [X2, L] — [ X3, L]

is an extended double point relation, then the number of nodal curves
on [ Xy, Lo] can be determined by the numbers on [ X1, L1], [X2, L], and
[X3, L3]. As a result, it is necessary to treat the number of curves with
varied number of nodes together by considering the generating function

B8, L)(x) = 3 do (S, L)a"
r=0

The following theorem is the main result of this section:
Theorem 3.2. Suppose [Xo, Lo] = [X1, L1] + [X2, La] — [ X3, Ls] is
an extended double point relation. Then
¢(X1, L1) - 9(X2, La2)
Xo, Lg) =
¢( 0 0) ¢(X3, L3)

In other words, ¢ is a homomorphism from w1 to (Q[z]]*, - ).
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3.3. Moduli stack of relative ideal sheaves. The key tool is Jun
Li and Baosen Wu’s [LW] construction of the moduli stack of stable
relative ideal sheaves. Let co € C' be a specialized point and 7 : X — C
be a flat projective family of schemes that satisfies

1) X is smooth and 7 is smooth away from the fiber 7=1(c0);

2) 771 (00) =: X; Up X3 is a union of two irreducible smooth com-
ponents X; and X, which intersect transversally along a smooth
divisor D.

In [LW], Li and Wu defined the notion of a family of stable perfect
ideal sheaves over C and constructed 3& et the moduli space of stable

perfect ideal sheaves of type I' of X — C. To make 3& /c 8 stack, one
has to replace X by new spaces X[n] so that X and X [n] have the same
smooth fiber X; when t # co. Over oo, the fiber of X|[n] is a semistable
model
X[TL]O =XTUA TUAU... A1 UXo,

where A; =2 Pp(Op @ Nx,/p). The objects of SQ/C are (X/S,Z) which
consists of a family X over a C-scheme S and a family of stable ideal
sheaves Z of type I on X'/S. The fibers X, of the family X/S are
required to be either a smooth fiber of X/C or a semistable model
X|[n]o for some n. Under these settings, Li and Wu proved that the
moduli space has many good properties:

Theorem 3.3 ([LW]). The moduli stack Jx/c 18 a separated and
proper Deligne-Mumford stack of finite type over C.

In our case, 7 : X — C'is a family of surfaces and Z is a family of ideal
sheaves of zero-dimensional closed subschemes of length n. For s € S,
when X is a smooth fiber of X/C, Z; is automatically perfect and stable.
If X, is a semistable model X [m]g, then the support of Z, can not lie on
the singular loci of X[m]y. Furthermore, every component A; contains
at least one point of the zero-set of Z; (otherwise this component can
be contracted).

The resulting moduli space J'% /C is a separated and proper Deligne-

Mumford stack of finite type over C, and the fibers of 7" : % e s C
can be described as follows:

1) The fiber over oo is the union of products
Ui=o(X1/D)" x (X2/D)"=H

for all possible n > k > 0. (X;/D)™] are the moduli spaces of
stable relative ideal sheaves of n; points on X;/D. (X;/D)l = pt.
They are also separated and proper Deligne-Mumford stacks (see
[LW], theorem 3.7). We denote this fiber by (X1 Up Xo)!".

2) 7% e smooth and 7" is smooth away from the fiber over co.
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3) When t # oo, the smooth fiber of J% /¢ over t equals Xt[n], the
Hilbert schemes of n points on Xj.

Therefore, 7' Jo can also be viewed as a family of Hilbert schemes of

n points on X/C. The following definition-proposition contains some
facts proved in [LW].

Definition-Proposition 3.4. Let 7 : X — P! be a family of surfaces
described in Definition 2.1, and U is a Zariski open set of P! obtained by
deleting those points with singular fibers except oo; i.e. set-theoretically,

U = {t € P'| the fiber X|; is smooth } U {oc}.

Then 7y @ Ay := X xp1 U — U is a family of surfaces with only one
singular fiber X,.

1) Define X" to be T;(U/U and 7" . X"l — U to be the structure
morphism.
2) The fibers of 7" are:

n -1 n n -1 n n—
(xl") 7 (0) = X5 and (x") 7 (00) = Uj_o(X1/D)H x (Xa/ D)l
The inclusions are denoted by
Z-%n] :X([)"} — xM el (X /DY % (X, /D)E syl

3) Let Z([)"} be the universal closed subscheme in Xy x X([)"}. For
i = 1,2, the universal closed subscheme of stable relative ideal
sheaves on X; can also be constructed as a closed subscheme of

(Xi/D) x (Xi/D)[k]. We denote it by ZZ.[k],
4) There is a universal closed subscheme Z C Xy x X" with struc-
ture morphisms

z _ @ xnl
|»
Xy
such that the composition 7y o P : Z — Xy — U has fibers

Zlg= 2" and

n k n— n n—k
2| = (Uk:oZ{ I % (X2/D)! ’4> U (ukzo(Xl/D)[kl x Z) }) .
The inclusions are denoted by

jo: ZM" < Z and

g 2 (D) sz (X D) <z R < 2,
If £ is a line bundle on Xy, then define £M = Q,P*L.
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5) The projections from the universal closed subscheme are

(k] [n]
ZzM 1 (x;/D)¥ and z[" L. x[

and for line bundles L; on X, define
L™ = ("), ")y L yi=0,1,2.

)

k.n k,n
6) 7l },ﬂé ]

i are the projections

[k,n]

(X1/D)M x (Xo/D)lr—H 2 (Xo/D)lnH

|

(X1/D)"

3.4. Lemmas. Next, we will present several lemmas before proving
Theorem 3.2.

Lemma 3.5. Suppose we have a fibered diagram
XxzY =X

Pk

y —L -7

and a vector bundle F on X. Suppose g is finite and f is a closed
immersion,; then

vt F = f g, F.

Proof. Since the question is local on Z and g is affine, we can assume
Z = SpecA, X = SpecB, and Y = SpecA/I. Then this lemma follows
from simple algebra:

M @p (B®@aA/l) =M@ A/l

as A/I-modules. q.e.d.

Lemma 3.6. The sheaves defined in 3.4 satisfy the following proper-
ties:

1) £ is a vector bundle of rank 3n on XM,

2) LEM s a vector bundle of rank 3k on XZ-[M, fori=20,1,2.

Proof. All the proofs are similar. The morphisms Q, ¢, and ql[k}

all finite and flat for i = 1,2. Therefore the functors R'Q,, Rl(q([)n})*,
and R! (qz[k])* are zero and the lemma follows from the cohomology and
base change theorem. q.e.d.

are
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Lemma 3.7. Recall that z'[on} : Xo[n] — X and ik (X, /D) x
(Xo/ D)=k s X" are the inclusions of the fibers. Then

2) (aterlyLl) = (" L @ (L.

Proof. (1) We have the commutative diagram

Xo[n] o X [n]

q([)n] T Q

Z([]n] ¢ Jo z

oy l P

Xo s xy

Because the diagram on the top satisfies the assumption of Lemma 3.5,
(i5")" Qu(P*L) = (ay"). (jo)" (P"L).

Since Pojy = iy op[on}, JoP L = (p([)n])*igﬁ. By definition, Q,P*L = £,
therefore

(i) L1 2= (a5 (05" "6 = (g™ )u(g™) Lo = Lg.
(2) The following diagram is commutative:

[k,n]

T ilk.m]
(Xl/D)[k] ! (Xl/D)[’f} % (XQ/D)["—’C} itk x[n
¥ g xid Q
Z[k] Z[k} X, /D)n—kl jgkyn] z
1 pr1 | X (X2/D)
p[lk] ¢>[1k]=a10p[1k]0pr1 P
X, /D¢ i X1 Up Xof foo Xy
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Since P o (j1"™) = i 0 ¢}, (1P (P*L) = (41)*(i5,£). Further-

more, applying Lemma 3.5 to the following diagram:

(Xl/D)[k] % (X2/D)[n—k]( FCRD X["]
[ ]deUdeq[n k] Q
K jgk,n]ujénfk,n]
7y x (Xo/D)ln=k U (X, /D)) x ZlHc Z

yields
(" Q. (P L) = (¢ x id Uid x "), (I U sl Rl (P ).
By definition, Q,P*£ = £[": thus

(i)l
(! xiauid x f' ). (GIy (L) U GETE (L))
2([}xszzd><qn M) ( U (¢ =kl (zoo)*£>
=(ai" xid). (o) >*.c) (id x q[" D (65 ).

and

(0" x id). (1) (ioo)") (ot i) (") 1) (o) (ioe) "L )
= (gl (k] x id), ((T[kvn}) (p H) Ll)
= () (@) (o) Lo =2 (e L,

The last isomorphism follows from applying Lemma 3.5 on the upper-
left part of the diagram. Similarly,

(i x g™ (0 o)) 2 (M) L,
Thus we can conclude
(iFrly gl = (ﬂk,n]) (k] @ (l [k, N]) L[n k]
q.e.d.
Suppose S is a smooth algebraic surface and » € N. Recall that in
Definition 3.1 we have defined Wg" and W?3" as subschemes of Sl

When S = Xy (X1/D, X5/D respectively), the corresponding closed
subschemes are denoted by Wf(z (Wf{ /D Wf(g /D respectively).

Lemma 3.8. There is a family of closed subschemes W3 C X13]
such that -
3 3r 3
WrnN Xy =Wy, and
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W3 <(X1 /D) % (X, /D)[3"—m1>

{empty set if m is not divisible by 3,
= 3(r—k) . o
W?(?/DXWXQ/D ifm=3k, keN

Furthermore, W3 is flat over U via the composition W3 «— X1l — U,

T
Proof. Let V be the set of points H Spec(Os z; /m%xl) in AP where
i=1
S is a smooth fiber of X and z1,...,z, are distinct closed points on
S. Define W3 to be the closure of V in X}, Since limit points
of family in V are disjoint zero-dimensional subschemes of length a
multiple of three, there is neither limit point nor interior point on
(X1/D)lM x (Xo/D)Br=m if m is not divisible by 3.

Suppose b is a closed point in WW3"; then b is the limit of points in
V. As a closed subscheme of Ayr[n], b is the disjoint union of zero-
dimensional closed subschemes b; and every b; is supported on a single
point. If we choose small disjoint open neighborhoods of b;, points in V
approaching b in those neighborhoods are disjoint families of points in V
approaching b; for every i. Therefore it suffices to assume b is supported

on a single point p and prove b is in W)?’(’(; or W)?’gj /D X W;gr/g).

Suppose b is a closed point in W3 N X([)gr}; then p is a closed point of
Xp. The family Xy — U is locally trivial near p. Thus there exists an
analytic neighborhood of p in Xy which is a product of Uy and Us, such
that U; is open in X, and isomorphic to an open set of C2, and Uy is
open in U. Suppose v; is a family of closed points of V with limit b; we
can assume v; is sufficiently close to b and belongs to U; x Us. Define
v} to be the image of v; under the first projection pr; : Uy x Uy — Uj.
v} is a disjoint union of Spec(OUl,prl(xi)/mQUhprl(xi)). In addition, v is
in Uy C Xo and the limit is still b. Therefore we can conclude that b is
in W)?’(f)

In the case where b is on W3 N (X;/D)PH for some k, the zero-
dimensional closed subscheme b belongs to a component of (X5 )[m]o for
some m € N. Call the component S; by construction of the moduli
stack the support p is a nonsingular point of S. Since S is contained
in the fiber of oo in Ay [m] and the family Xy [m] — U is also locally
trivial near p, we can use the projection argument again and show b is
the limit of points of the form ]_[le Spec(057yi/m%7yi) where y1, ..., Yk
are distinct points in S. This shows b belongs to W3F The case

X1/D-
be W3 N (Xy/D)BU=F)] can be proved similarly.
The previous argument shows that

W nx cwi,
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and

WA ((X1 /DY % (X, /D)P”—m}) — ¢ if 34 m,

WS A ((X1 /D)) ¢ (X, /D)[?"“—m}) W, x Wil if m = 3.

On the other hand, W)?’g) is the closure of V' N XO[?’T]. This is because
W3 contains V N X([)gr} and is a closed set; therefore W3" must contain

W)?’g) Similarly, W)‘q’(]‘i /D X W;’((;/_lf) is the closure of

vn <(X1 /D)BH ¢ (X, /D)B(’“—’fﬂ) .

Because W3 contains V N ((Xl/D)[?’M x (X2/D)BU=R]) and is closed,
W;’('j /D % W;’g/_Dk) is a subset of WW3". This finishes the first part of the
proof.

Since every point in V is a reduced closed point in X Br] and V is
dense in W W is reduced. Second, for every point b in W]
there is a section U — WU which passes through b. Therefore W]
is irreducible and dominates U, which implies WP — U is flat.

q.e.d.

3.5. Relative generating functions.

Definition 3.3. Define

do(X;/D, L;) = 1, dy(X;/D,L;) = / o (LMY for k> 1

3k
WXi/D

[ee]
and ¢(X;/D,Li)(x) = > _ dp(X;/D, L;)z"
k=0
to be the relative enumerative number and the relative generating func-
tion of [X;/D, L;] for i = 1, 2.

Proposition 3.9. Suppose [Xo, L1] — [ X1, L1] — [ X2, Lo] + [ X3, Ls] is
an extended double point relation; then

¢(Xo, Lo) = ¢(X1/D, L1) - ¢(X2/D, La).
Proof. For r € N, recall X([)gr} is the fiber of X! over 0 and
L0 o = L, WA X = W
The fiber of XB" over oo is
X = Ud_o(X1/D)M x (Xy/D)Br=—m1
LY 1/ pyml x(xa pyfr—m1 = (7 yy L @ (S LB,

W B = UL < W,
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Recall that U is open in P!, X1 — U is a flat family, and W*" — U
is flat. Thus [W?"|o] and [W?3T], the classes of fibers of W3" over 0 and
00, satisfy

e (LETV o] = e, (LET) Vo).

C2r(£[gr])[W3T|O] :C2r(£[3r])[W§(z] - / 3 CQT(L?‘T}) = d,(Xo, Lo),
Xo

e (LE WV o] = ear (£ [U X/ * ;(T/D)]

k.,3r T 3(r—k)
_Zc iBR3TTy* 13Ty [py3) 1/D><WX2/D]

[3k,3r 3k 3k,3r]\x 7 [3(r—k 3(r
—Zcr( L @ (e LB 3, W)

Use
3k,3r]\x 1 [3k 3k,3r)\x 7 [3(r—k

2r
— <Z o <(7T£3k73r})*L[13k}) o <(7T£3k,3r])*L[23(r_k)}>)

and intersect each term with the appropriate spaces; the nonzero terms

are:
[3k ] [3(r—F)]
E / cor(Lj /WS(Tk) Cor—ky(Ly" )

Xo/D

= Z de(X1/D, L) - dr_1,(X2/D, Ly).
k=0

Therefore for every positive integer r,

dr(Xo, Lo) = de(Xl/D,Ll) “dp_(X2/D, L),
k=0
¢(Xo, Lo) = ¢(X1/D, L1) - $(X2/D, La).
q.e.d.

To obtain a formula for absolute generating function, the relative
surfaces can be closed up by adding projective bundles.

Corollary 3.10. Let [X, L] be a pair in we 1. Suppose D is a smooth
curve in X, N is the normal bundle of D in X, and L - D is the inter-
section number of ¢1(L) and D; then
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(X, L) = ¢(X/D, L) - 9(Pn/D, (L - D)f).

Proof. Let X be the blow-up of X x P! along D x {co}; then X is
the deformation to the normal cone. Let 7 : X — X x P! — P! be the
composition of blow-up morphism and projection to P!. X — P! is a
smooth family of surfaces with general fiber X and 7= !(c0) = X UpPy.
Apply Proposition 3.9 to X’; then we can obtain the desired formula.
q.e.d.

For relative surfaces X;/D and Xo/D, if we let the normal bundle of
D in X; be N, then the normal bundle of D in X5 is the dual bundle
NV. Recall

Py =P(Op ® N), Pyv =P(Op @ NY).
We fix the embedded curves
Dy =P(N) C Py, Dy =P(Op) C Py,
Dy =P(NY) C Pyv, DY, =P(Op) C Pyv.

The curve D can be naturally embedded to the four curves in Py and
Ppv. In addition, because L1 and Lo are the restriction of line bundle
L on X,

L-D= Cl(Ll) N [Xl] N [XQ] = Cl(ﬁ) N [D] N [Xl] N [Xg] =L-Ds.

This implies that in Definition 2.1, if f is the fiber class in X3 — D, the
line bundle L3 equals (L1-D)f = (L2-D) f = (c1(£L)ND) f. Therefore we
will also use L3 to denote the line bundle (L; - D)f on Py and (Ly- D) f
on ]PNV .

Corollary 3.11. Let X;, D, Py, Pyv be as above and in Definition
2.1. The generating functions satisfy

¢(X1, L1) = ¢(X1/D, L1) - ¢(Pn /Do, L3),
¢(Xa, L2) = ¢(X2/D, La) - ¢(Pnv /Dy, L3)
Proof. Apply Corollary 3.10 to X;/D and X5/D. q.e.d.

Let Xg = Py, D = Dy, and X be the blow-up of Py x P! at D x {0}.
Then the general fiber is Py and 77_1(00) = Py Up Py where D embeds
into the first Py as Dy and embeds into the second Py as Dy,. Let
L be the pullback of Ls from the composition X — Px x P! — Py.
Proposition 3.9 implies

Corollary 3.12.
&(Pn, L3) = ¢(Pn /Dy, L3) - (PN /Do, L3).

Now we are ready to prove Theorem 3.2.



A PROOF OF THE GOTTSCHE-YAU-ZASLOW FORMULA 467

Proof of Theorem 3.2. From Proposition 3.9 and its corollaries:

¢(Xo, Lo) = ¢(X1/D, L1) - 9(X2/D, La),
¢(X1/D, L) - §(Pn /Do, Lg) = ¢(X1, L1),
¢(X2/D, Ly) - ¢(Pnv /Dy, L3) = ¢(Xa, L2),
¢(Pn, L3) = ¢(Pn /Do, L3) - 9(Pn/Doo, L3).
There is a canonical isomorphism between Py and Pyv which maps
Dy, C Py to Dy C Pyv and keeps the line bundle Ls unchanged. This
implies
¢(Pnv /Dy, L3) = ¢(Pn/Doo, L3).
Then the theorem is proved by multiplying all equations. q.e.d.

4. Universality Theorems and Generating Functions

4.1. Outline. In this section, we will prove Theorems 1.1, 1.2, and 1.3
by combining the degeneration formula (Theorem 3.2) with the struc-
ture of algebraic cobordism group wy; (Theorem 2.3).

Recall that for any smooth projective surface S and line bundle L
on S, we defined and studied the enumerative number d,(S,L) and
generating function

¢(S,L)(z) = > dp(S,L)a"
r=0

in Section 3. By Theorem 3.2, this function ¢ induces a homomor-
phism from wy 1 to (Q[[z]]*, - ). Theorem 2.3 proves that wsy is four-
dimensional and the only invariants are L?, LK, ¢;(S)? and c2(S). Com-
bining these two results, we show that ¢(S, L)(x) only depends on these
four topological numbers and has a multiplicative structure.

4.2. Proof of Theorem 1.3 and Theorem 1.1.

Proposition 4.1. There exist four series Ay, As, Asz, and A4 in
Q[[z])* such that

&(S, L) (x) = AP ALKs ga5) ge2(5),

More explicitly,

Ay(z) = (P, 0)71p(F?, 0(1))p(P! x P!, 0)26(P x P!, 0(1,0))"2,
As(z) = ¢(P! x P!, 0)26(P! x P!,0(1,0))" 2,

As(z) = 6(P%,0)"3¢(P! x P, 0) 1,

Ay(z) = $(P%,0) 3 6(P! x PL,0)1.
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Proof. By Theorem 2.3, the class of [S, L] in wy is
(4.1)
[Sv L] = al[P27 O] + a2[P27 0(1)] + a3[Pl X Pl) O] + a4[]P)1 X Pl) 0(17 0)]

where

2
a1 = —L2 + —61(5) ;_02(5) — CQ(S), ag = L2,
LK + L? 2 LK + L?
a5 = L2 + 2+ ~al(s) 2—02(5) +eo(S), ag——L2— T+

Since the generating function ¢ is a homomorphism from wa; to
(Q[[=]]*, - ) (Theorem 3.2), we obtain

(b(Sv L) = ¢(P27 O)al ¢(P27 O(l))a2¢(P1 X Pl? O)a3¢(P1 X Pl? O(lv 0))(14'

Plugging in the values of a; and grouping the functions according to L2,
LK, c¢i(S)? and c3(S) completes the proof. q.e.d.

Another way to prove Proposition 4.1 is using the following diagram:

wa 1 Q!

(L%, LK, c1(S)2, c2(S))

Since ¢ is a homomorphism and wy 1 — Q* is an isomorphism, they
induce a homomorphism from Q% to Q[[x]]*. This implies ¢(S, L)(z) is
a universal power series in L?, LK, ¢1(5)? and c3(S). Furthermore, let
the image of the standard basis e; of Q* be A;; then the commutative
diagram implies

65, L) (@) = AL 45" 23 42,
REMARK. One can see the same proof is still valid if we replace
{[P%,0],[P?,0(1)],[P' x P, O], [P' x P!, 0(1,0)]}
by any basis of wg ;. Thus the four series A}s can also be expressed in

the generating function ¢ of any basis.

Corollary 4.2. The enumerative number d, (S, L) is a universal poly-
nomial of degree v in L?, LK, ¢1(S)? and co(S) for all projective smooth
surfaces S and line bundles L on S.

Proof. For all pairs [S, L], d,(S, L) is the coefficient of 2" in
68, L)(w) = AP AF5 AT 43
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After expanding the series, one can see that the coefficient of x” in
#(S, L)(x) is a universal polynomial of (L2, LK, c1(S)?,c2(S)) of de-
gree T. q.e.d.

Next, we prove Gottsche’s conjecture:

Theorem 1.1. For every integer r > 0, there exists a universal
polynomial T, (x,y, z,t) of degree r with the following property: given
a smooth projective surface S and a (5r — 1)-very ample (5-very ample
if r =1) line bundle L on S, a general r-dimensional sublinear system
of |L| contains exactly T,(L?, LK, c1(S)?,c2(S)) r-nodal curves.

Proof. d,(S,L) is always a universal polynomial of degree r for all
line bundles L on S. If L is (5r — 1)-very ample, Proposition 3.1 shows
d, (S, L) equals the number of r-nodal curves in [S, L]. Thus the number
of r-nodal curves in [S, L] is given by a universal polynomial of degree
r when L is (5r — 1)-very ample. q.e.d.

Corollary 4.3. The generating functions ¢(S,L)(z) and T(S, L)(x)
(defined in Section 1.3 as Y oo o Tr(L? LK, c1(S)?, c2(S))x") are equal.

Theorem 1.3. There exist universal power series A1, As, Az, As in
Q[[x]]* such that the generating function T(S, L) has the form

T(S, L) = AL ALKs 451507 45209,
Proof. This follows from Proposition 4.1 and Corollary 4.3.  q.e.d.

4.3. Proof of the Gﬁttsche-Yau-Zaslow Formula. Let 7 be on the
complex upper half plane, ¢ = e2>™7. The Eisenstein series

-1
Ga(7) = 5 + dd) g

n>0 \ d|n

is a quasimodular form. Denote by D the differential operator D :=

1 d _ d . . . .
widr = ddg- Since the ring of quasimodular forms is closed under

differentiation, DGy and D?Gs are also quasimodular. In addition, let
A(r)=q (1 - d"* =n(=)*
k>0

where n(7) is the Dedekind 1 function, and A(7) is a modular form. We
define the generating function

7(57 L)(Q) = Z TT(L27 LK7 01(5)27 CQ(S))(DGQ(T))T’
r=0

An equivalent form of Bryan and Leung’s result ([BLOO], theorem 1.1)
states that for a generic K3 surface S and a primitive class L,
(DGa(7) /g™
S,L)(q) = .
VS D) = X5 DG,
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More generally, the generating function (S, L)(q) for all algebraic sur-
faces is given by

Theorem 1.2 (The Gottsche-Yau-Zaslow Formula). There exist uni-
versal power series Bi, By in g such that

> T(L2 LK, c1(S)?, ca(8))(DGa(7))"

r=0

(DGa(7)/q)¥") Bi(q) "5 Ba(q)"*s

(A(T)D2Ga(7)/q?)X(Os)/2
Proof. Since (K2, LKg, x(L),x(0Os)) and (L? LK, c1(S)?, ca(S)) de-

termine each other by linear relations, Theorem 4.1 implies ¢(.S, L) and
v(S,L) = ¢(S, L)(DG2) are multiplicative in (K2, LKg, x(L), x(Os)).
Therefore we can let

(8, L)(q) = B1(q)"* Ba(q) "5 B (q)*") B (g)¥(©9).

For all generic K3 surfaces S and primitive classes L, Bryan and
Leung [BLOO] showed

(DGa(7)/g)¥)
S, L = .
(S, L)(q) A Do (1)
These admit infinitely many distinct numbers x(L); thus
By(q) = DGa(r)/q and Ba(g) = (A(T)D*Ga(7)/¢%)"?
and the result follows. g.e.d.

REMARK. The formula above was originally established in [BLOO] for
the generating function of the numbers of nodal curves in all primitive
classes on K3 surfaces with Picard number one. It requires some argu-
ment to show those numbers are precisely our universal polynomials, by
verifying the ampleness condition for the primitive classes.

Consequently, for each r it suffices to show that there exist infinitely
many K3 surfaces with Picard number one and primitive classes L such
that L is (5r —1)-very ample and also have distinct intersection numbers
L?. This can be achieved by using Lemma 5.3 in [KP04], which shows
that on a K3 surface with Picard number one, a primitive class L is
(5r—1)-very ample if L? > 20r. Therefore Bryan and Leung’s generating
function is exactly ¢(S, L)(x).

There is a reformulation of Theorem 1.3 given by Gottsche ([Go98],
remark 2.6), which is the original version of Bryan and Leung’s formula.

Corollary 4.4. For alll, m, r, define
nd(l,m) = Tlix(os)_l_r(ﬂ +m,m).
Then



S ndm)d = Bi(q)*5 Ba(g)™(DGa(r))"

lEZ
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D2G2 (T)
(A(T)D2Go(1) /q2)x(Os)/2

The coefficient n?((L? — LKg)/2, LKg) counts the 6-nodal curves in a
general r-codimensional sublinear system of |L|, if L is sufficiently ample
with respect to § = x(L) — 1 — r. This reformulation provides another
(possibly better) way to find the closed form of Bj(g) and Ba(q).
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