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MODULI SPACES OF NONNEGATIVE SECTIONAL
CURVATURE AND NON-UNIQUE SOULS

IGOR BELEGRADEK, SLAWOMIR KWASIK & REINHARD SCHULTZ

Abstract

We apply various topological methods to distinguish connected
components of moduli spaces of complete Riemannian metrics of
nonnegative sectional curvature on open manifolds. The new geo-
metric ingredient is that souls of nearby nonnegatively curved met-
rics are ambiently isotopic.

1. Introduction

A fundamental structure result, due to Cheeger-Gromoll [6], is that
any open complete manifold of sec > 0 is diffeomorphic to the total
space of a normal bundle to a compact totally geodesic submanifold,
called a soul. A soul is not unique; e.g. in the Riemannian product
M x R¥ of a closed manifold M with sec > 0 and the standard Rk, the
souls are of the form M x {x}. Yet Sharafutdinov [44] proved that any
two souls can be moved to each other by a diffeomorphism that induces
an isometry of the souls.

The diffeomorphism class of the soul may depend on the metric; e.g.
any two homotopy equivalent 3-dimensional lens spaces L, L’ become
diffeomorphic after multiplying by R? [33], so taking non-homeomorphic
L, L' gives two product metrics on L x R? = L/ x R? with non-homeo-
morphic souls. It turns out that codimension 3 is optimal; indeed,
Kwasik-Schultz proved in [28] that if S, S’ are linear spherical space
forms such that S xR?, S’ xR? are diffeomorphic, then S, 5" are diffeo-
morphic. Another well-known example is that all homotopy 7-spheres
become diffeomorphic after taking product with R3 (see Remark 5.8);
since some homotopy 7-spheres [16] have metrics of sec > 0, so do their
products with R?, which therefore have nonnegatively curved metrics
with non-diffeomorphic souls. Codimension 3 is again optimal, because
any simply-connected manifold S of dimension > 5 can be recovered
(up to diffeomorphism) from S x R? (see [28] or Remark 5.12).

Belegradek in [1] used examples of Grove-Ziller [16] to produce first
examples of infinitely many nondiffeomorphic souls for metrics on the

Received 12/17/2009.

49



50 I. BELEGRADEK, S. KWASIK & R. SCHULTZ

same manifold, e.g. on S% x §* x R®>. Other examples of simply-
connected manifolds with infinitely many nondiffeomorphic souls, and
better control on geometry, were constructed by Kapovitch-Petrunin-
Tuschmann in [25].

One motivation for the present work was to construct non-diffeo-
morphic souls of the smallest possible codimension; of course, multi-
plying by a Euclidean space then yields examples in any higher codi-
mension. We sharpen examples in [1] by arranging the soul to have
codimension 4 and any given dimension > 7.

Theorem 1.1. For each k > 3, there are infinitely many complete
metrics of sec > 0 on N = S* x S¥ x R* whose souls are pairwise
non-homeomorphic.

Similarly, in Theorem 3.4 we sharpen theorems B and C in [25] to
make the souls there of codimension 4; in particular, we prove:

Theorem 1.2. There exists an open simply-connected manifold N
that admits infinitely many complete metrics of sec € [0, 1] with pairwise
non-homeomorphic codimension 4 souls of diameter 1. Moreover, one
can choose N so that each soul has nontrivial normal Euler class.

We do not know examples of manifolds with infinitely many non-
diffeomorphic souls of codimension < 4, and in an effort to find such
examples we systematically study vector bundles with diffeomorphic
total spaces, and among other things prove the following:

Theorem 1.3. Suppose there is a manifold N that admits complete
nonnegatively curved metrics with souls Si of codimension < 4 such
that the pairs (N, Sg) lie in infinitely many diffeomorphism types. If
m1(N) is finite, Sy is orientable, and dim(Sk) > 5, then

(1) m1(N) is nontrivial and dim(S) is odd;

(2) the products Sy x R® lie in finitely many diffeomorphism types.

In Example 5.3 we describe two infinite families of closed manifolds
with the property that if each manifold in the family admits a metric
of sec > 0, then they can be realized as codimension 1 souls in the
same open manifold N. In general, if M is a closed oriented smooth
manifold of dimension 4r — 1 > 7 whose fundamental group contains a
nontrivial finite order element, then there are infinitely many pairwise
non-homeomorphic closed manifolds M; such that M; x R? is diffeomor-
phic to M x R3 (see [9]); thus, if each M; admits a metric of sec > 0,
then M x R? carries infinitely many (product) metrics with nondiffeo-
morphic souls.

Another goal of this paper is to study moduli spaces of complete
metrics of nonnegative sectional curvature on open manifolds. Study-
ing moduli spaces of Riemannian metrics that satisfy various geometric
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assumptions is largely a topological activity; see e.g. [13], [14], [26],
[36], [37], [43] [53], and references therein.

Let :t%%(N) denote the space of complete Riemannian C'>° metrics
on a smooth manifold N with topology of uniform C¥-convergence,
where 0 < k < oo, and let S/%¢(N) denote the same set of metrics

with topology of C*-convergence on compact subsets. Let S{I;e’gzo(N ),
mSéizo(N ) be the subspaces of RE4(N), R¥<(N) respectively, consist-
ing of metrics of sec > 0, and let imfégzo(]\f), imfégzo(N), Mk (N),

mtka(N ) denote the corresponding moduli spaces, i.e. their quotient
spaces by the Diff(N)-action via pullback. We adopt:

Convention 1.4. If an assertion about a moduli space or a space
of metrics holds for any k, then the superscript &k is omitted from the
notation, and if N is compact, then ¢, u are omitted.

The space R¢(NN) is closed under convex combinations [12] and hence
is contractible; in particular, 9°(N) is path-connected. By contrast,
if N is non-compact, 9"(N) typically has uncountably many con-
nected components because metrics in the same component of % (N)
lie within a finite uniform distance of each other, while the uniform
distance is infinite between metrics with different asymptotic geome-
try (such as rotationally symmetric metrics on R? with non-asymptotic
warping functions).

It was shown in [25] that metrics with non-diffeomorphic souls lie in
different components of MM, -, (N) provided any two metrics of sec > 0
on N have souls that intersect, which can be forced by purely topological
assumptions on NV ; e.g. this holds if N has a soul with nontrivial normal
Euler class, or if N has a codimension 1 soul.

A simple modification of the proof in [25] shows (with no extra as-
sumptions on N ) that metrics with non-diffeomorphic souls lie in differ-
ent components of MY (V). In fact, this result and the result of [44]
that any two souls of the same metric can be moved to each other by a
diffeomorphism of the ambient nonnegatively curved manifold have the
following common generalization.

Theorem 1.5. (i) If two metrics are sufficiently close in RE < o(N),
their souls are ambiently isotopic in N . B
(ii) The map associating to a metric g € RY ~o(N) the diffeomorphism
type of the pair (N, soul of g) is locally constant.
(iii) The diffeomorphism type of the pair (N, soul of g) is constant on
connected components of MY ~y(N).

Theorem 1.5 also holds for IS, .~,(/V), provided any two metrics of
sec > 0 on N have souls that intersect.

Thus, to detect different connected components of MY (), it is
enough to produce nonnegatively curved metrics on N such that no
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self-diffeomorphism of N can move their souls to each other. From
Theorem 1.1 we deduce:

Corollary 1.6. For any integers k > 3, m > 4 the space QﬁS“eCZO(S4><

Sk % R™) has infinitely many connected components that lie in the same
component of IMM™(S* x SF x R™).

Similarly, Theorem 1.2 yields an infinite sequence of metrics that
lie in different connected components of IS, () and in the same
component of M*(V). -

Even if the souls are diffeomorphic, they need not be ambiently iso-
topic, as is illustrated by the following theorem exploiting examples of
smooth knots due to Levine [31].

Theorem 1.7. If L is a closed manifold of sec > 0, then N :=
ST x L x R* admits metrics that lie in different connected components
of Mee>o(N) and in the same component of IM“(N), and such that

their souls are diffeomorphic to S7 x L and not ambiently isotopic in
N.

Here L is allowed to have dimension 0 or 1, and in general, through-
out the paper we treat S', R, and a point as manifolds of sec > 0.

Example 1.8. For L = S%, note that any closed manifold in the
homotopy type of S” x S° is diffeomorphic to ST x S°; in fact, the
structure set of S7 x S° fits into the surgery exact sequence between the
trivial groups ©12 and w7(F/O) & ws(F/O) [8, theorem 1.5]. Thus, any
soul in S7 x 8% x R* is diffeomorphic to S7 x S°, while Theorem 1.7
detects different components of the moduli space.

As mentioned above, there exist exotic 7-spheres with sec > 0 that
appear as codimension 3 souls in S7 x R3. Examples with non-diffeo-
morphic simply-connected souls of codimension 2 seem considerably
harder to produce, as is suggested by the following:

Theorem 1.9. If a simply-connected manifold N admits complete
nonnegatively curved metrics with souls S, S’ of dimension > 5 and
codimension 2, then S’ is diffeomorphic to the connected sum of S with
a homotopy sphere.

Thus, non-diffeomorphic codimension 2 simply-connected souls are
necessarily homeomorphic, while until now non-diffeomorphic homeo-
morphic closed manifolds of sec > 0 have only been known in dimension
7; see e.g., [16, 26]. In the companion paper [4], we show that for every
integer r > 2 there is an open (4r + 1)-dimensional simply-connected
manifold that admits two metrics with non-diffeomorphic codimension
2 souls.

Non-diffeomorphic simply-connected souls do not exist in codimen-
sion 1, except possibly when the soul has dimension 4; indeed, any
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two codimension 1 simply-connected souls are h-cobordant, and hence
diffeomorphic provided their dimension is # 4. By contrast, manifolds
with nontrivial fundamental group may contain non-homeomorphic codi-
mension 1 souls:

Example 1.10. ([33]) Let L, L’ be homotopy equivalent, non-homeo-
morphic 3-dimensional lens spaces, such as L(7,1), L(7,2). Then L x
S2k L' x 8% are non-homeomorphic and h-cobordant for k > 0; hence
they can be realized as non-homeomorphic souls in N := L x S?¢ x R,
which is diffeomorphic to L' x S* x R. In particular, I, <o (N) is
not connected. -

The codimension 1 is special both for geometric and topological rea-
sons. As we show in Proposition 2.8, if a manifold N admits a met-
ric with a codimension 1 soul, then the obvious map M % (N) —
Emgs(’éo(]\f ) is a homeomorphism, and either space is homeomorphic to
the disjoint union of the moduli spaces of all possible pairwise non-
diffeomorphic souls of metrics in MM < (N).

Kreck-Stolz [26] used index-theoretic arguments to construct a closed
simply-connected 7-manifold B which carries infinitely many metrics
of Ric > 0 that lie in different components of M. ,(B). It was shown
in [25] that some other metrics on B have sec > 0 and lie in infinitely
many different components of M- ,(B). In particular, we conclude

Corollary 1.11. IS (B xR) has infinitely many connected com-
ponents.

We also give examples of infinitely many isometric metrics that can-
not be deformed to each other through complete metrics of sec > 0.

Theorem 1.12. If n=4r — 1 and 3 < k <2r+1 for some r > 2,
then Rg,.~o(S™ ¥ R¥) has infinitely many components that lie in the
same component of R*(S™ x R¥).

Theorem 1.13. RY - (N) has infinitely many components if
(i) N =L x L(4r +1,1) x S?** x R where L is any complete manifold
of sec > 0 and nonzero Fuler characteristic, and k>3, r > 0;
(ii) N = M xR where M is a closed oriented manifold of even dimen-
sion > 5 with sec > 0 such that G = w1 (M) is finite and Wh(QG) is
infinite.

The proof of (i) relies on a geometric ingredient of independent in-
terest: if S, S’ are souls of metrics lying in the same component of
R ~o(INV), then the restriction to S of any deformation retraction
N — S is homotopic to a diffeomorphism; e.g. this applies to the
Sharafutdinov retraction.
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Structure of the paper. Section 2 contains various geometric re-
sults on the spaces of nonnegatively curved metrics, including Theo-
rem 1.5. Section 3 contains proofs of Theorems 1.1-1.2, giving examples
with infinitely many codimension 4 souls. Sections 4-5 are a topolog-
ical study of vector bundles with diffeomorphic total spaces, especially
those of fiber dimension < 3; in particular, there we prove Theorems 1.3
and 1.9. In Section 6, we prove Theorem 1.7, implying that diffeomor-
phic souls need not be ambiently isotopic; Theorem 1.12 is also proved
there. Section 7 contains the proof of Theorem 1.13 and the geometric
result stated in the previous paragraph.

On topological prerequisites. This paper employs a variety of

topological tools, which we feel are best learned from the following
sources. We refer to books by Husemoller [23], Milnor-Stasheff [35], and
Spanier [47, chapter 6.10] for bundle theory and characteristic classes;
to books by Cohen [7], and Oliver [38], and Milnor’s survey [34] for
Whitehead torsion and h-cobordisms; and to monographs of Wall [51]
and Ranicki [42] for surgery theory. In the companion paper [4, sections
3 and 8], we survey aspects of surgery that are most relevant to [4] and
to the present paper. We refer to [42, section 9.2 and proposition 9.20]
for results on classifying spaces for spherical fibrations associated with
topological monoids Fj, Gi, F', and their identity components SFj,
SGy, SF; observe that Ranicki denotes Fy, Gy by F(k+ 1), G(k),
respectively.
Acknowledgments. Belegradek is grateful to A. Dessai for the idea of
Proposition 2.7, V. Kapovitch for helpful conversations about [25], and
B. Wilking and L. Polterovich for useful comments about uniform topol-
ogy on the moduli space. We also appreciate referees’ comments on ex-
position. Belegradek was partially supported by the NSF grant #DMS-
0804038. Kwasik was partially supported by BOR award LEQSF(2008-
2011)-RD-A-24.

2. Moduli Spaces and Souls

In this section we prove Theorem 1.5, Corollary 1.11, and related
results. We focus on moduli spaces with uniform topology; Remark 2.2
discusses when the same results hold for moduli spaces with topology
of convergence on compact subsets. Here and elsewhere in the paper we
follow notational Convention 1.4.

Riemannian metrics are sections of a tensor bundle, so they lie in
a continuous function space, which is metrizable; thus RY - (N) is
metrizable, and in particular, a map with domain R () is continu-
ous if and only if it sends convergent sequences to convgrgent sequences.

Theorem 1.5 follows immediately from Lemma 2.1 below. Indeed,
Lemma 2.1 implies that the map sending g in RL - (N) to the diffeo-
morphism class of the pair (N, soul of g) is locally constant, and hence
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continuous with respect to the discrete topology on the codomain, which
implies that it descends to a continuous map from the quotient space
mgCCZO(N) .

Let S; be a soul of g; in R ~,(N), let pi: N — S; denote the
Sharafutdinov retraction, and let g; be the induced metric on S;. Since
S; is convex, §; and g; induce the same distance functions on .S;, which
is denoted d;. For brevity, gg, So, po, Jo, do are denoted by g, S, p,
g, d, respectively.

Lemma 2.1. If g; converges to g in Ry,.5q(N), then for all large i
(1) pils: S — S; is a diffeomorphism,
(2) the pullback metrics (pi|s)*g; converge to g in 9{2&320(5),
(3) S; is C*° ambiently isotopic to S in N.

Proof. (1) Arguing by contradiction, pass to a subsequence for which
pi|s is never a diffeomorphism. Wilking proved in [52] that Sharafut-
dinov retractions are smooth Riemannian submersions onto the soul.
Note that p;(S) = S; and p(S;) = S because degree one maps are onto.

Since the convergence g; — ¢ is uniform, given any positive ¢, R and
all large enough 7, the distance functions d; are e-close to d on any R-
ball in (N,d). Then S has uniformly bounded d;-diameter, and since
p; are distance nonincreasing, and p;(S) = S;, we conclude that S; has
uniformly bounded d;-diameter; thus the metrics d,d; are close on S,
and on S;. As p;, p are distance-nonincreasing, with respect to d;, d,
respectively, the self-map f; := pop;|s of (S,d) is almost distance non-
increasing. Then compactness of S implies via Ascoli’s theorem that
fi subconverges to a self-map of (S, d), which is distance nonincreasing
and surjective, and hence is an isometry.

Any isometry is a diffeomorphism. Diffeomorphisms form an open
subset among smooth mappings, so pop;|s is a diffeomorphism for large
i. It follows that p;|s is an injective immersion, and hence a diffeo-
morphism, as S is a closed manifold, giving a contradiction that proves
(1).

(2) Arguing by contradiction, pass to a subsequence for which pg;
lies outside a C%-neighborhood of §. Note that p;: (S,d) — (S;,d;) is
a Gromov-Hausdorff approximation; indeed, if x,y € S, then d(z,y) is
almost equal to d(f;(x), fi(y)) < d(pi(z),pi(y)), where the right hand
side is almost equal to d;(p;(x),p;(y)) which is < d;(z,y), which is
almost equal to d(z,y); thus all the inequalities are almost equalities
and hence d(z,y) is almost equal to d;(p;(x),pi(y)).

By Yamaguchi’s fibration theorem [54], there is a diffeomorphism
hi: S; — S such that h}g is C®-close to §;. Note that h;op; almost
preserves d so it subconverges to an isometry of (S, §), and in particular,
it pulls § back to a metric that is C%-close to §. It follows that DG is
C%-close to ¢, giving a contradiction which proves (2).
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(3) Let E(v;) denote the total space of the normal bundle v; to S;.
Wilking showed in [52, corollary 7] that there exists a diffeomorphism
e;: E(v;) — N such that p;oe; is the projection of v;. Thus (1) implies
that the projection of v; restricts to a diffeomorphism from ei_l(S)
onto S;, whose inverse is a section of v; with image ei_l(S). Any two
sections of a vector bundle are ambiently isotopic, so applying e;, we
get an ambient isotopy of S and S; in N. g.e.d.

Remark 2.2. We do not know whether the conclusion of Lemma 2.1
holds for RS, .~o(N). The proof of Lemma 2.1 works for 9, o(V)
as written, provided dist(S,S;) is uniformly bounded. This happens if
any two metrics in S, 5, (/V) have souls that intersect, which as noted
in [25] is true, e.g. when N contains a soul with nontrivial normal Euler
class. Note that except for examples discussed in Remark 3.6, all the
metrics we construct in this paper have souls with trivial normal Euler
class.

Remark 2.3. Let {S;}icr be a collection of pairwise nondiffeomor-
phic manifolds representing the diffeomorphism classes of souls of all
possible complete nonnegatively curved metrics on an open manifold
N, and for g € RE o(N), let i(g) € I be such that S is diffeo-
morphic to a soul of (N,g). By [44], one has a well-defined map that
associates to g the isometry class of its soul in imscczo(S,-(g)), which
can be thought of as a map WL o (N) = [[; Msec>0(Si), where the
codomain is given the topology of disjoint union of Msec>0(S5i)’s. This
map descends to a map

soul: 93?55320(]\7) — HmégecZO(Si)’

If k¥ = 0, then part (2) of Lemma 2.1 implies that the map soul is
continuous (the continuity can be checked on sequences in 9%2£>0(N )
because it is metrizable).

Remark 2.4. Suppose that N has a soul S with trivial normal bun-
dle. Let 9)?50’7:>0(N ,S) denote the union of the components of 9)?50’7:>0(N )
consisting of the isometry classes of metrics with soul diffeomorphic to
S. Then the map soul restricts to a retraction

Emgé?zo(N, S) — mgeczo(s)

where MY, (S) sits in ME (N, S) as the set of isometry classes
of Riemannian products of nonnegatively curved metrics on S and
the standard R™. Like any retraction, it induces a surjective map on
homotopy and homology, and hence one potentially could get lower
bounds on the topology of imgézx)(S x R™) in terms of the topology
of MY -,(S). Unfortunately, no{hing is known about the topology of
MY ~o(S), which naturally leads to the following.
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Problem 2.5. Find a closed manifold S with non-connected
M,e0(S)
sec>0 .

Problem 2.6. Is the map soul: M o (N) — [, M.~ (Si) con-
tinuous? - -

The only known examples with non-connected ¥ . (S) are (mod-
ifications of) those in [26] where k = oo (it may suffice to take k
sufficiently large but definitely not £ = 0). These examples were mod-
ified in [25] to yield a closed simply-connected manifold B admitting
infinitely many metrics g; with sec > 0 and Ric > 0 that lie in different
components of M ((B). It was asserted in [25] that g; lie in dif-
ferent components of M., (B), but it takes an additional argument
which hopefully will be written by the authors of [25]. The following

shows that g; lie in different components of M. (B).

Proposition 2.7. Metrics of sec > 0 and Ric > 0 on a closed
manifold X that lie in different components of IMF; (X)) also lie in
different components of M ~o(X)-

Proof. We abuse terminology by not distinguishing a metric from its
isometry class. First we show that each h € MM . ,(X) has a neigh-
borhood Uy, such that any A’ € U, can be joined to h by a path of
metrics hg with hg = h, hy = b/, and Ric(hs) > 0 for 0 < s < 1. If
there is no such Uy, then using Ebin’s slice theorem [11] one can show
that there is a sequence h; € R~ (X) converging to h such that h;
cannot be joined to h by a path as above. Bohm-Wilking [5] showed
that Ricci flow instantly makes a metric of sec > 0 on a closed mani-
fold with finite fundamental group into a metric with Ric > 0. Thus
h; and h can be flown to nearby metrics h;(t), h(t) of positive Ricci
curvature where h;(t) — h(t) for any fixed small ¢. Since Mg o (X)
is open in the space of all metrics, Ebin’s slice theorem ensures that if
i is large enough, h;(t), h(t) can be joined by a path in I (X)),
and concatenating the three paths yields a desired path from h; to h
via h;(t) and h(t).

Given an open cover {Uy} of a connected set for any two g,¢' in
this set there exists a finite sequence gy = ¢,91,...,9, = ¢’ such that
gk € Ux and UyNUg_1 # 0 for every 0 < k < n [29, section 46, theorem
8 .

Thus, given two metrics g,¢' in a component of M. (X), we get
a finite sequence g in this component with gy = ¢,91,...,9n, = ¢ and
such that for each k£ one can join gi_1 to g by a path of metrics that
have Ric > 0, except possibly at endpoints. By assumption, g,¢ have
Ric > 0. By construction, the paths backtrack at g, as they are given
by Ricci flow gg(t) near gj, so the concatenated path from g to ¢’ can
be cut short at ¢1,...,gn,_1 to entirely consist of metrics of Ric > 0.
q.e.d.
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Now Corollary 1.11 follows from the proposition below, applied for
k= o0

Proposition 2.8. For an integer k > 0, set kg to be the maxi-
mum of 0 and k —1; for k = oo, set kg = oco. If N admits a com-
plete metric with sec > 0 and a codimension 1 soul, then the maps
soul: Drﬁsec>0( ) - Hz mko(sl) and id: Dj/tsec>0(‘zv) - 9msec>0(*]\[)
are homeomorphisms.

Proof. It suffices to show that the maps soul: QJTSOC>0(N) —

[1, 90 (S;) and soul: mzfeg>0( ) — 11,9k (S;) are homeomorphisms,
and the argument below works for both maps.

By the splitting theorem, any complete metric g of sec > 0 on N
locally splits off an R-factor that is orthogonal to the soul. The splitting
becomes global in the cover of order < 2 that corresponds to the first
Stiefel-Whitney class w; of the normal bundle to the soul. If w; =0,
then g is the product of R and a closed nonnegatively curved manifold
Sy, in which case there is a unique soul Sy x {t} through every point.
If wy # 0, and if Sy is a soul of g, then g can be written as S Xo(1 R,

where Sg is the 2-fold cover of S; induced by wi, and S, = S Xo(l)
{0}; in this case, Sy is a unique soul of g because by [55] any soul is
obtained by exponentiating a parallel normal vector field along S, but
the existence of a nonzero parallel normal vector field along S, would
imply triviality of the normal line bundle to S;, contradicting w; # 0.

As follows (e.g. from Section 4) if two real line bundles over closed
manifolds S, S’ have diffeomorphic total spaces, then the line bundles
are either both trivial, or both nontrivial. Thus triviality of w; depends
only on N, and not on the metric.

If wy; = 0, then the map soul has a continuous inverse induced by
the map that sends a metric on the soul to its product with R.

If wy # 0, then each closed nonnegatively curved manifold S that is
homotopy equivalent to N has a 2-fold cover S induced by wy. Thus
a metric in Msec>0(S) gives rise to the metric S x (1) R, which defines
a continuous inverse for soul.

Finally, we show that soul is continuous. It suffices to do so for
the topology of convergence on compact sets, as id: SﬁSCC>O(N ) —

szegzo(N ) is continuous. Let g; — g be a converging sequence in

m§é§>0(N). By Lemma 2.1, their souls of g; converge in C° topol-
ogy (as abstract Riemaniann manifolds) to the soul of g. This gives
continuity of soul for k € {0,1}, so we assume k > 2.

Fix a soul S of g. Then there exists a soul S; of g; that intersects S;
indeed, given a complete metric ¢’ of sec >0 on N, if w; = 0, then ¢
has a soul through every point of N, and if w; # 0, then souls of ¢’ and
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g must intersect because wy can be interpreted as the first obstruction
to deforming the homotopy equivalence Sy — S, away from S, .

As S; (abstractly) C° converge to S, their diameters are uniformly
bounded; in particular, they all lie in a compact domain D of N. Con-

' . k . . l l

vergence g; — g in C% topology implies convergence ngjo — Vg Ry
of covariant derivatives of the curvature tensors for every [ < k—2, and
in particular, one gets a uniform bound on ||Véj Ry, || over D. Since S;

is totally geodesic, the restriction of ngjo to S; is Vi R [24,

gils;

;j|sj Ry, 5; || are uniformly bounded for [ < k—2.
Since the C? limit S of S; has the same dimension, the convergence is
without collapse, so there is a common lower injectivity radius bound
for S;. Hence the family S; is precompact in C*=1 topology [41, page
192], but since S; converges to S in C° topology, all C*~1 limit points
of S; are isometric to S because Gromov-Hausdorff limits are unique
up to isometry. Thus S; converges to S in C*=1 topology, as claimed.
q.e.d.

9ils;

proposition 8.6], so ||V

Question 2.9. Can kg in Proposition 2.8 be replaced by k7?7

Remark 2.10. An analog of Proposition 2.8 holds for complete
n-manifolds of Ric > 0 with nontrivial (n — 1)-homology, because
each such manifold is a flat line bundle over a compact totally geo-
desic submanifold [48]. In particular, once it is shown that metrics g;
of [25] lie in different components of MM\~ (B), we can conclude that

% .>0(B x R) has infinitely many connected components.

As mentioned in the introduction, 9t*(NN) need not be connected.
It is therefore desirable to arrange our metrics with non-diffeomorphic
souls to lie in the same component of 9% (NN). This can be accomplished
under a mild topological assumption:

Proposition 2.11. Suppose an open manifold N admits two com-
plete metrics of sec > 0 with souls S, S'. If the normal sphere bundle
to S is simply-connected and has dimension > 5, then N admits two
complete metrics of sec > 0 with souls S, S which lie in the same
path-component of R*(N).

Proof. By Proposition 4.1, the normal sphere bundle to S’ is also
simply-connected, and by Lemma 4.8, if normal sphere bundles to S,
S’ are chosen to be disjoint, then the region between them is a (trivial)
h-cobordism. Thus closed tubular neighborhoods of S, S’ are diffeo-
morphic. The complement of an open tubular neighborhood of the soul
is of course the product of a ray and the boundary of the tubular neigh-
borhood. The diffeomorphism of closed tubular neighborhoods of S, S’
extends to a self-diffeomorphism of /N, which can be chosen to preserve
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any given product structures on the complements of tubular neighbor-
hoods, and which is the identity near S and S’.

By [15], any complete metric of sec > 0 can be modified by changing
it outside a sufficiently small tubular neighborhood of the soul so that
the new metric has the same soul and, outside a larger tubular neigh-
borhood, it is the Riemannian product of a ray and a metric on the
normal sphere bundle. Performing this modification to the metrics at
hand, and pulling back one of the metrics via a self-diffeomorphism of
N as above, we get nonnegatively curved metrics g, ¢’ with souls S, S’
such that outside some of their common tubular neighborhood D = D’
the metrics are Riemannian products 0D x Ry, 0D’ x Ry with the
same R, -factor. Now the convex combination of g, ¢’ defines a path
joining g, ¢’ in R*(N). q.e.d.

3. Infinitely Many Souls of Codimension 4

This section contains examples of manifolds that admit metrics with
infinitely many non-homeomorphic souls of codimension 4. The exam-
ples are obtained by modifying arguments in [1, 25| and invoking the
new topological ingredient, Proposition 3.1 below, which is best stated
with the following notation.

Given vector bundles g, By over a space Z, let V(Z, ag, By) be the
set of pairs («, 3) of vector bundles over Z such that «, 8 are (unsta-
bly) fiber homotopy equivalent to «yg, By, respectively, and the rational
Pontryagin classes of a @ 3, a9 @ By become equal when pullbacked
via the sphere bundle projection b: S(5) — Z. Also denote the fiber
dimension of S(ag), S(Bo) by kay, kg, , respectively.

Proposition 3.1. If ko, + kg, +dim(Z) > 5 and ko, > 2, and Z is
a closed smooth manifold, then the number of diffeomorphism types of
the disk bundles D(b7 ) with (o, 8) in V(Z, g, Bo) is finite.

Proof. Denote the sphere bundle projection of «, 3, ag, By by a, b,
ap, by, respectively, and fiber homotopy equivalences by fu: S(a) —

S(ao) and fg: S(ﬂ) — S(ﬂo)

The fiberwise cone construction yields a homotopy equivalence
fa: (D(a),S(a)) = (D(a), S(a))

that extends f, and satisfies ago fa = a. Pulling back fa via b gives a

homotopy equivalence b¥ f,: (D(b#a), S(b#a)) — (D(b#ag), S(b#ag)).
Since b = bge f3, the disk bundle D(b% ) is the fz-pullback of D(b#ao),
so composing b# fa with the bundle isomorphism induced by fz gives

a homotopy equivalence

Fap: (D(b*a),S(6%a)) = (D(b] o), S(bF ).
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Now we show that F, g pulls back rational Pontryagin classes. The tan-

gent bundles to D(b*a) and D(bz)§é o) are determined by their restric-
tions to the zero sections, and these restrictions stably are respectively

oo rgp =bfadb?(Bers) =" (aeBery)

and bé’é (ag @ Bo @ 7z). The restriction of Fy, g to the zero section is fg,
so pulling back the latter bundle via fg gives two bundles over S(5),
namely, b (o @ B ® 7z) and b* (ag @ By @ 7z), which by assumption
have the same rational total Pontryagin class.

Arguing by contradiction lets us pass to subsequences; thus, since
rational Pontryagin classes determine a stable vector bundle up to finite
ambiguity, we may pass to a subsequence in V(Z, g, 3p) for which
the F é -pullbacks of all the bundles b% (o ® 8 @ 7z) to D(bzfﬁ ap) are

isomorphic. Fix (aq, 1) in the subsequence so that Gy g := Fa,ﬁoFa_l%Bl
is now tangential for any (o, ).

To finish the proof, we need a well-known tangential surgery exact
sequence

Ly (mi(Y), m(9Y)) — S¥(Y,0Y) — [V, F]
— Ly (m(Y), m(9Y))

described, e.g., in [4, section 8], where S*{(Y,0Y’) is the tangential sim-
ple structure set for a smooth manifold with boundary Y of dimension
n > 6.

Set Y := D(bf&al); then Gop: (D(b7a),S(b7a)) — (Y,0Y) repre-
sents an element in S%'(Y,dY). The assumption k., > 2 ensures that
JY — Y isa m-isomorphism so that the Wall groups L$ (71 (Y'), 71 (9Y")
vanish, and the other dimension assumption gives dim(Y") = ko, +kg, +
1+dim(Z) > 6. By exactness, S*!(Y,0Y) is bijective to the set [Y, F],
which is a finite [42, proposition 9.20(iv)], so that manifolds D(b* )
fall into finitely many diffeomorphism classes. q.e.d.

Remark 3.2. If in the definition of V(Z, «aq,5y) we require that
a®f, ag® Py are stably isomorphic, then the number of diffeomorphism
types of manifolds D(b" ) is at most the order of the set [Z, F']. Indeed,
let b: D(B) = Z, bo: D(By) — Z denote the disk bundle projections,
and extend F, g by the fiberwise cone construction to the homotopy
equivalence of triads

Eyg: D(*a) — Db ay),
which is tangential as a® S, ap® By are stably isomorphic. Hence Fy, g is

also tangential, as a restriction of F;, g3 to submanifolds with trivial nor-
mal bundles. The geometric definition of the normal invariant (see [51]
after lemma 10.6) easily implies that the normal invariant of F, g is the

restriction of the normal invariant of F;, g; hence the normal invariant
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of F, g lies in the image of the restriction [D(I;#ao), F] — [D(b#ao), F]
whose domain is bijective to [Z, F], as D(lgg’E o) is homotopy equivalent
to Z. As in the proof of Proposition 3.1, the tangential surgery exact
sequence implies that the number of diffeomorphism types of manifolds
D(b#a) is at most the number of normal invariants of the map F, g,
proving the claim.

Given m € m(BSO3) = Z, let &, be the corresponding rank n
vector bundle over S* with structure group SOjz sitting in SO, in the
standard way. Let nlkrz denote the pullback of & via the sphere bundle
projection S (flk) — S*. Theorem 1.1 is obtained from the following by
setting [ =0=m.

Theorem 3.3. If k,n > 4, then E(mk,:;) admits infinitely many
complete metrics of sec > 0 with pairwise non-homeomorphic souls.

Proof. Tt is explained in [1] that S(&F), S(&F) are fiber homotopy
equivalent if [ — ¢ is divisible by 12 for & > 4. (In fact, up to fiber ho-
motopy equivalence there are only finitely many oriented S3-fibrations
over a finite complex Z that admit a section, because their classify-
ing map in [Z, BSG4] factors through BSF3 and [Z, BSF3] is finite as
BSF3 is rationally contractible; see [42, proposition 9.20(i)].)

Also, it is noted in [1] that &F@¢ER and ff@ﬁjﬂ are equal in m4(BSO)
if l+m =1+ j. Of course, if j :=1—1¢+m and [ — ¢ is divisible by
12, then m — j is divisible by 12.

Thus we get an infinite family (€5, &0, +m) Parametrized by i with
I—1 divisible by 12 such that {f@&l"_Hm = {f@{% in BSO, and S(¢F),
S(&" ;1) is fiber homotopy equivalent to S (ﬁlk), S(&), respectively.

By Proposition 3.1, D(n""

i,l—i+m
classes, one of which must contain D(n;”"). A priori, this does not
k,n
i,l—i+m

to D(nfﬁ) Yet m4(F) = 0, so Remark 3.2 implies that Fer

) lie in finitely many diffeomorphism

show that there are infinitely many D(n )’s that are diffeomorphic

7§lﬁiwrm :
D(nfﬁi ) D(nlkn’;) is homotopic to a diffeomorphism. (Without
invoking Remark 3.2, we only get an infinite sequence of D(nfﬁ itm) S

that are diffeomorphic to some D(n"" )-)

i0,l—io+m
As in [1], results of Grove-Ziller show that each E(Ufﬁz ) 18 MOD-
negatively curved with zero section S(&F) being a soul, and p;(S(£F))
is +4i-multiple of the generator; so assuming 7 > 0, we get that the
souls are pairwise non-homeomorphic. g.e.d.

The proof of Theorem 3.4 below is a slight variation of an argument
in [25]. A major difference is in employing Proposition 3.1, and checking
it is applicable, in place of “above metastable range” considerations
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of [25]. Another notable difference is that to satisfy the conditions of
Proposition 3.1, we have to vary ¢,r and keep a,b fixed, while exactly
the opposite is done in [25]. This requires a number of minor changes,
so instead of extracting what we need from [25], we find it easier (and
more illuminating) to present a self-contained proof below; we stress
that all computational tricks in the proof are lifted directly from [25].

Recall that for a cell complex Z, each element in H?(Z) can be
realized as the Euler class of a unique SO3-bundle over Z.

Let X = $2x5?x52. Fix an obvious basis in H?(X) whose elements
are dual to the S?-factors. Let ~, &, pu be the complex line bundles
over X with respective Euler classes (a,b,0), (0,q,7), (0, —¢,r) in this
basis, where a,b,q,r are nonzero integers and a,b are coprime. Let
n=E&®e and ( = ud e, where € is the trivial complex line bundle.

Denote the pullback of 7, ( via m,: S(y) = X by 7, ¢, respec-
tively, and the pullback of v via m,: S(n) = X by 4. By definition
of pullback, S(77) and S(%) have the same total space, which we de-
note M, ;. Denote by 74, 75 the respective sphere bundle projections
S(#H) — S(n), S(3) — S(7); note that msem, = mzem,. Let ¢ be the
pullback of ¢ via 7yt My, — S(v). With these notations we prove:

Theorem 3.4. (i) For a universal ¢ > 0, the manifold E(() admits
a complete metric with sec(E(C)) € [0, ¢] such that the zero section M.,
of ¢ is a soul of diameter 1.
(ii) For fized v and variable n, ¢, the manifolds D(C) lie in finitely
many diffeomorphism classes, while the manifolds M., lie in infinitely
many homeomorphism classes.

Proof. (i) Recall that any principal S'-bundle P over (S?)" can
be represented as (S%)" x, S' where p: T" — S' is a homomor-
phism and 7™ acts on (S®)" as the product of standard S!-actions
on S3. (Indeed, the pullback of the S'-bundle to (S3)" can be trivi-
alized as H2((S®)") = 0, and p comes from the T"-action on the S*-
factor.) Therefore, P — (S?)" can be identified with (S°)"/ker(p) —
s/

Specializing to our situation, let p,, p,, p¢ be the homomorphisms
T3 — S corresponding to the principal circle bundles that are (uniquely)
determined by ~v,n,(, respectively. Thus the principal circle bundle
S(7) equals (S3)3/ker(p,), and the fiber product S(n) & ¢ can be writ-
ten as the associated bundle (5%) x, 53 X pc R?*; this is an S3 x R%-
bundle over B. The pullback of this latter bundle to S(vy) has total
space E(C), and it can then be written as (53)3 X palker(on) S3 ><p7|ker(pv)R4.

All the actions are isometric, so giving R* a rotationally symmetric
metric isometric to S% x R outside a compact subset, we see that E()
gets a Riemannian submersion metric of sec € [0,¢] for a universal c.
By a standard argument involving a rotationally symmetric exhaustion
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function on R*, the zero section M, ,, is a soul. Since M, , is a quotient
of (5%)3 x,, S that can be further Riemannian submersed onto a fixed
manifold S(v), the diameter of M, , is uniformly bounded above and
below. So the diameter can be rescaled to 1, while keeping universal
curvature bounds on E(().

(ii) First, we show that M, , fall into infinitely many homeomorphism
types. Since Tx is stably trivial, computing the first Pontryagin class

gives
P1(My) = T p1(1 @ Ts(y)) = mpmap1(n © 7y @ Tx) = T p1 (€ D ).

Now p1(y @D &) = p1(7) +p1(€) = e(7)? + e(€)? and the Gysin sequence
for y gives mke(y)? = 0 because the kernel of 7%: H(X) — H*(S(v))
is the image of the (cup) multiplication by e(7y).

We compute 7'(';;71'?;])1(6 ) from the commutative diagram below, whose
rows are Gysin sequences for ~, 4, while all vertical arrows are isomor-
phisms for i < 2 because they fit into the Gysin sequences for n, 7
where injectivity follows as e(n), e(7) vanish and surjectivity holds for

i<2as X, S(n), M,, are simply-connected, as a,b are coprime.

*

Hi(X) HiT2(X) — = H*(S(y)) —= H*(X) =0

* * *
l”n l”n l”ﬁ
X

H(S(n) =L Hi+2(S()) e B0, )

Ue(y)

0

Also, the commutativity of the rightmost square implies that m5* is
onto.

Let x, y, z be the basis in H?(S(n)) corresponding to the chosen
basis in H?(X) = Z3; thus mre(§) = qy+rz, and e(¥) = ax+by, which
is primitive as a,b are coprime. Another basis in H2(S(n)) is ax + by,
—mx+ny, z where n,m are integers with an-+bm = 1. Thus H?(M, )
is isomorphic to Z? generated by u := 7%(z) and w := 75 (—mx +ny).

gl gl
In particular, 71,1: maps y to aw because —amx-+any = y—m(ax+by),
and similarly ﬂ,“;(x) = —bw, even though we do not use it.

The cup squares of x2, y?, z2 vanish because the S2-factors of X

have trivial self-intersection numbers when computed in some S? x S2-
factor of X. Now mpe(§) = qy + rz implies mpi(§) = w;e(é)z =
(2qr)yz; hence

p1(My ) = mpmip1(§) = mim, p1(§) = (2qra)wu.
The basis z(ax + by), z(—mx + ny), xy = (ax + by)(ny + mx) in
H*(S(n)) is projected to 0, wu, 0 by 73; in particular, wu generates
H4(M%,7). It follows that for any fixed a,b by varying ¢, r, we get

(by the topological invariance of rational Pontryagin classes) that the
manifolds M, ;, lie in infinitely many homeomorphism types.
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We show that the manifolds D(¢) lie in finitely many diffeomorphism
types by applying Proposition 3.1 for («, 5) = (Q: ,7). To see it applies,
note that pi1(C @ n) = pi(p) +pi(€) = e(u)® + e(€)?, so pi(C ® 7)) =
(—2gr + 2gqr)yz = 0. It remains to check that S(7), S(¢) lie in finitely
many fiber homotopy types.

If an oriented S3-fibration over a finite complex Z has a section,
which is true for S(7)), S(C), then it is classified by a map [Z, BSGy]
that factors through BSF3 [42, proposition 9.20(i)]. Since SFj is
a component of Q353 the space BSF3 is rationally contractible, so
[Z, BSF3] is finite. Thus, for all choices of parameters a,b,q,r the
S3-fibrations S(7), S (f ) lie in finitely many fiber homotopy types; in
particular, M, , lie in finitely many homotopy types. q.e.d.

Remark 3.5. It is instructive to see why the argument at the end
of the proof fails for oriented S?-fibrations with a section: the classi-
fying map in [Z, BSG3] only factors through BSF» and the inclusion
BSF, — BSGj is rationally equivalent to BSOy — BSOs3 [19], while
[Z, BSO3] — [Z, BSOs] has infinite image for Z = S? x S? correspond-
ing to classifying maps in [Z, BSOs] of circle bundle with nonzero e and
p1. This is the reason we have to assume ¢ has rank > 4. Similarly, in
Theorem 3.3 we assume &7 has rank n > 4 because S2-bundles over S*
with structure group SOj3 lie in infinitely many fiber homotopy classes;
indeed, the inclusion BSO3 — BSGs3 is a rational isomorphism [19],
and m4(BSO3) =Z.

Remark 3.6. In view of Remark 2.2, one wants to have a version of
Theorem 3.4 for which the normal Euler class to the soul is nontrivial.
As in [25], this is achieved by modifying the above proof to work for ¢
equal to the Whitney sum of the line bundles over X with Euler classes
(0,—q,r) and (0,c,c) where ¢, q,r are nonzero integers, c is fixed, and
r=gq+ 1. Indeed,

e() = (—qy + rz)(cy + cz) = c(r — q)yz = cyz,
so since the Euler class determines an oriented spherical fibration up to
finite ambiguity, there are finitely many fiber homotopy possibilities for

~

S(¢). Now

p1(C @) = pi1({) + pr(M) = (2 — 2qr + 2qr)yz = 2cyz,

so 7y (p1(C® 7)) is constant; hence D(C) lie in finitely many diffeomor-
phism types. The rest of the proof is the same. Finally, note that the
normal bundle to the soul has nonzero Euler class: e(() = m;(cyz) =
cawu.

Remark 3.7. More examples of manifolds with infinitely many souls
can be obtained from Theorems 3.3-3.4 by taking products with suitable
complete nonnegatively curved manifold L. The only point we have to
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check is that the souls in the product are pairwise non-homeomorphic,
which is true, e.g., if the soul of L has trivial first Pontryagin class;
then the souls in the product are not homeomorphic because their pq’s
are different integer multiples of primitive elements, and this property
is preserved under any isomorphism of their 4th cohomology groups.

Problem 3.8. Find a manifold N with an infinite sequence of com-
plete metrics g of sec > 0 satisfying one of the following:
(i) souls of (N, gx) are pairwise non-diffeomorphic and have codimen-
sion < 3;
(ii) souls of (NN, gx) are all diffeomorphic while the pairs (N, soul of gi)
are pairwise non-diffeomorphic.

Added in proof: Problems 4.8(i) and 4.9 were solved by Sadeeb
Ottenburger in [39] and [40], respectively.

Examples as in (ii), only without nonnegatively curved metrics, can
be found in [2, appendix A].

Problem 3.9. Find a manifold N with two complete metrics of
sec > 0 whose souls S, S’ are diffeomorphic and have codimension
< 3, while the pairs (N,S), (N,S’) are not diffeomorphic.

4. Vector Bundles with Diffeomorphic Total Spaces

One of the things we are unable to do in this paper is construct
a manifold that admits metrics with infinitely many nondiffeomorphic
souls of codimension < 3. To get an idea what such a manifold could
look like, in this section we systematically study vector bundles with
diffeomorphic total spaces, especially those of rank < 3.

Throughout this section, N is the total space of vector bundles &, n
over closed manifolds B¢, By, respectively. Composing the zero section
of & with the projection of 1 gives a canonical homotopy equivalence
fﬁ,n: Bg — BT?'

The map f¢, pulls TN|p, to TN|p, because the projection of N —
B,, — N is homotopic to id(N).

Any homotopy equivalence of closed manifold preserves Stiefel-
Whitney classes, as follows from their definition via Steenrod squares,
so f¢, w(T'By) = w(TBg). Therefore, the Whitney sum formula implies
that f¢, also pulls back the normal total Stiefel-Whitney class w, i.e.
feywn) = w(§). In fact, Stiefel-Whitney classes of a vector bundle
depend on the fiber homotopy type of its sphere bundle. To this end
we show:

~

Proposition 4.1. There is a fiber homotopy equivalence S(fi#nn)
S().

It follows that f¢ , pulls back the normal Euler classes (with any local
coefficients).
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Proof of Proposition 4.1. Use some metric on the fibers to choose tubu-
lar neighborhoods D, (1), D,(&), Dr(n) of the zero sections of 7, &, n,
respectively, such that D,(n) € D,(§) € Dgr(n). In the commutative
diagram below, unlabeled arrows are either inclusions or sphere/disk
bundle projections, p is the obvious retraction along radial lines, and
p(S,(€)) C Sr(n) because of the above inclusions of disk bundles.

Bg Dp(f) DR(n) D Dr(n) BU

N

Sp() Sr (1)

The composition of top arrows is fe,, which by commutativity is cov-
ered by plg, ). By a criterion in [10, theorem 6.1], to show that
pls,(¢) induces a fiber homotopy equivalence of S,(£) and the pull-
back of S.(n) via fey, it is enough to check that p[g () is a homo-

topy equivalence. Lemma 4.8 below implies that Wg := Dgr(n) \lo)p(f)
and W, = D,(¢) \ D,(n) are h-cobordisms with ends Sg(n), S,(6)
and S,(§), Sy(n), respectively. Therefore, the inclusion of S,(¢) into
the trivial h-cobordism W := Wx U W, = Dg(n) \ D,(n) is a homo-
topy equivalence, and so is plyw: W — S.(n); hence p|w, defines a
deformation retraction D,(§) — D,(n) that restricts to the homotopy
equivalence plg ¢): Sp(§) — Sr(n). q.e.d.

Corollary 4.2. If £ has rank i € {1,2}, then f:ﬁnn =¢, and fe, is
tangential.

Proof. Since O; — G; is a homotopy equivalence, the fiber homo-
topy equivalence of fg# nS (n) and S(&) is induced by an isomorphism of

fEn=¢ Thus ¢ @ TBe = TN|p, = ff TN|p, = £ (n®TB,) =

EP fg# nTBn' Subtracting £, we see that fe, pulls back stable tangent
bundles. q.e.d.

In codimension 3, all we can say is that f¢, pulls back rational
Pontryagin classes of normal and tangent bundles; recall that a stable
vector bundle is determined by its rational Pontryagin classes up to
finite ambiguity.

Proposition 4.3. If £ has rank 3, and p denotes the rational total
Pontryagin class, then f¢, p(n) = p(§) and f¢, p(T'B;,) = p(T'By).

Proof. By Proposition 4.1, and Lemma 4.7 below, fg*,npl (n) = p1(§),
while the higher Pontryagin classes vanish as H*(BSO3;Q) = Q[p1].
Now ffnTN B, = TN|p, and the Whitney sum formula gives
fé,p(TBy) = p(TBy). q.e.d.
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Proposition 4.4. If f;&nn = ¢, then fe¢, has trivial normal invari-
ant; in particular, fe, is tangential.

Proof. Use metrics on £, n to find their disk bundles that satisfy
D(§) © D(n)  B¢. Lemma 4.8 below implies that D(§) \ D(n) is an
h-cobordism, so there exists a deformation retraction r: D(§) — D(n).
Note that r has trivial normal invariant, because D(£) x I can be
thought of as an h-cobordism with boundaries D(&), D(n) (cf. [51]
before theorem 1.3), and moreover, the map D(£) x I — D(n) given by
composing the coordinate projection with r defines a normal bordism
of r and id(D(n)).

Since fgnn > ¢, there is a diffeomorphism h: D(fgnn) — D(§) that
is identity on the base Bg¢. Let fg,n: D(ffnn) — D(n) be the map of

disk bundles induced by f¢,. Next note that roh, fﬁ,n are homotopic.
Indeed, restricting both maps to B¢ and postcomposing with the pro-
jection p,: D(n) — B, gives f¢,, so roh and ffvn glue along B¢ x I
to form a continuous map

F: (Bg xI)U(D(§) x {0,1}) — By,.
Since D(§) x I deformation retracts to the union of B¢ x I and D(§) x
{0,1}, precomposmg F with the retraction defines a homotopy of p,ereh
and pyo fg n» and hence a homotopy of roh and fg n» because p, is ho-
motopic id(D(n)).
Homotopic maps have equal normal invariants, so q( fi,n) =q(roh) =
q(r) is trivial. Then Lemma 4.9 below implies that q(f¢,) is trivial,

because the zero section of D(n) pulls q(fgm) back to q(fey). q.e.d.

Remark 4.5. Surgery theory implies (see, e.g., [42, theorem 13.2])
that if f: N — M is a homotopy equivalence of closed smooth simply-
connected manifolds of dimension n > 5, then f has trivial normal
invariant if and only if N is diffeomorphic to the connected sum of M
and a homotopy sphere ¥ and f is homotopic to the homeomorphism
N = M#YX" — M#S™ =2 M where the middle map is the connected
sum of id(M) with a homeomorphism X" — S™. Thus Corollary 4.2
implies Theorem 1.9.

Remark 4.6. Proposition 4.4 is optimal for bundles of rank > 3.
Indeed, if a homotopy equivalence of closed manifolds f: N — M has
trivial normal invariant, and if « is a vector bundle over M, then by
Lemma 4.9 the induced map f: D(f#a) — D(a) of disk bundles has
trivial normal invariant. So by Wall’s m — w-theorem, f is homotopic to
a diffeomorphism, provided dim(D(«)) > 6 and the inclusion S(a) —
D(«) is a mp-isomorphism. The latter holds if the bundle « has rank
> 3. If the rank of a is 2, then things are a bit more complicated, and
we have partial answers when M is simply-connected of dimension > 5.
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Namely, if « is trivial, and dim(M) > 5, then N xR? is diffeomorphic to
M x R? if and only if N is diffeomorphic to M (see Remark 5.12). If «
is nontrivial, then m(S(«)) is a finite cyclic group Z4, and a surgery-
theoretic argument in [4, section 14] shows that f is homotopic to a
diffeomorphism, except possibly when d is even and dim(M) = 1 mod 4.

The lemmas below are surely known, yet they do not seem to be
recorded in the literature in the precise form we need.

Lemma 4.7. For SOs-bundles over finite complexes, the first ratio-
nal Pontryagin class p1 depends only on the fiber homotopy type of the
associated 2 -sphere bundles.

Proof. Denote the natural inclusions O3 C G3 and SO3 C SG3 by
j and ji, respectively. The fiber homotopy invariance of p; will fol-
low, once we show that p; lies in the image of Bj*: H*(BG3;Q) —
H*(BO3;Q). Look at the map induced on rational cohomology by the
commutative diagram, whose rows are projections of the 2-fold cover-
ings corresponding to the first Stiefel-Whitney class.

H*(BSO3;Q) <— H*(BO3;Q)

TB]’{ Bj*T
H*(BSGs;Q) <— H*(BG3;Q)

The horizontal arrows are induced by covering projections; hence by a
standard argument they are monomorphisms onto the subspace fixed by
the covering involution. Now Bj} is an isomorphism [19] which is Zs-
equivariant because Bj; is Zsg-equivariant. So Bj* is an isomorphism
as well. q.e.d.

Lemma 4.8. Suppose a manifold N is the total space of two vector
bundles over closed manifolds My, M. If the normal sphere bundles to
My, My are chosen to be disjoint in N, then the region between these
sphere bundles is an h-cobordism.

Proof. Denote by Si(r), Dg(r) the normal r-sphere, r-disk bundles
determined by some metric on the normal bundle to My ; denote by
pi the line bundle projection N \ My — Si(r). Since Dy(r) exhaust
N, there are positive numbers r < ¢ < R < T such that D;(r) €
Dy(t) € Di(R) € Do(T). We are to show that W := Dy (R) \ Dy(t) is
an h-cobordism.

To see that Sy(t) — W is a homotopy equivalence, it suffices to note
that N\ Da(t) deformation retracts both to W and to Sy(t) along the
fibers of pi, po, respectively.

To show that S1(R) <— W is a homotopy equivalence, we first observe
that S1(R) < W is 7 -injective, for if a loop in S7(R) is null-homotopic
in W, then it would be null-homotopic in the larger region Dy (R)\D; (r)
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which deformation retracts to S1(R) along the fibers of p;, so the null-
homotopy can be pushed to Si(R).

To see that Sj(R) — W is m-surjective, start with an arbitrary
loop « in W, and since W lies in Dy(T) \ Dy(t) which deformation
retracts to So(7T') along the fibers of po, the loop « can be homotoped
inside Do(T)\ Da(t) to some B in Sy(T)). Since N\ D;(R) deformation
retracts to S1(R), the homotopy can be pushed to W, where 3 gets
mapped into S1(R). Thus « is homotopic in W to a loop in S1(R), as
claimed.

Since Sa(t) < W is a homotopy equivalence, the pair (W, Sa(t))
has trivial cohomology for any system of local coefficients on W ; hence
by Poincaré Duality, the pair (W, S1(R)) has trivial homology for any
system of local coefficients on W. So by the non-simply-connected
version of Whitehead’s theorem, which is applicable since S1(R) — W
induces a m -isomorphism, we conclude that S1(R) < W is a homotopy
equivalence. q.e.d.

Lemma 4.9. For a homotopy equivalence f: N — M of closed
smooth mamfolds and a vector bundle o over M with progectzon P,
let f: N — M be the induced map of disk bundles N : (f#oz)
M = D(«). Then the normal invariants of f and f satzsfy q(f) =
pra(f).

Proof. Let g be a homotopy inverse of f, and denote by §: M —
N the corresponding map of disk bundles. Fix a large m such that
g postcomposed with the inclusion N — N x R™ is homotopic to a
smooth embedding e: M — N x R™, where we may assume that its
image is disjoint from N x {0}; let v, denote the normal bundle of
e. By [45, theorem 2.2], the complement of a tubular neighborhood
of e(M) is an open collar; hence N x R™ can be identified with the
total space of v,. By the proof of Proposition 4.1, there are disjoint
normal sphere bundles N x.S™~1 S(v,) to Nx{0}, e(M), respectively,
such that the region between them is an h-cobordism, and the radial
projection N x R™\ {0} — N x S™~! restricted to S(v.) is a fiber
homotopy equivalence. Projecting on the S™!-factor gives a fiber
homotopy trivialization ¢: S(v.) — S™~!. As indicated in [51] (after
lemma 10.6), the pair (ve,t) represents q(f), and moreover, there is
a relative version of the above argument which can be applied to the
embedding of disk bundles é: M — N x R™ obtained as the pullback of
e. Again, the radial projection restricts to a fiber homotopy equivalence
S(v,) = N x 8™~ of normal sphere bundles, which gives rise to a fiber
homotopy trivialization : S(v,) — S™ ! such that (v,,f) represents
a(f).

That p#r, is stably isomorphic to v, follows by a straightforward
computation showing that g#u @ 71, @ Ve and g#u &7, Dy, are
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stably trivial, and that p pulls g#uN @ T,, back to Q#VN ® 7, where
vy, Ty denote the stable normal and tangent bundles of X . That t is

homotopic to tep follows because by construction t = ﬂ S(v.) and p is a
deformation retraction. q.e.d.

5. Finiteness Results for Vector Bundles of Rank < 3

In this section we prove Theorem 1.3 and other related results. Let
{By} be the set of closed manifolds such that N is the total space of
a vector bundle n of rank < 3 over some B,. All B)’s are homotopy
equivalent to N and hence to each other, so n := dim(B,) is constant;
thus all n’s have rank equal to dim(N) —n.

Proposition 5.1. {B,} can be partitioned into finitely many subsets
such that if By, B¢ lie in the same subset, then there is a tangential
homotopy equivalence g¢ ,: B¢ — By such that 92,7;77 = ¢ and further-
more, gen has trivial normal invariant in [B,, F'/O].

Proof. Fix one base manifold B, € {B,} with normal bundle 7,
of rank 3, and pullback each n to B, via f, ». Since fgmp(n) =
p(n), and since an O(k)-bundle is determined by its rational Pontryagin
classes up to finite ambiguity, there are finitely many possibilities for
f,%,nn. Each possibility corresponds to a subset in the partition, for if
f,;%,nn = qu:gf, then hg, = %%sofﬂoﬂ pulls back n to &, and also
is tangential as it preserves T'N restricted to the zero sections. If the
rank is < 2, then by Corollary 4.2, the partition consists of one subset
{B,}; for the sake of uniformity, we set h¢, := fe .

Now fix an arbitrary B, in a subset S of the partition. The homo-
topy he,, equivalences represent elements (h¢ ,, B¢) in the structure set
Sh(Bn) of homotopy structures. Since hg, are tangential, their normal
invariants are in the image of [B,, F] — [B,, F'/O], which is finite, so
by partitioning S further (into finitely many subsets), we get a subset
{Be,} such that all f; := he, , have equal normal invariants. It is for
this subset we find the homotopy equivalencies with desired properties.
Fix any & € {&}. If go denotes the homotopy inverse of fy, then by
the composition formula for normal invariants, recalled in [4, section 3],
we get q(goe fi) = fga(fi) +a(go), and 0 = q(goe fo) = f7a(fo) + a(go)-
So a(goefi) = f3(a(fi) — a(fo) = 0 as a(f;) = a(fo) for all i. Now
Gem = Goofi = hg)l,nc’h&,n is a tangential homotopy equivalence from
B, to By, that pulls back &; to &, and has trivial normal invariant.
q.e.d.

Theorem 5.2. If n = dim(B,) > 5, then the pairs (N,By) lie in
finitely many diffeomorphism types if either (i) B is simply-connected,
or (ii) By, is orientable, n is even, and G := m(B,) is finite.
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Proof. Fix B, in a subset of the partition given by Proposition 5.1.

(i) Since B, is simply-connected, each homotopy equivalence g , is
simple. By Proposition 5.1 and exactness of the surgery sequence, the
element represented by g¢,, in the simple structure set S°(B,) lies in
the orbit of L7 (1) of the identity, which is finite because L3  ;(1)-
action factors through the finite group bP, 1. If {B,} is infinite, which
is the only interesting case, then there is a subsequence in which all g ,
represent the same element in the structure set. So there are diffeo-
morphisms ¢¢ ¢ such that g¢,o¢¢ ¢ is homotopic to g¢, . But diffeo-
morphisms pull back normal bundles, so ¢¢ ¢ induces a diffeomorphism
(NvBﬁ) - (Nan)’

(ii) The homotopy equivalence g¢ ,, represents an element in the struc-
ture set Sh(Bn) that, because of exactness of the surgery sequence and
Proposition 5.1, lies in the orbit of L (@) of the identity. Since n is
even and G is finite, L (G) is a finite group (see, e.g., [22]). If {B,} is
infinite, then there is a subsequence in which all g¢, represent the same
element Sh(Bn), and hence they are pairwise h-cobordant. In particu-
lar, there are homotopy equivalences ¢¢ ¢ that identify the boundaries
B¢ and B¢ of the h-cobordism W¢ ¢ such that g, < ¢¢ ¢ is homotopic to
gen - Fix orientations on all B, that are preserved by f¢,; then by a
well-known computation (recalled in Lemma, 7.1), the torsion 7(¢¢ ) is
of the form (—1)"0* — o € Wh(G) where o = 7(W¢ ¢, B¢), the torsion
of the pair (We ¢, B¢). By a result of Wall [38, 7.4, 7.5], finiteness of G
implies that the standard involution * acts trivially on the quotient of
Wh(G) by its maximal torsion subgroup SK(ZG), which is finite, so
o* — o lies in SK;(ZG), and hence passing to a subsequence we may
assume that 7(¢¢¢) is constant.

Fix ¢ and vary &; ie. let &€ = &. By the composition formula
for torsion, we see that (dg,¢) 'oge, ¢ Be, — Bg, has trivial tor-
sion, which by the above-mentioned computation equals the torsion of
the h-cobordism W¢ ¢, obtained by concatenating the corresponding
h-cobordisms W¢ - UWg, ¢; thus We ¢, is trivial by the s-cobordism the-
orem. It follows that (¢§07<)_10¢5i,< is homotopic to a diffeomorphism,
which then pulls back normal bundles, and hence induces a diffeomor-
phism (N, Be,) = (N, Bg,)- q.e.d.

Example 5.3. Part (ii) fails for n odd (even though it is unclear how
to realize any of the following examples in the nonnegative curvature
setting):

(1) If G is finite cyclic of order 5 or of order > 7, and M is a ho-
motopy lens space with fundamental group G and dimension > 5, then
the h-cobordism class of M contains infinitely many non-homeomorphic
manifolds [34, corollary 12.9] distinguished by Reidemeister torsion.
Thus these manifolds are not even simply homotopy equivalent, while
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their products with R are diffeomorphic. Also see [27] for a similar
result for fake spherical space forms.

(2) By a result of Lépez de Medrano [30], there are infinitely many
homotopy RP*~1’s with k& > 1 distinguished by Browder-Livesay in-
variants, and such that their canonical line bundles are diffeomorphic
to the canonical line bundle over the standard RP*~1,

(3) More generally, Chang-Weinberger showed in [9] that for any
compact oriented smooth (4r — 1)-manifold M, with » > 2 and w1 (M)
not torsion-free, there exist infinitely many pairwise non-homeomorphic
closed smooth manifolds M; that are simple homotopy equivalent and
tangentially homotopy equivalent to M. As in the proof of Proposi-
tion 5.7 below, we see that the manifolds M; x D3 lie in finitely many
diffeomorphism types.

Remark 5.4. If the closed manifolds in (1)-(3) admit metrics of
sec > 0, then they can be realized as souls of codimension 3 with trivial
normal bundle because they lie in finitely many tangential homotopy
types so Proposition 5.7 applies; in fact, examples in (1)—(2) could then
be realized as codimension 1 souls because any real line bundle over
a closed nonnegatively curved manifold admits a complete metric of
sec > 0 with zero section being a soul.

Remark 5.5. It is an (obvious) implication of Theorem 5.2(ii) that
examples (1)—(3) disappear after multiplying by a suitable closed man-
ifold; i.e. if B,, B are orientable, odd-dimensional, closed manifolds
with finite fundamental groups, then the pairs {(N x B, B, x B)} lie
in finitely many diffeomorphism types.

Remark 5.6. It seems the assumption in (ii) that B, is orientable
could be removed by working with the proper surgery exact sequence,
but we choose not to do this here.

The case of trivial normal bundles deserves special attention, e.g.
because the total space always admits a metric of sec > 0, provided the
base does.

Proposition 5.7. Suppose that {M;} is a sequence of closed man-
ifolds of dimension > 5. Then {M;} lies in finitely many tangential
homotopy types if and only if {M; x R3} lies in finitely many diffeo-
morphism types.

Proof. The “if” direction follows from Proposition 5.1, so we focus
on the other direction. As in the proof of Proposition 5.1, after pass-
ing to a subsequence we may assume there are homotopy equivalences
h;: M; — My with trivial normal invariants. Then H; := h; x id(D?)
is normally cobordant to the identity via the product of D? with the
normal cobordism from h; to the identity.
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The homotopy equivalence H; need not be simple, so we replace it
with a simple homotopy equivalence as follows. Attaching a suitable h-
cobordism on the boundary of M; x D3 turns M;x D? into a manifold Q;
with QZ = M; xR3, and precomposing H; with a deformation retraction
Qi — M;x D? yields a simple homotopy structure equivalence F: Q; —
No x D3. (Indeed, if W is a cobordism with a boundary component M ,
then 7(W, M) = —7(r) where r: W — M 1is a deformation retraction.
By the composition formula for torsion [7], 7(for) = 7(f) + fu7(r), so
we need to find W with 7(f) = f.7(W, M), or equivalently, since f, is
an isomorphism we need (f.)~'7(f) = 7(W, M), which can be arranged
as any element in Wh(mi (M) can be realized as 7(W, M) for some W'.)

Note that F; still has trivial normal invariant, because @); X I can be
thought of as an h-cobordism with boundaries @Q;, M; x D?, so the maps
F;, H; are normally cobordant (as explained in [51] before theorem 1.3).
By Wall’s m — m-theorem, Q; is diffeomorphic to My x D3. Restricting
to interiors gives a desired diffeomorphism M; x R? — My x R3. q.e.d.

Remark 5.8. The proof shows that if a homotopy equivalence has
trivial normal invariant, then its product with id(D?) is homotopic to
a diffeomorphism; e.g., this applies to the standard homeomorphism
¥F — S* where ¥, is a homotopy sphere that bounds a parallelizable
manifold, so that ¥¥ x D3 and S* x D?® are diffeomorphic.

Remark 5.9. Propositions 5.1, 5.7 imply that if there exists a man-
ifold N with infinitely many codimension < 3 souls S;, then after
passing to a subsequence S; x R3 are all diffeomorphic, so one also gets
infinitely many codimension 3 souls with trivial normal bundles, which
proves part (2) of Theorem 1.3. By contrast, Proposition 5.10 below
shows that an analogous statement fails in codimension 2: indeed, for
r > 1 there are infinitely many homotopy RP*~! with diffeomorphic
canonical line bundles; hence the products of the line bundles with R
are also diffeomorphic, yet no two non-diffeomorphic homotopy RP*"~!
are h-cobordant because Wh(Zz) = 0.

Proposition 5.10. Suppose {M;} is a sequence of closed manifolds
of dimension > 5 with finite fundamental group G. Then {M;} lies in
finitely many h-cobordism types if and only if {M; x R?} lies in finitely
many diffeomorphism types.

Proof. The “only if” direction follows because if M;, M; are h-
cobordant, then their products with R are diffeomorphic (e.g., by the
weak h-cobordism theorem). For the “if” direction, we pass to a subse-
quence so that all M; x R? are diffeomorphic.

By Lemma 4.8, each M; x S' is h-cobordant to My x S', and
the proof of Proposition 4.1 shows that the fiber homotopy equiva-
lence M; x S* — My x S covers the canonical homotopy equivalence
M; — My, so the circle factor is preserved up to homotopy. Passing
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to the infinite cyclic cover corresponding to the circle factor, we get
a proper h-cobordism between M; x R and Mg x R. The proper h-
cobordisms with one end My x R are classified by Ko(ZG) [46]. The
group G is finite, and hence so is Ko(ZG) [49]. Thus M; x R fall
in finitely many diffeomorphism classes, and hence {M;} is finite up
to h-cobordism because closed manifolds are h-cobordant if their prod-
ucts with R are diffeomorphic (this is well known and follows from
Lemma 4.8). q.e.d.

Remark 5.11. Milnor noted in [34, theorem 11.5] that if B is a
closed orientable manifold with finite fundamental group and even di-
mension > 5, then the h-cobordism class of B contains only finitely
many diffeomorphism classes.

Remark 5.12. It is well known that a closed simply-connected man-
ifold of dimension > 5 can be recovered from its product with R?. The
proof of Proposition 5.10 immediately gives a slight generalization: if
My, My are closed n-manifolds with n > 5 and 71 (My) = G = w1 (M)
such that M; x R? and My x R? are diffeomorphic, and Wh(G) = 0 =
IN(O(ZG), then M; and Mj are diffeomorphic. This applies, e.g., if G
is Zy, for n =2,3,4,6, Zo X Zg, Do, for m = 3,4,6, as well as if G is
torsion-free and virtually abelian (see references in [32]).

6. Smooth Knots and Disconnectedness of Moduli Spaces

In this section we use results of Haefliger and Levine on smooth knots
to investigate how many components of R (V) can be visited by the
Diff (N)-orbit of a given metric, and to give an example of disconnected
mgeCZO(N) :

We start by recalling some results on smooth knots. According to
Haefliger [17, 18], for n > 5 and k > 3, isotopy classes of (smooth)
embeddings of S™ into S™** form an abelian group X"t%™ under con-
nected sum, which vanishes in metastable range (i.e. for 2k > n + 3),
and equals to Z for n =4r —1 and k = 2r + 1. In general, Levine [31]
showed that X"t%7" ig either finite, or virtually cyclic, and the latter
occurs if and only if n =4r — 1 and 3 <k <2r+1.

For k > 3, Hirsch [21, theorem 8] showed that any smooth embedding
of 8™ into S™* can be ambiently isotoped to have a closed tubular
neighborhood equal to the closed tubular neighborhood S™ x D* of a
standard S™ C 8"tk Of course, different elements of X"t5" define
non-isotopic embeddings of S™ into S™ x Int(DF), because any isotopy
of S™ inside S™ x Int(D¥) is also an isotopy in S™+*.

Levine [31] showed that assigning to each element of X"%" the iso-
morphism class of its normal bundle defines a homomorphism L7+ —
T (BSOy). The image Ny(n,k) of this homomorphism is described
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in [31, theorem 6.9] as the image of the kernel of the stabilization ho-
momorphism 7,(SGg, SO;) — m,(SG, SO) under the boundary map
Tn(SGr, SOk) = m,—1(SOy) in the long exact sequence of the pair.

The group Ny(n, k) is finite for any &, n. Indeed, since tubular neigh-
borhoods of the embeddings e;: S™ — S™t* can be chosen to equal the
same S™ x D¥ results of Section 4 imply that the canonical homotopy
equivalence ¢;(S™) — S™ x {0} pulls back the normal Euler class, which
is trivial. Also, any homotopy equivalence e;(S™) — S™ x {0} pulls
back the stable normal bundles because they are trivial. It follows that
the normal bundle to e; has trivial Euler and Pontryagin classes, which
determine an oriented vector bundle up to finite ambiguity.

Theorem 6.1. Let g be any complete metric of sec > 0 on N :=
S™ x R¥ with soul S x {0}. If r > 2 is an integer and n = 4r — 1 and
3 <k <2r+41, then metrics that are isometric to g lie in infinitely
many components R, ~o(N) and in the same component of R*(N).

Proof. As "tk ig infinite, and the above-mentioned homomor-
phism X757 — 7 (BSO}) has finite image, its kernel contains infin-
itely many isotopy classes of embeddings of S™ into S™t* with trivial
normal bundle. By the above-mentioned result in [21], we ambiently iso-
tope the embeddings into infinitely many pairwise non-isotopic embed-
dings from S™ to S™ x Int(D*), which is a closed tubular neighborhood
for all the zero sections. Equipping their normal bundles with the metric
¢, we get infinitely many metrics on S™ x RF with pairwise non-isotopic
souls, and the metrics lie in different components of RY - ,(S™ x R¥)
by Lemma 2.1, and modifying the metrics as in Proposition 2.11, they
can be arranged to lie in the same component of R*(N). q.e.d.

By convention we treat S', R, and a point as having sec > 0.

Theorem 6.2. If L is any closed manifold of sec > 0, then the
moduli space MY, (ST x RY x L) has more than one component with
metrics whose souls are diffeomorphic to ST x L, and which lie in the
same component of IM“(N).

Proof. A key ingredient of the proof is that the group Ny(7,4) is
nontrivial. In table 7.2 of [31], Levine stated (without proof) that
No(7,4) has order 4; for completeness, we justify Levine’s assertion
using results in [18] and [50].

Since 77(SG, SO) vanishes, Ny(7,4) is the image of 77(SGy, SO4) —
7m6(S04), or equivalently, the kernel of 74(S04) — 76(SGy4). To com-
pute the latter, look at the following commutative diagram in which
the rows are exact sequences of the fibrations, and vertical arrows are
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induced by inclusions.

76(S03) —= 76(S04) — mg(S?)

3
m7(S?)
7 “zero 1-1 splits

Bl N |

S3) —— 76(SF3) e 76(SGy) ol 76(5%)
The principal SO3-bundle SO4 — S? is trivial as m(SO3) = 0. It
follows that the fibration SG4 — S has a section, which explains how
the horizontal arrows are labeled. Furthermore, 7 is the sum of j and
the identify of 74(5%); in particular, 4,7 have isomorphic kernels and
cokernels, and again, the kernels are isomorphic to Ny(n, k). The groups
76(S03), m6(SEFs) = m9(S3) equal to Z1a, Zs3, respectively, so i is either
trivial, or onto. In the latter case, the kernel of j is Z, as desired, so
it remains to show that ¢ cannot be trivial, or equivalently, that the
cokernel of j is not Zs. The cokernel of j lies in m5(SGy, SOy4), which
fits in an exact sequence of homotopy groups of the triad (see [18, 4.11])

12(SG; SO, SGy) — m6(SGa, SO4) — 76(SG, SO).

Now 76(SG, SO) = Zs and by [18, theorem 8.15] 77(SG; SO, SGy) =
0, which means that 7(SGy4, SO4) has no subgroup isomorphic to Zs,
as promised.

Actually, Haefliger omits the proof that 77(SG; SO, SG4) =0, so we
fill in the details. Consider the exact sequence given by [18, theorem
6.4]:

7T7(SF4, SG4) — 7T7(SG; SO, SG4) — 7T7(SG; SO, SG5) — 7T6(SF4, SG4).

Here 77(SG; SO, SG5) = 0 by [18, corollary 6.6], so it remains to see
that m7(SFy, SG4) = 0. To this end, consider the exact sequence of the
pair:

7T7(G4) — 7T7(F4) — 7T7(F4, G4) — 7T6(G4) — 7T6(F4) — 7T6(F4, G4)

As mentioned above, the fibration G4 — S% has a section so 7;(Gy)
splits as 7;(F3) ® m;(S?) = mi43(5%) @ 7;(S3). In particular, 76(Gy) =
73 ® Z1o and also mg(Fy) = m10(S*) = Z3 ® Zayy . By [18, theorem 8.11],
m6(Fu, Gq) = m3(SO, SO3) which equals to Zsy, so exactness at mg(Fy)
implies that ms(G4) — m6(Fy) is one-to-one. On the other hand, the
inclusion k: F3 — Fj factors through G3, so it suffices to show that
ko: m7(F3) — m7(Fy) is onto. As m7(F3) = m10(S?) = Z15 = m11(S%) =
m7(Fy), it is enough to see that k. is one-to-one. In fact, the inclusion
F3 — F', which factors through Fj, is an isomorphism on 77, because
with the above identifications it corresponds to the iterated suspension
homomorphism m0(S?) — 72, and the latter homomorphism is an
isomorphism at primes 3, 5 as shown in [50, page 177].
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Thus Ny(7,4) = Z,, and hence there are 4 different oriented vector
bundles over S7 with total space diffeomorphic to S7 x R*.

A result of Grove-Ziller [16] implies that their total spaces admit com-
plete metrics of sec > 0 with souls equal to the zero sections, because
by the discussion preceding corollary 3.13 of [16], all vector bundles in
m7(BSOy) = Z19 ® Z1o classified by elements of orders 1, 2, 4 admit
complete metrics with sec > 0 and souls equal to the zero sections,
which includes all elements of Ny(7,4). In particular, there exists a
nontrivial bundle ¢ with these properties.

Thus S7 x L x R* is the total space of the vector bundle p#¢, where
p: 87 x L — S7 is the projection on the first factor. The bundle p#¢
is nontrivial because its pullback via an inclusion i: S7 — S7 x L is
¢, which is nontrivial. If some self-diffeomorphism of S7 x L x R*
could take S” x L x {0} to the zero section of p#¢, then since trivial
bundles are preserved by pullback, it would follow that p#¢ is trivial.
Hence by Lemma 2.1, the two metrics lie in different components of the
moduli space. Modifying the metrics as in Proposition 2.11, they can
be arranged to lie in the same component of R"(IV). q.e.d.

Remark 6.3. The above proof shows that Ny(7,4) lies in 76(S0O3)-
factor of mg(SO4) = m3(SO3) @ 76(S3), so we can explicitly write
No(7,4) = {0,3,6,9} C Z12 = m7;(BSO3). Pulling back the bundle
represented by m € m7(BSO3) by a degree —1 self-map of S* yields
the bundle represented by —m, so up to the action of homotopy self-
equivalences on the base S7, we get only 3 different bundles, namely
0,3,6. It follows that 9% (ST x R?) has at least 3 components with
metrics whose souls are diffeomorphic to S7. Note that since all ho-
motopy 7-spheres become diffeomorphic after multiplying by R* with
k > 3, the moduli space M™ - ,(S” x R*) also has other components
with souls diffeomorphic to those homotopy 7-spheres that admit met-
rics of sec > 0.

7. Spaces of Metrics and h-cobordisms

In this section we study components of R () via various tech-
niques related to h-cobordisms. B

Here is a basic idea. If W is an h-cobordism of dimension > 5 with
boundary components M, M’, then by the weak h-cobordism theorem
there is a diffeomorphism from W := Int(W) onto M xR, taking M to
M x {0}, and similarly for M’. In particular, if M, M’ admit metrics
with sec > 0, then W has two complete metrics of sec > 0 with souls
isometric to M, M'. Therefore, if M, M’ are not diffeomorphic, then
mtgec>0(VT/) is not connected by Lemma 2.1; this implies Example 1.10.
If M, M’ are diffeomorphic, but the h-cobordism W is nontrivial, then
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R ~o(Int(W)) is not connected because the boundaries of a nontrivial
h-cobordism are not isotopic (as explained, e.g., in [3, lemma 7.3]).

We use [7, 34] as basic references on the Whitehead torsion and h-
cobordisms. The following lemma summarizes the standard formulas
that we need.

Lemma 7.1. (i) If W is an oriented h-cobordism with boundaries M,
M, and r: W — M is a deformation retraction, then the homotopy
equivalence |y : M’ — M has torsion —1 (W, M)+(—1)3mM) (W, M)
(ii) Let Wy, Wy be two oriented h-cobordisms attached along their com-
mon boundary component to form an oriented h-cobordism W . Denote
the common component of OW and OWy by My, and let ip: My — W
be the inclusion. Then i1,m(W, My) = iy, m(Wy, My) 4 (—1)3m(M) g, 7
(W2, My).

Proof. (i) First recall that if r: X — Y is a deformation retraction
of finite cell complexes, then 7(r) = —7(X,Y), indeed; if i: ¥ — X is
the inclusion, then 7(r) = —r.7(i) = —ru 7 (W, M) = —7(W, M) [7,
22.3, 22.5]. Now to prove (i), let 4, i’ be the inclusions of M, M’ into
W so that [7, 22.3, 22.4, 22.5] implies that

T(rod’) = 7(r) + r7(i") = 7(r) + ruil,r(W, M')

where i,7(W, M") = (=1)3mMM)j 74(W, M) by duality [34, page 394]

where * is the standard involution of Wh(G) induced by g — ¢g~! in

G.

(ii) Fix deformation retractions R: W — Wy, r: Wi — M;. Below
we slightly abuse notations by using i; to also denote the inclusion
My, — Wy The proof of (i) and the composition formula for torsion [7,
22.4] gives

T(W,M;) = —7(reR) = —7(r) — re7(R) = 7(W1, My) + ror (W, W1).

By excision [7, 20.3] and duality 7(W, W;) = (—=1)3M iy 7(Wy, My).
Applying i1, to both sides of the equation and recalling that ij0r is
homotopic to id(W7), we get the desired formula. q.e.d.

If G is a finite group, then its Whitehead group Wh(G) is fairly well-
understood; in particular, results of Bass show that Wh(G) is a finitely
generated abelian group whose rank equals the difference between the
number of conjugacy classes of subsets {g,¢g~'} € G and the number
of conjugacy classes of cyclic subgroup of G. There is a body of work
computing SK;(ZG), the (finite) torsion subgroup of Wh(G); see [38]
for details.

Theorem 7.2. Let M be a closed oriented manifold of even dimen-
sion > 5 with sec > 0 such that G = m (M) is finite and Wh(G) is
infinite. Then mgeCZO(M X R) has infinitely many components.
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Proof. Since Wh(G) is infinite, G is finite, and dim(M) > 5, there
is an oriented h-cobordism W; with one boundary diffeomorphic to M
such that 7(Wy, M) has infinite order in Wh(G). We double W} along
the other boundary, and denote the double by W'; thus both boundary
components of W are diffeomorphic to M. By Lemma 7.1, the torsion
of the double W is given by 7(W, M) = 7(Wy, M)+(—1)3OM)r* (W, M),
where we suppress inclusions. By a result of Wall [38, 7.4, 7.5], the in-
volution * acts trivially on Wh(G)/SK1(ZG), so since dim(M) is even,
T(W, M) — 21(Wy, M) has finite order. Since the order of 7(Wy, M)
is infinite, stacking k copies of W on top of each other gives a non-
trivial h-cobordism for every k. Stacking countably many copies of W
on top of each other, we get a manifold W, diffeomorphic to M x R
and countably many pairwise non-isotopic embeddings ep: M — W.
Since W, is diffeomorphic to a tubular neighborhood of every e, we
conclude that for each k, the manifold W, carries a metric isometric
to M x R with soul ex(M). So by Lemma 2.1, the Diff (/V)-orbit of the
metric M x R visits infinitely many components of i)‘igecm(ﬁ/). q.e.d.

Remark 7.3. The class of groups with infinite Whitehead group
is closed under products with any group. Examples of finite G with
Wh(G) infinite include Z,, with m =5 or m > 7, and the dihedral
group D, of order 2p, where p > 5 is a prime. See [38] for more
information.

For odd-dimensional souls, doubling produces h-cobordisms with fi-
nite torsion, so we use a different idea based on the following addendum
to Lemma 2.1.

Proposition 7.4. Let S, S’ be souls for the metrics g,g that lie
in the same component of RL ~(N). If P: N — S’ is a deformation
retraction, then Plg: S — S’ is homotopic to a diffeomorphism. The
same holds for RS, .~o(N) if any two metrics in the space have souls
that intersect. -

Proof. The proof below holds for any k, so according to Conven-
tion 1.4 we omit k from notations. By Lemma 2.1, any metric g; €
Reec>0(N) has an open neighborhood U; such that for any g € U; the
Sharafutdinov retraction onto a soul of g; restricted to any soul of g is
a diffeomorphism.

Fix an arbitrary connected component C' of Reec>0(NV); thus {U;} is
an open cover of C'. By a basic property of connected sets [29, section
46, theorem 8], for any two g, € C there exists a finite sequence
90 = G,91,---,9n = g with g; € C NU; such that U; N U;_1 # () for
every 0 <1 < n.

Denote souls of g; by S; and the corresponding Sharafutdinov re-
tractions by p;: N — S;, where Sy = S and S,, = S’. By construction
pi: N — S; restricted to S;_1 is a diffeomorphism for every 0 < i < n.
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Since each p;: N — S; C N is homotopic to the identity of N, the
composition
P,:=ppo...op1: N—=S,CN

has the same property, and furthermore, P, maps Sy diffeomorphically
onto S,. Both P and P, are homotopic to the identity of N, so
if F' denotes the homotopy joining P, and P through maps N —
N, then PoF is a homotopy of P, and P through maps N — S,.
Restricting the homotopy to Sy, we conclude that P|g, is homotopic
to a diffeomorphism. g.e.d.

In the following proposition we can, e.g., take W to be Milnor’s h-
cobordism from Example 1.10.

Proposition 7.5. Suppose W is an oriented h-cobordism with bound-
aries M, M’ such that G := m (W) is finite, 7(W, M) has infinite
order in Wh(G), and dim(M) is odd and > 5. Suppose L is a man-
ifold with nonzero Euler characteristic. If M, M', L admit complete
metrics with sec > 0, then RY, .~ (L x W) is not connected.

Proof. Let f: M’ — M be the homotopy equivalence between the
boundary components of W considered in Lemma 7.1; so

7(f) = —7(W, M) + (=1)™ MW, M),

which equals to —27(W, M) plus an element of finite order, as G is finite
and dim(M) is odd. Set S to be L when L is compact, and to be a soul
of L if L is non-compact. The product formula for torsion [7, 23.2b]
implies that 7(f xid(S)) is mapped to x(S)7(g) = —2x(S)7(W, M) by
the projection M x S — M, and —2x(S)7(W, M) is nonzero because
7(W, M) has infinite order and x(S) = x(L) # 0. Thus f x id(9) is
not a simple homotopy equivalence, and hence it is not homotopic to a
homeomorphism. Now thinking of W as the result of attaching to W
an open collar along OW', we apply Proposition 7.4 to L x w. q.e.d.

Corollary 7.6. For k > 3, r > 0, let M = L(4r +1,1) x S%
and let L be a complete manifold of sec > 0 and x(L) # 0. Then
%gecZO(L X M x R) has infinitely many components.

Proof. Hausmann [20] showed that there is a nontrivial h-cobordism
W with both boundaries diffeomorphic to M = L(4r + 1,1) x S%*.
Stacking infinitely many copies of W on top of each other, we get a
manifold diffeomorphic to M xR, and infinitely many embeddings M —
M x R such that the h-cobordism between any two distinct embedded
copies of M is obtained by stacking k copies of W on top of each other
for some positive integer k. By Lemma 7.1, the homotopy equivalence
between its boundaries has torsion —2k7(W, M) and hence it is not
homotopic to a diffeomorphism, so that Proposition 7.4 applies, yielding
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the special case when L is a point. The general case follows as in the
proof of Proposition 7.5. g.e.d.
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