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TOPOLOGY OF THE COMPLEX VARIETIES 4

1. DIBAG

1. Introduction

Deﬁne, for s < [n/2],

V.o manifold of ordered 2s-tuplets of linearly independent vectors in
Euclidean n-space R",

A _ space of 2-forms in R” of rank 2s,

jo:V,,.— A™: map given by

FOW oY) =V A Vo 4+ o0 F Ve A Yos s

V.. Stiefel manifold of orthonormal 2s-frames in R”,

AP = ™, ,): subspace of 4™ of “normalized” 2-forms in R" of

rank 2s,

f®: V0 — A®:  the restriction of ™ to V,, ;.

It was proved in [4] that the maps f™ and f™ induce the principal Sp(s ; R)-
and U(s)-bundles respectively, and that 4" is a strong deformation retract of
AM.

One may, equivalently, define 4\ as the space of normalized complex s-
substructures of R”, i.e., pairs (p,J) where p is a 2s-plane in R” and J is a

normalized complex structure on p (J € O(p), J* = —1).
To see the equivalence, let we A™. Thenw = y, A Yo,1 + < -+ + Yo A\ Yy
for an orthonormal 2s-frame y = (y,, - - -, ¥,;). Let p be the 2s-plane spanned

by y. For x e p, let d,: p — A°p be forming wedge products with x, i.e., d(z)
=x N\ z, and §,: A*p — p be its “adjoint”. Define a linear transformation J
on p by J(x) = d,(w), x e p. ThenJ(y;) = y;,,and J(¥;,) = —y;, 1 < i <os.
Thus J € O(p), J* = —1. Conversely, a normalized complex s-substructure J,
J e O(p), J* = —1, can be represented by the matrix [?

s
some orthonormal 2s-frame y = (y,, - - -, ¥,) on p. Hence J corresponds to

W=y AYsxt+ 0+ Y Ay in AP,

It follows from either definition that A™ = SO(n)/U(s) X SO(n — 2s) for
s<nf2, A = O(2s)/U(s) =1, U I, where I, = SOQ2s)/U(s), A" = G’n .
= Q,,_,(C) where Gn , 1s the oriented 2-planes in R", and Q, _ 2(C) is the com-
plex quadric of dimension n — 2.

The spaces A{™ appear as “fibres” in global obstruction problems involving
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500 1. DIBAG

2-forms of constant rank, and the foremost among these problems are the
existence and decomposability of such forms.

1. The existence of a 2-form of constant rank 2s on an R"-bundle E (or,
a complex s-substructure on E) is equivalent to cross-sectioning the associated
bundle 4,(E) to E with fiber 4.

2. Globally decomposing a given 2-form w of constant rank 2s on E as a
sum w =y, A Ysu1 + <+ 4+ ¥ A\ ¥y of products of 1-forms (y;) on E is
equivalent to the lifting of the diagram

Vo(E)

//
9 (n)
7 fs

7

B’_L.AS(E)

where B is the base manifold, V,,(E) the associated bundle to E with fiber the
Stiefel manifold V,, ,,, and w is represented with respect to a suitable metric
on E as a “normalized” 2-form on E of constant rank 2s, i.e., as a map w:
B — A/(E). (Refer to [4].)

2a. In the special case when E is a trivial (product) bundle (e.g., the
tangent bundles of Lie groups), the diagram reduces to

Vv
// 7,28
oo

e
7

W
B 1 A;n)

and the primary obstructions to lifting w, are the pull-back wi(c;) € H*(B; Z)
by w, of the Chern classes c; ¢ H*(A™ ; Z) of the principal U(s)-bundle
Vs A9 5 UGs)). |

2b. In the general case (i.e., when the total bundle E is not necessarily
trivial) a necessary condition for globally decomposing w is that the 2s-dimen-
sional subbundle S, of E defined by w is trivial. Using the triviality of S,, (and
a suitable metric on it) w is represented as a map w;: B — I, and then de-
composability of w is equivalent to the lifting of the diagram:

SO2s)
A

B’ W1 I .

(which is the special case of diagram 2a for n = 2s) and again the primary
obstructions to decomposing w are the pull-back wi(c;) e H*(B; Z) by w, of
the Chern classes ¢; € H*(I,; Z) of SO(2s)(I,; U(s)). (Refer to [4] for details.)

In this paper we make a start on these obstruction problems by studying the
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topology of the manifolds 4. We represent A as the subvariety of the
complex Grassmann variety G¢, of projective [s — 1]-planes lying on the
complex quadric Q,_,(C). In perfect analogy with the classical Schubert
calculus on Grassmann varieties, we define the Schubert cell 2,,,,...,,_,, 0 < g,
<a < .+ <as,<n—2. Then the main result of this paper, the CW-
structure theorem, states that 4™ is a cell complex on the class of Schubert
cells

(Laareasal@s +a;+n—2for0<i<j<n-—2).

As a corollary we obtain the additive homology and cohomology of A{™. We
then develop a duality theory for 4™, and using this and the inclusion map
j: A™ — G¢, , we compute the Chern classes ¢; € H*(A{ ; Z). Thus given w
we can explicitly determine the primary obstructions w*(c;) to decompose w.

The paper, as a whole, is self contained. The arguments are based on ele-
mentary projective geometry.

2. Universality of 4{~

For fixed s we have a sequence of principal U(s)-bundles:

st,zs c V28+1,2$ c..-C Vn,zs c V’IL+1,28 c - Voo,Zs

lfézS) lﬁzsﬂ) lf§n) lfénn) l s(°°)

AP CAB™ C oot CAP C AT C el A4S .

Thus A = dir lim,_., A™ forms a classifying space for U(s). Let W, ; be
the Stiefel manifold of complex orthonormal s-frames in C”, and define
rgn) : Wn,s - Vzn,zs by r§">(z1, ) zs) = (zls AR 4] izv St izs)9 and wén) : Vn,zs
- Wn,s by Wé")(xl, St xzs) = ((l/ﬁ)(xl - ixs+1), M (l/ﬁ)(xs - ixzs))
where i = +/—1. r®™ and w™ are U(s)-maps, and thus induce imbeddings
PP G, — AP and WM : A™ — G¢ , on the quotient spaces. 7™ o w™ and
wem or("> are homotopic to inclusion maps 4" C A% and G:, C G%,, e
spectively. Hence 7 and w{~ are the desired homotopy equivalences of A4
with the standard classifying space G<, ; of U(s).

Let Q%zy, -+ +,2,) =24 + 23 + -+ - + z2 be the nonsingular billinear form
on C". Then it can be easily verified from the definition that

Image w™® = (x € G¢ ,| O° vanishes on r) .

Let Q,_,(C) be the quadric of the form Q¢ in P,_,(C). We can now identify
A® with its image in G¢,,, and write this as a

Representation theorem. A®™ is represented as the complex analytic variety
of linear projective [s — 1]-planes on Q,_,(O).
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3. Preliminaries

We now list the preliminaries to be needed in the sequel, and for details we
refer the reader to [6]. In what follows, | , and | , will denote orthogonal
complements with respect to the form Q° and the Hermitian metric on C*
respectively. \V will denote join, U union and (N intersection.

3.1. The conjugation map c: C"** — C"*? given by c(2y, 2y, * * 5 Zns1) =
(Zo» Z15 * + +» Zy,1) has the following properties :

(i) Q°z;w) = <{z]c(w)>, and thus z17 = c(z)*m.

(i) Q°%c(z)) = O°%(z), and thus ¢ maps Q,(C) onto ifself.

(iii) The image under c of a projective [s]-plane g lying on Q,(C) is another
projective [sl-plane ¢’, which also lies on Q,(C) and is m-orthogonal to g.
Thus ¢ induces an involution on 412,

(iv) Q°%z;c(@) # 0 for z # 0. Thus, if an [s]-plane g is [k]-degenerate
with degeneracy g, (i.e., g, = ¢ N g*7), then Q° is nonsingular on the join
q V c(qy).

3.2. Suppose that a projective [s — 1]-plane g lies on Q,(C), and that P
is a point not on g. Then the join g \V P lies on Q,(C) if and only if P ¢ Q,(C)
n g+s.

3.3. Q,(C) has a nontrivial intersection with every projective line on
P,.,(0).

3.4. An [s]-plane g lies on Q,(C) if and only if ¢ C g*/. Hence s < n — s,
ie., s < [n/2]. If s < [n/2], it follows from 3.2 and 3.3 that g is contained
in an [s + 1]-plane lying on Q,(C). Thus the maximal planes on Q,(C) are
[n/2]-dimensional, and any plane lying on Q,(C) can be imbedded in a
maximal one.

3.5. A®;? = [s]-planes on Q,,(C) consists of two connected components
or irreducible subvarieties V', and V,, each of which is homeomorphic to I, ;.
The dimension of intersection of two [s]-planes on Q,,(C) is congruent to s
(mod 2) if they belong to the same component, and to s — 1 (mod 2) if they
belong to different components.

3.6. Itis a direct consequence of 3.4 and 3.5 that given an [s — 1]-plane
g on Q,,(C), there exist unique [s]-planes g, € V', and g, € V; such that g = g, N
g, ¢ =q,V g, @o(C) N gtr =g, U q,.

3.7. Let Q,,_,(C) C Q,(C) be an inclusion of nonsingular quadrics. Then
by 3.6 above, each [s — 1]-plane g on Q,._,(C) corresponds to a unique g, € V,,
q, D g, and each g, € V, necessarily intersects Q,,_,(C) in an [s — 1]-plane q.
This establishes a homeomorphism between V, and 4&+? = [s — 1]-planes on
Q51(0).

Let P, be the unique point of g, which is m-orthogonal to g. Define a con-
tinuous map f: ¥, — Q,,(C) by f(q,) = P,. Let E, F, & be the canonical C**'-,
Cs-, C*-bundles over V,, A&+ and Q,,(C) respectively. Then, since g, = g V
P,, we have E = F @ f*(§). P, ¢ Q,,_,(C) by definition, and hence the map f
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factors through the open contractible space Q,,(C) — Q,,_,(C), and is thus null
homotopic. Hence the pull-back f*(&) of f to V, is trivial, i.e., f*(¢) = 1 and
E=F®1.

3.8. Let g, C g, be an inclusion of projective [s]- and [s + 1]-planes lying
on Q,(C). Let P e (g, — g,). Then g = gi N PL/. Let h be a hyperplane
in g{’ not passing through P and thus intersecting the hyperplane g;”~
(containing P) in an [n — s — 2]-plane A,. Central projection through P estab-
lishes a homeomorphism between (h — hy) and Q,(C) N (gi-* — g4/). Thus
the latter is an open cell of complex dimension n — s — 1.

3.9. Let g, be a fixed [s — 1]-plane in P,_,(C), and S,(q) = (qe
G¢ . |dim(g N g) =t — 1) for ¢t < min (s, k). Then the map S.(q)) — G,
defined by g — g N g, is continuous.

3.10. Let O,e Q,(C) and P,(C) be the hyperplane in P,(C) which is f-
orthogonal to O,. Let C* = (e, e, €,), 0°(2) = 2§ + 22 + 23, O, = [e, + iey].
Then the curves a(f) = [(cos f)e, + ie, + (sint)e,] in Q,(C) and b(¥) =
[(cos t)e, + (i cos t)e, + (sin f)e,] in P,(C) both starting at O, have a common
tangent vector e, ¢ S° at this point. Hence Q,(C) and P,(C) have a “double”
intersection at O,.

3.11. For k = a + b, decompose a [k — 1]-plane g, into a disjoint join
do = q, V q;, of an [a — 1]-plane g, and a [b — 1]-plane g,. Let S, and S,
be the submanifolds of G¢,; of [k — 1]-planes containing g, and g, respec-
tively. g € S, intersects gi= = [n — a — 1] at [b — 1], and the intersection
uniquely determines g. Hence S, = G;_, ,, and similarly S, = G;_, ,. dim. S,
+ dim,S, = (n —a —b)b + (n — b — a)a = (n — k)k, i.e., S, and S, are
of complementary dimensions in G¢ ;. They also intersect transversally at the
single point g,. This gives a direct sum decomposition for the tangent plane to
Gst,k at do: qu(Gz,lc) = qu(Sa,) @ qu(Sb)'

4. Topology of Q,(C)

Let [p] be a maximal plane of dimension p = [n/2] lying on Q,(C), [p] D
[p —11 D> ... D[1] D[0] be a cellular decomposition for [p] by its sub-
projective-spaces, and

[n+ 11D [0} D[} D - D[n—p— 1]
SISl —112--- 21120

be the corresponding cellular decomposition for P, ,,(C).

Define Q,.(C) = 0,(C) N [n — k — 1]% for k > p. Then Q,(C) D [n — k
— 11, and is thus an [n.— k — 1]-degenerate subquadric of Q,(C). It follows
from 3.8 that {Q,(C) — Q,_,(C)} is an open cell of complex dimension k for
k> p + 1,and that {Q,,,(C) — Q,(C) N [n — p — 1]+/} is an open [p + 1]-
cell.
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For n=2p + 1, 0,(C) N [n — p — 1]/ = Q,,,,(C) N [p]** = [p], and
thus

Q5p41(C) D 25,(C) D -+ D Q,,,(C)
Skl olp—-11>--- D[] D10]

forms a cellular decomposition for Q,,,,(C).

For n = 2p, assume without loss of generality that [p] = [p], ¢ V,. Then
by 3.6 there exists a unique [p], € ¥, such that Q,(C) N [n — p — 1147 =
0.,,(C) N [p — 11+ = [p], U [p],. Thus

QZp(C) 2 QZp—l(C) DD Qp+1(c) D [p]0~a
[p,Dpp—-1>--- D[] D[0]

is a cell decomposition for Q,,(C).

5. CW-structure of A"1?

Define, for ge A"${? and te Z*, q, = q N complex t-dimensional cell of
Q,0), i.e.,

(ania fort < nj2,
= 1gn o  fort>nj2,
qpo=q N [P]o: qp1=q N [p]1 forp:n/2 .

Observation. (i) g, is a subspace of q.
(ii) The sequence (q,) forms a filtration:
Forn=2p + 1,

=1 D qop D ++* DGy DGy D+ DGy 24 -
For n = 2p, either
qd =G DG 1D > DGp1 D qp, D qp_12 **+ DGy 9p, = dp-1 >
or
d=qp DGoyp1 D+ DGp1 D qy, Ddp1 2 *** 2 G1 D dos 9p, = dp-1 >

by subspaces whose dimensions decrease at most 1 at each step.
Proof. (i) Obviously, g, = g N [f] for ¢t < n/2 is a subspace, and

:=9NQ0O)=gNQ,O)N[n—t—-1"=qN[n—1—1]"

for t > n/2 is also a subspace.
(ii)) Fort < n/2,



COMPLEX VARIETIES 4™ 505

dimg, =dim(@ N [f) <dm@ N[t —1) + 1 =dimg,_, + 1.
Fort > n/2,
dim q,,, = dim (g N @,,,(C))
=dm@Nnhr—t—-2<dm@Nn—t—1]+) + 1
=dim(g N Q,C)) + 1 =dimg, + 1.
If n =2p + 1, then
dim dp1 = (dimg N Qp+1(C))
=dim(g N [p — 1]+) < dim (g N [p]*) + 1
= dim (g N Q,,.,(C) N [p]*) + 1
=dim(g N [p]) + 1 =dimg, + 1.
Thus

q:q2p+13q2p3"'DqZHqupD"'DqIDqO

is the required filtration.
If n = 2p, then

g=1I[p—11Y=qN Q,,(C) N [p — 1]+
=q N (pl, U [P]) = a5, U gy,

is a subspace, and thus either ¢ N [p — 1]*Y =¢q, D g, or g N [p — 1]+
=gy, D qp, i g N [p—1[* =g, D q,,, then

dp,=4dp, N dp,=q N (plkNIpl)=gqNlp—11=gq,,,
dimg,,, =dim(g N [p —2]*) <dim(g N [p — 1]*) + 1
= dim 4y, + 1.
Thus
qd = qop DGop_y D +-> qu+13qpqup—ID cee D g D Qq
is the required filtration.
Similarly, if ¢ N [g — 1]+ = q,, D q,,, then we have 4p, = qp-1 and
d=0qQp DQop1 D *** DGpyy DGy, DGy D+ DGy DGy

is the required filtration. q.e.d.
For0 < g, < a, < --- < a; < n, we introduce the closed Schubert cell

Lagareas = (@ € AP |dim gy, > 1) .

An immediate corollary of the preceding observation is the following.
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Corollary. A4 = | Q4000

However, some of the cells in this covering are “superfluous”, and the next
lemma shows that 4{"1? can be covered by a smaller class of Schubert cells
(Qsparea,|a; + a; = n for i < j).

Notation. For a = (aj,a,, ---,a,) and b = (by, b;, - - -, b;) € (Z*)**, we
write: b < aifandonlyif b; < a;, 0 <j<s;b=aif and onlyifb; = a,,
0<Lj<s;b<aifandonlyif b <a, b # a.

Lemma. Q.. .., = Usca @y, bs + b; %= 1 for i <j.

Proof. Suppose a; + a; = n for some i < j; otherwise, the lemma follows
trivially. There are two cases to consider. :

1. dimgq,, , =dimgq,, > i. Define b, = min(a,;a, —i + k — 1) for
0< k<i— 1. Thendimgq,, > k,i.e., g€ Dy s 1ai-101s1asr

2. dimgq,,_, = dim g,, — 1. Then [a;] = q,, \/ [a, — 1].

(1) dqq, 1 79, since g C Q,(C).

(i) g4, | s[n —a; — 1] = [a; — 1], and thus by the above

qa_,- c Qn(c) N [ai]']'f == Qn(C) N [n - aj]lf = Qa,j—l(C) )

i.e., dimgq,, , = dim q,, > j. Define ¢, = min (a;;a; — j + k — 1) for 0 <
k <j— 1. Then dimgq, >k, i.e., g€ Qppcc;_1a;-10)410-a,» LHUS

‘anal---as = ‘Qbo---bi—xai—laiﬂ--'ax U Qco---cj—laj—laj+1"'as ’

where b, < a, for 1 <k <i—1, and ¢, < a, for 1 < k <j— 1. Hence

the lemma follows by induction on >35_ya; =a, + a, + -+ + a,. q.e.d.
We now define the open Schubert cell Q% . for a; + a; # n, i < j:

Qe =(qe A%?|dimgq, = jfora;, <t <a;,,) .

The basis of our CW-structure theorem is the following.

Proposition. Q% is an open topological cell of complex dimension
d, = Y5_0a; — s(s + 1) + e, where e is the number of pairs (a;,a;), i < j,
a; +a; < n.Fora; <n/2and 0 <j<s, QF%..,, is the ordinary Schubert
cell (2°)pen . of the complex Grassmann manifold G p.1,6,(C ASGY), in
which case, e(2,,,....,) = (s + 1) and d(Dyya,...a) = D5-0a; — ¥s(s + 1).

Proof. We use induction on s. For s = 0, A" = Q,(C), and the open
Schubert cells of A{"+? are precisely the open cells of Q,,(C) as determined in
§4. Let s > 1, and assume the induction hypothesis for s — 1. We define an
onto map F: Qe — Qe by F(g) = q,,_,. It follows from 3.9 that
F is continuous. Let F, be the fiber of F at an arbitrary [s — 1]-plane g ¢
fIopen We have two cases to consider.

aod1*+as—1"*

1. a, < n/2. Then £y is precisely the ordinary Schubert cell

aodi---as

(Q°)epen . in the Grassmann manifold G¢ ., ... we F, cuts gt~ N ([a,] —

@oa1---as

[a, — 1]) at a single point P, which uniquely determines w. Hence F, is
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homeomorphic to g+ N ([a,] — [a, — 1]) which is an open cell of complex
dimension d, = a, — 5. Let O, be the unique point in [j] which is m-orthogonal
to[j—1], and § =[0,,,0,,, ---,0,,_,] the distinguished element of
Qopen .., By the induction hypothesis, £, is an open cell and thus
contractible. Hence the principal bundle U(a;_, + 1) — G%,_, .., is “trivial”
over Qg . ., i.e., admits a cross section z: Q2% .., _, — Ula,_, + 1). ¢,
maps § onto g, and hence §'™ onto gl= isomorphically. Also, ¢, transforms
[a,] and [a, — 1] isomorphically onto themselves. It thus induces a homeo-
morphism t(l: q = q'Lm n ([as] - [as - l]) g Q‘L"‘ m ([as] - [as - 1]) = Fq‘
Hence (g, P) — t,(P) yields a “trivialization” for F. Thus Q%%...,, is a product

o s
bundle Qe X F, over Q% . and, by the induction hypothesis, is an
open topological cell of complex dimension d, = Y 5_,a; — £s(s + 1).

2. a;> n/2. we F, again cuts g*~ N ([n — a; — 117 — [n — a,]*7) at
a single point P,, which uniquely determines w. It follows from 3.2 that we
An4? if and only if P, € Q,(C) N gt7. Thus the fiber F, is homeomorphic to

F,= 0,0 NgNg N (n—a — 11 —[n—alv).

We now observe the following.

(i) By 3.1 (iv), Q¢ is nonsingular on the join g \V c¢(g). Thus the restric-
tion of Q,(C) to its f-orthogonal complement, i.e., to the plane g'= N g1’ is
a nonsingular quadric @, _,,(C).

(ii) Let e, be the number of indices a, such that ¢t <s, a, + a, < n, or
equivalently, such that a, < n — a, — 1. Then by the definition of Qe
we havedim (g N [n —a;, — 1]) = e, — 1. Sincea, #n —a,vt,q N [n—a,]
=qgN[n—a —1],ie.,dim(g N [n —a]) = e, — 1.

(i) g < Q,,(C) = Q,(C) N [n — al*,ie., gand [n — a,] both lie on
0,(C) and are mutually f-orthogonal. Thus the join g \ [n — a,] lies on
0,(C). Since dim (g \V [n —a,]) = dim g + dim [n — a,] — dim (g N [n — a,])
=n—a; — s — e, the subspace g \V [n — a; — 1] of the join also lies on
0,(C) and is of (complex) dimension n — a;, — s — e, — 1.

(iv) Let h, and k, be the m-orthogonal complements of g in g \/ [n — a,]
andq V [n — a; — 1] respectively. Thenh, C Q,(C) N g’ since g \V [n — a,]
lies on Q,(C). Thus

hy € Q,(C) N g N gt = Q,_,(C) ,
dimh, =n —a, — e, dimk,=n—a, —e, — 1,
g Nn—al”=(@qVIn—aD=(@qVh)" =g N hs.
Similarly,
qt’ O [n —a, — 11*r =g+ N kL .
(v) F,=0,C) N gt N g N (kg7 — hy?),

i.e.,
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Fy= 0,0 N (kg7 — hg?) ,

where | ; now denotes f-orthogonal complements in the plane gi= N gl7.
Hence it follows from 3.8 that F, is an open topological cell of (complex)
dimension

do=n—2s—(n—a,—e;,— 1) —1=a, — 25 + ¢,
=(n—25) —dimh, > ¥(n — 2s) .

(@ If nis even and a; — 25 4+ e, = 4(n — 2s), then A, is a maximal plane
on Q,_,(C), and k, is of codimension 1 in A,. It follows from 3.6 that there
exists a unique maximal plane %, belonging to the opposite variety containing
hg such that h, N hy = k, and Q,,_,,(C) N k' = h, U h),. Thus

Fo=0,0(C) N ki¥ — 0, _,(C) N hy? = hy U Wy — hy = hy — k,

is an open projective space.

(b) Ifa, —2s + e, > $(n — 2s), then @, _,(C) N kt7isan [n — a, — e]-
degenerate quadric Q,,_,;,.,(C), and hence F, = Q,, s, (C) — Q,_,,(C) N
hi’ is an open quadric. Let

As,n—a,—es,l = SO(” + 2)/U(S) X U(n — a; — es)
x UQ) x SO(a;, — s + e, — n)

be the flag manifold of triplets of ordered mutually m-orthogonal [s — 1],
[n — a;, — e, — 1] and [0]-subspaces of [n — a, + s]-spaces lying on Q,(C).
Define 6: Q3. ..., — dsn_ay—e,n OY 0(q@) = (g, ky, rg) Where r, is the unique
point in A, which is m-orthogonal to k,. Continuity of ¢ follows from 3.9. By
the induction hypothesis, 23" is an open contractible cell, and thus ¢

Qo1+ +As—1

admits a lifting ¢ to SO(n + 2), i.e.,
SO + 2)
rd

()open’ 6

“4agarrrras—1 As,n—as—cs,l :

Let O; be the unique point of [j], m-orthogonal to [j — 1], O,_; =¢c0,_)
the unique point of Q;(C), m-orthogonal to Q;_,(C), 0 < x < s — 1 the largest
integer such that a, < n/2, § = 1[04+, O,y Opprs * -, 05_,,] the dis-
tinguished element of 2%, . and 0(q) 4, kq, 7,) the dlstmgulshed ele-
ment of 4, ,_,,_., 1 ¢, maps § isomorphically onto g, and therefore the plane
gtr N gim 1somorphlca11y onto the plane g/ N g*~. Hence ¢, maps_ 0. 28(C)
homeomorphically onto Q,_,(C). Also, #, is an 1somorphlsm of h and %,
onto h, and k,, and thus of AL/ and &}’ onto h}s and k}f respectlvely, and
therefore induces a homeomorphlsm
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g Fy = Qn—zs(c) n (gé‘f — ﬁj‘f) — 0, O N (ktr — b)) =F,.

Thus (g, P) — t,(P) yields a “trivialization”

Qopen X Fq =; Qopeu

aoaic  Gs—~1 aois--as *

Hence Q2. ., is a product bundle over 23%"., _, and, by the induction
hypothesis, is an open topological cell of (complex) dimension

A= a;— (s — 1)s + e(Quroar) + @5 — 25 + e,
Jj=0
= Z a;

" a, — s(5 + 1) 4 e(@uapa) - qeed.

j=0

Suppose dim g, > j and dim g,,_, < j. Since dim g,, < dimgq,,; + 1, it
follows that dim g,, = j and dim g,,,_, = j — 1. Hence we have the standard
identity

-ng,’:f...a, == anal...as - U ‘an-"(aj—l)---ag 5

aj—1<a;-1

or, equivalently,
Qgﬁ;ﬁ‘...as = anal...ag - U ‘Qbobl"'bx )
b<a
which, by applying the lemma of § 5, this can be strengthened to read:

Qgﬁ;l:---a, = ‘anal--«a.g - k<J 'Qco---c, with ¢ + Cj * n, i< ] .
c<a

It follows from the preceeding proposition (by induction on the dimension) that
Lpareeayy i + a; # n, i < j, is a topological cell attached to the Schubert
cells (2,,,....,l ¢ < a, ¢; + ¢; # n, i <j) lying on its boundary. This imme-
diately yields the following CW-structure theorem which is the main result of
this paper.

CW-structure theorem. A&:? is a CW-complex consisting of Schubert cells
Qoageas for0<a, < a, < -+ <a;<n,a;+a; #n,i <j, 2, is the
variety of [s]-planes on Q,(C) which intersect the complex a;-dimensional cell
of Q,(C) at a plane of complex dimension j, 0 < j < s, and

dim () =25 0 = 56+ D) + )
Jj=0
where e is the number of pairs (a;, a,), i < j, a; + a; < n.
Demonstration. As a demonstration of the CW-structure theorem, we now
present the following examples.
1. AP = [2]-planes on Q,(C)



510 1. DIBAG

0 2] 2] 4 4 4 O
Q \ Q423, Q \

012 ‘QOISO ‘Q0131 ‘QOM QOZSO 025 “ 0304

18 16 16| 14] 14 14 12 12
Qs Qs 93056 Q5 Q36 Qss Qs D535

6 8 8 10 6 6| X \\8
Qg4 Qo5 Doy Qoss 2123, 12, Q304 Qi

2 10| 10 8 12, 2] 10 N
Q\l\ Dize 9\ Qi Y Qs 9\ Qs N O

Dual cells appear in the same column, and the number in the corner indicates
the dimension of the cell. (Refer to § 8 for duality.)
2. A = [1]-planes on QC)

0 2 i g 3 3
2N 2. Y 25 Y 0 912\ 2

14 12| 10 8 10| Q

‘945 ‘QS5 925 ‘915 ‘934 24

Corollary. The inclusion map j: A™ C A"V is “cellular”, and A® is the
subcomplex of A"LP consisting of Schubert cells £,,...,, for which a, = 0. In
particular, Q, _,,(C) = A{~%+? s the subcomplex of Af%® consisting of
Schubert cells for which a; = 0, j < s.

6. Homology and cohomology of 4"}?

Since A"t® admits a triangulation by even dimensional cells only, the
boundary and coboundary operators are zero, and each Schubert cell represents
a distinct homology (cohomology) class. Hence A{"$? is simply connected,
H*(A"? ; Z) is torsion free and vanishes in odd dimensions. H*(A"? ; Z)

is the free abelian group on Schubert cells £2,,,...,, for which dim 2, ..., = 2i.
The Euler-Poincaré characteristic

2(A%%?) = Total number of cells = 2“1-([n/2] + 1) .

s+ 1

It follows from Proposition 2.5.2 of [1] that K'(4%t?) = 0 and K°(4{%}?) is
the free abelian group on y(A4{%?) generators.
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7. Maximal planes on Q,(C)

The special case of the CW-structure theorem for s = [n/2] reduces to
Ehressmann’s triangulation in [S] of the variety of maximal planes on Q,(C).

(iy For n = 2s the indices (ay, a,, - - -, a,) of a Schubert cell 2,,...,, are
picked one from each column of

(O 1 ...s5—1 s0>
25 25—1---54+1 s/’
since a; + a; # n. Thus once (ay, - - -, a,_,) are chosen (where 0 < x < s is
the largest integer such that a, < n/2), a, is either s, or s;, and the rest of the
indices (a,., - - -, a,) are the elements in the 2nd-row of the complementary
columns. Let V; = I,,, be the irreducible subvariety of 4%;® containing [s],
for j = 0, 1. Then it follows from 3.5 that 2,,,...,, lies in V, if and only if
So forx=s (mod 2) ,
e = s—1 (mod2),

S, for x

and in V| if and only if
{s; forx == (mod 2) ,
a.z: =.<.
So forx=5—1 (mod?2).
Thus the Schubert cells of 4% are evenly divided between V, and V,, and
each £,,,,...., is uniquely determined by the indices (a,, a,, - - -, a,_y), i.e., by

the dimensions of interséction with the decomposition [s — 1] D [s — 2] D
.-+ D [1] o [0]. We thus put 2,....., = [ap,a;, -+ +,a,_,] and"

e@=xx+D+ 2 —a)+Q2s—a,_,— 1)+ -
+(2s'—az+1_(s_x_1))9

S

dim, () = 2} a; — s(s + 1) + 3x(x + 1) + 2s(s — x)

7=0
S
- 2 a—3—-—x6E—-x—-1),
Jj—z+1
i.e.,

z-1
dim, [ag, a,, - -+, 0,11 = 3] a; + &s(s —2x + 1) .
7=0

(ii) For n = 25 + 1 the indices of a Schubert cell 2,,,...,, are picked one
from each column of

( 0 1 .o.5—1 s)
2s +1 2s.-.5s+2 s+ 1/°
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Thus once the first set indices (ay, a,, - - -, a,) are given, the rest (a,,, * - -, a,)
are simply elements of the 2nd-row of the complementary columns. Hence
24401-.-a, 18 uniquely determined by the dimensions of intersection with the de-
composition [s] D [s — 1] D ... D [1] D [0]. We thus denote £2,,,...., =
lay, ay, - -+, a.],

e@=4x(x+1D+Q2s+1—a)+@s—a,_) + -
+Qs+1—a,,,—(—x—1),

dim, () = z a; — st + D) + $xx + 1) + (s — 0@s + 1)

e Y 4 —Ms— D —x—1),

J=x+1

ie.,
dim, [ap, ay, - - -, a,] = ﬁo a; + 3 + (s — 2x) .
P2

(iii) Let h: A®*® — V, be the canonical homeomorphism of 3.7 be-
tween the variety A%*Y of maximal planes on Q,,_,(C) and the irreducible
subvariety V, of maximal planes on Q,,(C). Let [ — 1] D[s—2] D --- D
[1] © [0] be the cellular decomposition of the maximal plane [s — 1] on
Q,,_1(C), and [s], D [s — 1] D -.- D [1] D [0] the cellular decomposition of
[sl, = hls — 1]. Then using the notation introduced above, we can identify
the Schubert cells [a,, a;, - - -, a,] of V, and [ay, ay, « -+, a,] of A%+ for 0 <
a <a < .- <a, <s — 1 through the homeomorphism #4.

8. Duality theory for 4%?

We first briefly summarize the standard duality theory for G¢,,,.,. (For
details see [8, Chapter III].) Let

(1) [n+1>D[r] D --- D[1] D[0]
be a cellular decomposition for P,,,(C), and
(2) [n+ 1] D [0+ D [1]t» D ... D [n]t»

the dual cellular decomposition by m-complementary planes. Let P; be the
unique point of [j] which is m-orthogonal to [j — 1]. Let (£¢,,....,) and
(£%....,,) be the two systems of Schubert cells of G2,,,,, arising from (1) and
(2) respectively. ¢ _,....,_q, is called the dual cell of 25,.....,. The duality
theory for G:,,,,, states that two Schubert cells Q¢ ..., and 25,....,, of

complementary dimensions intersect transversally at a single point g =
[P,P,, -+ P,] if they are dual, and are disjoint if not.



COMPLEX VARIETIES 4™ 513

We saw in §4 that if [p] D [p — 11 D --. D [1] D [0] is the cellular de-
composition of a maximal plane [p] on Q,(C), then the corresponding cellular
decomposition

[hn+1]1D0o1rD ... D—p— 1]

3
() Sk1ok—-11>-.--D[1]1>10]

of P, ,(C) gives rise to a cellular decomposition for Q,,(C):

Q2p+1(C) ) QZp(C) ) Qp+1(C)
Dpplolp—-11>D.-- D[1] D 0] forn=2p +1,

sz(c) ) QZp—l(C) ) Qp+1(C) ) [p]o 5
[p,o2lp—11>--- D10] forn =2p .
Let
[n+11D0t»D ... Dn—p— 1]i=

(4) ) {[p]_l.f}im Do D {[O]J-J‘}-Lm

be the dual decomposition of P,,,(C) by m-complementary planes. Since,
[k]1m = c([k])1/ and ([k]+")1™ = c([k]), 0 < k < p, (4) is precisely the cellular
decomposition

[n+ 11 2c([0DY D --- De(ln — p — 1D

(5)
Dc(lph) D -+ D (0D

corresponding to the maximal plane ¢([p]) on Q,(C), and thus induces a cel-
lular decomposition for Q,(C). We put

[k] = c([k]) for0<k<p,
Q:(C) = c([n — k — 1D N Q,(C)
k] = [n — k]* = c(In — kDL fork>p.

For n = 2p, [p]; is disjoint from c([p];) for j = 0, 1. It follows from 3.5 that

c(pl) eV, and c([pl) eV, for p even ,
c(pl) eV, and c([pl) eV, for p odd .

Thus we put

(5], — c(lply)  for p even, (5] — c(lply)  for p even,
°‘{c([p]o> forpodd, M7 {c([pll) for p odd .

Also for n = 2p + 1, put [p] = c([p]).
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With this notation, the induced cellular decomposition of Q,(C) reads as:

Q2p+1(C) ) m O D Qp+1(c)
DppIolp—11D--- D[0] forn=2p+1,
QZp(C) > sz-l(c) 5+ D Qp+1(c) ) [p]o s
[p,Dlp—11D.--D[0] forn=2p.

The Schubert cells, arising from this decomposition, will be denoted by 2,,,...,,-.
It is clear that the two cellular decompositions of Q,(C) (obtained from (1)
and (2) are congruent under the action of SO(n + 2), and thus the correspond-
ing Schubert cells 2,,,...,, and 2,,,...,, Tepresent the same homology class.
Let also (£25,...,,) and (25,...,) be the two systems of ordinary Schubert cells
of the Grassmann variety G¢,, ., corresponding to (3) and (4) respectively.

Definition. Q¢ ... = 2, 41 a, ..n—a, is called the dual cell of 2
with the following convention :

If n = 2p, then put, for a; = p,,

apai---as

Do for p even ,
n — aj ==
D: for p odd ,

and, for a; = p,,

v a — D1 for p even ,
T e for p odd .

e(2444,...a,) = number of pairs (a;,a,), i <j,a, +a; <n.

e(92, ,,....,) = number of pairs (a;,a,),i <j,a, +a; > n.
Thus e(2) + e(2?) = is(s + 1), and by the CW-structure theorem,

dim, (2) + dim, (2%) = (s + 1)2n — 3s) = dim, A"}? .
Also 24410, —> 2%0,...q, 1S a bijection between Schubert cells of a fixed
dimension and those of complementary dimension.

Lemma. There exists a minimal imbedding J of the system (2,,,....,) of
A into the system (25,....,,) 0f Gi.y .1, and a minimal embedding J of
(Dagaren-ay) into (25.,....,.) such that

(1) ‘analn-a, - J('Qaaa.l-na,) and anal---as - j(gaoal---as)’ and ‘anal---as -
Qyiprns, I8 AZSY if and only if J(2,,....,) T J(2y,...5,) in Gy .5 .1 (and a similar
condition for J).

(i) Quparea, and Dy ...y, are “dual in A"? if and only if J(Q444,...q,) and
J(Qy0,...5,) are “dual” in G, ;.

(i) J(Qupep0) N AZE? = 2,404,...4, €xcept for n = 2p and a; = p, for
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some j, in which case J(2,,...,
similar condition for J).

Proof. We first construct imbeddings j and j of the cells of Q,(C) into
those of P,,,(C) as defined by (3) and (4) respectively by putting:

2)
gy N A = Qupieas U Lageponnna, (and a

ik = k] for0 < k < n/2,

ilply = [pl and jdpl) =[lp +11=[p—11* forn=2p,
0. CO) =1k +11=[n—k— 1] for k > n/2; similarly ,

jak) =[k] for0< k< n/2, and forn = 2p,

e [p -1l =1[p + 1] for p even ,
](pO)_{[p] for p odd ,
- 2 for p even ,
sy = {[p “Tjr—[p 1] forpodd,

JOC) =n— k-1 =[k+ 11 fork>n/2.
Define J and J by

J(Runay00) = Lapian-iao >

T(O — 0c
J(‘anar“a:) - ‘Qf(do)i(al)-"i(ds) .

Properties (i), (ii) and (iii) are easily verified from the definition. q.e.d.
This lemma enables us to develop a duality theory for 4{"}» from the
standard duality theory for G¢,, ,.,.
Proposition. () 2,00,...0, N 2%5,...5, = 0 unless

‘anal"'a,g > ‘Qbobl-nb; (i'e" a 2 b) .

(ii) Let O, be the unique point of [j] which is m-orthogonal to [j — 1],
and let O = ¢(0y), 0 < j <'s. Let 0 < x < s be the largest integer such that
a, < nj2. Then Qyy,,...., and 2y,,...,, of complementary dimension intersect
transversally at a single [sl-plane § =104, -+, 04, On_o,irs =+ +> On_a,] if
they are “dual”, and are disjoint if not.

Proof. Suppose 2,,...., D 2pp1..5,- Then J(Q,,.....) 7 J(2,,...,,) by part (i)
of the lemma, and it follows from the duality theory for G2, ., that J(2,,....,)
N J(2y,...,)F = 0. Also J(2,,...,.)" = J(2%,...,,) by Part (ii) of the lemma. Thus
J(Q4y...0,) J(25...,,) and their subsets 2,,...,,, 25,...,, are disjoint, respectively,
by the lemma.

(ii) It follows from Part (ii) of the lemma that if 2,,...,, and Q,,...,, are
dual in A1, so are J(2,,...,,) and J(2,,..,) in G5,,,.,, and J(2,,...,,) and
J(Q,,...,,) intersect transversally at a single [s]-plane § = [O,,, - - -, O,,,
O oo+ +» O04_g,] by the duality theory for G¢ ., ;..

Obviously, § e 2,,....,, N 2,,...,,, and the subset 2, ..., of J(2,,..,) and
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subset the 2, ..., of J(2,,...,,) also intersect transversally at 4. If 2,,...,, and
0,....,, are not dual, then it follows from Part (i) of the proposition that they
are disjoint. q.e.d.

This can be best expressed in a single theorem:

Intersection theorem. Homology classes {£,,.....} and {2,,...,.} of comple-
mentary dimension intersect in 1 if they are “dual” and in 0 if not.

9. Chern classes

An immediate application of the duality theory for A is the computation
of the Chern classes of the principal U(s)-bundle V,, , (4™ ; U(s)).

Theorem. ‘“‘Stability” for Chern classes is attained at n = 2s + 3, and the
ith Chern class ¢; = QF...c_i_15-i41...s for n > 2s + 3. As for the unstable
cases :

(1) For n = 2S + 23 Ci = ‘Qa‘;---s—i-l §—1+1:e089 + ‘Q(ﬁ---s—i-—l §—=1+1eeesy®

(ii) Forn=2s+ 1,¢;,=201 ---s—i—1,s —i+1...85—1]*

(i) Forn=2s,¢c,=0andc; =2[01 --- 5 —i —2,5 —i..-5— 2]%,
1<i<s—1.

Proof. Forn>2s+3,letj: A"™ — G be the “inclusion”, dim, (2,,,....,)
= i, and

j*(‘an-wa;) = kao--'a;‘leu-s—i—l S—i41eees

+ linear combinations of other [i]-cells of G, .
Taking “intersections” of both sides with (£2°)...;_;_1 s—s41...; yields
kao"“ls = j*(‘an---a,)‘(‘Qc)él---s-i-l s—i+leses *

n > 2s + 3 implies that n — 1 — s > 4(n — 2), and thus [@;] N Q,_,(C) =
Q,,+(C) for a; > n — 1 — 5. Hence

¢ . —
Aén) n (QC)OI---s—i-l §=—i+1leees — A;n) n 'sz—l—su-n-ri-s—z n+i—8eeon—1

= ‘Qn-—z—s---n+i—s—3 N4im§=leeen—2

= ‘931-"3—2‘—1 S—1+1eees 9
which implies that
Q“°"'“’ n ('Qc)sl"'s“i-l s—i+lesss = ‘an--'a. n As(n) n (Qc)fn-..s_t—l S—i+leess

= 'an---a‘ n ‘Qsl---s—i—l §—i+1eeeg

It follows from the duality theory for A that k,,...,, €XCePt Koi..si 1 s is1es
all vanish. By the proposition of § 5

Q ; ; = 05 ;
0leces—i—1 §—i+1eees 0leseg—7—1 §=7+1eees >
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and thus

kOlu-s—i—l S—i+leses — ‘len-s—i—l s-i+1---s'(Qc)81---s—i—1 S—i4leees — 1

by the duality theory for G¢, .. Hence the dual map j* on the cohomology level
satisfies

7k —
] (‘Qc)sli---s—i—l S=1+1sees — Q(’)I;...s_i_l §—%+1eses

and ¢; = Q%.._; 15 s41...; Dy “naturality” for Chern classes.
(i) Forn = 2s + 2, again let j: A&*? — G, , be the inclusion. Then

7k * — %
] (90)01--'3-1‘—-1 §—i+41leees T Z kau---a,‘an---a, 3
dime (2q)=1

[s + 11 N Qu(C) = [5] U [8], [a,] N Qu(C) = Qo,i(C), for a; > 5 + 2,
AZD N (21 oot s—it1omns

. A (2s+2) 0Oc
- As $ n ‘Qs+1---s+i S+1+20002841

= Qso S4+leeeS+i—1 S+ 4100028 ] ‘QSI S4leceS+i—1 S+i41e2028

J— t t
- QOl---s—i—l S§—1+1e+28p U '901---3—1‘—-1 §—1+1eee81 2
and thus

‘an---as n (Qc)81-~-s—i—1 §—i41eses
= ‘anu-a, n A§28+2) n (‘Qc)(t)l---s—i—l S—14+1eees
= ‘anax---a, n (Q(t)l-ns—i—l s—i+1ee8g U ‘an-.-s-iq s-i+1---s,) .
Hence k,,...,, eXcept ko..._i—1 s—is1.e50 @0 Kgiois— i1 5_i41...5, all vanish.
08 oic1 s—is1es A0A (D). s i 1 s_i41... INtETsect transversally at a single

[s — 1]-plane § =[Oy, - -+, O5_;_1, O5_441, - =+, O] and G e Q.. ;1 S—i+1eee50
N (2. i-1 s—is1...» and thus their subsets

t
QOI---s—i—l §—T+1eeesg 9 (-Qc)m---s-i—l §—i+1eees

also intersect transversally at §. Hence kg...;_; 15 i11..., = 1, and similarly

kOl---s—i—l S—i+leeesy — 1.

3 % —
] (Qc)l)ln-s—i—l §—i+1eees — Q(ﬁ---s—i—l §—1+1eee5g + ‘Qs‘i---s—i—l S~T+1eeesy

and, by naturality, the result follows.
(ii) Forn =2s + 1,

51N Q1 (O) =[s — 1], [aj] N O, ,(C) = Qa,j_l(c) a; >s,

_ 2s+1 O
Aézsﬂ) n (‘Qc)élu-s—i—l §—i+1eees — Aé s+h n Qg---sm’-l S+7+1e0028

= 'Qs—l SeeeS+T—2 $4Teee28—1
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a, + a, = (s — 1) + s = 2s — 1, and repeatedly using the method of the proof
of the lemma in § 5 we obtain

(=]

‘Qs—l 8§ S+leee8+T—2 S+7eee28—1 8§—=2 8 S+1eee8+T—2 S+7Tee28~1

8§—% 8 S4leees+i—2 §4+8ee028-1

I
0

61«--3-1—1 §—T+1eee8=1 8+7-1 >
and therefore

‘anu-a, n ('Qc)sl---s—i—l §=T+1eee8
= Qogray N AF (Vs _imt smt1ens

— t
— 'an-na, n Qmms-i—l S—F+1es-8=1 S4+7—1 *

Thus k,,...,, €XCePt Koy...s_;_1 s_i41...5-1 s+4—1 all vanish.

Qoveecsotot sotsrsot sxio1 A0 (Q)pois_iy oogpr.... Intersect at a single [s — 1]-
plane q = [Oo’ ) Os—i-l’ Os—i+1’ DR 08—1’ O.:—i], and k01~--s—1:-1 §—i4+1leeeg=18+i-1
is the degree of intersection at this point. Let a =[Oy, -+, Os_;_1, O4_;.1,

-+, 0,_1], and let S, and S, be the submanifolds of Gg,,, , of planes passing
through a and O;_, respectively. Then by 3.11 we have a direct sum decom-
position of tangent planes

( 6 ) Tq(Gg.Hl,s) == Tq(Sa) @ Tq(So) .
Also

Sa n QOll-‘gs-i-l S—i41leees—1 S4+i—=1 — QOI---s—i—l S—G+1eee8=1 3

So n Q01...3_i_1 S—i4leees—1 S+i—1 — QI(C) ’

where Q,(C) is the nonsingular quédric on the 2-plane (O,_;, Y, O,_;), Y being
the unique point of [s — 1]17 which is m-orthogonal to [s — 1]. Since

dlm QOl---s—i-l S—t+1eee8—1 8$+i-1 — dlm ‘QOIn-s—i—l §—%41eees—1 + dlm QI(C) >
we obtain a subdecomposition of (6):

( 7) Tq('QOI--'s—i—l 8§—14+1eee8-1 s+i-1)
= Tq(‘QOl-ns-i—l s—z‘+1~~-s—1) ('B Tqu(C) .
Also

Sa n (Qc)(tnu-s-i-l S—i41leees — (Qc)(tn-us-i-l S—=G+1eees=1 9

where ¢ on the right hand side denotes ‘““dual” in the Grassmann manifold
G5,.s-1 = [s — 2]-planes on (O;_;)+~, and
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So N (Q1urs_ict smtprems = [s — 1147,
dim (21..smio1 s—i 4105
= dim (2°)...sio1 54100 + dim [s — 147 .
Thus we obtain
Tq(gc)fuu-s-i-l S—i41ee8
= T2 rrnsmiot sisromss ® Tols — 1147 .

Since (7) and (8) are subdecompositions of the same direct sum decomposition

),

(8)

Tq('Qm---s—i—l §=T+1eee8=1 s+12—1) n Tq(gc)gl---s—i—l §—=T+1ee-8
(9) = Tq(‘QOLus—i—l s—i+1~-~s-1) n Tq(gc)élms—i—l S—F+1eee8—1
@ Tqu(C) n Tq[s - I]JJ .

The first summand is zero by the duality theory for Gg, . ;. Let P(C) =
(0}_)~+’ in the 2-plane (O,_;, Y, O,_,). Then P,(C) C [s — 1]%+, and it follows
from 3.10 that dim 7,0,(C) N T,P,(C) = 1. Since T,0,(C) ¢ T,ls — 11*7,
we have dim T,0,(C) N T,[s — 1]+ = 1, and it follows from (9) that

k01--~s—i—1 §—i+leeeg—1 8+i-1 — 2 ) 1.e.,
Cp = Q) smit smiproes = 22805 i1 siities s+i-1
=2[01:---5s—i—1,s—i+1...5—1]*

by the notation of § 7.

(iii) For n = 2s, let V= I, be an irreducible subvariety of 4%. The
principal U(s)-bundle f& : V,, ,, — A is two disjoint copies of the canonical
U(s)-bundle E over V,. By 3.7, E splits into a direct sum E = 1@ F of a
trivial line bundle 1 and the canonical U(s — 1)-bundle F over A%V, or
equivalently f&: Vi 145, — A%, Thus ¢(E) = 0 and

¢(E)=c(F)=2[01.---5—i—2,8—1i---5—2]*
forl<i<s—1
by (ii) above and (iii) of § 7.

10. Applications

A 2-form w of constant rank 2s on a trivial R*-bundle E (over B) can be
represented (after suitable normalization) as a map w,: B — 4{, and de-
composing w into a sum w =y, A ys,; + --- + ¥s A ¥,; of products of
1-forms (y,) on E is equivalent to lifting w, to V,, ,,. (Refer to [4] for details.)
We thus obtain
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Proposition. A necessary condition for the decomposability of a 2-form w
of constant rank 2s on a trivial R"-bundle E (over B) is that w¥(c,) = 0 in
H*(B ; Z) where c; ¢ HY(A™ ; Z) are as given by the theorem of the preced-
ing section.

If the total bundle E is not trivial, then a necessary condition for a 2-form
w on E of constant rank 2s to decompose is that the 2s-dimensional subbundle
Sy, of E, on which w is a 2-form of maximal rank, is trivial. Using the trivi-
ality of S,,, w is represented as a map w,: B — I,. Then w decomposes if and
only if w, lifts to SO(2s). By (iii) of the theorem of the preceding section, a
necessary condition for the existence of such a lift is

2w¥([Ol -+ s —i—2, s —i---5—=21")=0 fori<i<s—1.

It can be verified (although we shall not go into the ring structure of
H*(A™ ; Z)here)that ([01 -+ s —i —2,8s —i--- s =2]%,1<i<s— 1)
form a homogenous system of generators for H*(I,; Z), and this immediately
yields

Proposition. A necessary condition for the decomposability of a 2-form w
of constant rank 2s on an R"-bundle E (over B) is:

1. S, is a trivial bundle,

2. Image w¥ C 2-torsion in H*(B; Z).
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