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THE CONSTRUCTION OF HARMONIC MAPS
INTO COMPLEX GRASSMANNIANS

F. E. BURSTALL & J. C. WOOD

To Professor J. Eells on his sixtieth birthday

Introduction

A. Background. In [17], following work of A. M. Din and W. J. Zakrzewski
[9] and V. Glaser and R. Stora [20], J. Eells and the second author described, in
terms of holomorphic maps, all harmonic maps (or, equivalently, minimal
branched immersions) of the Riemann sphere S? to a complex projective space
CP" and all harmonic maps from a two-torus T2 to CP" of nonzero degree.
(For the S? case see also D. Burns [3], and for a moving frames interpretation,
S.-S. Chern and J. Wolfson [7], [32].) The harmonic maps were obtained by
successive differentiations of a holomorphic map; this process gave all harmonic
maps from any Riemannn surface to CP”" satisfying a certain “isotropy”
property of orthogonality of iterated (1,0) and (0, 1) derivatives. The vanishing
of a sequence of holomorphic differentials (cf. [34]) then guaranteed isotropy
in the S? and T'? cases showing that all harmonic maps had been obtained.

Regarding CP" as the complex Grassmannian G, ,,, of (complex) 1-planes
in Euclidean (n + 1)-space C"*!, it was natural to try to extend these results to
give a description of all harmonic maps from S? to a complex Grassmannian
in terms of “holomorphic data”. In [19] S. Erdem and the second author
showed how to construct all harmonic maps from any Riemann surface to a
complex Grassmannian G, , which satisfy a “strong isotropy” property,
however, for k > 1, this did not give all harmonic maps from the Riemann
sphere S? to G, , (for further developments and related work see [10], [18],
[21]). In [25] J. Ramanthan succeeded in describing all harmonic maps from
the Riemann sphere to G, , in terms of “holomorphic data” by which we shall
henceforth mean holomorphic maps into a Grassmannian and holomorphic
sections of fibre bundles over the domain. A. R. Aithal then dealt with the case
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G, [2] and also gave a description of certain harmonic maps from § 2toa
quaternionic projective space HP" [1]. The first author [4] gave a twistor
interpretation of Ramanathan’s result and a description of all harmonic maps
from S? to a complex Grassmannian in terms of maps into a twistor bundle Z
over G, , which are holomorphic with respect to a certain nonintegrable
complex structure on Z. (For other twistor space constructions of harmonic
maps see [5], [14], [15], [26], [29], [30].)

It was to try to understand this description in more concrete terms that the
present work was started in June 1984. Then in a lecture [33] J. Wolfson
outlined his work with S.-S. Chern on the construction of all harmonic maps of
the Riemann sphere into complex Grassmannians G, , from holomorphic data
(his description was confined by the time constraint to G, ¢), an announcement
by Chern and Wolfson of the case G, ,, (n arbitrary) appears in [8].

B. Results. We develop a technique of analyzing harmonic maps from a
Riemann surface into a complex Grassmannian using “diagrams” which
establishes several results, firstly a proof of the result above of Chern and
Wolfson describing all harmonic maps from the Riemann sphere to G, , in
terms of holomorphic data (Theorem 3.3). This theorem says that any harmonic
map ¢: S? = G, can be obtained from a harmonic map ¢,: S* = G, of
simple type describable in terms of holomorphic maps (in fact, with ¢, or ¢4
strongly isotropic) by a finite number of “replacements”. A replacement
consists of replacing a holomorphic part of the map by its image under a
differentiation; the choice of such a holomorphic part is equivalent to the
choice of a holomorphic section of a CP! bundle over S?. Thus, as in
Chern-Wolfson [8], any harmonic map is determined by a collection of
holomorphic maps and holomorphic sections of CP' bundles. Secondly we
give a (rather more complicated) description in the same spirit of all harmonic
maps from the Riemann sphere into G, , (k = 3,4,5) (Theorem 4.2). Thirdly,
we give some results involving degree including a simple description of all
harmonic maps of degree 0 or +1 from S? to G, 4 (Theorem 5.11) and of all
“inclusive” [14], [29] harmonic maps from S? to G, , and T? to G, of odd
degree leading to a slightly more explicit version (Theorem 5.8) of a result of
Aithal [1] on harmonic maps into quaternionic projective space; also some
extensions of the results of Ramanathan [25] and Aithal to Riemann surfaces
other than S? (Theorems 5.10 and 5.15, and Corollary 5.16).

C. Methods. The main technique is to use a “diagram” which is a directed
graph showing the relationships under differentiations of various subbundles
representing the original map of a Riemann surface into a Grassmannian and
related maps (see §1). The use of diagrams was suggested to us by S. Salamon
(cf. [29], [30]); we provide some vital new ingredients including a criterion for
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holomorphicity of the edges of the graph (Proposition 1.5) which enables us to
construct holomorphic differentials very simply by finding suitable circuits.
The vanishing of any holomorphic differential on the Riemann sphere then
allows us to “improve” an arbitrary harmonic map by successively replacing a
suitable holomorphic part of it by its image under a differentiation until we
reach a harmonic map of simple type describable in terms of holomorphic
data. The procedure can then be reversed to obtain an arbitrary harmonic map
from one of this simple type by successive replacements leading to Theorems
3.3 and 4.2. The results of §5 also employ the diagram technique but now use
degree conditions to establish vanishing of holomorphic differentials. It is
hoped that our methods will prove useful in the further study of harmonic
maps into a complex Grassmannian.

D. Acknowledgments. We should like to thank J. Ramanathan, A. R.
Aithal and J. Wolfson for informing us of their work, J. Eells and J. Rawnsley
for comments on this work, and, especially, S. Salamon for suggesting that his
diagrams could be useful in this work and pointing out a correction to
Proposition 1.6.

Lastly, we mention some recent work of K. Uhlenbeck [31] discussing
harmonic maps into complex Grassmannians and the unitary group. Here
harmonic maps into the unitary group are described in terms of holomorphic
data in a way related to this paper.

0. Preliminaries

A. Let ¢: (M, g)— (N, h) be a smooth map of Riemannian manifolds.
The energy of ¢ over a compact domain D of M is defined by

(1) E(¢; D) = %/D Trace ¢*h dv,,

where dv, is the volume element on (M, g).

A map ¢: (M, g)— (N, h) is harmonic if, for each compact D C M, ¢
extremizes the energy E(¢; D) with respect to all variations supported in D.
Then ¢ is harmonic iff it satisfies the associated Euler-Lagrange equations

7, = Tracevde = 0,

where ¥ denotes the connection on T*M ® ¢'TN induced by the Levi-Civita
connections on M and N respectively. The (nonlinear) differential operator 7
is called the tension field. (For information on harmonic maps see [12], [13].)
Now suppose that M is a Riemann surface with isothermal coordinate
(U, z). In this case the tension field of ¢: M — N is given on U, up to a
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ccnformal factor, by
- 0 _ a
(2) (‘1’ 1V§’/az)d¢($) = (4’ 1V5V/az)d¢‘(a_z-‘)-

Further, if (N, k) is an almost complex manifold, the type decomposition of
T N induces a decomposition of the differential of ¢:

(3) dd) = a(l.O)¢ + a(o,l)¢,

where 310 € C®(TFM ® ¢'T1ON) and 9OV¢ € C®(TEM ® ¢ 'TOVN).
Proposition 0.1. Let ¢: (M, g) = (N, h) be a smooth map of a Riemann
surface into a Kihler manifold. Then ¢ is harmonic if and only if

(4) (67130:)009(3/02) = 0,
if and only if
(4a) (677w s,)849¢(3,/0z2) = 0.

Proof. If ¢ is harmonic, (4) and (4a) follow immediately from (2) since the
Kiahler condition implies that ¢ 'v N preserves the type decomposition of
TEN.

For the converse: (4) or (4a) implies that 7451'0) = 0 whence 7, vanishes since
it is real.

Remark. The Kihler condition on N can be considerably relaxed (see [24]).

B. Let G, , denote the Grassmannian of complex k-planes in C". G, , is a
Kahler manifold (in fact it is a Hermitian symmetric space). Let T — G, ,
denote the tautological subbundle of G, , X C" whose fibre at W € G, , is W
itself.

As is well known, there is a natural isomorphism h: T®9G, , —» L(T,T*)
given by
(5) h(Z)o =m;.(Z o)
for o a local section of T and Z € T"9G, ,. Here ;. denotes orthogonal
projection onto T+ . If T!9G,  is equipped with the Levi-Civita connection
and L(T, T *) with the connection induced by the flat connection on G, , X C”,
then A is connection-preserving.

For more details on the geometry of G, ,, see the following section.

1. Subbundles of M2 X C" and diagrams
Let M? be a Riemann surface.
A. We identify a smooth map ¢: M? — G, , with a subbundle ¢ of the
trivial bundle C" = M? X C” of rank k which has fibre at x € M g—iven by
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¢, = ¢(x). Thus ¢ = ¢~'T. Conversely any rank k subbundle of C” induces a
map M2 > G, .

Observe that ¢ is a holomorphic (resp. antiholomorphic) subbundle of C” if
and only if ¢: M? —» G, , is a holomorphic (resp. antiholomorphic) map.

Definition. A rank k subbundle ¢ of C” is said to be harmonic if ¢:
M? - G, , is harmonic.

Any subbundle ¢ of C" inherits a metric, denoted ( , ),, and connection,
denoted v, from the flat metric ( , ) and connection, 9, on C". Explicitly,

<v,w>¢=<v,w>, v,w€<;l_>x,xEM;
(vy) p=md0, veEC(9), Ze TM.

Here 7,: C" — ¢ denotes orthogonal projection.

Now let (U, z) be an 1sothermal coordinate on M. We denote (V,), /5, and
(V4)asa: bY Vg4 and V', respectively. Similarly, for the connection on C” we
denote 9, /5., and 9, /5, by 9’ and 9", respectively.

Note. ¢ is a holomorphic subbundle if and only if. C*(¢) is closed under
a”.

Important Remark. We shall usually work in an isothermal chart but it
should be noted that all our constructions will be independent of the choice of
such a chart. Indeed, we could work without such a choice but only with a loss
of clarity due to the increased complication of notation.

B. We recall the fundamental theorem of Koszul-Malgrange [23]:

Theorem 1.1. Let E — M be a complex vector bundle with connection ¥ over
a Riemann surface M. Then there is a unique complex structure on E for which
E — M is a holomorphic vector bundle and a local C* section o is holomorphic if
and only if

v,6=0 forallZ < TOYM.

Remark. If ¢ is a holomorphic subbundle of C”, then 3” = v’ so that the
Koszul- Malgrange complex structure on ¢ induced by v, coincides with the
complex structure on ¢ qua holomorphic subbundle of C”.

Henceforth we equip all subbundles ¢ of C” with the complex structure
induced by v, via Theorem 1.1. By the above remark this choice of complex
structure is unambiguous.

Now let A: ¢ = ¢ be a vector bundle morphism. Observe that 4 is a
holomorphic section of L(, ¢)if and only if 4>V, = v, 4 for all choices
of isothermal coordinate on M.

We now collect together some useful properties of sections of L(¢,¢), the
proofs of which are left as an (easy!) exercise for the reader.
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Proposition 1.2. Let A: ¢ —  be a section of L(9, ¢).

(1) If A is holomorphic and a C ¢ is a holomorphic subbundle, then A|a:
a — { is holomorphic.

(ii) Let B C ¢ be an antiholomorphic subbundle of ¢ with m:  — B denoting
orthogonal projection on B. If A is holomorphic, then w° A: ¢ — B is holomor-
phic.

(iii) Let y C ¢ be a subbundle with vy C ker A, for all x € M. Then A is
holomorphic if and only if Aly:y >y is holomorphic.

(iv) Let 8 C y be a subbundle of  containing the image of each A, x € M.
If Ais holomo_rphic, then A: ¢ -8 is holomorphic. Conversely, if § is a
holomorphic subbundle of Y and A: ¢ — § is holomorphic, then A is holomor-
phic. - -

C. Let ¢, ¢ be mutually orthogonal subbundles of C". We define the

d’-second fundamental form of ¢ in ¢ ® Y as the (locally defined) vector
bundle morphism A4 ,: ¢ — ¢ given by

Ay (v (v) = Vorol = Vb, ve C”(g).

Thus, if, for subbundles a ¢ B C C", 7, , denotes the orthogonal projection
from E to a, we have

A, (v) =myy oVe =T AV, v E C®(9).
Similarly, we define the 3”-second fundamental form of ¢ in ¢ & ¢, Ay .
¢~ ¢ by

AL J(0) =V — Vg0 = 70 @, v E CP(9).
Observe that 4} , is the negative of the adjoint of 47 , viz:

—<A;“pv,w>¢=<v,A;’v¢w>¢ forveg¢,wey,, xEM.

Remark. Of course, 4, and A7, are strictly only vector bundle mor-
phisms ¢|U — ¢|U for some isothermal chart (U, z). Globally, they give rise to
L(¢, xp)?valued—l-forms, however, in keeping with our policy of working in an
isothermal chart we will usually view these second fundamental forms as vector
bundle morphisms.

Of particular importance are the second fundamental forms of ¢ in C":

A=Ay 490", A=A 4o 9> ¢F
which, via the isomorphism of 7®9G, , and L(T,T*) of §0.(B), represent the
partial derivatives 3%¢(3,/0z) and 3%¢(d/0Z), respectively, of ¢: M? -
G- (See the proof of the following lemma.)
Lemma 1.3. Let ¢: M? - G, be a smooth map.
(a) ¢ is holomorphic (respectively antiholomorphic) if and only if
Ay =0 (respectively Ay = 0).
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By the above observation, the first condition is equivalent to the vanishing of

¢J. .
(b) ¢ is harmonic if and only if A: ¢ — ¢* is holomorphic, i.e.,

Ayovy = viio A,

or equivalently, A}: ¢ — ¢* is antiholomorphic.

Proof. (a) A7 = 0if and only if 3”"C*(¢) C C*(¢) or equivalently, ¢ is a
holomorphic subbundle of C”".

(b) Recall the isomorphism h: T49G, , — L(T,T*) in §0.(B). 4 pulls back
to a connection preserving isomorphism

¢o7h: ¢ TG, , — L($,4*)
and it is clear from formula (5) and the above development that
o h(3600(3/02)) = A,, ¢ (3600(3/02)) = 4,

Then the first part of (b) follows from Proposition 0.1 since the holomorphicity
of A}, is equivalent to the vanishing of v ’(A4}), where V is the connection on
L(¢,¢"). The second part follows similarly.

Remark. Since -4, is the adjoint of A} and therefore antiholomorphic if
A} is holomorphic, we see that ¢ is harmonic if and only if ¢ is harmonic. Of
course, this fact is true for any domain since the map W — W+ is an isometry
Gk,n - n—k,n*

D. Now let ¢,,--, ¢, be a set of mutually orthogonal subbundles of C”
whose sum is C”. We indicate the situation thus: C" = ¢; @ - @ ¢,

Denote the d’-second fundamental form of ¢, in ¢, ® ¢,, 4 ,: 9: - ¢, by
A .

\jVe call the collection of subbundles ¢;, 1 < i < s, and second fundamental
forms A4; ;, 1 < i+ j < s, a diagram {1),-_, A7)

We represent such a diagram by a directed graph with vertices ¢,,- - -, ¢, and
for each ordered pair (i, j) an edge from ¢, to ¢; representing A; ;. The
absence of a given edge in the graph will indicate the vanishing of the
corresponding second fundamental form.

Remarks. (i) The use of directed graphs in this context was suggested to us
by S. Salamon (cf. [29], [30]).

(ii) The s-tuple (¢, - -, §,) may be thought of as a map into a flag manifold,
®: M2 — F. If there is at most one edge joining each pair of vertices in the
corresponding graph, then ® is holomorphic with respect to some almost
complex structure on F. For the relationship between almost complex struc-

tures on flag manifolds and harmonic maps into G, ,, see [4].
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Convention. Henceforth we shall use the term diagram to mean either the
collection { ¢;, A; ;} or a directed graph representing it.

We can use the diagram to determine the properties of various subbundles.
For example:

Proposition 1.4.  Given a diagram {¢,, A; ;},

(a) ¢, is holomorphic if and only if there are no edges entering ¢,, i.e., A;; =0
foralli +# j.

(b) ¢, is antiholomorphic if and only if there are no edges leaving ¢,, i.e.,
A= 0 foralli +# j.

Proof. (b) A}, =X, ;A;; whence the proposition is immediate from
Proposition 1.3(a)

(a) 45, =0 if and only if A7, =0 and Ay =X,,; A7, whence the result
follows from Proposition 1.3(a). q.e.d.

It will be of great importance in the sequel to be able to detect whether a
given d’-second fundamental form A4; ;: ¢, — ¢, is holomorphic. For this, a
useful criterion is given by

Propqsition 1.5. Given a diagram {¢,, 4] ;}, A ;: ¢; = ¢; is holomorphic if
the diagram contains no configurations of the following forms:

@) / (i ! (iif)

AN

Proof. Let m: C" — ¢, denote projection onto ¢, 1 < /< k. We have
0"C*™(¢;) C C*(; + Li_19; ), where j & {iy,---,i,} since there is no config-
uration of type (ii). -

Further 3'C*(¢, ) € C*(¢;") since there are no configurations of type (ii).
Thus

Y. ’ "o gt ’”
190" = md'md” = A} ;°v,.
Similarly
’” ’r 2.2
Vs, ° 4 = 7rj8 q’,
whence
Vg di, =4 ;v

and A; ; is holomorphic. q.e.d.
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As an application of Proposition 1.5 we give a sufficient condition for a
vertex to be harmonic. (We thank S. Salamon for correcting our original
version of this.)

Proposition 1.6. Given a diagram (¢, 4; ;}, ¢; is harmonic if there are no
configurations in the diagram of the form:

i<>j

k

i J

Proof. Put a =Y(¢: A ;#0} and B=a* N¢}. Then 4j ,=0 by
definition of @ and B, 4, , = O since there are no configurations of type (i)
and Aj, = 0 since there are no configurations of type (ii). Thus we have a
diagram

B

P, a

from which we see that a is a holomorphic subbundle of ¢;* and, from
Proposition 1.5, 4; , is holomorphic. It then follows from Proposition 1.2 that
A;,, is holomorphic, since Im A:».- C a and thus ¢, is harmonic.

Examples. (i) A 9’-pair (¥, X) in the sense of Erdem-Wood [19] is a pair of
holomorphic subbundles of C” such that (i) ¥ C X and (ii) 0’C*(V) € C®(X).
It is easy to see that the decomposition C" = VO VN X® X* has diagram

P S N AN

v vinx  xt

and from Proposition 1.6 we see that ¥+ N X is harmonic. Thus we recover the
result of Erdem-Wood that for any 9’ pair (V, X), ¥+ N X defines a harmonic
map.

Conversely, given a diagram of the form

it is clear from Proposition 1.4 and the defintions that (¢, ¢5) is a 9’-pair.
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(i1) Consider the diagram

It is immediate from Proposition 1.6 that all ¢, are harmonic. Such diagrams
correspond to maps into the flag manifold
U(n)
F= ,
U(r) X U(r,) X U(n = r, = 1,)

® = (¢g, ¢, 9,): M? > F which are holomorphic with respect to the unique
(up to orientation) nonintegrable almost complex structure on F. In this
context, the vanishing of one of the three edges corresponds to the horizontal-
ity of ® with respect to one of the homogeneous fibrations of F onto G
G,,.,01G,_, s e

For extensions of this result and an interpretation in the twistor context see
Burstall and Eells-Salamon [4], [15].

E. Recall that the second fundamental forms 4} ,: ¢ — ¢ were defined
with respect to an isothermal chart. However, like all constructions in this
paper, there is a corresponding global construction. In fact, consider the
globally defined section &, , of Tifo)M ® L(¢, ) given by

r,n’

‘M‘P’-'#(Z)U = (V¢+¢)ZU -(V‘#)ZU’ v E Cw(?), Z € TOOM.

Clearly &/, , = dz ® 4}, , and so &/ , is holomorphic if and only if each 4 ,
is.

The following lemma follows immediately from Leibniz’ rule:

Lemma 1.7. Let o/, % be holomorphic sections of @ *Ti¥oM ® L(E, F),
®'T¥oyM ® L(F,G), respectively, where E, F, G are holomorphic vector
bundles. Then composition defines a holomorphic section B ° o/ of @ **'T ¥, M
® L(E,G).

The following proposition, known to several authors, first appeared in
Ramanathan [25].

Proposition 1.8. Let S? denote the Riemann sphere and let o/ denote a
holomorphic section of ® *T¥,S* ® L(E, E), where E — S? is a holomorphic
vector bundle. Then writing s/ as dz* ® A, A is nilpotent on each fibre and in
particular cannot be an isomorphism on any fibre.
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Proof. The coefficients of the characteristic polynomial of A4 give rise to
globally defined holomorphic differentials on S2. Since S? admits no nonzero
holomorphic differentials it follows that A is nilpotent. q.e.d.

Applying Propositions 1.7 and 1.8 to 9’-second fundamental forms we have

Proposition 1.9. Ler {¢,, A,;} be a diagram. Suppose there exist
{i1,7 -+, iy} such that A; .-, A] ; are holomorphic. (We say ¢;, ", ¢;, ¢;
form a holomorphic circuit) Then their composition gives rise to a holomorphic
section of @ T¥oM ® L(¢;,9;).

Further if M = S?, then Aj ;° -+ oA}, isnilpotent and in particular is not
an isomorphism on any fibre.

Corollary 1.10. If M = S* and dim¢, = 1 for all j, then at least one A; ;
must vanish.

Example (cf. [25]). Let ¢: S* - G, , be harmonic. Then the map Ay o Ay
¢ — ¢ is nilpotent.

- Ex;mple. Let M = S? and consider the diagram:

9,

%0 > 3!

From Proposition 1.5 we see that ¢,, ¢;, ¢,, ¢, is a holomorphic circuit, so if
each ¢, has rank one we conclude from the corollary that the diagram reduces
to

- S5
7

N
>

and so one of the ¢, is holomorphic and one antiholomorphic. We will extend
this example at the end of the following section.

2. New harmonic maps from old

In this section we exhibit a technique, ‘replacement’, for producing new
harmonic maps from a given harmonic map.

A.
Lemma 2.1. Let C" = a(QB®y and suppose that A, g: a = B and Ap .
B — 7y both vanish. Then a is harmonic if and only if y is harmonic.
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Remark. The diagram for this situation is:

B

IR
<

Proof. From Lemma 1.3(b) a is harmonic if and only if 4’ is holomorphic.
Since y is a holomorphic subbundle of a* and Im 4/, C y, from Proposition
1.2(iv) we have 4/, is holomorphic if and only if 4],  is holomorphic.

Since B C ker 4, , s we have from Proposition 1.2(iii) that A}, 5 = A,z 18
holomorphic if and only if 4/, , 5 ,|a = 4], | is holomorphic. Thus a is harmonic
if and only if @ + B is harmonic if and only if (a + B8)* = y is harmonic.
q.ed. - B -

To construct new harmonic maps from old, we need the following

Proposition 2.2 (¢f. Wu [35]). “Filling out zeros.” Let E, F be holomorphic
vector bundles over M* and o/ = A ® dz* a holomorphic section of ® oM
® L(E,F). Let t = max, . p(dimIm A4,). Then there are unique holomorphic
subbundles a and B of E and F respectively with rank @ = rank E — ¢, rank 8 = ¢
such that - -

N v

a,kerd, | . :
B.CImA, } with equality for all x such that dimIm 4, = t.

Remark. As the proof will show, the set { x: dimIm A4, < ¢} is isolated.

Proof. Observe that A4 is a holomorphic local section of L(A‘E, A‘F) and
thus has isolated zeros or vanishes identically. Thus by a simple connectedness
argument we have that dimIm A4, = ¢ off an isolated set of points.

Now let p,,- - -, p, be a local holomorphic basis for E. Then each A( p,)is a
local holomorphic section of F and for each {ij,---,i,} C {1,---,r},
A1 A( p;,) is a local holomorphic section of A'F. Since A4 has only isolated
zeros, there exists {iy,- - -, i,} such that Aj_, A(p, ) has only isolated zeros.

Let z, be such a zero. Then we have

A A(p) = (z = 20)'W.

where W is a local holomorphic section of A’F such that W(z,) # 0 and W(z)
is decomposible for all z near z,,.
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Thus W defines a local rank ¢ holomorphic subbundle which coincides with
Im A off z,. In this way Im 4 extends to a well-defined holomorphic sub-
bundle B of F. a is constructed similarly.

Remark. Of course, a similar result holds with ‘holomorphic’ replaced by
‘antiholomorphic’ throughout.

Notation. Given.o/= A ® dz* as in (2.2) we shall denote by ker4 and Im4
the holomorphic subbundles constructed in (2.2) that coincide with ker 4 and
Im A4 almost everywhere.

B. Now let ¢: M?> - G, , be harmonic. We apply (2.2) to Ay =dz ® 4,
to get ImA, a holomorphic subbundle of ¢*. We call ImA4), the 3’-Gauss
bundle of ¢ and denote it by G’(¢). (Recall that G’(¢) coincides a.e. with the
image of 3¢%(9/9z), thought of as a local section of L(¢,$*).)

Similarly we call Im4 the 3”-Gauss bundle of ¢ and denote it by G(¢).
G"'(¢) is an antiholomorphic subbundle of ¢+ .

Proposition 23. If ¢: M? > G, , is harmonic, then the Gauss bundles
G'(¢) and G"($) are harmonic. Further G"(G'(¢)) C ¢ and G'(G"(¢)) C ¢

Proof. Let R = (¢ + G'(¢))" . Since G'(¢) is a holomorphic subbundle of
¢* = G'(¢) + R we have 4¢,, r = 0 whence 4% ;4 vanishes. Further, since
Im 4, € G'(¢) by definition, A, z vanishes so that the result follows at once
from Lemma 2.1. Lastly, from the vanishing of A%, z, we see that Im 4%, ,,
C ¢ whence G"(G'(¢)) C ¢.

The proof for G”’(¢) is similar, or follows from the above by reversing the
orientation on M2,

Remark. It is easily seen that G”(G'(¢)) = ¢ if and only if 4} has
maximal rank off an isolated set of points. Similarly G'(G"(¢)) = ¢ if and
only if A7 has maximal rank. We say that ¢ is a '~ (resp. 9”)-irreducible if
and only if 4, (resp. 4}) has maximal rank (cf. §3).

C. Loosely speaking, our technique for producing new harmonic maps is
the following: Let ¢ be harmonic and ¢ C ¢ a suitable holomorphic sub-
bundle of ¢. -

We then construct a new harmonic map é given by

$=(¢na*)+ Im(4la).

Thus we ‘replace a by its d’-Gauss image’. We call this procedure ‘forward
replacement of a’. There is of course a dual notion of backward replacement
of an antiholomorphic subbundle of ¢ by its 3-Gauss image.

We formalise these notions in the next

Theorem 2.4. Let ¢ be a harmonic subbundle of C".
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(i) Let a be a holomorphic subbundle of ¢ such that a C ker Ay, o A,. Then,
denoting Im(A}|a) by G,(«), the bundle % given by

é&=?ﬂgl +G,(a)

is harmonic.

Dually:

(ii) Let B be an antiholomorphic subbundle of ¢ such that B C kerAy. o Aj.
Then, denoting Im(A7|B) by G,'(B), the bundle ¢ given by

$=¢Np+G)(B)

is harmonic.

.In case (i) we say that ¢ is obtained from ¢ by forward replacement of a and
in case (ii) by backward replacement of B.

Proof. The proof of (ii) will follow from the proof of (i) by reversing the
orientation on M2,

For (i), let a C ¢ be a holomorphic subbundle contained in ker Aj. ° Ay
First we observe that since 4, is holomorphic, it follows from Proposition
1.2() that A, ;.= Ajja: a — 9* is holomorphic so that we may apply
Proposition 2.2 to construct G,(a) which is holomorphic in ¢+ . Clearly we
have G,(a) C G'(¢) and by hypothesis 4;. (G4(a)) = 0.

Putting R = (¢ + G'(¢))* we summarize the situation in the following
diagram for C" = 2 D(¢ N a*)D G}() D (Gy(@)* NG ($)) DR.

R
1) <
A A G'((b)
a > Gy(a)

Here A,. 40 Ay n 69, Gy(xy Vanish since a, Gg(a) are holomorphic
p . ; .

su})bund]e,s of 9,. G (¢)' respectively, Ag, ., vanishes since A'c;,(_a),¢ = Ay

|G¢(a),' Ay r vamsl‘les since Im 4, C G'(¢) L R and A% ;,, vanishes since

G'(¢) is holomorphicin ¢+ .
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Now put R, = (¢ + G4(a))* . Then by inspection of the above diagram (1)
we see that the diagram for C" = ¢ (D G,;(a) O R, is

R,

(2)

¢ > G4(a)

whence R, is harmonic by Lemma 2.1.
Now put @ = ¢ N a* +G,(a). Then, again by inspection of (1) we see that
the diagram for C" = R, ¢D a is

¢ > ¢

whence again by Lemma 2.1 ¢ is harmonic since R, is.

Remarks. (a) Recall that a map ¢: (M, g) = (N, h) of Riemannian mani-
folds is weakly conformal if ¢*h = Ag, where A is a nonnegative function on
M. In case of a map ¢: M* - G, , this condition is equivalent to

Trace(Ag,l ° A;) =0.
We say that ¢ is strongly conformal if the 9’- and 3”-Gauss bundles are
orthogonal:
G'(¢) L G"(¢),
or equivalently if
Ay o Ay = 0.
Thus strong conformality implies weak conformality and it is clear that the
notions coincide if & = 1.

Clearly, if ¢ is strongly conformal, we may forward replace any holomor-
phic subbundle of ¢ to obtain a new harmonic map. Similarly backward
replacement of any antiholomorphic subbundle also produces a harmonic map.

(b) If M2 = §?, from Proposition 1.9 we have that 4/, o 4/, is nilpotent and
thus has nonzero kernel. This ensures the existence of holomorphic subbundles
of ¢ to which foward replacement can be applied.

(c) With some more work Theorem 2.4 can be improved as follows: If « is a
holomorphic subbundle of ¢ such that A}, o 43(a) C @, then forward replace-
ment of g yields a harmonic map. Details will appear elsewhere.
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Forward and backward replacement are generically inverse to each other as
the following proposition demonstrates:

Proposition 2.5. Let ¢ be harmonic and let @ C ker Ay, o Ay be a holomor-
phic subbundle of ¢. Let ¢ =a' No + G,(a) be obtamed from ¢ by forward
replacement of a. Then, G(«) is an antiholomorphic subbundle of 4>, Gy(a) C
ker A7, o A% and if rank @ = rank G,(a), then ¢ is obtained from ¢ by back-
ward replacement of Gy(a), i.e.

¢ = Gj(a)* Ng + G(G}(a)).

The corresponding statement for backward replacement of B C ¢ holds also.
-Proof. We see from diagram (1) in the proof of Theorem 2.4 that
AG;(ara* o vanishes so that G;(a) is an antiholomorphic subbundle of ¢

Further AZ|Gy(a) = AG;(ay.a + AC;(a).r, A0 AG;(a) g, Vanishes since from
diagram (2) its adjoint ~A% g 4(a) vanlshes Thus A% |G¢(a) C a. Now A% |a =
ALs = AG ot ne T Au e and both these last summands vanish since their
adjoints do by inspection of diagram (1). Thus we conclude that G;(a) C
ker A%. o A% so that G,(«) is a candidate for backwards replacement. The rank
assumption ensures that the 0”-Gauss image of G;(a) is & and since Gy(a)*
Né = a* N¢ we see that this replacement produces ¢.

Note. The rank condition on a is always satisfied if ¢ is 3’-irreducible.

D. We conclude this section with a short proof of the classification
theorem for harmonic maps from $? - CP"~! (see[3], [9], [17], [20]) using the
methods of §§1 and 2.

For convenience, we reverse the orientation of S? at the start of the proof.
This interchanges holomorphic and antiholomorphic quantities.

Let ¢: S* > CP""! = G, , be a harmonic map. Then A}. o A}: ¢ = ¢ is
nilpotent and since rank ¢ = 1 we have 4. ° 4}, = 0 and thus G”(¢) 1 G'().
(This is nothing more than the well-known fact that any harmonic map of S?
is weakly conformal; cf. Remark (a) following Theorem 2.4.)

Thus, putting R = (¢ + G'(¢)) + we have a diagram:

(]

¢ > G'(¢)
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Clearly we have a holomorphic circuit and so if no edge vanishes we have
Im AG.4, r C ker Ay 4. Further since 4,4, has image contained in R, we see
that G'(G'(¢)) = G®(¢) is holomorphic in R from Proposition 1.2 and is
contained in ker A% ,. Thus we have a diagram:

RI

N

4 G(s)  G2(s)

If no edge vanishes we may repeat the procedure until we have a diagram

R

- G'(¢) G (e)  GUT(9)

where all vertices have rank one and thus an edge must vanish. Thus for some
r < n — 1 we have a diagram

N —_— —_—
>

. e — -— s
R ¢ G'(9) G "(#)

(where R =0 if r = n — 1). Thus ¢ = G)(¢) is antiholomorphic and ¢ =
G"(W) = G"(G" ---(G"(9))) or, restoring the orientation on S2, ¢ =
G'"(y) where y: S - CP""! is a holomorphic map. Conversely, any such
G‘"(¢) is harmonic from Proposition 2.3. It is also easy to see from G"'(G'(¢))
= ¢ that the correspondence (§, r) ~ G{"(¢) is bijective, so adding a fullness
ingredient gives

Theorem 2.6 (Eells-Wood [17), ¢f. Din-Zakrzewski [9), Glaser-Stora [20],
Burns [3]). There is a bijective correspondence between pairs (Y,r) of full

holomorphic maps ¢: S* - CP"~! and integers r, 0 <r <n—1, and full
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harmonic maps ¢: S* - CP"~! given by

(¥, r) » GO(Y).

3. Construction of harmonic maps S* — G, ,

In this section we show that the techniques of forward and backward
replacement can be used to construct all harmonic maps S* = G, , from a
very small class of harmonic maps essentially composed of holomorphic and
antiholomorphic maps into G, , or CP"~1,

A. Let us first introduce some terminology.

Definition. Let ¢: M? — G, , be harmonic. Denote by G"(¢) the rth
0’-Gauss bundle of ¢ defined by

GP(¢)=G(s), G"N(¢)=G"(G"(9)).
Similarly we define the rth 9”-Gauss bundle G‘~"(¢) by

G“U(8)= G7(8),  GCTV(8) = G(G(9))
For convenience put G@(¢) = ¢. ¢ is said to have isotropy order > r if
¢ L G")(¢) for 1 < i < r. Of course, any harmonic map has isotropy order >
1.
Lemma 3.1. If ¢: M? - G, has isotropy order > r, then

G (¢) L GYV(¢p) foralli, jsuchthat 0 <|i —j|<r.
Proof. The proof is a straightforward but lengthy induction using
alcw(G(i)(¢)) c Coo(G(i)(¢) + G(i+1)(¢)),
3"C=(G"(9)) € C=(G(¢) + G (9)),
which follows from Proposition 2.3, and is left to the reader.

Definition. A harmonic map ¢: M? - G, , is said to be 3’-irreducible if
rank ¢ = rank G'(¢) and 0’-reducible otherwise.

Similarly ¢ is 9”-irreducible if rank ¢ = rank G’’(¢) and 0”’-reducible other-
wise. -

Clearly ¢ is d’- (resp. 0”-) irreducible if and only if A4} (resp. A7) has
maximal rank off an isolated set of points.

Lemma 3.2. Let ¢: M? > G ., have isotropy order > r. If r > n, then for
any i, at least one of G)(¢), GV V(9), - -,GU*"(¢) must vanish. In particu-
lar there is a number ry such that if r > r,, then at least one of ¢,---,G"~V(¢)
is 0’-reducible.

Proof. By Lemma 3.1, for any i, the Gauss bundles G(¢),- - -, GU*7(¢)
are mutually orthogonal and thus the sum of their ranks cannot exceed rank
C"=n. q.ed.
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Now let A2 M? > CP""! be a holomorphic map. From §2D we have a
diagram

——>——o —_— —— 5 > —
i G'(h) GO(r) . Gro(n)

and we see that ¢ = G”(h) ® G"*P(h) is a harmonic bundle. In the case
that neither factor vanishes we have a harmonic map ¢: M? - G,,. We say
that ¢ is a Frenet pair associated to h. Note that such a map is strongly
isotropic in the sense of Erdem-Wood [19] (i.e., ¢ has isotropy order > r for
all r). _

Compare with [10]. Further, suppose that 4, g: M* — CP"~! are holomor-
phic and antiholomorphic respectively and that G’(k) L g, or equivalently
G”(g) L h. Then we have a diagram

N
>

N
>

(X )
10Q ¢

(g+k)"

so that (g ® k)" and hence g ® h is harmonic. In fact (k, g *) is a 0’-pair (see
§1, examples). We say that ¢ = g @ h is a mixed pair.

Clearly if ¢ is a mixed pair, then ¢* is strongly isotropic and in fact it can
be shown that for ¢: M?> > G, ,, ¢ is strongly isotropic if and only if ¢ is +
holomorphic or a mixed pair (c.f. §3D).

B. We are now in a position to state our main theorem of this section.

Theorem 3.3. Let ¢: S* > G,, be a harmonic map. Then there is a
sequence of harmonic maps ¢g,- - -, ¢5: S* = G, ,, such that

(1) ¢y is holomorphic, a Frenet pair associated to a holomorphic map h:
S? —> CP""!, or a mixed pair.

(i) oy = &.

(iii) For each i < N, there is a holomorphic line subbundle L; of ¢; such that
¢, is obtained from ¢; by forward replacement of L; or backward replacement
of L Ng,.

Remarks. (i) Thus to construct any arbitrary harmonic ¢: S - G, ,, from
the ‘holomorphic data’ ¢, involves the choice of a sequence of holomorphic
line subbundles of rank 2 holomorphic bundles or equivalently, the choice of
holomorphic sections of CP!-bundles.

(ii) In fact our proof will produce the sequence ¢, dy_1," -, ¢, by suitable
forward and backward replacements.
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C. The proof will proceed in several steps;

First. By forward replacement, if necessary, we produce from ¢ a d’-
reducible map.

Then. By backward replacement applied to the d’-reducible map we pro-
duce a Frenet pair.

Holomorphic maps into G, , or mjixed pairs will appear when these proce-
dures degenerate.

Remark. It is an irritating feature of all twistor constructions that to
produce holomorphic data one must work with antiholomorphic second funda-
mental forms A7. We remedy this by reversing the orientation of § 2 at the
beginning of the proof, working with holomorphic second fundamental forms
and then restoring the original orientation to complete the proof.

Lemma 3.2 shows that if ¢: $? > G, , is harmonic and of sufficiently high
isotropy order, then either ¢ or one of its d’-Gauss maps is 9’-reducible. The
next proposition shows how forward replacement of a suitable subbundle
increases the isotropy order.

Proposition3.4. Let ¢: S? —» G, , be harmonic of isotropy order > r (r > 1).
Suppose that ¢, G'(¢),- - -,G () are all 3’-irreducible. Then

(1) The second fundamental form AGe 4y 4 is holomorphic.

(i1) Let o denote ImAf 4 45 then rank a <

(iii) If ¢ is obtained from ¢ by forward replacement of a, i.e. ¢
Gj(), then &: S* > G, , is harmonic of isotropy order > r + 1.

Remarks. (i) If a = 0, ¢ = ¢ already has isotropy order > r + 1.

(ii) By Proposition 2.5, if a # 0, then we recover ¢ from ¢ by backwards
replacement of G,(a) which is an antiholomorphic line subbundle of ¢

Proof. For r=1, Ay, s = A4:|G'(¢) which is holomorphic by Proposi-
tion 1.2(i) since A,. is holomorphic. Now AG:4)4° 4s61e) ¢ > @ is @
holomorphic circuit and is therefore not an isomorphism. Since 4 5/, is an
isomorphism by hypothesis we have rank a < 1, which establishes (i) and (ii)
forr = 1.

Now for r > 1 we have a diagram

)
(R=3
+

¢ G(9) " G6Y(¢) © R
where R= (¢ ® --- ®G(¢))*. Note that R # 0 since G'(¢) is 9’
irreducible. By the above, and using Proposition 1.5 for r > 1, we see that the
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inner circuit {¢,---,G"”(¢),¢} is holomorphic with all vertices of rank 2.
Thus by Proposition 1.8, since all A 4) gi+n(4) are isomorphisms for 0 < i
< r — 1 we have that Im 4% 4, , has dimension < 1 and so rank a < 1. This
establishes (i) and (ii).

Now observe that, as already remarked, if a and hence A5, , vanishes,
Im A, C R whence G”*1(¢) L ¢ and ¢ has isotropy order > r + 1.

So assume that rank a = 1. We must check that «a is a candidate for forward
replacement, i.e., that a C ker 4. o 4. For r > 1, A}. A, vanishes and
there is nothing to prove. For r =1, since 4. o 4}, is nilpotent, we have
(A o A )2 0 and since a coincides with Im 4. o A} off an isolated set of
points we see that @ C ker 4. o 4.

Now A ;/4)la is holomorphic by Proposition 1.2(i) so let a; be the
holomorphic subbundle of G’(¢) defined by its image. Similarly, define
a, © G)(¢) by

_IE(A&(,-l)(wvcu)(mlg,v_l) = qQ; for 1 <i<r.

Also, let B, = a* NG (¢p)forl <ixr

By Proposition 1.2, the restrictions of the AGa 4 gi+v(e) aNd AGig) 4 tO
. are holomorphic and thus we have a holomorphic circuit
{a,a;," -+, a,, a} with all vertices of rank 1, and so the composition vanishes.
Since each AGu 4y gi+n) 18 an isomorphism we conclude that g,
_ ’
= kerdGogre

Thus we have a diagram

a, &y, Q&

_Bl _BZ B{—l Br

>

I
=
Y
)

I

l

|
Y
|

R
(=]
I
IR
v
Y
|
I
|

Inspection of the diagram shows that each 4, , , Ap 5 ,0<i<r—1is
holomorphic as is AB « and A, g, by Proposmon 1. 5 Further 4/
AGn |, is nonzero since G'”(¢) is d'-irreducible, so let a,, , denote ImA
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which is a holomorphic subbundle of R and let 8,.; = a/%,; N R. Note that

rank B, ., need not be 1 in general but all other g,, 8; have rank 1.
Thus we have:

EO W ﬁl g’ Er-#l . _BO
A y
> N — =
go gl gr gr+1 (—!0

where the extreme vertical edges are identified. By inspection and Proposition
1.5 we see that A4,  , is holomorphic and we have a holomorphic circuit
{ag, 0,1, B0+, B, &y}, the composition of which must vanish. Thus
w...8, vanishes since all other edges are nonzero being the restrictions of the
various A 4, or the restriction of A%y, , to the complement of its kernel.
Now replace a, by its 3’-Gauss image to obtain ¢ = B, + a,. From the
diagram we see that

G(i)(é)=_gi+‘_xi+1’ i=1"“7r’

and since 4;, | 5 = 0 we see that GUt(¢) c Bt g

Thus G)(¢) L ¢ for 1 <i<r+ 1 and so ¢ has isotropy order > r + 1.
This concludes the proof.

Thus combining Lemma 3.2 and Proposition 3.4 we see that by forward
replacement of line bundles if necessary we arrive at a harmonic map ¢ which
is d’-reducible or has a d’-reducible ith Gauss bundle for some i. To complete
the first stage of the proof we must show that a Gauss bundle of a harmonic ¢
may be obtained from ¢ by iterated forward replacement of a line subbundle.

Lemma 3.5. Let ¢: S* > G, , be a harmonic map which is d'-irreducible.
Then there is a holomorphic line subbundle o of ¢ such that forward replacement
of a yields a harmonic bundle <i> and forward— replacement of a* ﬂ£> yields
G'(9).

Remark. If ¢ has isotropy order > 2 any a will do, otherwise a is given by
kerd),. o 4.

Proof. Let a be given by kerdy. o 4}, if A}, o A, is nonzero and let a be
any holomorphic line subbundle otherwise. Then, applying the methods of
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Proposition 3.4 we have a diagram

R
B B
A /
« o

where 8 = a* N¢, &) = Gy(a), B; = Gy(a)* NG'(¢) and A , vanishes if ¢
has isotropy order > 2. We see that B is holomorphic in §= B +¢, and
A%(B) € B;. Further, 45.(B;) = 00 B C kerAj. o 4}. Thus B is a candidate
for forward replacement and since 4 4 is an isomorphism, by d’-irreducibility
of ¢, we see that g+ mj: + G;(B) = G'(¢) which concludes the proof.

Now observe that for all the forward replacements considered above we have
rank a = rank Gj(a) so that we may apply Proposition 2.5 to reverse the
procedure and conclude

Proposition 3.6. Let ¢: S? — G,, be a harmonic map. Then there is a
sequence of harmonic maps ¢, - -, ¢5: S* = G, such that

(i) ¢, is d’-reducible and is thus antiholomorphic (G'(¢,) = 0) or has rank
G'(go) = 1.
(i) oy = ¢.

(ii1) For each i < N there is a holomorphic line bundle L, of ¢, such that ¢, ,
is obtained from ¢, by backward replacement of L N é,. -

To finish the proof of Theorem 3.2, we must deal with nonantiholomorphic
0’-reducible maps. We distinguish two cases:

(i) We show in Proposition 3.7 that if Aj(kerd}") =0, then ¢ is, up to a
change of orientation, of the desired form, whereas

(i1) in Proposition 3.8 we show that if A;f(ligA;L) # 0, a suitable backward
replacement produces a map of increased isotropy order so that by iterating
the procedure we eventually get a map of type (i).

Proposition 3.7. Let ¢: S = G, , be harmonic with G'(¢) of rank 1. If
Alj(kerA}*) = 0, then either (a) there is an antiholomorphic map g: S* - CP"~!
and ¢ = G'-"(g) & G"""V(g) for some integer r > 0, (it can be shown that ¢
is a Frenet pair) or (b) there are maps g, h: S — CP"~' antiholomorphic and
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holomorphic respectively such that G'(h) L g and ¢ = g ® h, i.e. ¢ is a mixed
pair.

Proof. Ajye AGy4) s G'(¢) = G'(¢) is holomorphic by Proposition 1.2
and the harmonicity of ¢ so 4},.(G'(¢)) C ker 4. Thus denoting ker4, by «
and putting 8 = a* N¢ we have a diagram (the edge R — B vanishing by
hypothesis; here R = (¢ + G'(¢)*):

R=(s+G(s))"

By > G'(¢)

[

The circuit {a,8,G'(¢),a} is holomorphic and so at least one edge must
vanish. If 4, , vanishes we have a diagram

I

° S

B T G(9)

IR

sothat B =h, a = g, where h, g: S 2 - CP"! are holomorphic and antiholo-
morphic respectively, and G'(h) L g.

Otherwise, since A} ¢, cannot vanish without contradicting rank G'(¢) = 1,
A% (4).« = 0 and we have the diagram

R

G'(9)

IR
=™
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to which the argument of §2D can be applied to conclude that ¢ = G-""Y(g),
B = G""(g) for some antiholomorphic g: §* - CP"~ 1.

Proposition 3.8. Ler ¢: S* - G,, be harmonic of isotropy order > r > 1
with tankG)(¢) =1, 1 <i < r. Suppose Aj(kerd,")+ 0 and let a be the
holomorphic subbundle of ¢ defined by kerA,. Then backward replacement of
B=a*n¢ produces a harmomc map &: . S 2" - G, , of isotropy order > r + 1
and rank G)(¢) = <r+1

Proof. We have the dlagram

R

¢ G'(9) " G"(9)

where the inner circuit is holomorphic from which we conclude that

ImAG 4.6 C @ = kerdy since all other edges are isomorphisms. Thus we
have:

I

G"(9)

IR

We see that 47(8) € R and Ay.(R) = 0 so that 47. o 45(B) = 0 whence 8
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is a candidate for backward replacement. Thus we have

G4(B) < RN Gy(B)

— - G(6)

a

So putting ¢ = a + G,(B) we see that G'($) = B, G(¢) = G V(¢) and
the proposition follows.

We now iterate until for some ¢, Ag(lg_:{A'&,*) vanishes (which must happen
to avoid contradicting Lemma 3.2). Observing that all backward replacements
in Proposition 3.8 are invertible by Lemma 3.5 the proof of Theorem 3.3 now
follows by reversing the orientation on S? (see Remark at the beginning of this
section). Note that the property of being a mixed pair is independent of
orientation, while if a map satisfies conclusion (a) of Proposition 3.7, it is clear
that it is a Frenet pair with respect to the conjugate complex structure on M2,

D. We conclude this section with an application of these ideas to the
construction of strongly isotropic harmonic maps of an arbitrary Riemann
surface into G, ,,.

Recall that a map ¢: M2 — G, is strongly isotropic if ¢ has isotropy
order > r for all r. Erdem and Wood showed that all strongly isotropic
harmonic maps arise from 9’-pairs as in §1, i.e., there is a d’-pair (¥, X') such
that ¢ = ¥+ N X. However, in case k = 2 we can prove a more delicate result.

Theorem 3.9. Let M2 be a Riemann surface and ¢: M?* — G, a strongly
isotropic harmonic map. Then there is a sequence of strongly isotropic harmonic
maps ¢, -, dy: M* > G, ,, such that

(1) ¢ is holomorphic, a Frenet pair associated to a holomorphic curve h:
M? - CP"~ ! or a mixed pair.

(i) oy = ¢.

(iii) There is a k, 0 < k < N, and holomorphic line subbundles L, of ¢, for
0 < i<k such that ¢,,, is obtained from ¢; by backward replacement of
L' N, 0<i<k andfori>k, .1 =G'($).
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Thus any strongly isotropic harmonic map is obtained from our ‘holomor-
phic data’ by choosing holomorphic sections of CP! bundles and differenti-
ating. Of course, in this context, G'(¢;) is obtained from ¢, by forward
replacement of ¢, itself since 4. ° 4} vanishes by strong isotropy.

Proof of Theorem 3.9. The proof is based on observation that for strongly
isotropic maps, the procedures in the proof of Theorem 3.3 do not require the
vanishing of any holomorphic differentials and thus apply to maps of an
arbitrary Riemann surface.

For completeness, we sketch the argument in this case. Let r be the largest
number such that G7(¢)# 0, finite by Lemma 3.2. Then putting R =
(Z6G(¢))* and using Lemma 3.1 we have a diagram

A o N o> —
e

® > 7 —_— >
R ¢ G'(9) G 0(¢)  G(e)

Let i be the largest number such that rank G*)(¢) = 2. Then G)(¢) is
d’-reducible and ¢ = G-"(G(¢)) by Proposition 2.3. If i =r, GV(¢) is
antiholomorphic and a reversal of orientation complete the proof. Otherwise
put G)(¢) = ¢ and let s be the largest number such that G*)(¢) # 0. Then
we have a diagr_am

s e — — — e
R’ ¢ Gt () G (¢)
where rank G)(¢) = 1,1 < i < 5. Now if Af(ker A3)* = 0 we put @ = ker4)

and B =a* N¢ and get a dlagram

G“A($)

[
Q
S

IR

from which it is clear that 9 = a ® B is either a mixed pair, if 4, 4 vanishes,
or a, B are consecutive 3”-Gauss bundles of the antiholomorphic map GY(9)
whence after a change of orientation gb is a Frenet pair.

Lastly, if A”(kerA’*) # 0, then the backward replacement procedures of
Proposition 3.8 can be applied to find a map to which the above argument may
be applied.
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4. Reducibility and harmonic maps of S* into G, ,,, k = 3,4,5

A. Let ¢: M2 > G, , be a harmonic map. Recall from §3 that ¢ is
0’-reducible if rank G'(¢) < rank ¢ or equivalently if ker4} # 0.

The following result shows that d’-reducible or 3”-reducible harmonic maps

M? > G, can be constructed from harmonic maps into Grassmannians
M? -G, t<k.

Theorem 4.1 (Reduction theorem). 1.(a) Let ¢: M* — G, , be harmonic
and 9’-reducible. Then there is an integer t, 0 < t < k — 1, a harmonic map :
M? — G, and a nonzero antiholomorphic subbundle B of (Y + G'())* such
that ¢ = ¢ @ B.

(b) Conversely, given y: M? — G, , harmonic and a nonzero antiholomorphic
subbundle B of (Y + G'(Y))*, then putting ¢ =y @& B gives a d’-reducible
harmonic map ¢: M* - G, ,, k = t + rank .

Dually: N

2.(a) Let ¢: M* > G, , be harmonic and 3"-reducible. Then there is an
integer t,0 < t < k — 1, a harmonic map y: M — G, , and a nonzero holomor-
phic subbundle a of (Y + G"(Y))* suchthat ¢ = ¢ & a.

(b) Given y: M* - G, ,, harmonic and a nonzero holomorphic subbundle & of
(¢ + G"(Y)*, then putting ¢ = ® a gives a 3"-reducible harmonic map ¢:
M? > G, ,, wherek =t + rank a.

Proof. 2. will follow from 1. by reversing the orientation.

For 1.(a) let B = ker A4, nonzero by hypothesis and put y = 8+ N¢. Then
since B is a holomorphlc subbundle of ¢ we have 47, s = 0 and since Ay|B
vanishes by definition we have 43 ,. = 0. Thus we have a diagram

14

whence ¢ is harmonic by Lemma 2.1 since ¢+ is. Further since 4, ; vanishes
we see that G'(¢) C ¢* so that B C (¢ + G'(¥))* and since A} ,. vanishes
we see that B is an antiholomorphic subbundle of B ® ¢+ and so a fortiori an
antiholomorphic subbundle of (¢ + G’(¢))* which is contained in 8 ®¢*.
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(b) For the converse let y: M? - G,, be harmonic and put R =
(¢ ® G'(¢))* . Then as usual we have a diagram:

R

I

G'(¢)

Now if B is an antiholomorphic subbundle of R we have 43 5.z = 0 and
since A% g, vanishes we have A% . g1y = 0. Thus putting ¢ = ¢ & B we
have a diagram

RNB*

. (%)

whence ¢ is harmonic by Lemma 2.1 since G’(y) is by Proposition 2.3.

Lastly, since Ap 4. = Ap g+ nr + Ap g1y, = 0 we see that B C ker4j so that
¢ is d’-reducible.

B. As an application of the Reduction Theorem we show how to construct
all harmonic maps of S? into Gy k= 3,4,5, from harmonic maps of S 2 into
CP" ! and G, , which were in turn constructed in §3.

Theorem4.2. Let ¢: S2 > G, , be a harmonic map, k = 3,4,5. Then there
is a sequence of harmonic maps ¢, - -, ¢5: S* = G, such that

(i) ¢, is either holomorphic or there is a harmonic map : S* - G,,,
1 <t < k, and a holomorphic subbundle a of (Y + G"'(¢)) * such that ¢ = ¢
oD a.

(i) oy = ¢.

(ili) For each i, 0 < i < N, there is a holomorphic subbundle a; of ¢, such that

&, is obtained from ¢, by forward replacement of a;.
" Remark. Thus to construct any harmonic map S? — G k=3,4,5,
from the ‘holomorphic data’ of §3 involves the choice of a sequence of
holomorphic subbundles (not necessarily of rank one). For simplicity we shall
prove only the case k = 3. The cases k = 4,5 are similar but longer.



284 F. E. BURSTALL & J. C. WOOD

Again the proof will proceed in several steps. As usual we reverse the
orientation of S? for the duration of the proof so as to be able to work with
holomorphic second fundamental forms.

By the reduction theorem, it suffices to produce from a given harmonic map
§% > G, a 9'-reducible harmonic map. For this we argue as in §3 showing

how forward replacement of a suitable holomorphic subbundle increases
1sotropy order.

Proposition4.3. Let ¢: S? - G, , be harmonic of isotropy order > r (r > 1).

Suppose that ¢, G'(¢),- - -,G (o) are all ¥'-irreducible. Then:
(1) The second fundamental form A% 4, 4 is holomorphic.

(ii) Let y denote Im AA% 4 45 then tanky < 2.

(ii1) If ranky < 1, then there is a holomorphic subbundle § of ¢ contained in
kerdj. o 4, forward replacement of which gives a harmonic map & of isotropy
order > r + 1.

(iv) If ranky =2, there is a holomorphic subbundle § of ¢ contained in
kerd. o A, for_ward replacement of which yields a harmonic map ¢ of isotropy
order > r such that rank Ao, 5 < 1.

Corollary 4.4. Let ¢ satisfy the hypotheses of Proposition 4.3. Then one or
two forward replacements yields a harmonic ¢ such that either

(i) ¢ has isotropy order > r + 1, or

(ii) some G (@) is d'-reducible,0 < i < r.

Proof. Arguing exactly as in Proposition 3.4 we have a diagram

¢ G(9) T 69(e) R

where R= (¢ + -+ +G(¢))* and the inner circuit {¢,G'(s), -,
G (9), ¢} is holomorphic with all vertices of rank 3. By the irreducibility
hypothesis each Af ) gu+n(g is an isomorphism for 0 <7< r—1 so that
y = ImAG ), has rank < 2. This establishes (i) and (ii).
~ Now suppose ranky < 1. Firstly, if y =0, G"*P(¢) L ¢ so that ¢ has
isotropy order > r + 1 already and we take 8 = 0.

So assume that ranky = 1. From Proposition 1.2 we have that 4! ;. is
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holomorphic, so define y, = ImA’, ¢, and define y,, 1 <i < r, by
Y= Im Ay Gog)

Thus each v, is a holomorphic rank one subbundle of G¢ )(¢) and each A, L
0 <i<r—1,is an isomorphism by the irreducibility hypothesis. Let §,+=1
G(¢) N y,~ . Arguing as in Proposition 3.4 we see that {(vsv 7,7} is a
holomorphic circuit so that 4/, . vanishes, whence v, C ker A% 4 4. Thus we

have a diagram

Y

where the horizontal edges are all isomorphisms. By inspection and Proposi-
tion 1.5 we see that all the horizontal edges A’ r and A% ; are holomorphic,
so we put Y,,; = ImA4’ p and §,,, = v,5; NR. Note that y,,, is nonzero
and A’ | is an isomorphism since G("(¢) is d’-irreducible. We now have a
diagram:

[=}

5 B, b 8 8.

[
g
Y
4
P

Y n Y1 LT Y T

Just as in Proposition 3.4 we have a holomorphic circuit {v,v;," ", 7,41, 6,
8,,---,8,,v) all edges of which are isomorphisms except 4, 5 and 4j ,
which last is a surjection. Thus either 4’, 5 vanishes or its image is contained
in the kernel of the composition {8,8,,--,8,,v}.

In the first case forward replacement of y (clearly in the kernel of A}, o 43)
yields a harmonic map of isotropy order > r + 1 (cf. Proposition 3.4). Other-
wise put n = Im4’ ; a holomorphic subbundle of §. Denote by 7, its
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images under the 45 5 to get a diagram where §/ = ;" N3§,.

& 8 AN N &’
T > > —_——— 7 7> >
7 7
A N A JL A A
\ Ui - T+
7 > 11 ,\ e > - 'r_,
- ﬂ_r—l
4\ A A A A
A
X > - = > >
- N Yr-1 Y Yr+1 Y

Again inspection shows that the ‘zig-zag’ circuit {v, " *,%,41, M "> Mrs1s
8’,--+,8/,v} is holomorphic and, in this circuit, all edges are isomorphisms
except A; s, and all vertices are of rank 1. Thus 4  ;, vanishes.

Now kerAGm 2 M + 11 (With equality if r = 1) so that g + y is con-
tained in ker 4. 4} and so is a candidate for forward replacement. So let ¢
be obtained | from ¢ by forward replacement of n + y. Then we have

‘1’ =8+ +y,
G™(¢)=8/+m,, + ¥4 forl <i<rand,in particular,
G(')(&’) =98 + Mr+1F Y-

Then since A,  , vanishes, GV*)(¢)C &/,, +n+y L ¢ and so ¢ has
isotropy order >+ 1. This concludes the proof of (iii).
For part (iv): Define y, and §, as before so that y, = LII_IA’YI__I‘GU)((#) and
L NG'(¢) = §, and we get a diagram

[~
=g}
-
L@
|

-

(=2}

N1 B Yr-1_2 Y,
where the circuit {v,---,¥,, v} is holomorphic and so rank 4, , =1 since all

other edges are isomorphisms and 4/, | cannot vanish without contradicting
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the rank assumption on Af4) 4 SO put @ = ImA’, | which is holomorphic in
y and define @, = Im4;, _, a;,y = Im4,  for1<i<r, B;i=g" Ny, Then
we have a diagram:

6 §1 o *ér——l N
N
A A A
B - — >
- 3 Er——l ¢
g
A / A
a _
a a,
Here we have noted that the circuit { a, @;,- - -, a,, @} is holomorphic and so

since all vertices are of rank one and all horizontal edges are isomorphisms we
have A4, ,=0. Now from Proposition 1.5 and inspection we see that all

5,.6,. Ap,.p,., and A, ,  are holomorphic and indeed are isomorphisms by
the irreducibility hypothesis. Further 45 , and 4} , are holomorphic and are
isomorphisms by the assumption on rank y.

Lastly A, p and A% ; are holomorphic so that we have a holomorphic
circuit {a,---,a,, R,8,--+,8,,B,---,B,,a} and we conclude that Im4]
C kerAy 5.

Now it is easy to see that a C kerd,. o 4}, so let ¢ be obtained from ¢ by
forward replacement of «. Then ¢ =8 + B+a;, and G(¢) =38, + B,
+ ImA], p. Thus since A% s(ImA; r) = 0 we see that N

Im Ay, C @ + B +R,

whence Im 453, 3 = B and therefore has rank one. This completes the proof
of Proposition 4.3.

Proof of Theorem 4.2. Given an arbitrary harmonic map ¢: S? - G, ,, by
Corollary 4.4 and Lemma 3.2 we may forward replace holomorphic subbundles
until we obtain a map ¢: S? — G;, which has a 3’-reducible 3’-Gauss bundle
G (). It remains to show that 3’-Gauss bundles may be obtained by forward
replacement but the arguments of Lemma 3.5 carry over word for word to
show that G’(¢) may be obtained from ¢ by at most two forward replace-
ments. Thus we arrive at a 9’-reducible map ¢ to which the Reduction
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Theorem 4.1 may be applied. It remains only to observe that all replacements
used are invertible and to restore the original orientation on S? to complete
the proof.

5. Surfaces of higher genus and other extensions

A. Degree of a map ¢: Mp2 - Gy .- Let Mp2 denote a compact Riemann
surface of genus p € {0,1,2,--- } and let ¢: M, - G, , be a smooth map.

Definition. The degree of ¢, denoted deg¢ is the degree of the induced
map ¢*: H*(G,,,Z)=7Z — H*(M?,Z)=Z on second cohomology. Note
that a holomorphic map has nonnegative degree (see, for instance, [13]).

Now let E — M, be a complex vector bundle over M. We denote by ¢,(E)
the first Chern class of E evaluated on the canonical generator of H,(M 1,2, 7).

Note the minus sign in the following

Lemma5.1. Let ¢: M} - G, , be smooth.

(a) deg ¢ = —cy(¢) = _Cl(/\k?)-

(b) degp* = —deg o.

Proof. Let T — G, , be the tautological k-plane bundle over G, ,. The
first Chern class of T evaluated on the canonical generator of H*(G, ,,Z) is
—1. Thus, by the functoriality of Chern classes we have

ci(¢) = e1(¢7'T) = ~deg.

The other assertions follow from well-known properties of Chern classes (see,
for example, Hirzeburch [22]). q.e.d.

To obtain vanishing second fundamental forms for surfaces of higher genus
we need

Lemma 5.2. Let E, F be holomorphic vector bundles over M, of the same
rank r and let s/ = dz* ® A be a holomorphic section of Q@ *T oM, ® L(E, F).
Then if A is an isomorphism on any fibre,

c(F)>c,(E)+rk(2-2p).

In particular, if E and F have rank one and c¢,(F) < ¢;(E) + k(2 — 2p), then
A is identically zero on each fibre.

Proof. A%/ is a holomorphic section of the line bundle L = ® T}, M,
® L(AN'E,A\'F). Now

a(L) = k(2 = 2p) = i(E) + ¢,(F)

and if this is negative, A"s/ vanishes identically so that 4 cannot be an
isomorphism on any fibre.
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B. Inclusive harmonic maps M, —» G,,. In this section we consider
harmonic maps ¢: M? - G, such that ¢+ is strongly conformal. Such maps,
if non-+ holomorphic, are precisely the ‘inclusive maps’ in the sense of
Eells-Salamon [14] with respect to the quaternionic Kahler structure of G, ,
(see below). For surfaces of low genus such maps are often very easy to
describe.

Proposition 5.3. Let ¢: S* > G,, be harmonic and suppose ¢*: S —
G, _,., is strongly conformal. Then ¢ is + holomorphic, a Frenet pair or a mixed
pair. In particular either ¢ or ¢ is strongly isotropic.

Proof. If ¢* is + holomorphic there is nothing to prove so we suppose
that this is not the case. Then G’(¢*) and G”'(¢*) are mutually orthogonal
and must have rank one. Denote these bundles by a, B respectively. Then we
have a diagram

IR

with A4}. , and A4p,. nonzero. If A, p vanishes, then ¢ is the mixed pair
a ® B. Otherwise, we have a holomorphic circuit with all edges of rank one so
that A, ,oAp,.=0,ie, Imdp,. C ker A, ,. So set y; = kerdgy. ,, 8, =
¥;- N¢™ to obtain a diagram

Y1

4
=

8

Y
IR

where rank 8, = 1 and all edges except possibly 4, 5 are nonzero..If A, 5, = 0,
then §, is holomorphicand ¢ = a & _,l_? is an associated Frenet pair. Otherwise,
again, we have a holomorphic circuit and Im4j . C kerd! ;. In this case set
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Yy, = kerd’ ., 8, = y;" Ny, and we have a diagram

<
S
A
)

>
Y
IR

with all vertices of rank one except vy, and all edges nonzero except possibly
A, 5, We repeat this procedure reducing the dimension of y; each time so
eventually for some i, A,v.«& vanishes and we have a diagram

Yie ~< B
8;
i A
|
I
8,
9 > a

so that §, is holomorphic and ¢ = G*)(8,) ® GUV*(§)).

Thus ¢ is a Frenet pair and the proposition is proved.

Adding a hypothesis on degree we can prove a similar result for maps
T? - G,,.

Theorem 54. Let ¢: T> - G, , be a harmonic map of odd degree. Suppose
that ¢* is strongly conformal. Then ¢ is + holomorphic, a Frenet pair or a
mixed pair.
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Proof. Assuming that ¢ is not + holomorphic and not a mixed pair we see
that just as in Proposition 5.3 we have a diagram

B

¢J.

a

with all edges nonzero. In particular dz ® 4, ; is nonzero so that ¢,(8) >
c(a@) +0 by Lemma 5.2. Now if A}, ,0Adp,i# 0, dz® ® Af. 0 Ap 4 is
nonzero so that, again by Proposition 5.3, ¢;(a) > ¢,(8) + 0, whence ¢,(a) =
c;(B) and deg ¢ = —(¢q(a) + ¢;(pB)) is even. Thus if ¢ has odd degree ImAp 4.
C kerdy. , and setting y; = ker4}. , and §; = y;" N¢* we get diagram (1)
of Proposition 5.3. Again, if A ;°Ap, # 0 we get c;(a) > ¢;(B) so we
repeat the argument of Proposition 5.3 to conclude that ¢ is a Frenet pair.

C. Application to HP". A quaternionic Kiaher manifold, N, is a 4n-
dimensional Riemannian manifold whose holonomy group is contained in
Sp(n)Sp(1) € SO(4n). Thus End(TN ) has a rank 3 subbundle Q, stable under
covariant differentiation, locally spanned by sections I, J, K satisfying

() I2=J?=K?=-1d,

W) J=K,JK=1 KI=J,

(ii1) 7, J, K skew-symmetric.

A subspace W C TN is called quaternionicif Q W C W.

Definition. A map ¢: M? — N is inclusive if d¢(T,M) is contained in a 4
(real) dimensional quaternionic subspace of T, N for each x € M. For more
information on quaternionic Kahler manifolds and inclusive maps see Salamon
[28], [29] and Eells-Salamon [14].

Now G, , is quaternionic Kahler with the bundle Q being given by right
composition with skew Hermitian endomorphisms of 7, the tautological 2-plane
bundle. (Here, of course, we identify TG, , with L(T,T*).)

Rawnsley has shown

Lemma 5.5. A weakly conformal non-+ holomorphic map ¢: M?> - G, is
inclusive if and only if ¢+ : M? — G, , is strongly conformal.

Thus Proposition 5.3 and Theorem 5.4 apply and we have

Theorem 5.6. Let ¢: S>> G, , be harmonic and inclusive. Then ¢ is £
holomorphic, a Frenet pair, or a mixed pair.

The same conclusion holds if ¢: T? —» G, is inclusive conformal and
harmonic of odd degree.
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Now let HP"~! denote quaternionic projective (n — 1) space which we
regard as the subset of G, ,, consisting of complex 2-planes W € G, ,, closed
under the action of J: C2" — C?" given by

J(x,y)=(-p,X%), (x,y)ecC"x C"=C*",
Under the identification C2" = H” given by (x, y) = (x + yj), J is just left
multiplication by j.

Proposition 5.7. A4 map ¢: M? > HP""! is inclusive if and only if ¢ is
9’-reducible.

Proof. We have (i) JA;. = A,.J, whence JG"(¢*) = G'(¢); (ii) (x, Jx)
= 0 for all x € C?". Thus from (i) we see that ¢ is + holomorphic if and only
if ¢ is constant in which case the proposition is trivially true.

Now ¢ N G"(¢*)* = kerd), so that if ¢ is nonconstant and 9’-reducible
rank G”(¢*) = 1, and from (i) and (ii) we have G”(¢*) L G'(¢), whence ¢+
is strongly conformal, hence ¢ is inclusive. Conversely if ¢+ is strongly
conformal and nonconstant, again rank G"’(¢+) = 1 whence ¢ is 9’-reducible.
q.e.d.

Thus we recover a theorem of Aithal [1] in a slightly more explicit form:

Theorem 5.8 (cf. [1]). Let ¢: S2 - HP""! be harmonic, 3’-reducible, and
nonconstant. Then ¢ is a Frenet pair or a mixed pair. In particular, ¢ or ¢+ is
strongly isotropic.

Remark. Theorem 5.4 has no application to maps ¢: 72 - HP"~! since
H*HP"1,Z)=0,s0deg¢ = 0.

D. Maps into G, ,.

Proposition 5.9. Let ¢: M? — G, ,, be a harmonic map.

(a) If deg(¢) < k(1 — p), ¢ is d’-reducible and ¢+ is 3”-reducible.

(b) If deg(¢) > k(p — 1), ¢ is 3”-reducible and ¢+ is d’-reducible.

Thus if p = 0 or |deg ¢| > k(p — 1), either ¢ or ¢+ is d’-reducible.

Proof. 1f A or, equivalently 43, , is an isomorphism on some fibre, then
by Lemma 5.2

ar(¢4) = er(9) + k(2 - 2p)
or, by Lemma 5.1,

deg(¢) > k(1 - p).
Thus (a) is proved. Part (b) is similar. q.e.d.
Specializing to k = 2 and applying the Reduction Theorem 4.1, we have
Theorem 5.10. Ler ¢: MI,2 — G, 4 be a non-+ holomorphic harmonic map.
Then if either () p =0 or, (i) p > 1 and |deg¢| > k(p — 1), then there is a
harmonic map : M, - CP? and an antiholomorphic line subbundle B of
(¢ + G'(Y))* such that either ¢ or ¢~ is given by y & B.
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Remarks. (i) Choice of B is equivalent to the choice of a holomorphic
section of a CP! bundle.

(i) If p =0, then M, =S 2 and (5.10) applies to any non-+ holomorphic
map S2 - G, ,.

Further, in this case we know the structure of ¢ (see §2D) and we obtain the
theorem of Ramanathan [25]:

Let ¢: S? - G, 4 be a non-+ holomorphic harmonic map. Then either ¢ or
¢ is the sum G”(h) ® B, where h: S > CP? is a holomorphic map and B
is an antiholomorphic subbundle of (G (k) + GU*D(h)*, i € {0,1,2}.

(iii) If p = 1, (5.10) applies if deg ¢ + 0 (cf. [17, Proposmon 7.6]).

(iv) For p = 0 and |deg ¢| < 1 we see from Proposition 5.9 with k = 2 that
¢ and ¢ are both 0’ and 9”-reducible. In fact we can say more in this case:

Theorem 5:.11.  Let ¢: S? = G, , be harmonic with |deg ¢| < 1. Then either
¢ or ¢+ is + holomorphic, a Frenet pair or a mixed pair.

To prove Theorem 5.11 it suffices to show that either ¢ or ¢+ is strongly
conformal. This in turn follows from Proposition 5.9 (see above Remark) and
the following lemma of possibly independent interest.

Lemma 5.12.  Let ¢: M, > G, , be a 9'-reducible weakly conformal harmonic
map of degree > 2p — 2. Then either ¢ or ¢~ is strongly conformal.

Proof. 1If ¢ is +holomorphic there is nothing to prove. Otherwise set f3
=kerd,,a=B8*N¢,y=Im4,and § =y* No*.

Now all these bundles have rank one and by definition of 8, vy, the only
nonzero component of 4 is 4, .. Further, by the conformality hypothesis

trace(A 10 A ) traced’, ,° 4, , =0,
whence 4, , = 0 and we have a diagram:

a < )

B < Y

By Proposition 1.5 we see that 4] ; and Aj5, are holomorphic so that if
neither vanish identically we have, from Lemma 5.2,

cla)>e(8)+2-2p, a(B)zaly)+2-2p
and adding and using ¢,(¢) = ¢;(a) + ¢;(B) we have
o(9) = ci(et) +4-4p
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or equivalently,
deg(¢) <2p — 2.

Thus if deg(¢)>2p — 2, either 4’ 5 or A}, vanishes. If 4/ ;=0 then
G'(¢)Cy, G"(¢) C § and ¢ is strongly conformal. Similarly, if 45, =0, ¢*
is strongly conformal.

Remark. Note that the case p = 0, |deg$| < 1 is the only one where the
hypotheses Proposition 5.9(a) and Lemma 5.12 hold simultaneously.

E. Nilpotency and degree. For a harmonic map ¢: $? - G, it is clear
that the nilpotency of Aj. ¢ 4, is an important ingredient in our construc-
tions. We now examine the possibility of such nilpotency for maps from
surfaces of higher genus.

Proposition 5.13. Ler ¢: Mp2 — G, , be harmonic and d’-irreducible and let
Y = G'(¢). Then if degy — deg¢ < k(2 — 2p), A,.° A, is not an isomor-
phism on any fibre.

Proof. Since ¢ is 0’-irreducible, rank ¢ = ranky = k and 4/, , is holomor-
phic. Thus if 4], , is an isomorphism on any fibre, we have, from Lemma 5.2,

ci(¢) > a(G'(s)) + k(2 - 2p).
Thus if degy — deg¢ < k(2 — 2p), 4], , and 4. ° A}, are not isomorphisms
on any fibre.

Corollary 5.14. Let ¢: M, > > G, , be d"-irreducible, weakly conformal and
harmonic with degy — deg¢ < 2(2 — 2p). Then A}, ° A, is nilpotent.

Proof. The coefficients of the characteristic polynormal of A, A} are
trace (Aj. ° A}) which vanishes by weak conformality and det(A¢i °A )
which vanishes by Proposition 5.13, thus 4. o 4], is nilpotent. q.e.d.

As an application we extend to surfaces of higher genus a theorem of Aithal
[2] concerning maps into G, s.

Theorem 5.15.  Let ¢: M, = G, 5 be a harmonic map of degree < 2(2 — 2p).
Suppose that Ay, o A, is nilpotent. Then either ¢ or G'(¢) is 3’-reducible. Thus
one of the followmg holds:

(i) ¢ is antiholomorphic.

(i) There is a harmonic map : M} — CP* and an antiholomorphic sub-

bundle B of (¥ + G'(¥))* and
9=yep o ¢=G"(yvep)

(iii) ¢ = G"(), where y: M} — G, 5 is antiholomorphic.

From Corollary 5.14 we have

Corollary 5.16. Let ¢: M, > G, s be weakly conformal and harmonic with
degp < 2(2 — 2p) and degy — deg¢p < 2(2 — 2p). Then either ¢ or G'(¢) is
d’-reducible and one of (i)—(iii) in Theorem 5.15 hold.
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Proof of Theorem 5.15. 1t suffices to show 9’-reducibility of ¢ or G'(¢), the
rest following from the Reduction Theorem.

Suppose then that ¢ is d"-irreducible, set y = G'(¢) and consider 4, ,. If it
is zero, then rank A} < 1and y is 3’-reducible; so suppose that rank A =1
Put B, = kerA7 # ,82 Bl Ny, &y = Im4’ ,, a, = ai* N, R = (g, @ a, ®
Bi @ B,)* . By definition the only nonzero component of 4, , is 45 , and
from the nilpotency of 4. ° 4} it is easy to see that A7, p vanishes. Thus we
have a diagram

R
Q) > B,
A A
5>
ay Bl

and from Proposition 1.5 we see that the following second fundamental forms
are holomorphic: 4, 4, A:n..ﬂ.’ Ap, o, and Ap p. Further, the first three are
nonzero since ¢ is d'-irreducible and rank 4’ , = 1. If 43  # 0 also we have
from Lemma 5.2,

Cl(_ﬂ ) a(e) +(2-2p),
ai(By) = er(a;) +(2 - 2p);
ale)>c ( 2) +(2 - 2p),
c(R) > 51(/31)+(2_2P)

whence

() = ¢(a,) +2(2 - p),
whence
c(R) = ci(ay) +22 = p) > 3er(e) +(2 = 2p) + Jei(ay) +2(2 - 2p),

so that
Cl(i’l) = Cl(ﬁl) + Cl(EZ) + ¢ (R) > %(Cx(‘h) + 01(‘!2)) +5(2 - 2p),
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ie.,
$dego > 5(2 - 2p).
Thus if deg¢ < 2(2 — 2p) we have 4p r = 0, whence B, C ker4’, and y =
G'(¢) is 0’-reducible.
Remark. It is clear from the foregoing that harmonic maps of Riemann

surfaces of higher genus into Grassmannians will be considerably harder to
study than those from S2.
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