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NODAL SETS OF EIGENFUNCTIONS
ON RIEMANN SURFACES

RUI-TAO DONG

Abstract

On an n-dimensional smooth Riemannian manifold, the nodal set of
an eigenfunction is its zero set. It has been a longstanding problem to
estimate the (n — 1)-dimensional Hausdorff measure of the nodal set in
terms of the corresponding eigenvalue and the geometry of the manifold.
In this paper, we give an upper bound on the length of the nodal set on
a Riemann surface.

Defining the vanishing order of an eigenfunction at a point to be the
order of the first nonzero term in its Taylor expansion at that point, we
also give an upper bound on the sum of the vanishing orders over the
points on the Riemann surface, where the eigenfunction and its gradi-
ent both vanish. This result sharpens a similar result by Donnelley and
Fefferman.

1. Introduction

Let (M", g) be a connected, smooth, compact Riemannian manifold
without boundary. Suppose that A is the Laplace-Beltrami operator on
(M", g), and u is a real eigenfunction with corresponding eigenvalue A,
i.e., Au = —Au. The nodal set .#" of u is defined to be the set of points
x € M where u(x)=0.

Denote D to be the diameter of the manifold, and H to be the upper
bound of the absolute value of the sectional curvature.

It is clear that outside of the singular set . = {x|u(x) =0, Vu(x) =
0}, ./ is a regular (n — 1)-dimensional submanifold of M .

Yau conjectured in Problem 73 of [14] that

e VA< Z" () < e, Va,

and that the constants ¢, and c, depend only on the geometry of the
manifold. Here #" (/) is the (n — 1)-dimensional Hausdorff measure
of /4.
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In this paper, we will first prove an integral formula for the (n — 1)-
dimensional Hausdorff measure of the nodal set on an n-dimensional man-
ifold.

Theorem 2.1. Let g = |Vu|* + Au®/n. Then

wot, L[ A+ Al
=g [, FHT

When M is a Riemann surface, i.e., » = 2, we can prove the following
interesting results.
Theorem 4.2. Suppose B, is a geodesic ball of radius R in M. Then

Z' (W N By) < RVA(c, + ¢,R*V7),

where the constants ¢, and c, depend only upon H and D.

The optimal lower bound # ! () > csx/I was obtained a while ago by
Briining in [3] and also by Yau.

A byproduct of this estimate is

Corollary 4.4. |Ing|g,, < cA”*.

The singular set . consists of only isolated points. We have

Theorem 3.4. Suppose that & = {p;} and that u vanishes to order
n;+1 at p;,. Then,

Z n; < c7R21+c8\/I,

P;€Bg(x)

where c; and cy depend only upon H and D.
The global version of this is more interesting.
Corollary 3.6. Using the same notation as above, we obtain

Sn, < Zl_ [Avol(M) —2 / min(K , 0)] ,
i m M

where K is the Gaussian curvature of the surface.

These results generalize and improve similar results in [8] by Donnelly
and Fefferman.

For general n-dimensional manifolds, Hardt and Simon proved the fol-
lowing.

Theorem [12, Theorem 5.3]. For any n-dimensional smooth manifold,
one has, for large A,

#" N AH) < exp(c,VAnd),

where the constant ¢, depends upon H and D.
When (M, g) is real analytic, Donnelly and Fefferman proved
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Theorem [7, Theorem 1.2]. ¢,,VA < xN ) < ¢ VA.

However due to the nature of the proof, these constants are not con-
trolled by the geometry of the manifold.

We used a rather different approach to the problem. Most of the meth-
ods used here can be applied with little modification to manifolds with
boundary.

I would like to thank C. Evans, C. Fefferman, F.-H. Lin, N. Trudinger,
and S.-T. Yau, as well as many of my other colleagues for advice and
encouragement. I am very grateful to the Mathematical Sciences Research
Institute and its staff for support and hospitality.

2. Integral formula

In [1], Alt, Caffarelli, and Friedman proved certain regularity theorems
for a free boundary problem. Inspired by their idea, we are going to write
the Haussdorff measure of .#” in a singular integral.

Theorem 2.1. Define q = |Vu|2 + Auz/n and let Q C M be a domain
with smooth boundary. Then

- L[ A+ Al
(1) % (/an)_z/g——\/a .

Remark. 1. The integral on the right-hand side should be understood
as

liml Alu| + Alu|

£—0 2 Q-9 \/a ’
where .7 is a tubular neighborhood of the singular set & = {x|u(x) =0,
Vu =0} in Q. Because 1/,/g is a regular function on Q —.7_, it makes
sense to integrate the distribution (Alu| + A|u|)/\/q over Q-7 .

2. A/n can be replaced by any constant which is bounded from below
by ¢,A. We chose the constant for the sake of the differential inequality
which we will show later.

Proof. Theorem 1.7(ii) of [12] implies that dim, (&) <n—2. If we
can show
1 Alu| + Alu|

F ' nQ-9)== ,
( Z) 2Ja-g V4

then (1) follows.
Denoting v to be the outward unit normal vector on ,78 , by definition
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we get

fo = fg () +

* a9 () 125 (7))

Noticing that Aju| + A|u| =0 on {ju| >4} —
identity, we obtain

/Q—Z w B flfi—r'r‘l)/ﬂuea}—z'ul [A (%) " %]
*fran v (G7) 135 ()]
1

il o (3]
0—0J(u=6}-7, | V4 ov \V4q

and using the Green’s

+ lim [QM (_1_
6=0 J(jui<eynag; L OV \ V4

=27" ' nQ-9).

The last equality is due to the fact that |Vu|/\/g — 1 on {|u| =6} -7, as
6 — 0 and the fact that #/'NQ -7, is an (n—1)-dimensional submanifold
in Q, so that

llsin%%"_l({lm o} -I) =22""'WnQ-9).

Formally, we have

o [ e )2

1 Vi|ul Vgq Alu|
55/9[_\/_(]__._+ }+vol(6£2)

9 \/IVul* + A/nau?

1 [ vy i
< E/g; ——1+|Ving|+ m\/}] + vol(9Q)
(3) < % / IV Ing| + VAL vol(Q) + vol(9Q).
Q

The last step is due to Kato’s inequality |V|u|| < |Vu| <./q.
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We still need to justify the first equality (2). Integration by parts gives

for = Lo g v (55) + 3]

+ / 1 Oy
aQ \/_ v’
The first integral on the right-hand side is

viu| _
(4) S/azx/ﬁ g/azl_% (0F).

The definition of the Minkowski content .# and Theorem 3.2.39 in [10]
show that

%n—2+5(y) Y 2+(5(y) _ hm % (,9-)
(5) -
—2%82 3 / &2 (07)dr.
Since #" 2" () =0 for any & > 0, the vanishing of the last limit in
(5) implies the existence of a sequence {¢;} — 0 as i — oo, such that
2" l(67) — 0 as [ — oo. Letting ¢ = ¢, — 0 in (4), we conclude that
(2) is true. q.e.d.
We have thus established our main estimate of this section:

Theorem 2.2. For any domain Q C M which has a smooth boundary,
we have

22" Q) < %/ |V Ingq| + VrAvol(Q) + vol(8Q).
Q

3. Vanishing order estimates

The goal of this section is to prove various vanishing order estimates in
preparation for the next section. Some of the estimates are of independent
interest. We assume A to be large, as we can always change the constants
in the estimates to make them true for smaller A.

Donnelly and Fefferman proved the following vanishing order estimate.
The same estimate was obtained later by Lin in [13] via a different ap-
proach.

Theorem [7, Theorem 4.2). There exists an R, > 0 such that for any
x €M and R < R, one has

max |u| <e 'ﬁmax|u|,
Byp(x) Bg(x)
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where R, depends only upon H , and the constants c, and c, depend only
upon H and D.
The same type of estimate holds for ¢q.
Lemma 3.1. There exists an Ry = Ry(H) > 0 such that forany x € M
and R<R,,
max g < eczﬁmaxq ,
B)p(x) Bp(x)
where the constants ¢, and c, depend only upon H and D.
In order to prove the lemma, we need to define the second-order fre-
quency N, for a harmonic function and establish some of its properties.
Suppose # is a harmonic function. We define N,(R) of 4 to be

6) N2(R)=R/B |V2h|2//63 VA

Theorem 3.2. There is a positive constant K such that eKRNZ(R) isa
monotone nondecreasing function of R.

Proof. For simplicity, we only carry out the calculation on the Eu-
clidean space, and without loss of generality assume that the ball is cen-
tered at the origin. In this case, we can choose K =0:

d d
TRINMB) =

1 faBR|V h' ZifaBR IVh|

lnR+—ln/ V24| ——ln/ VA
BR

R [ VR [y VAP

The following are some Rellich type identities for harmonic functions:

2
fwnr=s [, (ot )
-2 2
/aBR 2 z_nR /BR1V2h12+2/aBR‘<V2h,%>| ’
d - 2
d_R/aaR 2—”R1 aBR|Vh|2+/aBR|<V|Vh|2,%>| .

Putting together all of the above, we have

rmsm=2 [ |0 /3, o )
LR ]
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By elementary methods it can be shown that

2
[ R0 [ = ([, Koot 2)F)

Hence,

d
7R InN,(R) >0. q.e.d.

d 1 2] _ 2N,(R)
den [Rn—l /BBRW}’I ] =—"R °

then N,(R) < N implies

If we note that

(7 max |Vh|2 < " max |Vh|2.
B B
2R R

We define a new metric ds*> = dr’ + r’ds’ on (0,0)x M. Let @t =

r*u(x), where
a=1 [\/4A+(n— 1)2—(n—1)].

Under the new metric, it is easy to check that Ad=0.
Let the ball be centered on (0, p) for some p € M. Hence, B, =
(0, 2) x M . Direct calculation shows that

9’ = (vl + o’ud)

and

ﬁzﬂ P2

& UV + 2aulu + 2(a — 1)*|Vu* + o*(@* - 2a + 2)u].
Substituting these into (6) and using the fact that Au = —Au, we have
N,(2) < c4\/1.

Arguments similar to those in [13] yield that N,(R) < CS\/I for any

ball with center in B‘\l and radius less than 1.
From (7) it follows that

max V) < o2 max V),
BZR BR

where B stands for the corresponding ball in (0, co) x M .
Getting rid of the hats, we get
max |Vu|2 < ec"/I

max(|Vu|® + cgAlul’).
2R BR
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We have thus finished the proof of Lemma 3.1. q.e.d.

For the remainder of this section, we assume that (M 2 , &) 1s a smooth
two-dimensional manifold (unless otherwise indicated) and K is its Gaus-
sian curvature. It was proved in [5] that the singular set . consists of
finitely many isolated points. Let ¥ = {p,, p,, -~ , p;,} and let k; be
the vanishing order of u at p,. We are going to prove that the following
inequality holds in the sense of distribution.

Theorem 3.3. Using the notation defined above, we obtain

(8) Alnqz—,1+2min(K,0)+4nZ(ki—1)5p,

i

where 6, is the Dirac function centered at p,; .
Proof. We are first going to prove by direct calculation that at the point
where g # 0, we have

Alng > —A+2min(K, 0).
The standard Bochner formula gives
1 1 2
Alng = =Aq — =|V
9=_44 q2| gl

= %[2|V2u|2 +2(Vu, VAu) + (2K + A)|\Vul* - 2%u?]

- L2|2(V2u, Vu) + luVulz
q
1
= 5[2|V2u|2 2%+ (2K - 2)|Vu)l

- iz|2(v2u, Vi) + Auvul®,
q

where V2u denotes the Hessian of u. Choose a suitable orthogonal co-
ordinate system at the point, such that

2 _|u,; O
Vu—[o ”22}'

The equation Au = —Au implies that u;, +uy, = —Au. Substituting
—u,, — U,, for Au and denoting
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we have

1
Alng = 5[2(uf, + 1) — (s, + Upy)’ + (2K — A)|Vul]
1 2
-

[“11 — Uy 0 ] [“1]
) q 0 Up —Up il

1 2 2 2 2
= ?lq(u“ —Up)" + 42K — A)|Vu|" — (1, — uy,) VU]

A C )"

|Vu|2
+ (2K - )=
2 q2

Noticing that the first term in (9) is nonnegative and that |Vu|2 /a<1,
we finally get

(10) Alng > -4+ 2min(K , 0).

The next step is to deal with the singular set .. Let p be a point
in %, and k be the vanishing order of # at p. Given a nonnegative
test function ¢ € C;°(U), where U is a neighborhood of p in M which
intersects .’ only at p, we need to show that

(11) /U¢Alnq > /Uqb[—l +2min(K, 0)] + 4n(k — 1)¢(p).

Without loss of generality, we assume p = 0. We may choose polar
coordinates (r, 0), under which u has the following expansions:
u = ar* cosk + O(rk“)
Vu = V(ark coskf) + O(rk) ,
Viu = Vz(ark coskf) + O(rk_l).
Elementary calculation yields

b

g = |Vul + /2 =Ky o™,
(12) Ing = Ink’+ (2k - 2)Inr + O(r),
(13) Ving = 2k - 2)/r + O(1).

We are now ready to prove (11). At first we compute:

/¢Alnq=/A¢lnq=lim A¢lng
U U

e=0Jy—3,(0)

. 0¢ o]

= lim / —In —/ —lnq+/ ¢Alng
=0 [ 3B,(0) OV 9 2B,(0) Pov U-B,(0)

= tim(l, - I, + L3}
£—
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By (12) and (13) we obtain, respectively,

09
(15) 11_1}(1)1 }:1_{% 05,0 3 Ing=0,
limI, =lim —Ing
(16) &—0 2 e—0 338(0)(1)81/

=2n(2k — 2)¢(0) lif(l)g [% + 0(1)] =4n(k — 1)¢(0).
(10) together with that ¢ # 0 on U — B,(0) implies

= - in(K, 0)].
(17) I /U_B o ¢Alng > /0—33(0) ¢[—4 + 2min(K, 0)]

We conclude the proof of the theorem by combining (15), (16), and (17).
Theorem 3.4. Suppose that ¥ = {p,} and that u vanishes to order
n;+1 at p;. Then

Z n; < c9\/1+ clORzl,

where c, and c,, depend only upon D and H .
Proof. Normalize g so that maxg ., q = 1. Suppose that for some

P € Bp(x), Ing achieves its maximum in Bg(x), i.e.,

Ing(p) = glzgglnq > —c“\/}_..
R

We have used Proposition 3.1 twice to get the last inequality. Define r to
be the geodesic distance from p, and k(r) to be an auxiliary function on

B,p(p) C Bg(x):

1 2 1 r
k(r) = 50 - 9R?) — 5—In (3—R)

Lemma 3.5. For R< C(H), k(r) satisfies:

(1) k(r) >0 on Byp(p) and k(3R) =0

(2) k(r) 2 ¢;, >0 on B,g(p) D Bg(x), fB:,R(P) k(r) < c13R2 < o0,

(3) k'(r) <0 on B,,(p) and k'(3R) =0

(4) Ak(r) > —d,.

Proof. (1), (2), and (3) are trivial.

Remembering that K > —H , we use the comparison theorem for Laplace
operators to obtain Ar < A,r in the sense of distribution, where A, de-
notes the Laplacian on the hyperbolic space form with constant curvature
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—H . From (3) it follows that
Ak(r) > Ayk(r)
1 r 1 1
=——-90 +\/ﬁ(————)cotanh VHr) + —.
187R* 7 187R> 2mr ( ) 2nr?
Choosing a small R, (4) becomes obvious. q.e.d.
Multiplying k(r) on both sides of (8) and using the Green’s identity,

we get
/ IngAk(r)
BSR (P)

> k(r) |-A+2min(K, 0 +4n§ k.— 1) |.
—/Jk(p) (r)l 1 ( ) i ( 1 )P‘]

By noticing that Ing < 0 on B,;(p) C B,4(x), the left-hand side of (18)
can be estimated by

(19) g/ ~Ingd, < —Ing(p) < ¢,V
Byr(p)
The right-hand side of (18) is
(20) > —¢,s(A+2H)R +4nc,, Y k- 1.
p;€EBp(x)

Comparing (19) with (20) and remembering that n; = k,— 1 complete the
proof of Theorem 3.4. q.e.d.

It is actually easier to get the global version of this theorem. Integrating
both sides of (8), we get the following.

Corollary 3.6. On any Riemann surface,

(21) Z n, < ZIE [/lvol(M) -2 /M min(K , 0)] )

4. Nodal length estimate

The present section is devoted to a local estimate on the nodal length.
In §1, we demonstrated that the nodal length within a geodesic ball By(x)
can be bounded by

c1/ |V1ng| +c,VAR"™".
Bg(x)

We are going to estimate the first term as follows.
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Lemma 4.1. Suppose that on B,y(x), f is nonnegative and

(22) Af <h.

Then

(23) R /B VA1 < cyinfy ) £+ CRIl 25, -
R

Proof. This is the weak Harnack type inequality (8.76) in [11] with
g = 4. For an alternative proof see [6]. q.e.d.
We have shown in §2 that on a two-dimensional manifold,

(24) Alng > —A+2min(K, 0) +4n(k, — 1)J, .

Normalize g so that maxg )4 = 1 and let f = —Inqg. Then we have
f >0 on B,,(x) and infBR(x)fs csVA. When A is large, h = c A will
satisfy (22). Substituting f and 4 in (23) and multiplying the resulting
equation by R, we obtain

(25) / IVing| < ¢,RVA + cAR’.
R
We have thus proved
Theorem 4.2. Suppose By is any geodesic ball of radius R in M.
Then

(26) ' (W N Bg) < RVA(cy + ¢, ,R*V7)

where the constants cy and c,, depend only upon H and D.
We need the following lemma to extend (26) to a global estimate.
Lemma 4.3. Any geodesic ball B ) of radius p can be covered by

n p/R2 many balls of smaller radius R, with the constant depending only
upon H and D.

Proof. Denote by % a maximum collection of disjoint balls in Bp
with radius R/2. It is easy to see that {By(x) |BR/2(x) € #} covers Bp .
We want to count the number of balls in % . Suppose B, /z(x) has the
smallest volume among all elements of % . Let V,(r) be the volume of a
ball with radius r in hyperbolic space form with constant curvature —H .
Then by the Bishop-Gromov volume comparison theorem,

vol(B,) < Vo) _ J? sinh(VHs)/VH
Vol(Bgy(x)) = Vg(R/2) (R sinh(vVHs)/VH

where ¢,, depends only upon H and D. q.e.d.

card & < < cup/Rz,
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Multiplying (25) by ¢, p/R2 , we get

/B IVing| < ¢;3p(VA/R + ¢ ARD).

P

We have the freedom to choose R, and the optimal choice is R = A~'/4:
/ [VIing| < clsplm.
BP

Hence we have proved the following corollary.

Corollary 4.4. |Inq|g,, < ;A"

Remark. Following the steps by Chanillo and Muckenhoupt in [4], we
were able to prove a BMO bound for Ing which is similar to theirs on
n-dimensional manifolds. But this two-dimensional bound is sharper.

Taking p to be the diameter of the manifold, we obtain B , =M.
Hence we have our final theorem.

Theorem 4.5. Let (M 2 , &) be a smooth Riemann surface, and u an
eigenfunction with corresponding eigenvalue A. Then

1 3/4
2\ W) <, 20,

where the constant depends only upon D and H .
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