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THE YAMABE PROBLEM ON CR MANIFOLDS

DAVID JERISON & JOHN M. LEE

1. Introduction

The geometry of CR manifolds, the abstract models of real hypersurfaces in
complex manifolds, has recently attracted much attention. This geometry is
richest when the CR manifold is “strictly pseudoconvex,” in which case there
are many parallels with Riemannian geometry. (See the recent survey article by
M. Beals, C. Fefferman, and R. Grossman [2] for a nice overview of these
parallels.)

There are two complementary approaches to the study of CR geometry. The
first is via the Levi form, a hermitian metric on complex tangent vectors; the
second is via the Fefferman metric, a Lorentz metric on a natural circle bundle
over the manifold.

Both of these geometric structures are determined only up to a conformal
multiple by the CR structure. A choice of multiple of the Levi form is called a
pseudohermitian structure on the manifold; such a choice also determines the
multiple of the Fefferman metric.

The state of affairs suggests that, in order to find CR-invariant information,
we proceed by analogy with conformal Riemannian geometry, in which a
Riemannian metric is given only up to a conformal factor. A common strategy
in conformal geometry is to choose a particular conformal representative for
the metric which is normalized so as to simplify some aspect of the geometry.
For example, the Yamabe problem on a conformal Riemannian manifold is to
find a conformal representative for the metric that has constant scalar curva-
ture. It is this problem that we generalize to CR manifolds in this paper.

An obvious analogue of the Yamabe problem for a CR manifold would be
to find a pseudohermitian structure for which the associated Fefferman metric
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has constant scalar curvature. Alternatively, S. Webster [26] has defined a
scalar curvature associated with a pseudohermitian structure, and it is shown
in [16] that these two notions of scalar curvature coincide.

Thus we are led to the following CR Yamabe problem: On a compact, strictly
pseudoconvex CR manifold, find a choice of pseudohermitian structure with
constant (Webster or Fefferman) scalar curvature.

Our main result is Theorem 3.4, which can be summarized as follows: There
is a numerical CR invariant A(N) associated with every compact, orientable,
strictly pseudoconvex 2n + 1 dimensional CR manifold N, which is always
less than or equal to the value corresponding to the sphere $2"*! in C"*1. If
A(N) is strictly less than A(S2"*!), then N admits a pseudohermitian struc-
ture with constant scalar curvature.

This result was announced in [14]. S. S. Chern and R. Hamilton [5], studying
contact structures on 3-manifolds, have independently obtained a result which
is equivalent to our existence assertion in the case A(N) < 0 and n = 1.

The proof of the main theorem in many respects parallels that of the
analogous theorem for conformal Riemannian manifolds, due to H. Yamabe
[27], N. Trudinger [24], and T. Aubin [1]. In §2 we describe the Riemannian
theorem and sketch its proof, as a way of charting our course. At the end of
the section, we explain a technical difficulty in the CR case, which makes our
proof longer.

§3 contains the definitions and facts about CR and pseudohermitian struc-
tures we will need, and the proof of the CR invariance of A(N).

In §4, we describe normal coordinates due to G. Folland and E. Stein [9]
which closely approximate the given pseudohermitian structure of N near a
point with that of the Heisenberg group, and use these to prove that A(N) <
A ( S2n+ 1).

In §5, we summarize some Sobolev-type inequalities and regularity estimates
for CR manifolds due to Folland and Stein, and use these to prove various
regularity theorems for the Yamabe equation (3.2). §6 contains the proof of
existence of solutions under the assumption A(N) < A(S?"*1).

In §7 we describe our progress to date on the question of uniqueness of
solutions to the CR Yamabe problem. In the case of the sphere, this is the
problem of identifying the extremals for the Heisenberg group analogue of the
classical Sobolev lemma.

We would like to thank Karen Uhlenbeck for first introducing us to the
Yamabe problem, and Sigurdur Helgason, who introduced us to the conform-
ally invariant Laplacian on a Lorentz manifold, in connection with his work on
Huygens’ phenomenon [10].
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It will become apparent throughout the rest of this paper that there is a
far-reaching analogy between conformal and CR geometries. The following
table summarizes the most important parallels that will be discussed below.

Conformal Geometry CR Geometry
Riemannian manifold (M, g) Pseudohermitian manifold (N, 6)
Euclidean space R™ Heisenberg group H”
m-sphere $” in R"*! 2n + 1-sphere §2"*1 in C"*!
Stereographic projection Cayley transform
Riemannian normal coordinates Folland-Stein normal coordinates
Scalar curvature K Webster scalar curvature R
Laplace-Beltrami operator A Sublaplacian A,(Red, on functions)
Sobolev spaces Lj, Folland-Stein spaces Sy
Sobolev embedding L} c L7, =5 — Sobolev embedding S7 € L7, 1 =5 — 745
Conformal change § = ¢ %¢ Change of contact form § = u” =24
Conformal invariant u(M) CR invariant A(N)
Yamabe equation: a,,A¢ + K¢ = u¢p?~!  CR Yamabe equation: b,A,u + Ru = Auf~!

2. The Riemannian Yamabe problem

Let (M, g) be a Riemannian manifold of dimension m > 3. If § = ¢77%g
(with ¢ = 2m/(m — 2)) is a new metric conformal to g, the scalar curvature K
of g is given by

K=¢"%a,0¢+Kp), a,=4m-1)/(m=2),

in which A is the Laplace-Beltrami operator of g and K its scalar curvature
(see, e.g., [1]). Thus the problem of finding a conformal metric with constant
scalar curvature K = p is equivalent to finding a positive, C* solution ¢ to the
Yamabe equation:

(2.1) a,Ap + Ko = pop?™ 1.

This problem has the following nice variational formulation. Consider the
constrained variational problem

(22)  p(M)= inf{fM (a,|do|> + K¢?) dV,: [M 6|9 dV, = 1}.

One computes readily that the Euler-Lagrange equation for (2.2) is the
Y amabe equation, provided ¢ > 0. Thus one is led to search for extremals for
2.2).

One of the major milestones in the solution of the Yamabe problem was the
following theorem, due to H. Yamabe [27], N. Trudinger [24], and T. Aubin

(1].
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Theorem 2.3. Let (M, g) be a compact Riemannian manifold of dimension
m > 3.

(a) n(M), defined by (2.2), depends only on the conformal class of g.

(b) p(M) < p(S™), in which the sphere S™ has the standard metric.

©) If p(M) < u(S™), then the infimum in (2.2) is attained by a positive, C*
solution to (2.1). Thus the metric § = ¢~ *g has constant scalar curvature p(M).

Aubin also proved that p(M) < p(S™) in all cases in which M is not locally
conformally flat and m > 6. More recently, R. Schoen [21] has completed the
solution of the Yamabe problem by proving that u(M) < p(S™) unless M is
the sphere.

The proof of Theorem 2.3(a) consists of the fundamental observation that
problem (2.2) is conformally invariant in the following sense. Under the
conformal change of metric § = 197 2g, if we let A and K denote the Laplacian
and scalar curvature of g, then we have the transformation law (cf. [1]):

(2.4) (a,A+K)p=1r"9a,A+K)¢, with¢ =1"¢.
It follows that the integral in (2.2) is unchanged if we replace g by g and ¢ by
6, and thus w(M) is a conformal invariant.

We remark that the transformation law (2.4) can be interpreted as saying
that the operator (a,A + K) (the “conformally invariant Laplacian™) acts
naturally as an operator on certain bundles of densities on M, and that the
functional in (2.2) is really a conformally invariant functional on densities. We
will elaborate on this point of view in the context of CR manifolds in §3.

The analysis of (2.2) begins with a thorough understanding of the special
case of the sphere S™ in R™*!. The conformal change of variables given by
stereographic projection coupled with the transformation law (2.4) converts the
variational problem on S™ to the more familiar problem on R™:

(2.5) p(Sm) = inf{amfkm 1df|2dx:me 1f]9dx = 1}.

This is just the problem of finding the best constant and extremal functions for
Sobolev’s inequality on R™:

2/q
m 2
u(s )(/R lfl"dx) <a,[ 141 dx.

Aubin proved that the extremals exist and have the form

(a+ blx — xo|2)_(m_2)/2

(see also Talenti [23]). On a compact Riemannian manifold M, using Rieman-
nian normal coordinates and the dilation invariance of problem (2.5), one can
transplant an approximate extremal function for (2.5) from R™ to a small
neighborhood on M and deduce that p(M) < p(S™).
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The proof of Theorem 2.3(c) uses the Sobolev lemma for compact Rieman-
nian manifolds. Consider the Sobolev space L3( M) with norm

”f“%}(M) = fM (|df|2 + fz) dVg.

The Sobolev lemma asserts, in part, that for 1/s > 1/2 — 1/m, L3(M) is
continuously embedded in the Lebesgue space L°(M ), with compact inclusion
if 1/s>1/2 — 1/m. If we choose a minimizing sequence ¢, € L3(M) for
problem (2.2), the Sobolev lemma implies that {¢,} is uniformly bounded in
L3(M), and so a subsequence converges weakly to ¢ € L}(M). The main
difficulty is that the exponent ¢ is exactly the critical value for which the
inclusion L}(M) C LY M) is not compact. Thus we cannot guarantee that the
constraint [, |¢|?dV, = 1 is preserved in the limit. On the other hand, if we
consider the perturbed problem

a0, + Ko, =psi,', 2<s<g,

the compactness of L2(M) C L’(M) guarantees that a subsequence converges
strongly in the L® norm to ¢, € L}(M), so the constraint is preserved.
Iteration of standard L7 estimates for the Laplace-Beltrami operator and the
L” version of the Sobolev lemma shows that ¢, is smooth; the strong
maximum principle implies that ¢, is strictly positive.

The remaining step is to show that, as s tends to g, ¢, tends to a smooth,
positive function ¢. Aubin completed the proof with the help of the observa-
tion that the best constant in the Sobolev inequality is the same for all compact
manifolds in the following sense: if p = p(S™) is defined by (2.5), then for any
M and any ¢ > 0, there exists Cy, , such that

2/q
(2.6) (u—s)( anfr'dVg) <a, [ 141V, + Cy. [ 11174V,

for all f€ L3(M). Inequality (2.6) is proved by transferring the inequality
from Euclidean space to the manifold via Riemannian normal coordinates and
a partition of unity.

Applying (2.6) to ¢,,,, with & chosen so that p — & > p for s sufficiently
close to g, one can show that ||¢(3)|1§ is bounded away from zero as s — g,
thus completing the proof.

The main technical difficulty in the CR case is that we have been unable to
prove the analogue of (2.6). The problem is that in normal coordinates, the CR
analogue of the gradient on the manifold is not comparable to that on the flat
model.
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An alternative proof of Theorem 2.3(c) has been given by K. Uhlenbeck [25],
which does not require the result that the Sobolev constant is independent of
M. Instead, assuming ¢, does not converge, she used Riemannian normal
coordinates to transplant ¢, to R" in such a way that the transplanted
functions converge in C!(R"). The limit function ¢ then is shown to contradict
Sobolev’s inequality on R” if p(M) < p(S™). It is this method that we shall
adapt to the CR case in §6. The technical difficulty is overcome by obtaining
uniform estimates for a family of nonequivalent “gradients”.

3. CR manifolds

Let N be an orientable, real, (2n + 1)-dimensional manifold. A CR structure
on N is given by a complex n-dimensional subbundle T , of the complexified
tangent bundle CTN of N, satisfying T, , N T, = {0}, where T, = Ty, We
will assume throughout that the CR structure is integrable; that is, it satisfies
the formal Frobenius condition [Ty, T; o] € Ty 4. We set G = Re(T, o + Ty,),
so that G is a real 2n-dimensional subbundle of TN. G carries a natural
complex structure map J: G — G givenby J(V + V) = i(V — V) for V € T,

Let E € T*M denote the real line bundle G*. Because we assume N is
orientable, and G is oriented by its complex structure, E has a global
nonvanishing section. Associated with each such section 8 is the real symmet-
ric bilinear form L, on G:

Ly(V,W)=2d8,V AJW), V,WeG,

called the Levi form of 8. L, extends by complex linearity to CG, and induces
a hermitian form on T, ,, which we write
Ly(V,W)=(-2id0,VAWY, V,WeT,.

If 0 is replaced by 6 = f6, L, changes conformally by L; = fL,. We will
assume that N is strictly pseudoconvex, that is, that L, is positive definite for a
suitable choice of 6. In this case, # defines a contact structure on M, and we
call 8 a contact form. We denote by E* the R*-bundle of positive multiples of
such a contact form.

The most important example of an integrable CR structure is of course that
induced by an embedding of N in a complex manifold £, in which case
T,, = T,,Q N CTN. If p is a defining function for N, then one choice for the
contact formis § = i(0 — d)p.

A pseudohermitian structure on N is a CR structure together with a given
contact form §. With this choice, N is equipped with a natural volume form
0 A df" (nonzero because N is strictly pseudoconvex). The inner product L,
determines an isomorphism G = G*, which in turn determines a dual form L}
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on G*, which extends naturally to T*N. This defines a norm |w|, on real
1-forms w, which satisfies

6lf = Li(@,0) =2 T [o(Z)),
j=1

whenever Z,,- -, Z, form an orthonormal basis for T}, with respect to the
Levi form (see [16]). (Note that this normalization of |w|, differs from that
given in [14] by a factor of 2. The definition we have chosen here, in terms of
the dual metric L}, is the more natural one.)

The subplacian operator A, is defined on real functions u € C*®(N) (cf. [16])
by

[ (8,u)v0 A db" = [ Ly(du,do)6 A df" forall v € C(N).
N N

Since evidently |0|, = 0, L} is degenerate on T *N, and so the operator A, is
subelliptic rather than elliptic. It is shown in [16] that A, = ReO,, where O, is
the Kohn-Spencer Laplacian [15] acting on functions.

The Fefferman metric of (N, ) is a pseudo-Riemannian metric g of Lorentz
signature, defined on the total space of a certain circle bundle C over N. It was
first introduced by C. Fefferman [8] in the case of an embedded hypersurface
in C"*}; various intrinsic characterizations of g on an abstract CR manifold
are known ([4], 7], [16]).

If @ is replaced by § = r”?=20, with p =2 + 2/n, then g goes over to
& = r?72g, so the conformal class of the Fefferman metric is a CR invariant of
N. (The reason for representing the conformal factor in this strange way is that
it simplifies the transformation laws below.) As a consequence of (2.4), if O
denotes the (Laplace-Beltrami) wave operator of g, and X its scalar curvature,
then we have the transformation law

(azn+2‘j + IZ)&’ = rl_P(a2n+2D + K)o,
with ¢ = r~'¢.

Because the metric g is invariant under the action of S* on C, the operator O
pushes forward under projection 7: C — N to an operator 7m,[don N. It is easy
to verify (see [16)) that =,0 = 2A,. Moreover, K is constant on the fibers of C
by S'-invariance, so it projects to a function 7, K on N. It is shown in [16] that
7. K = (22n + 1)/(n + 1))R, where R is the Webster scalar curvature of the
pseudohermitian structure 6. It follows that the operator (b,A, + R) on N,
with b, = (n + 1)/2@2n + 1))a, = 2 + 2/n, satisfies the transformation law

(3.1) (b,A, + R)it = r'=7(b,A, + R)u,

with # = rlu.
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If we substitute » = u in (3.1), we obtain the transformation law for the
Webster scalar curvature R:

R=u"7(bA,+ R)u
when 6 = u?~2. Thus if 6 is a given contact form and u a positive C*

function on N, a necessary and sufficient condition for the contact form
6 = u”~20 to have constant Webster scalar curvature R = A is that u satisfy

(3.2) b,Ayu + Ru = Auf™ 1.
This is the CR Yamabe equation.

As with the Riemannian Yamabe equation, (3.2) is the Euler-Lagrange
equation for the constrained variational problem

(3.3) A(N) = inf{ 44(u): By(u) = 1}
in which

Ay(u) =f (b,\dul3 + Ru?) 6 A d6",  By(u) =/ [u?8 A do”.
N N

(If N is compact, Holder’s inequality shows that A(N) > —00.)

Our main theorem is:

Theorem 34. Let N be a compact, orientable, strictly pseudoconvex,
integrable CR manifold of dimension 2n + 1, 8 any contact form on N, and
define A(N) by (3.3).

(a) A(N) depends only on the CR structure of N, not the choice of 0.

(b)) A(N) < N(S*"*1Y), in which S2"*! C C"*! is the sphere with its standard
CR structure.

(©) If A(N) < X(S?"*Y), then the infimum in (3.3) is attained by a positive
C* solution to (3.2). Thus the contact form 8 = u?=20 has constant Webster
scalar curvature R = A(N).

Part (a) follows immediately if we observe that with the change of contact
form 6 = r?~20 and the substitution & = r'u, § A d§" = r? A df", and so
as a consequence of the transformation law (3.1), Bg(i1) = By(u) and Ay(it) =
Ag(u).

Part (b) will be proved in §4, and part (c) in §6 (Theorem 6.5).

To conclude this section, we would like to observe that the transformation
law (3.1) can be expressed more invariantly in terms of densities. We introduce
density bundles E* on N, with fiber EX at x € N given by

El= {p:Ef - R:p(N0) =\ u(0) forall A > 0}.
E= will be called the bundle of densities of CR weight a on N. Observe that if 6
is a contact form (section of E), then E! is spanned by p,, given by

po(8)=0/6’, 6 €E".
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The correspondence 6 — p, gives a natural (CR invariant) isomorphism
E' = E; similarly, 8§ A d" — p*! is a linear isomorphism between E”*!
and the bundle £, of ordinary densities on N.

Once a contact form 8 is chosen on N, a section of E“* can be represented as
ups, where u transforms by # = r~%u when 8 = r@ and ap$§ = up$.

As an immediate consequence of (3.1), therefore, we obtain the following
proposition.

Proposition 3.5.  The linear operator A,: E"/* — E"/?*1 gjven by

A5, (upy?) = (b,Apu + Ru)py/?+1,

is well defined, independently of the choice of 6.

We call AS the CR invariant Laplacian of N. The CR invariance of A(N)
can also be seen from the easily verified fact that

A(N) = inf{f (AS9) ® ¢ :¢ a positive C* section of E"/? with f o7 = 1}.
N N

4. The Heisenberg group and normal coordinates
The Heisenberg group H" is the Lie group whose underlying manifold is
C" X R with coordinates (z,) = (z!,- -, z", t) and whose group law is given
by
(z,t)(z',t)=(z+ 2z, t+t' +2Imz- '),
where z - 2 = ¥7_, z/z/. We will also denote elements of H" by x and y and
Lebesgue measure on C" X R by dx or dy. Convolution in H" is given by

f*g(x) =fH"f(xy‘1)g(y)dy,

defined, for instance, for f € C°(H") and g locally integrable.
Define a norm on H” by |x| = |(z,¢)| = (|z|* + #2)!/* and dilations by
x=(z,t)» éx = (82,8%), &>0.

The dilations preserve the group law: §(xy) = (8x)(8y). With respect to these
dilations the norm is homogeneous of degree 1, i.e. [6x| = &|x|. The vector
fields Z; = 9/0z/ + iz/d/dt, j = 1,-- -, n, are invariant with respect to group
multiplication on the left and homogeneous of degree —1 with respect to the
dilations. Then T;, = span{Z,,-- -, Z,} gives a left-invariant CR structure on
H". The real 1-form

0,=dt + ) (iz/dz/ — iz/dz’)
j=1
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is left invariant and homogeneous of degree 2. Since 6, annihilates T} , we may
take it to be the contact form for the CR structure. The Levi form is then given
by

Lo (Z,.Z,) = (-2idb,, Z, A Z,) = 28,.
Also, for u € CY(H"),

du " ) — .
du = ()0 + L ((zu)d +(Zu) o).
j=

Therefore,

n
2 2
dulg, = Y 1Z;ul
j=1

if u is real-valued.

If we write

n
%=-3Y(2Z+7Zz),
j=1

the operator A, associated to the contact form 6, is &,,.

The scalar curvature of H” with pseudohermitian structure §, is identically
zero. Hence the extremal problem (3.3) in H” is

(4.1) A(H”)=inf{fﬂ (b,,i |Z,u)?

n

0, A d()(;':fH" u|? 8, A d6] = 1},

with p = b, = 2 + 2/n. Note that
Oy A dO7 = n!(2i)"dt A dz* A dZ* A -+ Adz" A dZ"
=n2%"dx, x=(z,1).

The Cayley transform is a biholomorphism between the unit ball in C"*!
and the Siegel upper half space 2 = {(z,w) € C" X C:Imw > |z|?}, given by
_ gnt+l k
1-¢ L k= § o k=1,--,n,
1+ §n+1 1+ §n+1
where { € C"*!, |{] < 1. When restricted to the boundary, this transformation
gives a CR equivalence between S2"*! minus a point and 32. The Heisenberg
group is identified with 092 by (z,t) © (z,t + i|z|*) = (z,w). Denote by F:
S§2"*1 - H" the mapping given by (4.2) followed by this correspondence
02 = H". Write

(4.2) w=i

n+1
b =i(@-RP =i ¥ ($dg/ - Jay),

j=1
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the standard contact form for the sphere. Then

4
=F* ——6,]|.
‘ (Ii + w)’ °)
The conformal factor r of (3.1) is given by r = 2"|i + w|™", and for v({) =
L+ " "ue F(S),

/Szuﬂ (b"ldvl'%l + anz) 0, A doy = -/;y, b, Zl leu|200 A dbyg,
=

/Sm. P8, A dO = f uPly A6,

where u is a nonnegative function on H"” and R, = n(n + 1)/2 is the scalar
curvature associated to 8,. Thus the extremal problems (4.1) for H” and (3.3)
for S2"*1 are the same. In particular, A(H") = A(S2"+1).

Folland and Stein constructed normal coordinates which show how closely
the Heisenberg group approximates a general strictly pseudoconvex pseudo-
hermitian structure. If (W,---,W,) is a frame for T, over some open set
V € N which is orthonormal with respect to the given pseudohermitian
structure on N, we will call (W), - -, W) a pseudohermitian frame. The unique
real vector field T defined by 6(T)=1, and d6(T, X)=0 for all X, is
transverse to G, and (W,,-- -, W,, VI—/I,- R Wn, T) forms a local frame for CTN.

Theorem 4.3 ([9], 14.1, 14.9, 14.10, 16.1). Let N be a strictly pseudoconvex
pseudohermitian manifold of dimension 2n + 1 with contact form 8, and let
V C N be an open set on which there is given a pseudohermitian frame
(W, -+, W,). There is a neighborhood of the diagonal Q& C V X V and a C®
mapping © :Q — H" satisfying:

(a) O(£,m) = -O(n, £) = O(n, £)™. (In particular, O (£, £) = 0.)

(b) Denote O,(n) = O(£,1). ©; is thus a diffeomorphism of a neighborhood
2 of £ onto a neighborhood of the origin in H". Denote by y = (z,t) = ©(§,)
the coordinates of H". Denote by O%, k = 1,2,--+,a C* function f of £ and y
such that for each compact set K C C V there is a constant Cy, with |f(&, y)| <
Cxly|* (Heisenberg norm) for £ € K. Then, writing ©,, = (0;1)*,

Ould = 0y + O'dr + ), (0%dz/ + 0°dz/),
j=1
Ocu(0 A dB™) = (1 + 0")8, A dby.
(©)
O W, = Z,+ 0'6(3,) + 0%6(3,),  ©,T=123/8,+ 06(3,,9,),
0.4, = O;+(Red,)
=%, +&(3,) + 0'¢(3,32) + 0%(33,) + 0°6(3?),



178 DAVID JERISON & JOHN M. LEE

in which O*& indicates an operator involving linear combinations of the indicated
derivatives with coefficients in O, and we have used 9, to denote any of the
derivatives 3/9z7, 3/9z’. (The uniformity with respect to & of bounds on
functions in O is not stated explicitly in 9], but follows immediately from the
fact that the coefficients are C*.)

In what follows, we will use the term frame constants to mean bounds on
finitely many derivatives of the coefficients in the O*& terms in Theorem 4.3.

The function © is an approximate group multiplication in the following
sense. In the case N = H”, § = 6,,, we can take ©(£,m) = £'n and the terms
with coefficients in O* all vanish. In the general case, these extra terms have a
higher homogeneity with respect to the dilations (z, t) — (8z, 8¢). Hence they
can be viewed as error terms. More precisely, we can rephrase (b) and (c) as:

Remark 4.4. Let T%(z,t) = (87'2,8 %), K € C V, and let r be fixed. With
the notation of Theorem 4.3 and B, = {y € H":|y| < r}, T?=0,(Q,) D B,
for sufficiently small 8 and all { € K. Moreover, for { € K and y € B,,

(T200,).8 = 82(1 + 80")4,,

(Tsoeg)*(o A df") = 827 2(1 + 80") 6, A db],

(T2:0,)., =8z, + 80'6(3,) + §20%(3,)),

(T200,) 8, = 872(Z, + £(3,) + 80'¢(3,,02)
+8202£(aza,) +8°0°%6(3?2)).

(Here O may depend also on 8, but its derivatives are bounded by multiplies
of the frame constants, uniformly as 8 — 0. Recall that T} Z, =68 1Z and
T26, = 8%,.)

The simplest illustration of rescaling is the proof of Theorem 3.4(b), which
we will now carry out.

Lemma 4.5. The class of test functions defining N\(H") can be restricted
further to C* functions with compact support.

Proof. Let ¥ € CP(H") satisfy ¥ > 0, [,1n¥(y)dy = 1. Denote ¥y(x) =
8-Cn+2¥(§1x). Consider a test function u satisfying [y |u|? 6, A dOF =1
and Zu € L*(H"), j=1,---,n. The left-invariance of Z, implies Z;(¥;4u)
= V;4(Z;u). It is easy to show that ¥s,u € C*(H"), ¥Ysou — u in LP(H"),
and ¥;uZ,u > Z;u in L*(H") as § — 0. Hence we can restrict the class of test
functions to u € C*(H").

To see that u can be taken to have compact support, consider ¢ € C°(H")
such that ¢(x) =1 for [x| < 1, ¢(x) = 0 for x| > 2,and 0 < ¢(x) < 1 for all
x. Denote ¢°(x) = ¢(8x). Notice that qu.‘)3 is supported in the “annulus”
871 < |x|] < 287!, and that there is a constant C such that |Zj¢8[ < Cé
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Therefore,

Jo

2
Z,(6%u)| b, A dbg = fH (Z,6°)u + °Zu)* b, A db;
< [+ SDIZ@ PR + (1 + S)IIZul?) 6 A dbg
H" )

< C 1+ 87 [ 8206, A dbg +(1 + S)f |Z,ul? 8, A db]
Hll H"

for any S > 0, with

-1 -1
8(x) = {1 67 < |x| <267,
X' (x) 0 elsewhere.

Note that [y x%(x)dx = C,6-?"*?. Hence by Holder’s inequality and the
relation 2n + 2)(1 — 2/p) = 2,

2/p
f 82x°%ul?dx < (/ ]ul”x‘sdx) 82(/ xs(x)dx)
H" H” H"

2/p
= C,,l'z/”(/;{” |u|1’x8dx) .

This last integral tends to zero as § — 0 since u € L?(H"). Choosing S and
then & sufficiently small we see that

Tm [ Y 1Z,(¢%)I26, A dbg </H” Y 1Zul*8, A 6.
j=1 j=1

6§—-0

1-2/p

Also, clearly,

lim [ 16°u” 6, A d65 = an u|? 8, A d67.
Hence we can also restrict the class of test functions to functions of compact
support.

We are now ready to prove that A(N) < A(H"). Choose u € C°(H") such
that By (u) =1, Ag(u) <A(H") + e. Denote u)(x) = 8 "u(87'x). Choose
any point £ € N and a Folland-Stein coordinate chart ©, as in Theorem 4.3.
Define v5)(n) = #5(0¢(n)). For & sufficiently small, the support of u s, is
contained in ©,(£2,). Thus v s, has compact support in £, and can be extended
by zero outside @ to a function in C*°(N). Note that By (u,)) = By (u) = 1
and Ag (us5)) = Ag (u) < A(H") + &. Also

[ |u(8)|200/\d05'=82f |26, A d67 > 0 as § — 0.
H" H"
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It now follows from Remark 4.4 that lim; _, ; By(v(5)) = 1 and lim _,  44(0(s))
= Ag (u) <A(H") + e Since e was an arbitrary positive number, we can
conclude A(N) < A(S2"*1), which is Theorem 3.4(b).

5. Folland-Stein spaces and estimates for A,

In this section we will define the function spaces that are best suited to
regularity properties of the operator A,. These spaces were introduced by
Folland and Stein [9], [22] and Propositions 5.1, 5.5, 5.7, and 5.9 are due to
them.

We begin by proving the analogue of the classical Sobolev lemma.

Proposition 5.1. Let X;=ReZ; and X;,,=ImZ, j=1,---,n. There
exists a constant C, such that withp =2 + 2/n,

2/p 2n
(f 9|7 6, A d%’) < Cnf > |Xj¢|200 A dbg
H" H" j=1

for every ¢ € CP(H™).
Proof. The key tool is the fundamental solution
F(z,t)=a,(z,0)[">, a,=2*"22""1T(n/2)’,
to the operator £, = - $¥"_((Z,Z, + Z,Z;) = -X32, X}. For ¢ € CF(H"),
(Lo9)* F=¢ [9, Proposition 7.1]. Note that by left invariance of X,
(X;h)* F = h* X;F for h € Cg°(H"). Hence,
2n
(52) ¢ = (Zp)x F=- % (X;6)*(X;F).
j=1
X;F is homogeneous of degree -2n — 1. In particular, |X;F(z,¢)|<
Clz, )"

Lemma 53 [9, Proposition 8.7]. If 0 <a<2n+2 and |H(z,1)| <
Cl(z,t)|"2"~2%® then the mapping g — g * H extends to a bounded mapping
L'(H") > LS(H"), wheres™ =r' —a/2n+2)and 1 <r <s < 0.

The lemma (applied with @ = 1, r = 2, 5 = p) yields the proposition.

If we consider the inequality of Proposition 5.1 for real-valued functions ¢,
in light of Lemma 4.5, finding the smallest possible constant C, in Proposition
5.1 is equivalent to finding A(H"). In particular, Proposition 5.1 is equivalent
to

Proposition 54. A(H") > 0.

Now let U be a relatively compact open subset of a normal coordinate
neighborhood @, C N as in Theorem 4.2, with contact form # and pseudo-
hermitian frame (W,,---,W,). Let X, =ReW, and X;,,=ImW, for j =

1,---,n. Denote X*=X, -----X,, where a=(a;, -, a;), each a; an
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integer 1 < a; < 2n, and denote /(a) = k. Define the norms

“f”S,f(U) = sup || X°flLrw)s
l(a)<k

where

1/p
gl Loy = (fu |g|? 8 A d0") .

The Folland-Stein space Sf(U) is defined as the completion of C*(U) with
respect to the norm || - || sp(y)-

Folland and Stein also defined Holder spaces suited to A,. The function
p(&,m) = |0(&, 1)| (Heisenberg norm) is the natural distance function on U.
For 0 < B < 1 define

(U) = {f€ C°0):1£(x) = f(»)I < Co(x,»)"}
with norm
il = sup f(x)] + sup LI
xeU x,yeU p(x,y)
For any integer k > 1 and k < 8 < k + 1 define
T,(U)={fe coU):x*fe Ty ,(U) for l(a) < k }
with norm

1X% (x) = X ()]
e

”f”I‘B(U) = sup |f(x)| + sup
xeU x,yeU p(x,y
l(a)<k

(The definition of T, for integer values of B involves second differences (cf.
[9], [19]). We will not need to use the integer case.) Notice that the norms
above depend on the choice of pseudohermitian frame.

Now for a compact strictly pseudoconvex pseudohermitian manifold N,
choose a finite open covering U;,- - -, U, for which each U, has the properties
of U above. Choose a C* partition of unity ¢, subordinate to this covering,
and define

SP(N) = {fe LY(N):¢;f € S¢(U;) for all j},

T(N) = {fe CUN):¢,f € Ty(U;) forall j}.
Proposition 5.5. With the notations above, S[(N)C L(N) for 1/s =
1/r—k/2n+2)and1 <r <s < o0.
Proof. According to a fundamental theorem of Folland and Stein [9,
Theorem 15.5] extending (5.2), there exist operators 4,, j = 0,---,2n, given
by

Ajf(x)=/NK,-(X,Y)f()’)dV(Y)
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with

n—
K. (x < Cp(x,y) 17 (x,y)EQ,
I j( ’y)l\
elsewhereon N X N,

such that f = ZfilAijf + A,f for every f € S{(N). Since f and X,/ belong
to L"(N), we conclude from the analogue of Lemma 5.3 on N that f € L°(N).
The case £ > 1 follows easily by induction.

Proposition 5.6. If N is as above, 1 <r<s<oo, and 1/s>1/r
—1/(2n + 2), then the unit ball in the space S{(N) is compact in L°(N).

The proof of this proposition requires the theory of pseudodifferential
operators associated to the subelliptic structure of A, as developed by Nagel
and Stein [19] and a calculus [11] that permits one to define Folland-Stein
spaces Sf for fractional values of k. These ingredients would take us too far
afield so the proof will appear elsewhere [13].

Let U be a relatively compact open set in a normal coordinate neighborhood
as above. We will fix local coordinates to be those given by (z,¢) = ©, for a
fixed point £ € U. The standard Holder space Ag(U) is defined for 0 < 8 < 1
by

Ag(U)={f€ C'(U):|f(x) = f(»)I < Cllx = y||*}

with norm

“f“AB(U)= sup |f(x)| + sup M(_E)L(By)l
xev xyev  |lx =yl

For k < B < k + 1, k an integer > 1,
Ag(U) = {fe CU):(3/8x)°f€ Ay ((U) for I(a) < k)

with the obvious norm. Then the following fundamental estimates are due to
Folland and Stein.

Proposition 5.7. For each positive noninteger B, each r, 1 <r < oo, and
each integer k > 1, there exists a constant C such that for every f € C(U),

@ 1f Iy < Cllfllsgvys where 1/r = (k = B)/(2n + 2),

®) 11, ) < Cllflir,w)

©) 1 lls30) < CUBS I oy + 1Nl rn)s

@ 11fllr,,,w) < CUAS llrywy + 1 linyw)-

The constant C depends only on the frame constants.

Folland and Stein proved Proposition 5.7 with O, in place of A, (see [9,
Theorems 21.1, 20.1, 16.6, and 15.20]). Their arguments apply verbatim to A,
since it is modelled on the operator %, which has a fundamental solution.
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Applying a partition of unity, we conclude:

Proposition 5.8. The estimates in Proposition 5.7 hold with U replacéd by a
compact strictly pseudoconvex CR manifold N.

The following regularity result follows from these estimates just as in [9,
Theorem 16.7).

Proposition 5.9. If u,v € L} (U), and A,u = v in the distribution sense on
U, then for any 1 € CX(U) the following hold.

(@ If ve L'(U), n+1<r< oo, then nu € Iy(U) where B =2
—2n + 2)/r.

®) Ifve Sj(U),1 <r<oo, k=0,1,2,---, then nu € S;;,(U).

(©) If v € Tp(U), B a noninteger > 0, then mu € Ty ,(U).

We will also need the following regularity result involving critical exponents,
which will get an iterative regularity proof started.

Proposition 5.10. Let U be as in Proposition 5.7. Suppose that f € L"*}(U),
ue LP(U) (wherep=2+2/n), u>0, and (A, + f)u = 0 in the distribu-
tion sense on U. Then, for any n € CF(U), nu € L°*(U) for every s < co.

This proposition is a variant of results of Yamabe [27], Trudinger [24], and
Brezis and Kato [3]. A proof is given in the Appendix.

Proposition 5.11.  With the hypotheses of Proposition 5.10 and the additional
assumption f € L*(U) for some s > n + 1, we have that u is Holder continuous
in U, and for some B > 0 andany K C C U,

||“||1‘B(K) <C

for a constant C depending only on K, ||f|l sy ullpry and the frame
constants.

Proof. Consider a nested sequence of cutoff functions n; € C3°(U) such
that m, =1 on K and the support of n,,; is contained in the set on which
n; = 1. By Holder’s inequality fu € LY(U) for 1/qg =1/p + 1/s. Proposition
5.9(b) implies that n,u € S§(U), and thus by Proposition 5.5, n,u € L?(U)
for 1/p,=1/9-2/2n+2)=1/p - (1/(n+1)—1/s). Repeating this
argument we can conclude that n,u € L?«(U) for1/p, = 1/p — k(1/(n + 1)
—1/s), and every k for which 1/p, > 0. Suppose k is the largest possible.
Then p, > n + 1, and so Proposition 5.9(a) gives Holder regularity 7, ,,u €
Le(U) for B =2 — (2n + 2)/p,. The bound on llullry k) follows from Proposi-
tion 5.7.

Proposition 5.12. With the hypotheses and notation of Proposition 5.11 and
the additional hypothesis f € L*(U), we have that

max u(x) < C min u(x)
x€K xekK
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for a constant C depending on the same bounds as in 5.11 and in addition
1/ 1 20y

The additional hypothesis f € L®(U) is not necessary (for the classical
version see Trudinger [24]). However, we only need the case f € L*(U), and in
this case the proof is practically a verbatim transcription of Moser’s proof [18]
of the Harnack inequality for uniformly elliptic operators. Instead of consider-
ing balls in the ordinary Euclidean sense one has to use balls with respect to
the distance function p. The appropriate notion of functions of bounded mean
oscillation (BMO) relative to this distance and the analogous John-Nirenberg
inequality are discussed in [6]. There is only one ingredient of Moser’s proof
that requires a more detailed discussion, namely the following Poincaré-type
inequality.

Proposition 5.13. Let U be as above. There is a constant C depending only on
the frame constants such that if B, C U is a ball of radius r with respect to the
distance p, then for every f such that |df |, € LYB,),1 < q < o0,

[ A= 1a170 A a8 < Cre[ |df[6 A db",
B, B,

inwhichf, = ([, f0 Ad8")/([,0 N dO") denotes the average value of f.

This inequality was first proved by A. Greenleaf and D. Jerison (unpub-
lished). A different proof will appear in a forthcoming paper [12].

We note in passing that this implies the following interpolation inequality
for the spaces SY.

Proposition 5.14. If u € L}(U) and |du|y € LY(U) with 1 < q < o, then
u € S{(U) and

l4llsgwy < CIHduloll Loy + Nl o)

where C depends only on the frame constants.

Proof. From the definition of S, it suffices to estimate ||u|| 4y,. We note
that

el o < €Il = wyll oquy + 10l ooy )

Nl oy = Clluglipwy < CAllu = uyll pw, + ull 2w

< C(llu = uyliowy + 1l 2w))-

Proposition 5.13 completes the proof.

Finally, we are ready to prove regularity results for the Yamabe equation.

Theorem 5.15. Let U be a relatively compact open set in a normal coordinate
neighborhood as above. Suppose that f,g € C°(U), u>0 on U, u € L'(U)
for somer > p, and Ayu + gu = fu?"" in the distribution sense on U for some q,
2<q<p. Thenue C°(U), u>0, and if K € C U, ||u||cxx, depends only
on K, |[ull 1-y> 1flckcxy> 118l ckkcy» and the frame constants, but not on q.
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Proof. Let h=fui"*—ge L"/Y9"(U). By Holder’s inequality, h €
L*(U), where s=r/(p—2)>n+1, and |A| s, depends only on the
stated bounds. Then choosing K; with K CcC K, c c U, it follows from
Proposition 5.11 that u € I4(K;) for some 8 > 0, and from Proposition 5.12
that u is bounded away from zero by a constant depending on the same
bounds. The spaces I’y are algebras, and since u is bounded away from zero,
u® € I'y(K,) for any real a. Thus, replacing K, with a smaller set that we still
denote K;, h € Iy(K,) and we conclude from Proposition 5.7(d) that u €
I's+2(K;). Repeating this argument by induction we see that u € C*(K) for
any k (see Proposition 5.7(b)).

Corollary 5.16. Let U, f, g, and u be as above, but assume only that r = p
instead of r > p. Then we still have u > 0 on U andu € C*(U).

Proof. Again write h = g — fu?"2. With K, as above, we conclude succes-
sively that h € L"*}(K,); u € L°(K,) for all s < co (Proposition 5.10); and u
is positive and C* (Theorem 5.15).

Finally, we prove the following removable singularities result, which we will
use in §7.

Proposition 5.17. Suppose U is as above, £ € U, u € L'(U) for r > p/2,
u>0, fe L"*Y(U), and (A, + f)u = 0 in the distribution sense on U — {{}.
Then (A, + f)u = Q in the distribution sense on U.

Proof. The hypothesis means that for all ¢ € C5°(U — {£}),

(5.18) fU (ubp + fud) 8 A d6” = 0.

We need to show this holds for all ¢ € C5°(U).

Let O, be Folland-Stein normal coordinates centered at §, with respect to
the pseudohermitian frame (W,,- - -, W, ). We may assume that ©,(U) = By =
{(z,2):)(z,1)] < R}. Choose ¢ € C5°(Bg)withO < ¢ < 1and ¢ = 1in Bg ,,
and sot Yg(z,t) = ¥(87'2,8 %). Then (1 — yY45)¢ € CL(Bgr — {0}) for ¢ €
C§(Bg) and 0 < 8 < 1, and so from (5.18)

[ (ubp + fup)8 A d0" = [ (uby(94s) + fupds) 6 A dO"

We will show the right-hand sides goes to zero as § — 0.
By Holder’s inequality, with 7~ + 57! =1,

fB (fups)8 A d6" < Cl|f1l (s 10Ul 15,
(3

and since s < n + 1, this expression goes to zero as § — 0.
From the definition of A,, we have

A, (d¥s) = oA — 2L5(do, dys) + Y5440
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The term [ uy A, goes to zero by the same argument as before. Referring to
Remark 4.4, and considering the homogeneity of each term in W, or A, we see
that in By,

Wabsl < C87',  |A,ds] < C872,

where C depends only on ¢ and the choice of normal coordinates. Then,
noting that

n

Li(de, dys) = Z (W oWy + WipsW,o)

and integrating over By,

B(Wi’Ab‘Ps — 2uLy(d,dy;)) 0 A db”

1/s
< C8 lull 5, < C8‘21|u|lu(3§)(/; 9 A de")
8
by Holder’s inequality. But observe that
0 Adb"=(1+ 0(8))(6, A d6) and f 0, A By = C82"+2.
By

Thus the last expression above goes to zero provided (2n + 2)/s > 2, that is,
provided r > n+ 1/n=p/2.

6. Existence of extremals
In this section we will prove Theorem 3.4(c). As we indicated in §2, we will
do so by first considering a perturbed variational problem.
Fix a compact strictly pseudoconvex CR manifold N with contact form 6,
and consider for each ¢, 2 < g < p, the extremal problem

(6.1) A, =inf{4,(¢):6 € SH(N), By (¢) =1},

in which A, is asin (3.3) and

By (9) = fN 6196 A d6”.

Theorem 6.2. For 2 < g < p, there exists a positive C* solution u, to the
equation

(6.3) bAyu, + Ru, =\ ui™!
satisfying Ag(u,) = A, and By [(u,) =1
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Proof. Consider a minimizing sequence ¢, for (6.1), that is, a sequence such
that 44(¢,) > A, and By (¢;) = 1. After replacing ¢, by |¢,|, we can suppose
that ¢, > 0. Since { 44(¢;)} and { By ,(¢;)} are bounded, {¢,} is bounded in
S?, and so there is a subsequence converging weakly in S? to ¢ € S2(N). By
the compactness result, Proposition 5.6, the subsequence converges in L7
norm, so B, (¢) = 1. By Holder’s inequality, / R¢} — [ R¢?, and 50 A,(¢) <
A, But since A, is an infimum we necessarily have 44(¢) = A,. Moreover,
¢ > 0, and by a standard variational argument ¢ satisfies (6.3) in the distribu-
tion sense. Finally ¢ € L?(U) by Proposition 5.5, and so ¢ is strictly positive
and C* by Corollary 5.16.

Next we examine what happens to u, as ¢ — p. First we consider the
behavior of A .

Lemma 6.4. Suppose 0 is chosen so that [y 0 A d8" = 1. Then

(a) If )\q < 0 for some q, then A, <0 for all ¢ >2 and A\ is a nonde-
creasing function of q.

(b) If A, > O for some (hence all) q > 2, then A, is a nonincreasing function
of q, and is continuous from the left.

Proof. Suppose A, <0 for some g, and let ¢’ > 2 be arbitrary. Given
e > 0 sufficiently small, choose a C® function ¢ with By (¢)=1 and
Ag($) <A, +&e<0. With ¢ = a¢ for « € R, we have By (¢) = a7By /()
and Ay(¢') = a’44($). We set a = (B, (¢))"/7 so that By ,(¢') =1 and
Ag(¢') < 0. Thus A, < 0. If g’ < g, then @ > 1 by Holder’s inequality and
our normalization of §. Consequently A¢(¢') < A, + ¢, which proves that A _ is
nondecreasing.

On the other hand, if A, > 0 the same argument shows A, <A, if ¢
Since we can force a to be close to 1 by choosing ¢’ close to q, we also see that
A, is continuous on the left.

From now on, replacing 8 by a constant multiple of itself, we will assume
that @ has been normalized so that [, 0 A 48" = 1.

Theorem 6.5. If N(N) < A(S?"*"), then there exists a sequence q; tending
to p from below such that u, converges in C K(N) for any k to a function
u € C*®(N) such that u > 0, b A + Ru= N(N)uP~ 1, Ag(u) = N(N), and
By (u)=1.

Proof. Casel. \(N) < 0.For2 < g < p and any ¢ € S}(N), we have

j;v(Lz‘(du de) +Ru¢ f)\u" 1.

Let ¢ = u?~'. Then since A, < 0 by Lemma 6.4,

_1 _ 2
j;v——qz ug 2|duq)0<£v|Rug|.
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Denote w, = u?/ 2. Then

ledwqh%éCf qu=Cf ul==C

Also, by Proposition 5.5, [yw? < C[y(ldw,|j + w7). Hence [yw} < C. Now
let g, > 2 and set r = (q,/2)p > p. Then for q > qo we have that [[u |,y is
uniformly bounded as g — p. It follows from Theorem 5.15 that {u,} is
uniformly bounded in C*(N), and so a subsequence u 4, converges in C * for
every k. Hence, the limit u satisfies b,A,u + Ru = AuP ™%, Ag(u) = A, By ,(u)
=1, u>0, and u € C*(N), where A = limj_,w)\qj. By Lemma 6.4, A <
A(N), and so by definition of A(N) we have A = A(N).

Case 2. A(N) > 0. In this case Lemma 6.4 shows that lim,_, ,A, =X, =
A(N).

Case 2a: For some sequence g; = p, supy|du a,l0 is uniformly bounded. By
Proposition 5.14, {u q,} is uniformly bounded in S{(N) for any ¢, and hence
in L"(N) for every r. The theorem is concluded in the same way as in Case 1.

Case 2b: supy|du,|, — oo as g = p. We will show that this case never
arises.

Choose a point §, € N such that supy|du,|s = |du,(§,)]s- Let @5 be
normal coordinates as in Theorem 4.3. We can assume there is a fixed
neighborhood U of the origin in H"” contained in the image of ®§ for all g,
and for each ¢ we will use ('3)~E to identify U with a neighborhood of §,, with
coordinates (z, t) = @g

Now consider the change of coordinates (2,7) = T%(z,t) = (872,87 %t) on
H"”, as in Remark 4.4, and set

6,=di + Y (iz’dz’ — iz’dz’) = §7*T34,.
j=1
(Here, as in §4, we write T4 = ((T°)"')*.) On the set § "'U with coordinates
(2,7) define h (1) =8> Dy (8%,6%) with § =8, > 0 chosen so that
|dh ,(0)|5, = 1. Observe that = 6, at 0, and |w|3-2y = 8|w|j for any 1-form
w, and so

|dh ,(0) g, = IT%dh ,(0)|5-24, = 8* "2/ 9~Ddu,(£,)l,-

In particular, § — 0 as ¢ — p, and hence §!U tends to the full space H" as
q-p.

Now define the contact form 6, = 872T% 0 in coordinates (Z,7) on the
region 87'U, and set £, = A% = §2A(T %) The equation for & , can then be
written

by Loh, + RB2h, = A,k
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in which R, is the scalar curvature of 6 expressed in coordinates (Z,7).
Observe that |R | < [|R|| 1= (n)-

By compactness of N, passing to a subsequence if necessary, we may assume
that £, converges to § € N, and if we denote by (WY,---,W,7) the pseudo-
hermitian frame used to define 95,, we may assume that (W{,. .-, WJ) con-
verges in C* for all k to a frame (W,,- - -, W,). Now set zZj = 8T W, so that
(Z{,---,2Z}) is a pseudohermitian frame for §,. By examining the error terms
in the expression for W7 in Remark 4.4, it is easy to show that, for any R > 0,
Zj converges in Ck(Bpg) to Z, for every k. Similarly, 6, and &, converge
uniformly in C¥(Bg) to 6, and %, respectively.

Now fix a radius R > 0. Suppose g is sufficiently close to p that B, C §,'U.
Let n € C{°(B,g) be equal to 1 on Bg. Then

(6.6) Z,(nh,)=nZLh,~2L5(dn,dn,) +(ZLn)h,

= n(—Rquth + )\th‘l) —2Lg(dn,dn,) +(ZLm)h,.
First, |dh dls, is bounded by 1 in B, because it attains its maximum value of 1

at the origin. Note that

5 V945 df = §29/(a-2-Q2n+2) q

(6.7) fw,m«e |h (2, 7)|9dz df = 8 ‘/I(z.t)l<84R lu,(z,)|9dz dr.
For g < p, we have 2q/(q — 2) > (2n + 2), and so the coefficient of the
right-hand integral is bounded by 1 as ¢ — p. Moreover, the volume element
dzdt is equal to C,(1 + 80')8 A d6" on B,;; by Remark 4.4. Therefore,
h, € L% B,g, dzdf) with uniform bounds on the norm. In particular, &, €
LY(B,g, dz di) uniformly as g — p. Combined with the uniform bound on
|ah | 8, this gives &, € S{(Byg,0,) for every r < co with uniform bounds on
the norm, by Proposition 5.14. Thus by Proposition 5.5, nh? is uniformly
bounded in L'(B,y) for every r, and by Theorem 5.15, uniformly bounded in
Ck(By) for every k.

Now we can take a subsequence g, — p for which 4, converges, say, in
C!(Bp). Define a function u on all of H” by first choosing a subsequence 4 4,
converging in C!(B,), and then a subsequence converging in C(B,), etc.
Notice that u > 0, u € C'(H"), and u # 0 because |[du(0)|,, = 1. For ¢ €
Cs°(H") we have, since §, converges to b,,

(6.8) f (b,L3,(du,do) = N(N)uP~'9) 6, A db5 = 0.
-

Denote |[ul|7 = [y~ u” 0, A dfg. We claim first that
(6.9) llull, < 1.
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Since 6, A df; approaches §, A dfj uniformly on compact sets, the con-
straint [yu?0 A d" =1 and equation (6.7) imply that [z u?6, A df7 < 1.
Because R is arbitrary, (6.9) is proved.

Next we verify

(6.10) fH |dul3 6, A d67 < C < oo.
In fact,

2 n_ 1 2 n
fB R du, B0 1 5 = lim fB ldng i, 6, A db]

= lim/ 824/4=|du, (36720 A(872d0)"

Jj—= oo YBsp

< Tm f \du, |30 A dO”,
J—©
which is bounded. (Here § = 8%, and we use once again 2¢/(q — 2) > 2n + 2.)
We can now conclude the proof. Because of the estimates (6.9) and (6.10) we
can take a sequence ¢, € C;°(R") approximating  in the norms associated to
(6.9) and (6.10). Hence we conclude from (6.8) that

b, ldul3, 8 A dbg = N(N)ull3.
Hﬂ

The function & = u/||u||, satisfies the constraint ||#||, = 1, but using (6.9) and
the fact that p > 2 we find that

b, [, 14215, 0 A 85 = NN wllf/ull} < A(N) < A(H).

This contradicts the definition of A(H”). Thus Case 2(b) is impossible, and the
proof is concluded.

7. Uniqueness

It would be interesting to know under what circumstanices a contact form
with constant scalar curvature is unique. As is the case with the Riemannian
Yamabe problem, the answer depends on the sign of A(N).

Theorem 7.1. If A(N) < 0, then any two choices of 8 with constant scalar
curvature are constant multiples of each other.

Proof. We note first that the sign of any constant scalar curvature is a CR
invariant of N. Suppose 8 and 6 = u?~26 both have constant scalar curvature
R and R, respectively. Then

b,A,u + Ru = Ru”~ 1.
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Integrating this over N and noting that [y A,u = [, L#(d1, du) = 0, we con-
clude that either R =R =0or R/R= [u?"'/[u> 0.

Now suppose A(N) < 0. By Theorem 6.5, there exists § with scalar curva-
ture R = A(N). Suppose f = u?~20 has constant scalar curvature R. The
preceding observation shows that R < 0, so after multiplying # by a constant
we may assume R = R. Then u satisfies

b,A,u + Ru= RuP~!.
It suffices to show u = 1.

Since A, is degenerate elliptic, it satisfies a weak maximum principle. At a
point x € N where u is maximum, A,u(x) > 0, and so u” " !(x) — u(x) < 0,
which implies u < 1. Similarly, at a point y where u is minimum, we conclude
u(y)= 1. Thusu = 1.

Now suppose A(N) = 0. By Theorem 6.5, there exists § with scalar curva-
ture R = 0, and by the remarks at the beginning of the proof any other choice
6 = u”~20 with constant scalar curvature has R = 0. Thus u satisfies b,A ,u =
0, which implies [y |du|3 = 0. Therefore, du is a multiple of 6, say du = f8 for
some f € C®(N). Differentiating this, we see that 0 = df A 6 + fdf. Restrict-
ing to G, fdf = 0 which implies f = 0. Thus u is constant.

On the other hand, if A(N) > 0, the solution to the Yamabe problem may
not be unique. In particular, on the sphere S2"*!, there are many obvious
solutions: if we start with the standard contact form 8, (cf. §4), and subject
S2"*1 t0 a CR automorphism ®:S"*! — $27*1 then ®*§, will also have
constant scalar curvature. In general, ®*6, # 6,.

It is important to know whether these solutions are extremal for problem
(3.3) on S2"*! We note first that the extremals exist.

Theorem 7.2. There exists a positive C* contact form 8 = u?~ %0, on S*"*!
for which the infimum \(S?"*1) in (3.3) is attained.

Proof. For 2 < q <p, let u, be the solution to b,A,u, + Ru, = )\qug‘l
given by Theorem 6.2. If |du qlﬁ is uniformly bounded as g — p, then u,
converges to a solution u, of b,A,us + Rug = A(S?"*1)up~! as in the proof
of Theorem 6.5, Case 2(a). On the other hand, if |du q|,2, is unbounded, then as
in Theorem 6.5, Case 2(b), we can construct a function # on H” satisfying

i), =1 and b,,an \dil3 B, A d67 = A < A(S2*1).

But since A(S?"*!) = A(H") as defined by (4.1), we must have A = A(S2"*1),
Now, setting § = F*(#1?7%6,) on S*"*! (with F:S$?""! —» H" as in §4), we
have a contact form that can be written § = u?~%0,, with u € L?(S?"*1)
satisfying

(7.3) b,Ayu + Ru= A(S?"1)ur~!
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on S2"*! minus a point. By Proposition 5.17, this equation holds on all of
S27+1 Finally, by Corollary 5.16, u is positive and C®. (This theorem can also
be proved using the method of P.-L. Lions [17].)

With this theorem, it is natural to conjecture the following in view of the
analogous result of Obata [20] in the Riemannian case.

Conjecture 7.4. The contact forms § = ®*@,, for ® € Aut(S?"*!), are the
only ones on the sphere which have constant scalar curvature. Thus

5 ) 1 2/p
n+ —_ n
A(S )_2n(n+1)(jszm HlAdﬂl) .

To understand this conjecture, we may use the mapping F:S?"*! - H"
given by the Cayley transform as in §4 to transfer the problem to the
Heisenberg group. If # is any contact form on $2"*! with constant scalar
curvature R, then 6 = F,6 is a contact form on H” with constant scalar
curvature R. For some positive C* function u we can write § = u?~2f,. Since

f u?, A doy = 9/\d9"=f210/\a’0”<oo,
n H'l S"+

we have u € L?(H"). As in the proof of Theorem 7.1, we may multiply u by a
constant to achieve R = n(n + 1)/2. Then, on H”, u satisfies

(7.5) 4A,u = nuf~!,
A routine computation shows that for § = ®*§; with ® a CR automorphism
of S2"*1 y has the form

(7.6) u(z,t) = C{t+i|z|2+z-ﬁ+}\|—"
withC > 0, A € C,Im A > 0, and p € C". So Conjecture 7.4 is implied by

Conjecture 7.7. Ifu € LP(H") is a positive C*® solution to (1.5), then u is of
the form (7.6).

So far, we have only been able to prove the following weak version of
Conjecture 7.7:

Theorem 7.8. If u € L?(H") is a positive C* solution to (1.5) which is
radial in the z variable, then u is of the form (7.6) (with p = 0). (The other
solutions are obtained by left translations on the Heisenberg group.)

Proof. Introduce the function w =t + i|z|> on H”, and write y = |z|?,
x = t. The hypothesis on u means that u(z,t) = v(w),. where v is a smooth
function of the complex variable w = x + iy.

We first examine the behavior of v near infinity. Consider the CR inversion
F:(H" — {0}) > (H" — {0)) given by (%,1)=F(z,1) = (z/w,-t/|w|*). F
satisfes # *0, = |w|~%6,. Note that £ *u(z,t) = v(-1/w). Since

b =5 *(ur=26,) = |w|2u(z/w,~1/1w|*)" 6,
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also has constant scalar curvature n(n + 1)/2, we have that @(z,1)=
|w|™"u(z/w, ~t/|w|?) also satisfies (7.5) on H" — {0}. By Proposition 5.17,
(7.5) holds on H”, so by Corollary 5.16, i is positive and C* near the origin,
and so is §(w) = |w| "v(-1/w). In particular, this means that, as |w| — oo,
CYw|™" < |o(w)| < Clw|™" for some constant C. Differentiating & with
respect to w or w, we find that

los (W) [, lo,(w)[< Clw| ™",
[0 (W), 10,5 (W) < Clw|7" 72,
Now consider the function ¢(w) = (v(w))~?/" = (u(z,t))"?/". Observe that
Zu= 2iz/dv/dw, and so

Au=-3Y(Z2Z +ZZ)u= -4y, —m,
J

= ¢~ "2 2nyg, g —n(n +2)y

bty | 1
o T2

and thus (7.5) becomes

A rather long computation using this last equation shows that, with ¢ =
¢ —y/2,

Reaw(y"¢_(n+l)(4jw¢ww + ‘Pw(d)ww - iP%T‘}?_W{)))

(7.9) 2
=V"¢_("+1)(q§ ¢__+£+_2(¢ __.M) )
v wwirww n ww ¢

When integrated over the upper half-plane {(x,y):y > 0}, we claim the
left-hand side vanishes. It suffices to show that

ng-(n ¢W¢W
A(W)=y¢ ¢ +1)(‘Pw¢ww+lpw(¢ww_ ¢ ))
goes to zero sufficiently rapidly as |w| — oo. But our estimates on the decay of
v and its derivatives imply

CHwl> <[] < CW2, [yl [¥] < CIWl,  [yuls 9wl < C.
Thus |4(w)| < C|lw|"**D, and so
f 9. Adxdy = lim f 9. A dx dy
V>0

] R—-> .v>()

|w|<R
and since | f,,|-&,, >0 Al < CR™", the last term goes to zero as R — oo.
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Since the integrand on the right-hand side of (7.9) is the positive function
y"¢~"*1 multiplied by a sum of squares, we conclude that

_ ¢W¢W =
¢

The second equality implies that log¢ is harmonic, so ¢ = |f|*> for some
function f which is holomorphic in w. But then ¢,,,, = 0 implies f is a linear
polynomial in w, so ¢ is of the form ¢(w) = C|w + A|?> for CER, A € C.
This implies immediately that u is of the form (7.6) (with p = 0).

¢ww = ¢wW 0

Appendix

In this appendix we will prove Proposition 5.10.

Lemma A.1. Let U, be an open set such that U, C C U. With the hypotheses
of Proposition 5.10, u € S2(U,).

Proof. For fe CQ(U), define

FI(&) = [ f(n)E(O(n,£))0(n) A dO(n)"/m2""

where F is defined in Proposition 5.1 and ® in Theorem 4.3. The arguments of
[9, Proposition 16.5], show that P is a parametrix for A, in the sense that for
he CPWU), P(Ayh) = h + Rh in U, where R is smoothing of order 1 and P
is smoothing of order 2 in the sense of the Folland-Stein spaces Sf(U). In

particular, if W,,---, W, is a pseudohermitian frame for Uand1 < ¢ <r < o0,
1/r=1/q - 1/(2n + 2), then

(A2) W,P isbounded: LY(U) - L"(U), j=1,---,n;

(A.3) W,R is bounded: LY(U) » LY(U), j=1,--,n.

Let ¢ € C°(U) be a real-valued function such that ¢ = 1 in a neighbor-
hood of U,. Then we have in the distribution sense

Ay(Yu) = (M) u = fhu — 2L§(d¥, du).

Therefore, applying a routine limiting argument and the properties of P, we
have

Yu + R(Yu) = P((A)u — fpu — 2LE(dy, du))

in the distribution sense on U;. Consequently, on U,

W, (yu) = -W,R(Yu) + W,P((A)u — fbu — 2LF(dy, du)).
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Because ¢ is constant in a neighborhood of U,, dy and A,y vanish there. The
kernel representing the operator P is C* away from the diagonal n = £ in U,
and thus
W,P((A)u — 2LF(dy, du)) € C=(T).

By (A.3), W,R(yu) € LP(U) C L*(U) (with p = 2 + 2/n as usual). Finally,
fe L™ \(U), u € L?(U), and Holder’s inequality imply fyu € L?(U), where
1/p"=1/p + 1/(n + 1). Consequently, using (A.2) with ¢ = p’, W,P(fyu)
€ L*(U). This yields Wj(yu) € L*(U), or Wju € L*(U;), so Lemma A.1 is
proved.

It follows from Lemma A.l that we can use functions in S2(U,) as test
functions: Let ¢; € Cg°(U;) tend to ¢ € SE(U;) in the ST norm. Then

fU uA,,¢,=fU L3(du, dg,) —»fU L¥(du, dé).

Also, ¢; > ¢ in L?(U,), so by Holder’s inequality
up, — uop.
[, fu, > [ fuo

Since [, (ud,9; + fug;) = 0 we conclude that
(A.4) f L¥(du,de) + fup = 0 for every ¢ € S2(U,).
(This and all subsequent integrations are with respect to § A d@".)
Now choose 8 > 1 and N > 0. Define
th for0<t< N {t(ﬁ“)/2 for 0 <
G(t)= S ’ F(t) = S
(t) {N‘Ht fort > N, (1) NB=D2t fort >
Notice that for all z > 0 except t = N,
(A.5) F' (1)’ < BG'(1),  F(1)’ =1G(1),
(A.6) G(t) < F(t)F'(1).
Let ¢ € C§°(U;), ¢ > 0. Because { has compact support and G(z) is a

Lipschitz function uniformly in ¢, the function ¢ = ¥2G(u) belongs to SZ(U;).
Hence by (A.4)

(A7) [ W26 (u)ldul} + 29L3(du, dy)G(u) + fuy*G(u) = 0.
From (A.6) we have

|/ vt a6

1,2

<(f v wr) | f1avr]

< zlgf VAdulFF (u)’ + B [ |dI3F(u)”
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Combining this inequality with (A.5) and (A.7) we find that
1 , 2
3 [ VIBE () < 28 [ 1dy3F(u)’ + [1719°F(u)’.

Denote w = ¢ F(u). Then dw = F(u)dy + Y F’(u) du. The Sobolev inequal-
ity (Proposition 5.5) implies there is a constant C such that

(fw)" < cfimi+cfw

< Cﬁf ldyisF(u)® + CBf Iflw? + cf w2,

If E denotes the set where ¢ # 0, then

1w < (/E|f|"“)1/("“)(f w”)

For E sufficiently small that ( [z |f|"*")"/"*D < G, we conclude that

(f wp)m < 2C,,f |d|2F(u)” + 2c/ w2,

Taking the limit as N — oo, we have

2/
(f wuwwﬂ) < (1l + v)ur.

Now by choosing a suitable collection of cutoff functions y we can show that
if u € LB*Y(U,) for some U, C C U, then u € LE+D2/2(Y,) for all U, C C
U,. Thus, since p/2 > 1, we conclude by induction that u € L°(U,) for any
U, cc U, and any s < oo.

2/p
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