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DERIVATIVES OF SECONDARY
CHARACTERISTIC CLASSES

JAMES L. HEITSCH

Introduction

Secondary characteristic classes have been studied extensively in recent years,
particularly with regard to foliations. One of the most interesting properties of
these classes is their ability to vary continuously with a continuous deforma-
tion of the foliation. In this paper we construct the derivatives of these seconda-
ry classes for a given foliation.

Let F be a foliation of codimension ¢ on a manifold M. Let @ be the sheaf
of germs of vector fields on M which preserve F. Then H'(M; @) is the space
of infinitesimal deformations of F. There are a graded differential complex WO,
and a natural map

ok s HX(WO,) — H*(M; R)

depending only on F, which gives characteristic classes for the foliation. We
construct a natural map

D,: H(M; ®) X H*(WO,) — H*(M; R)

which depends only on F. This map gives the derivatives of the characteristic
classes for the foliation in the sense that if 3 e H'(M; @) is the infinitesimal
deformation associated to an actual deformation F,, s € R, F, = F, then for
Je HX(WO,)

0

DF(AB’f) = 73.;‘

i) -

In a crude sense, if one views a*(f) as a map from the space of foliations on
M to the cohomology of M, one may think of D(., f) as the induced map on
the tangent space of the space of foliations. The point of this construction is
that it allows one to compute derivatives of characteristic classes corresponding
to deformations of a fixed foliation F using only information provided by the
foliation, i.e. one does not need to know what the deformation is in order to
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construct its associated derivatives. All the information is contained in F and
H'(M; D).

This construction may also be applied to the secondary classes of Simons
[7].

The paper is organized as follows. In section 1 we review known results and
gather information required later. Section 2 contains the construction of the
map D;. In section 3 we show how to partially extend this construction to the
case of complex foliations. In section 4 we compute the derivatives of two im-
portant examples, the horocyclic flow on a surface of constant negative cur-
vature and the Hopf fibrations, and show that these derivatives are zero.

1. Review of needed results

For a more thorough treatment of the material presented in this section the
reader should consult the references.

Throughout the paper we treat only smooth (C*) objects and observe the
conventions that M is a manifold, F is a foliation of codimension ¢ on M with
tangent bundle r, normal bundle v and dual normal bundle v*. C*(M) is the
space of smooth real valued functions on M. If ¢ is a bundle over M, C=(§)
denotes the space of smooth sections of £. The cohomology class determined
by a closed form w on M is denoted by [w]. Finally we observe the Einstein
convention of summing over repeated indices in any expression.

We begin by briefly recalling the Chern-Weil construction of characteristic
classes. See [17, Chapter XII].

Let gl, be the Lie algebra of the real general linear group GL,, and denote
by I*(GL,) the set of all symmetric multilinear maps

f >k< gl,— R
such that forae GL,, X;, - -+, X, € gl,
flaxia™, -, aXa™) = f(Xy, -+, X)) .
Such a map is called an invariant polynomial of degree k. If we define
I(GL,) = g;o IMGL,) ,
then 7(GL,) has the structure of a graded ring and is given by
I(GL)) = Ric,, - -+, ¢,

where ¢, is the kth Chern polynomial and degree ¢, = k. We observe the Chern
convention for invariant polynomials, that is, if fe I*(GL,) and f contains
fewer than k arguments, the last one is repeated a number of times to make f
a function of k arguments. Thus
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(X, X5) = f(X, X, - -+, X)), X, X;egl, .
\—-——\’—_/

k-1

Let II: P— M be a principal GL, bundle over M. If a € GL,, then a acts
freely on P on the left by L,. A gl -valued r-form A on P is called tensorial of
type ad if

(i) 4 is horizontal, i.e., if X, ---, X, e TP and I/ (X,) = 0 some i then
A(Xl, T Xr) = Oa

(i) L¥A = ada™.

Observe that if 4,, - - -, 4, are tensorial of type ad and f'e I*(GL,), then f(4,,
.+, A,) is a well defined form on P which projects to M. In particular the
curvature £ of a connection # on P is a g/,-valued 2-form which is tensorial of
type ad and the 2k-form f(Q2) is a closed form on M.
If §, and 6, are two connections on P, we define

1
4,6.,00) = k j f6, — 0, 0t

where £, is the curvature of the connection z6, + (1 — ¢)d,, t € R. As 6, — 6,
is tensorial of type ad, 4,(4,, §,) is a well defined (2k — 1)-form on M, and

d(Af(ﬁla 00)) :f('Ql) ‘f('Qo) .

Thus the cohomology class [f(£2)] does not depend on § and in fact depends
only on P. The resulting map

W:1(GL,) — H*(M; R)

is called the Chern-Weil homomorphism.

Now denote by Rl[c,, - - -, ¢,] the polynomial ring over R in the indicated
variables with degree ¢, = 2i. Let R/[c,, - - -, ¢,] be the ring R[c,, - - -, ¢ ]/(ele-
ments of degree > 2g), and let A(hy, A, - - -, hy,,;) be an exterior algebra on the

I’s where degree h; = 2i — 1, and 2k + 1 is the largest odd integer < g. WO,
is the differential complex

A(hl’ B} h2k+l) ® Rq[cl, B cq] )

where d(1 ® ¢;,) = 0,d(h, ® 1) = ¢, ® 1.

Denote the ring of differential forms on M by A(M). Let 6, be a Riemannian
connection on the principal dual normal bundle P of F. If £, is the curvature
of §,, we remark that for any odd i the form ¢,(2,) is identically zero. Let 6,
be a basic connection [4] on P with curvature 2,. Define

ay: WO, — A(M)
by
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ap(c;) = c(2,), ap(h) = 4./, 6, ,

and extend by linearity. The ¢, on the right are the Chern polynomials in
I(GL,). This map commutes with the differential operators and induces the map

ak: HY(WO,) — H*(M; R) .

This map does not depend on the choices made.

This is one of several independently discovered and essentially equivalent ap-
proaches to secondary classes due to Berstein-Rozenfel’d [2], Bott-Haefliger [6],
Malgrange (unpublished), and Kamber-Tondeur [15]. We have adopted here
the method given in [4].

J. Vey [11] has given a basis of H*(WO,) by elements of the form

hil"'hik®c]‘1"'c<n’ B <y W<,

satisfying the auxiliary conditions

(i) if no A’s appear, each c; must have j even and j, + - - - + j, < g. (These
give the Pontrjagin classes of v*.)

(i) if some A’s appear, then i, < smallest odd j appearing and i, + j, +
-+- 4 j, > q. (These give the secondary characteristic classes of F.)

A I vector field on a manifold M with a codimension-¢ foliation F is a
vector field Y such that the one-parameter family of local diffefomorphisms
generated by Y maps leaves of F to leaves of F. We identify two I vector fields
if their difference is a vector field tangent to F. If @ is the sheaf of germs of
local I” vector fields on M, then H'(M; @) may be viewed as infinitesimal de-
formations of F. The cohomology groups H*(M; @) can be computed as fol-
lows.

Recall 7 is the tangent bundle of F, v the normal bundle, and let ' be the
covariant derivative determined by #, a basic connection on v*. H*(M; @) is
the homology of the differential complex

d d d
CoW) -5 C=(c* @ v) —L> C=(fi* @ v) —2»

U @) —> 0

Ifge C*(A** @v) and X,, - - -, X, € C(r), then

do(Xy, -+, X,) = B (DT s X X

<i<k

+ 2 (DX XL Xy o, Ky Xy, X))

0<i<j<k

(1.4)

The ™ over X, or X; means that entry is deleted. Thus each element of H'(M; @)
is represented by a section ¢ of * ® v with do = 0.
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For our point of view on this see [14]. See also [10], [18], [16], [19], [20], and
[21].

We will be working with R%and g/, -valued forms such as v = (w,, - - -, ©,),
6 = (6%), etc. To avoid becoming swamped in sub and superscripts we will often
abbreviate. For example, (2.13) written with scripts reads

. . q . . ..

2. Construction of the derivatives

In this section we construct, for a foliated manifold M, the natural map
D.: H(M; ®) X H*(WO,) - H*(M; R)
referred to in the introduction. This map gives the derivative of the map
af: H¥(WO,) - H*(M; R) .

We first construct for a given basic connection § and a section ¢ representing
B e H'(M; @) an infinitesimal derivative §’ of 4.

Let F be a codimension-g foliation on an n-dimensional manifold M, and
denote by 7* M the cotangent bundle of M, by ¢ the tangent bundle to F. The
dual normal bundle v* of F is the subbundle of T*M consisting of those ele-
ments which restrict to zero on z. Let P be the principal bundle associated to
v* and I1: P — M the projection. A point w € P consists of a g-tuple v = (w,,

-+, w,) where the w, are linearly independent elements of v* at the point /7(w).
We will also denote by w the canonical R%-valued one form on P, w = (w,, - - -
®,), given by

’

2.1 o(X) = (0(I1,.X), - -+, 0,11, X)), XeTP

(@1y00s og) *
If a € GL,, it acts freely on the left on P by L, and
(2.2) L*o = ao .

The canonical forms w,, - - -, @, define the foliation //*F on P, with tangent
bundle //7'(z), and generate an ideal /(w) in the ring of differential forms on P
which is closed under exterior differentiation. Also note that the product of any
g + | elements in /(w) must be zero so I(w)?*' = 0. If 4 is a basic connection
on P, then

(2.3) do=0Now.
That is,

do, =05 N\ w; .
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It follows easily that the curvature
2.4) RQ=do—0N0
of @ satisfies
QNw=0,
and so 2 € I(w). Thus we may write
2.5) Q=T Aw, =T,

where the "%, are one-forms on P.

We now translate some of the results of previous section into statements
about P. The space C>(Az* @ v) consists of equivalence classes of sections of
A*T*M ® v where two sections are identified if their restrictions to r coincide.
Let © be the normal bundle of the foliation //*F on P. An element ¢ e
C=(A*T*P ® v) may be viewed as an R%valued k-form on P by composing
with the canonical one-form w. We will always think of such ¢ as R?valued
forms in this way. An element ¢ € C=(A*T*P & 9) projects to an element G €
C(A*T*M @ v) if and only if

(i) o is horizontal ,

(2.6) N
(i) L,*o = ao, aeGL, .

If ¢ € C~(A*z* ®v), then & may be represented by an element ¢ € C=(A*T*P
® D) satisfying (2.6). It follows directly from (1.4) that dé may be represented
by do — 6 A o. Thus, if g ¢ H'(M; @), it may be represented by an R%valued
one-form ¢ on P satisfying

(i) o is horizontal ,
2.7 (ii) L¥o = ao,
(iii) do — O N\ olg-1y =0.

Definition (2.8). Let e H'(M; ®) be represented by the R’valued one-
form ¢ on P. The derivative o’ of the canonical one-form w with respect to o is
given by

Equation (iii) of (2.7) means that
do’ — 0N\ o' e l(o).
Thus there is a g/,-valued one-form ¢’ on P satisfying

2.9 do' — 0N =0 No.
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Definition (2.10). Any g/,-valued one-form ¢’ satisfying (2.9) is called an in-
finitesimal derivative of 6 with respect to o.

If 6; and 6/ are two infinitesimal derivatives of 6 with respect to ¢, then (2.9)
implies (6; — ;) /\ @ = 0. Thus
2.11) 0, — 0y = 2o, Ay =2,

where 2 = (2%,), and the 2}, are functions on P.

Lemma (2.12). [If' ¢’ is an infinitesimal derivative of 6, then

(1) @ is horizontal,

(ii) @’ is tensorial of type ad modulo w (i.e., L, ¥’ — af’a™ e I(w)).

Proof. (1) Lety C TM be a complementary bundle to z, and let v be its
horizontal lift. Choose a representative g, of 8 such that ., = 0. Let X ¢ TP,
be such that /7, X = 0, and choose an equivariant vector field Y € 9 such that
0(Y,) = §j. Now 0'(Y) = 0, o’(X) = 0, and w(X) = 0. Since //,(X, Y],) =0,
we have w([X, Y]) = 0 and

0"5(X) = 0\ (XNo(Y) = (@' N\ 0)X, Y)
= (dw; — 0, N\ o)X, Y) = —o|([X, Y])) = 0.

If g, is another representative of 3 whose restriction to I/ 7'(z) is the same as
gy, then we have

g, — 0, = 0w , 6= (5%).
(2.2) and (2.7) (ii) imply that
L*6 = ada™'.

Let 4, 6; be the derivatives determined by ¢, and g, respectively. A straight-
forward computation using (2.9) shows that modulo w,

(2.13) 0, — 6, =dé —[6,0] .

By [3, Theorem 6, p. 86], the right-hand side of (2.13) is horizontal. As any
one-form in /(w) is horizontal, 4’ is always horizontal.
(i) Since @ is a connection we have

L¥¢ = afa™?
and also
L¥ow = aw , L¥o = aw' .
Applying L¥ to (2.9) we have

L' N\ avw = abf’a™ N aw ,
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and modulo w
LY = af'a™" .

We can now construct the derivatives of the secondary characteristic classes
of the foliation F on M. Let §” and @ be connections on P, §~ Riemannian and
6 basic with curvature 2. Let ¢ be an R%valued one-form on P which repre-
sents 8¢ H'(M; @). Choose an infinitesimal derivative 6’ of  with respect to
o. For each element 4,, - - - h,, @ c;, - - - ¢;, of the Vey basis of H¥*(WO,), we
setu 4+ 1 =14 + j, + --- + j, and define a differential form on P by

Ay oy, @y - cy)
= (—=D*Yu + D4.,6,07) --- 4.,(0,0)c,c;, - c;(0,92),

k

D
(2.14)

and we extend to all of H*(WO,) by linearity.

We remark thatif i, + j, + - +j, >q+ 1 (e, if b, - h, ®c;, -+ ¢y,
is a rigid element of H*(WO,) [13]), then (2.5), which is essentially the Bott
Vanishing Theorem [4], implies that the form c¢;.c;, - -- ¢; (¢, 2) is identically
zero. Thus D, applied to such an element will be zero.

Let f=h;, - - h,&®c;, - c,, be an element of the Vey basis of H(WO,),
and set g = ¢;.¢c;, - - - ¢;, € [*"(GL,). Then

(2.15) D,(f) = (=D + D4.,(6,0) - - 4.,(6,6)8(", 2) .

Theorem 2.16. For each f as above, D (f) is a globally well defined closed
form on M depending on 0 and o.

Proof. (a) D,(f) is independent of the choice of ¢'.

If 6, and 6] are two infinitesimal derivatives, we have by (2.11)

g0, 2) — g6, 2) = gQw, Q) e [(@)**' =0.

(b) D,(f) projects to a form on M.
As each 4., (6, ") projects to a form on M, we check only that g(#’, £2) pro-
jects. By [17, Chapter XII, Lemma 1], we need only that ¢, 2 are horizontal,

and
L¥g(0', 2) = g(6', Q) .

It is well known that £ is horizontal and ¢’ is horizontal by Lemma 2.12. From
Lemma 2.12 (ii) and the fact that g is adjoint invariant, we have

Lig(', Q) — g(0', Q) = g(L¥¢', ala™) — g(ab'a™, ala™)
= g(L¥¢ — ab'a™',ala™ ") e [(w)**"' = 0.

(¢) D,(f) is closed.
We first show g(¢@’, 2) is closed. Let 2’ be the g/, -valued 2-form on P
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Q=T N o s
where

2 =T% N o .
Thus

— QN =02 No.
Taking the exterior derivative of (2.9) we obtain
—Q N =W —[6,0) N\ w.

Thus

2 =do —16,01]
modulo w and

gdo’ — 6,0, 2) = g2, 2) .
For each se R, let I(w) be the ideal of forms on P generated by w, + s},
-+, w, + Sw;. Note that
IL(w)"*'=0, 06) = 02 + s e I(w) .

The exterior derivative of (2.4) implies that

o =16, 2] .
Using (66) of [8] we have

d(g(ﬁ,! ‘Q)) = g(dﬁ/’ ‘Q) - ug(0/9 d‘Q: ‘Q)
= g(dﬂ/’ ‘Q) - ug(al, [0: ‘Q]a Q)
= g(do' — [6,0'], 2) = g(2', )

0 1 |
9 L a06) .
as u+ 1 &( (s))1s=o

As g(Q(s)) € I(w)*** = 0, we have dg(¢’, 2) = 0. Now each i, is odd, and §”
is Riemannian; thus we have

d(4.,.(6,0") = ¢, (D) .

Since Q € I(w), the form d(4,, (6, 6")g(¢’, 2) € I(w)**™» = 0 and so applying d
to (2.15) we see it is closed.

Theorem 2.17. For each fe H*(WO,) and f e H'(M; @) with ¢ representing
B, the cohomology class [D,(f)] € H*(M; R) depends only on B and the foliation
F.
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Definition 2.18. We denote [D,(f)] by D,(f), and call it the derivative of f
in the direction of p.

In what follows we will be doing many computations involving g/ -valued
forms «, B, 7, - - - on P. The reader should note that whenever we consider a
form such as f(«, 8, 7, - - -) on P, that form always projects to a form on M.

Proof of Theorem 2.17. (a) D,(f) is independent of the basic connection.

Let 6, and 6, be two basic connections on P, with associated derivatives 6,
and @] with respect to ¢. The connection

0, =16, + (1 — )b, , te R
is basic and has associated derivative
0, = t0, + (1 — 1),
with respect to ¢. Again using (66) of [8] we have

d(g(6;, 0, — 6y, 2.))
= g(déa;, 6, — 6,, 2,) — g(0,, d6, — db,, 2,)
+ (u — Dg(4,, 6, — 6, [0, 2.1, 2,)
= g(d6, — [6,, 67, 6, — 6, 2,) — g(@;, d(6, — 6,) — [0, 6, — 6], 2,) .

Combining this with the equation
0 , , ,
Wg(at, Q2,) = g0, — 6, 2,) + ug(@,, d6, — 6)) — [0, 6, — 6], 2.) »

we obtain

35001, 2) + udg (0}, 6, — 00 2)
= g(ai - 0‘;, Qt) + ug(al - 001 dﬁ; - [0“ 0:]> ‘Qt) .

(2.19)

Lemma 2.20.
g0, — 00, 2,) + ug(0, — 0, de, —[0,,6),2,)=0.
Proof. If we apply (2.5) to 4, we have that the curvature 2, of ¢, satisfies
('Qt)ly = (Ft);"k N oy .
Set
(QZ)? = (Ft)§k N o .
Then modulo w
Q2 =do, — 10,6 .
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(2.3) applied to 6, and 6, implies that 4, — 6, € I(w), i.e.,
(2.21) @, — 6); = 2o, =2, .
If we now apply (2.9) and (2.20) to ¢; and 6;, we obtain that modulo w
01 — 00); = Aoy .
Set
Qs, 1) = 2, + 52, ,

0(s) = (6, — 6,) + sio’,

I(w) = (o, + soi, - -+, 0, + s0)) .
Then 0(s, t), 6(s) € I(w) so

g(6(s), (s, 1)) € I(@)*"' =0,

g0 — 6, 2,) + ug(6, — 6y, do; — [6,, 67), 2,)
= g(9/0s0(s), (s, 1)) + ug(b(s), 3/9sL(s, t), (s, 1)) 50
= 0/9sg(6(s), (s, ))],-e = 0 .

Thus (2.19) and Lemma 2.20 imply

9

Py 8(0;, 2,) = —ud(g(6;, 6, — 65, Q) .

By [13, Theorem 1] we have
%Aﬁ(au 0) = AW, + ic6, — 00, 2,) ,
where W, is some form on M. Thus
D (40,0 - 4,0, 00801 2))

= 2 4,00 0) - @Wi + L0 00 Q) -+ 4,00 (0, 2)
— 4.,.0,,07) - 4d.,(0,0ud (g0, 0, — 6, 2,)) .
Each term in the sum of the form 4, --- (i,c;,) - - - Acikg is zero as
¢, (0, — 6o, 2)g(0:, 2,) € I(w)**» =0 .
As
d(4., 0., 08(6;, 2))) = ¢, (2.)8(0;, 2) & (@)**™* =0,
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each term in the sum of the form 4,, --- (dW,,) --- 4., g may be written as
d(4 - Wi, - 4.,8). Finally as

d(dci"(ﬂt? 0")g(6,, 0, — 60, 2,) = ¢,,(2)g(0;, 6, — 6, 2,) € I(@)**» =0,

we may write the last term as —d(4.,, - - - 4., ug). Thus

2.22) ‘%(A 0 ) - -+ 4, (0, 0)8(0), Q) = AW

Cig

for some form W on M. Integrating (2.22) from ¢ = 0 to ¢ = 1 finishes the
proof of part (a).

(b) D,(f) is independent of the choice of Riemannian connection.

As d(g(¢’, 2)) = 0, we need only show that for two Riemannian connections
@y and 67 on P

A%(B, g7 - - - Acik(ﬁ, 67) — Aciz(ﬁ, 6;) - Acik(ﬁ, 6;) = exact on M .
If we write

Aciz(ay 0{) te Acik(07 0{) - A (0’ 06) v Acik(e’ 06)

Cig

k
= Z—:Z (Aci2(0> 007) te Acin_l(aa 06)401'"(09 0{) e Acik(ﬁa 01T)
- Aci2(0’ 06) e Acin(a’ 06)A (0’ 0;) tt Acik(09 0;)) 3

Cip+1

then this follows directly from the facts:
(i) If degc, is odd, then 4,,(6;, 67) = exact on M. See [9, Proposition 4.3].
(i) 4.0, 6;) — 4.,0, 6;) = 4.6, 67) + exact on M. See [13, Theorem 1].
(c) D,(f) is independent of the choice of representative of 8.
Suppose that ¢, and ¢, are two R%valued one-forms on P representing 3,
whose restrictions to [77'(r) are the same. Let 6; and #; be the corresponding
derivatives of 4. From the proof of Lemma 2.3 (i) we have

6 — 6y =da—16,1].
Thus
8(6:, Q) — g6, 2) = g(d2 — [6, 4], 2)
= g(da, 2) + ug(2, [0, 2], 2) = dg(2, 2) .
Now
4.,(6,0) - - 4,,(6, 60861, 2) — 4.,6,0) - - - 4.,(6, 0860, 2)

= 4,006,607 --- 4., (6, 6)d(g(, 2))
= d(A (0, ﬁr) T Acik(eﬁ 0T)g(27 ‘Q)) .

Cig
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The last equality follows from the fact that for each i,, n > 2
d(4.,, (6, 0)gQ, 2) = ¢, (Dg, D) e I(w)**» = 0.

Thus D,(f) does not depend upon the extension to 7*M of the section G €
C>(c* ® v) representing f. R R
If y and § are elements of C=(c* ® v) with dy = 0 and d§ = 0, then for

fe H¥(WO,)), D, . (f) = D,(f) + Dy(f). Thus it is sufficient to show that given
2 e C=(v), there is a form W on M such that

Dy(f) = dw .

An element 1 ¢ C=(v) corresponds to an R?-valued function # on P which satis-
fies

h(aw) = ah(w) , acGL,.
The correspondence is given by choosing a representative
Ye C(TM)
for 2 and letting ¥ be its horizontal lift. Then
hw) = oY),  ie., hw) = oY) .
The element d 2 is represented by the R?-valued one-form

dh — 6h .
Then

o = —dh + 6h,
ONow=do — 0N
=ddNh—0Ndh+0N\dh— 8N 6h= R2h.
By (2.5), 2h = I' N\ wh. Now as
ri.=ri,,
0N o, =T N ohy =T'yh N\ o),
and so
0 =Th.
Note that (2.5) implies that modulo »
T'h=—i(M)Q,

where i( ) is interior product. Thus we may use
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¢ =—i(Y)2,
and for g e I“*(GL,) we have g(22) e I(w)**' = 0, so

—1
u-+1

g, ) = —gli(¥)Q, Q) = i(Y)g()=0.
Thus Dg(f) = 0.

This completes the proof of Theorem 2.17.

Theorem 2.23. Let F,, s € R be a differentiable family of foliations on M,
and let B be the infinitesimal deformation of F, determined by F,. Then for all
fe H¥(WO,)

DAf) = (@ () -

That is, the infinitesimal derivative gives the actual derivative of the character-
istic classes for the foliation F,.

Proof. Let o, 6, be respectively the canonical R?valued one-form and a
basic connection on P, the principal dual normal bundle of F,. We choose 6,
to vary differentiably in s. For small s, P, is canonically isomorphic to P,, We
use these isomorphisms to obtain two families on P, »* and 6, satisfying

(i) o°is an R%valued one-form,

(ii) 4@, is a connection form,

(iii) do® =6, \ o'

Indicating derivatives in s evaluated at s = 0 by -, and writing w for «°, 8 for
6,, @ for @,, and @ for §,, we have

do=0No+0ANa.
If ¢ is a representative of the class 3, we have likewise
do’ =0 No+ 0N o,
where o’ = —¢. If we can choose a ¢ so that & = w’, we would have modulo »
6=0.

Let 6 be a Riemannian connection on P,. Then by Lemma 2.25 below we
would have for f=h,, --- 1, ®c;, - ;i +h+ - +ih=u+1

0 wx ()
as an(f) ?s:o

= (=D*"'u + D4,,6,0) - 4.0, 0)c,e,, - - ¢, (60, Q)
= (=D"Yu+ D4,,0,0) -+ 4,0, 0)ci,cy, - -+ ¢,(0, Q)
= D,i(f) B
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and we will be done.

Choose a Riemannian metric on M, and denote by //;- the projection of
TM onto the subbundle v, normal to the foliation F,. Then (see [14]) 8 is re-
presented by the element ¢ € C=(zf ® v,) given by

R for Xer,.
$=0

(2.24) o(X) = — : TN X)

N

The normal subbundle v, of F; pulls back to a horizontal sub-bundle ¢ of
TP which is complementary to I/ '(z,), and ¢ is trivial. For small s, «° is a
non-singular R, -valued one-form on 9. Let

Xs = (X.ia o ’Xg)
be a global framing of © which is dual to o*, i.e.,
o3(X?) = 05 .

It follows easily that ¢ is represented by the R?valued one-form 6 on I77Y(z)
given by

300 = ~of @)X ’) .

Since
o)(X)=0 for X e I17\(z,) ,
o) = —o Zuix) X))
= (ot g g JO0 = —an).
Thus o’ = —¢ = @ and we are done.

Lemma 2.25. Letf=h, --- h,®c;, --- c;, € H(WO,) be an element of
the Vey basis. Set u + 1 =i, + j, + --- + j,, and let F, be a smooth family
of codimension-q foliations on M. Let 0, be a family of connections on P, as in
the proof of Theorem 2.23, and let 8" be a Riemannian connection on P,. Then

= (Dt D[4, 0000 - 4,000 D0, 2)]

Proof. Again we use [13, Theorem 1] which states
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a . d
G ‘Qs =id ("“‘ $ ‘Qs) B
a5 00 = e 506

24,00 =W, +ic( 2 0,0,).
ds ds

where W, is some form on M. Thus

a3

% (af,())
0
= as’ [ACi,(ﬁs’ 07) e Acik(ﬁs’ 6T)C]1 e le(.Qx)]
a 0
= [Z 0.0 (Wt (L0, 0))
n=1 as
: Acik(ﬁw 67)6]“ s le(.Qs)
l
+ Z_:l Ac“(ﬁs, 07) T Acik(ﬁs’ 0T)le(‘Qs)
. d
S ],,,dcjm(ff—ﬂx, .Qs> ce cjl(.Qs)] .
as
Since

d(dcin(ﬁs’ 0T)Cj1 e le(.Qs))
= cin(‘Q.\r)ch T cjz(‘Qs) € [(ws)"+1+(i"_i‘) =5 O s

all the terms in the first sum involving the dW,’s are exact. As
cin(/;wﬂx’ ‘Q3>cfl e cjz(‘Qs) € I(wx)u+(in_il) ’
s

all the other terms except the first are zero; forifn > 2, u + (@, — i) > g+ 1.
In the second sum we use the fact that for n > 2

d(Acin(as’ 07))le(gs) e jmcj,,L(%ﬁs, Qs) T C“(.Qs)
= e (2)en(R) - Jc(je 93) e () e It =0
A

to show that modulo exact terms

Acil(ﬁx, 0r) tet Acik(as’ 0r)cj1(‘Qs) ttt .imdcjm<*aa*03’ Qs) s le(‘Qs)
S
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= ('— l)k_lcil(gs)dciz(ﬁs’ 67) ct Acik(ﬁs’ 07‘)C]-1(.Qs)

. jmcjm<ies’ Qs) e ch(Qs) .
as
Thus we obtain

0
%(f)
ar

0s

- [zc(j 0, 93)4%(63, 0) - 4., (0,00, - ()
AY

B (= D208, (00 ) - - A, (B, 6)0,(2))
m=1
(2.26) P
ce jmcjm(mﬁx, 'Qs) v le(.Qs)]
os

= (- I)H[A%@, 6)- - 4.6, er){ilcil(gvas, Qs)ch (@)
A

+ ¢;,(2) mZ:]l c,(2) - j,,lcjm<-§s—0$, .Qs) cee cjl(Qs)}] .

Now if fe I*(GL,) and g e I'(GL,), by definition (see [17])
f'g(Xl, ) Xk+l)

K\ .
= —(k“'—l)' ;.f(Xx(l)’ U ’Xﬂ(k))g(Xn(lc+l)’ R Xx(k+l)) s

where the sum is taken over all k, / shuffles #. It is easy to check that

(2.27) (k + D(f)(X1, Xo) = kf (X, Xpg(Xy) + If (X)g(X,, Xy)
and so the sum inside the { }in (2.26) is equal to
9
w+ Deyey, - cjl(ﬁﬁs, Qs> ,
0s

finishing the proof.
Note that if # > ¢, then we have both (3/ds)af(f) and D,(f) are zero.

3. Extension to complex foliations

We now show how to partially extend the construction of the previous sec-
tion to the case of complex foliations. The numbering in this section was done
so that objects corresponding to things in § 2 have corresponding numbers, i.e.,
(3.3) corresponds to (2.3), etc.
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We begin by remarking that if GL,C denotes the complex general linear
group, then

I(GL,C) = I(GL)® C ,

and all the comments in § 1 concerning the Chern-Weil homomorphism hold
for GL,C.

Throughout this section we adopt that notation that F is complex codimen-
sion-g complex analytic foliation on a complex manifold M. We denote the
holomorphic tangent bundle of M by TM, and remark that the tangent bundle
¢ of F is a subbundle of 7M. We denote the holomorphic cotangent bundle
by T*M. Similarly the antiholomorphic tangent and cotangent bundles are
denoted by TM and T*M respectively. We write the normal bundle TM/z of
F as y, and its dual bundle as v*. A section of v* is then a section of T*M,
i.e., a (1, 0)-form on M, whose restriction to ¢ is zero.

Let R/[¢,, - - -,C,] be a truncated polynomial ring isomorphic to R[c,, - - -, ¢,]
of § 1, and denote by A(h,, - - -, h,) an exterior algebra on the 4, where degree
h; = 2i — 1. The graded differential complex WU, is defined to be

WU, = Ahy, - -+, h) ® Rlcy, - -+, c ] @ RC, - - -,C,]
where the differential is given by

dh,®1QDN=10¢®1 -1Q1Q¢,,
dl®e®D)=d1l®1®e¢) =0,
or more informally
dth) = ¢, — ¢, d(c;) =4d()=0.

Denote the ring of complex valued differential forms on M by A(M). Let 6, be
a Hermitian connection, and 6, a basic connection [1] (with curvatures £, and
0, respectively) on P, the principal bundle associated to v*.

Define a,: WU, — A(M) by

ag(c;) = ¢(2), ax(C;) = Ei(‘Ql) , ap(h) = 4,6, 60) — 4:/(6,, 6,) »

and extend linearly. Since 6, is Hermitian, the form ¢,(£2,) is totally real, i.e.,
c(2,) = c(2,), and thus o, commutes with the differentials and induces

ks H¥(WU,) — H*(M; C) .

As in the real case, «¥ does not depend on the choices made. See the references
in § 1 to the construction of «f in the real case and [5].
A basis of I**}(GL,C) is given by elements of the form
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Cp = Cyy v 0 Cyye s G+ F+ih=q+1Li< - <i).
Each element ¢, determines an element Ac, ¢ H***'(WU,) given by
hey = [hycs, - v o + CrhyCyy oo €y + -0 6y oo G Ry ]

These elements are known to vary linearly independently [5].

A I" vector field on M for F is a holomorphic section (Y )» e C=(v), where
Ye C~(TM @ TM) is a vector field whose associated real part preserves F in
the sense that the local diffefomorphisms which it generates map leaves to leaves.
Let @ be the sheaf of germs of local I" vector fields for F. Then H'(M ; ®) may
be interpreted as infinitesimal deformations of F. The groups H*(M; @) can be
computed using the complex

C=) —Ls C(Li(r* ® T*M) ® v) —> Co(L(c* ® T*M) ® ) — %> . ..

where d is defined by (1.4) using a basic connection on y. Thus each fe
H'(M; @) can be represented by an element ¢ € C=(4'(* @ T*M ) ® v) with
do = 0, and any two such representatives differ by an element dy, y ¢ C~(v).
See the references after (1.4).

The construction of the derivatives for the elements hc,, ¢, € I**}(GL,C),
now proceeds in a fashion nearly identical to the real case. We will outline it
indicating the necessary changes.

Denote by I1: P — M the principal bundle associated to v*. Then, as in the
real case, P has a canonical C%valued one-form w, and if § is a basic connec-
tion then

3.3) do=0No.

This immediately implies that the curvature 2 of @ satisfies
(34 PQNow=0,

SO we may write

3.9 Q=T% N o,

(3.6) I, =1T%;.

Just as in the real case, § € H'(M; @) can be represented by a C%valued one-
form ¢ on P such that

(i) o is horizontal ,
3.7 (ii) L¥o = aog,
(i) do — 6 A 0lg-1e@rimy = 0.
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Definition 3.8. Let e H'(M; @) be represented by the C?-valued one-form
o on P. The derivative o’ of w with respect to ¢ is given by

Equation (3.7) (iii) implies that there is a g/,C-valued one-form ¢’ on P such
that

3.9 do' — 0N o =60 N w.

Definition 3.10. Any g/,C-valued one-form ¢ satisfying (3.9) is called an
infinitesimal derivative of # with respect to g.

It is easy to check that (2.11) and Lemma 2.12 hold in the complex case. In
the proof of Lemma 2.12 we note that TM is now the holomorphic tangent
bundle of M, and we must replace I77(z) by II"( ® TM).

Definition 3.14. Let fe /"' (GL,C), and denote by 4f the element which f
determines in H**'(WU,). Let 8 € H'(M; @) be represented by ¢. Let 2 be the
curvature of a basic connection § on P, and let § be an infinitesimal derivative
of @ with respect to ¢. Define

Dy(hf) = [2(g + DA, )] .

Here .# denotes the imaginary part of a form.

Theorem 3.17. Let f, 0, ', 2 be as in Definition 3.14. Then 2(q + 1).# (@', 2)
is a globally well defined closed form on M whose cohomology class depends only
on B and f.

Proof. To prove this we merely repeat the proof of Theorem 2.16, parts
(a), (b) and (c) ignoring the parts pertaining to the 4,. Then we repeat the
proof of Theorem 2.17 parts (a) and (c). In part (a) we stop at the end of the
proof of Lemma 2.20. In part (c) we disregard the parts pertaining to the 4,,,
and for ¢* read ¢* @ T M. As the proofs carry over with only minor changes
we omit them.

Theorem 3.23. Let F,, s € R be a differential family of complex analytic foli-
ations on M, and let 8 € H'(M; @) be the infinitesimal deformation of F, deter-
mined by F,. Then for all fe I**(GL,C),

DH) = 2 (@t ().

Proof. This proof proceeds identically to the proof of Theorem 2.23. In
particular we choose a family of connections 6, on P, such that @, is basic for
F, and varies differentiably in s. Then we need to choose a representative ¢ of
B so that modulo w,

igsx =6,
os s=0
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where ¢’ is the infinitesimal derivative determined by 6, and ¢. To do this
choose a Hermitian metric on M obtaining a family of projection operators
IT-. Then ¢ is given by (2.24). See [14]. In the proof of Theorem 2.23 we must
replace ¢ by zf @ T*M, and R? by C? The proof of Theorem 3.23 is then
completed by

Lemma 3.25. Let fe I**'(GL,C) and F,, 0, as in the proof of Theorem 3.23.
Denote the curvature of 8, by 2,, Then

3 . )
2 arf) = 2g + DS (—as—es, 93) .

Proof. By linearity we may assume f = ¢, --- ¢;. Let " be a Hermitian
connection on P,. Then

af(hf) = [(4.,,6, 6") — 4, (0., 0")ci(2) -+ () + - -
+ Eil(‘Qs) tee éik_l(‘Qs)(Acik(ﬁssﬁh) - Aéik(as, 0h))] .

Again [13, Theorem 1] implies

7ci([2 ) = d(zc (—mﬁs, Qs»
' e(0) = d(ie( 7 0.2)).

a Ac,(as, 0h) - dW + lC ( 03, Qs) )
as os
0 N 0

9 4,(6,,6" = dW, + zc( 0, .Qs> .
as as

A straightforward computation using these facts, (2.27) and the fact that dc,(2,)
= dc,(£2,) = 0 shows that modulo exact terms

5‘;-@1(.08) e ey (@)L (00 07 — Ay (B 0M)cs, (D) - - ca(2)

=(q+ 1)<Ez’1 s Gy Gy e Ci,;(’*a—ﬂsa ‘Qs)
0s

et e 20,0).
as

Summing over r we obtain

Samn =@+ 0(r(20.0)-7(La.0))
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— 2+ s f(_%.as, .Qs) :

In the next section we will compute ¢’ for specific foliations. We do the
computations locally on M, not globally on P. Specifically we do the following.
Let F be a codimension-q foliation on M, and choose a basic connection §
for F. Let Be H(M;®), and choose a representative ¢ e C=(T*M Q@ v),
(C=((T*M @ T*M) ® v) in the complex case). Let U be a neighborhood on

M on which Fis defined locally by one-forms w,, - - -, @,.
(i) Compute the local connection and curvature forms 6 = (%), 2 = (2%)
with respect to the local basis w,, - - -, w, of v*.

(ii) Choose a local basis (X,), - - -, {X,> for v and write ¢|, = 7, ® {X;>.

(iii) Set w; = —w,(X,)-0;.

(iv) Compute dw; — 65 A\ o). This will lie in the ideal generated by w,,

o, @y, 1€, write do] — 0% N\ o = 0" N\ w;, and set §’ = (6").

(v) Finally for fe H**(WO,), Dy(f) is represented by the form whose
restriction to Uis (g + 1)f(¢’, 2). For fe I**'(GL,C), D, (hf) is represented by
the form whose restriction is 2(q + 1).£ f(¢’, Q).

4. Some interesting trivial examples

In this section we compute two examples for which all derivatives are zero.
Example 4.1. The Lie group SL(2, R) has Lie algebra

sI2,R) ={Aegl2,R)|tr A =0}.

We may choose a basis of left invariant one-forms on SL(2, R) w, »,, w, which
satisfy

do=0o/Nw, do,=0/N\w,, do,=w /\ 0,.

Let X, Y and Z be left invariant vector fields dual to w, w, and w, respectively.
Then

[X,Y]= —X, [X,Z]=-Y, [YV,Z]=—Z.

Consider the foliation F on SL(2, R) defined by w. The normal bundle v to
F is spanned by {X), and as do = —w, /\ o, the covariant derivative I/ of a
basic connection on p satisfies

Vx> =w0,®X)>.
The bundle v is trivial as is = the tangent bundle to F. Thus

Co(c* Q) = {(fo, + gw) ®LX)| f, g€ C*(SL(2, R)} ,
C(Le* @ v) = {ho, N\ 0, ® (X>|he C=(SL2, R)} .
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A simple computation using the above information and the definition of d gives
d((fo, + g0) ® XY, Z) = (Yg — Zf + 2) @ (X .

Let 8 e H'(SL(2, R); @), and suppose B is represented by (fw, + gw,) <X .
Then

o = —(fo, + gw,), 0= —o .
Using the fact that d((fo, + go,) ® <X>) = 0 we have that
do’ — 0 N\ o = [df(X)o, + dg(X)w, + fw,) \ o .

Thus

- (4.2) 0 = df(X)w, + dg(X)w, + fo, .
In addition

4.3) R=d0 = —o N w,.

The complex H*(WO,) satisfies

0, *£0,3,

R, *=0,3,

and H¥WO,) is generated over R by h,c,, the Godbillon-Vey invariant [12],
where 4,c,(6’, Q) = 6’ N\ 2. So from (4.2) and (4.3) we have

H*(WOI) = {

4.4) he@', 2) = dfi(Xw N\ o, N\ 0, = d(fo, \ o) .

In order to obtain results about foliations on compact manifolds we form
the manifolds SL(2, R)/I" where I is a discrete subgroup. For the proper choice
of I we obtain the horocyclic foliation of geodesic flow on the unit tangent
bundle of any compact Riemannian surface of constant negative curvature.
Roussarie has noted that the Godbillon-Vey invariant of this foliation is non-
zero as it is a multiple of the volume form of the manifold.

The computation for SL(2, R) extends to these foliations by restricting to
sections invariant under /" of the relevant bundles on SL(2, R).

By (4.4) we have that [A,c, (6, 2)] = O for any infinitesimal derivative of 4,
and so the following.

Theorem (4.5). Let M be a Riemannian surface of constant negative curva-

ture, and let F be the horocyclic foliation of the geodesic flow on the unit tangent
bundle T° M. Then

Dp: H(T°M; ®) X H*(WO,)) — H*(T°M; R)

is the zero map.
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Theorem 4.5 says that if we consider the Godbillon-Vey invariant as a co-
homology valued function on the space of foliations on 7° M, then the horo-
cyclic foliation F is a critical point of this function. The reader should be cau-
tioned that it is possible for a family of foliations F, to exist on 7°M with F;
= F satisfying A,c,(F,) varies continuously. Theorem 4.5 implies only that
(0/9s)(hyey(F))]s-o = O.

Example 2. The Hopf fibrations. Consider the natural fiber bundle C"*' ~
{0} — CP". This gives a foliation F on C"*' ~ {0} of complex dimension 1. We
prove

Theorem 4.6. Let F,, s € R be any differential family of complex foliations
of dimension 1 on C**' ~ {0} such that Fy = F. Then for any element fe
I"*"Y(GL,C) the element hf € H***\(WU,) satisfies

O wr(hf) =0.
aS 1$=0

In [6] examples are given of foliations F, as in the theorem such that the
elements determined by the ¢;, - - - ¢;, € I"*'(GL,C) vary linearly independently.
Just as Theorem 4.5, Theorem 4.6 says that if we consider the elements Af e
H**(WU,) as functions on the space of foliations on C"*' ~ {0}, the Hopf
fibration is a critical point. This is so because of the tremendous symmetry in-
herent in its structure.

Proof of Theorem 4.6. In what follows subscripts denoted by i, j - - - run
from 1, - - -, n, and those denoted by 4, B, - - - run from 0, - - -, n.

Since F is given by a fiber bundle structure over CP", the dual normal bundle
v* to F is isomorphic to the pull back of the holomorphic cotangent bundle
T*CP™ on CP™. Any connection on T*CP™ of type 1, 0 may be pulled back
to give a basic connection on v*. See [1]. We shall use the Kédhler connection.
Let U be the open set of C**' ~ {0} defined by

U: {(201 "'9Zn)|20:'&0} .

U may also be considered as a homogeneous coordinate system on CP". Let
{, > denote the standard Hermitian inner product on C"*!, and let (z,z) =
||z|[>. The local forms on U

_ Zodz; — 2,z &, =0 [ 22; ]

= , o
' 0 Iz

Zy

form a basis for the local one-forms on CP". As F is spanned by the vector
field

X = z,0/0z, ,
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we see thatthe o, define F on U. The local connection form of the Kéhler con-
nection on CP" in the basis given by the o, is

i ZyZ; ZyZ,

0t = 25 g, + 0% 2L, ,
ST Tzl
and the local curvature form is
@.7) Qi =3, \ o, + 8@, \ o, .

Finally note the volume form d Vol on CP" when restricted to U is
dVol = Ko, N\ o, \ -+ No, N\ o, , K a constant .

Lemma 4.8. If fe I"*' (GL,C), then for 6, 2 as above and any infinitesimal
derivative 6’ of 0, f(0', 2) is a multiple of the tr ' /\ d Vol.

Proof. I(GL,C) is a polynomial algebra over C with generators c,, k =
1, - - -, n, where the degree ¢, = k, and for X}, - - -, X, € g/,C

LX) = (=D I A i
(4.9)  a(X, , X)) = aﬂix/:—iljk/}'k*' z;: Ol X no i Xt »
where the sum is over all permutations // of 1, - - -, k, all ordered subsets
(i, - -+, i,) of k elements of (1, ---,n) and all permutations (j,, - - -,J,) of
@iy, - - -, 1), and §{1::/* denotes the sign of the permutation iy, - - -, i, —jy, « = +, fi-

1l

Iff=a,..c, --c, fora,... eC,then

§T1

O, =3 """ a0, e (D).

i=1n+1
From (4.7) it is easy to see that c,(2) is a multiple of (@, A\ w,)*, i.e.,
() = Ko;, \ o, \ -+ Nag, N\ o .
Thus a typical term of f(¢’, 2) is a multiple of
(0, ) N (tr )=~

From (4.9) we have

— l)r T

@10) @, = U
Qav/ —=1)rlr i=
Consider a single term of f(#’, 2) of the form ¢t \ Q2 N\ -+ A\ Q% A
(tr 2)*~7*" and assume i, # j,. For the moment we also assume 2% = @; A\ o,.
Asi, # i, 22 N\ -+ N\ 0% contains the form @,, but not the form w,,. Each
term of (tr £)"~"*' which contains w,, also contains @,. Thus Q% A ... A

FRRQAN o NG N QY
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Qi N (tr 2)*77* is an (n, n)-form on CP" each term of which either contains
@;, or does not contain w,,. In either case the form must be zero. The same
argument works equally well for all other terms of (4.10) and the addition of
the terms d'@, A\ o, to £2% changes nothing. Now by the symmetry of ¢, we
have

(4.11) (0, Q) = Ke(@)e, (D),

K a constant. To complete the lemma we need only note that ¢, is a multiple
of tr and (tr 2)" is a multiple of d Vol.

Let F,, s € R be a differentiable family of foliations on C"*! ~ {0} such that
F, = F. As noted above F is spanned by X = z,0/0z,. Let

z,dz,

zdz,
lzIF

[E1

= w =
Then w is dual to X, and the infinitesimal deformation ¢ of F associated to F,
is given by

o= 0®r,0/0z,
for some holomorphic vector field
740/02 4 on C"*' ~ {0} .
Thus

(1); = —wW;°0 = —a)i<rA,,a,,,>w: ,Togf,—,,rizo Q@ .

0z, z2

We make several observations which will greatly simplify the necessary com-
putations.

(@) o, @ and the @;, »; form a basis of 1-forms on U. £ consists entirely of
(1, 1)-forms in the @;, w,. If 6’ is any infinitesimal derivative of §, we may dis-
regard all terms of type @,, w; in §’ when computing f(¢’, ) for fe I"*(GL,C)
as these terms will wedge to zero for dimensional reasons.

(b) We wish to show that

27(f0',2) =0

for any derivative §’. Because of the linearity of our constructions as explained
in § 2 we may assume that all the y, = 0 except 7,.

(c) The function y = ¢, is holomorphic on C""' ~ {0}. If n > 1, then
Hartog’s Lemma implies that y is holomorphic on C"*!. Again by linearity,
we may assume

T(ZO""szn):ZgU"’z;"’ ‘XA209
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and we have
o= —71lzw,
o;=0, j#1.
(d) 24[(f(¢, 2))] is a well defined class in
H"(C™ ~ {0} ©)

and U is a dense subset of C™*' ~ {0}. Thus, if we compute a local expression
for f(¢’, 2) on U and have

then
2J1f(0, Q] = Dp(f;{a)) = 0.

(¢) dw is the pull pack of 2-form of type 1, 1 on CP", and so can be ig-
nored in the computation.

(f) The volume form on S$?"*'is w A d Vol.

Now a straightforward computation shows that modulo w,, @,

—05 = g 2o + o 2T, - Oy W)z,

Iz Tizp oz, oz,  ||z|p
Thus
z 9 0(r/z0) 2422
~tr0’=<(n+1)i__7)w+, o) ZaZo?1
lzIF 0z oz,  ||z|?
Observe that

4 )
n + 1 J ar = f ,,I, .
( ) S2n+1 ||2“2 S2m+1 321

For y +# z, both integrals are zero; if y = z, they are equal since

Z4Z4
llz|P

=1, I Zz, = I z.z, foranyk .
S2n+1 S2n+1
As for the second term in tr § we see that

T

-1
e =z Tz . }zn“n R
Zy

and so
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9% (o) - ]2

Again the integral is zero unless y = z;, but in that case
Sa,—1=0.
A

In all cases we have

for any fe I"*'(GL,C), and so the imaginary part is zero, proving the theorem.
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