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NATURAL DIFFERENTIAL OPERATORS ON RIEMANNIAN
MANIFOLDS AND REPRESENTATIONS OF THE
ORTHOGONAL AND SPECIAL
ORTHOGONAL GROUPS

PETER STREDDER

In his paper “The foundation of the general theory of relativity”, [2], pub-
lished in 1916, A. Einstein remarked that on a Lorentz manifold (M, g) the
only covariant tensors of order 2 which depend in any local coordinate system
only on the metric tensor and its first two derivatives, and which depend linearly
on the second derivative, are linear combinations of the tensors gR and
R;;dx' ® dx? where R is the scalar curvature and R;;dx* ® dx’ the Ricci
curvature. In an appendix to [10] H. Weyl proved that R is the only function
with these properties.

More recently in [6], P. Gilkey investigated, in a similar vein, forms on
Riemannian manifolds and his results are important tools in the proof of the
index theorem given by Atiyah, Bott and Patodi in [2]. In [4] D. B. A. Epstein
introduces the concept of natural tensor field on Riemannian manifolds. His
paper was a major catalyst in the production of this one and should preferably
be read before it.

The purpose of this paper is twofold. Firstly it is to study natural tensor
fields on Riemannian and oriented Riemannian manifolds. Maintaining the
spirit of the earlier results we shall impose a regularity condition on natural
tensor fields, which leads to their complete classification as a space of homo-
morphisms, between certain representation spaces for the general linear group,
which are equivariant under the action of the orthogonal or special orthogonal
group. The second reason for writing this paper is to define and investigate the
notion of natural differential operator in an analogous fashion. It turns out
that this problem reduces to the study of natural tensor fields.

We shall only give results on Riemannian manifolds. However P. Gilkey
has now extended the Gilkey theorem (cf. [2, § 2]) to apply to manifolds with
an indefinite metric, [8].

The author is indebted to his supervisor, Professor D. B. A. Epstein, who
suggested the idea of natural differential operator and who has given him much
painstaking advice. The results in § 2 were initiated by a suggestion of M. S.
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Narasimhan and have profited from discussions the author has had with him.
Thanks are also due to R. Carter and J. C. Kelley for their tuition and advice
on representation theory and to N. R. O’Brian for his help with algebraic
geometry.

All manifolds, all functions between manifolds and all tensor fields in this
paper are C=.

1. Preliminaries

1.1. We shall be concerned with functors E from the category of vector
spaces and homomorphisms to itself (see e.g. [5]). With such a functor we
shall assume given :

(i) a monomorphism of functors i,: E — T7 where T7 is the rth tensor
power functor for some r.

(ii) an ordered basis E(v;) of E for each ordered basis (v;) of a vector
space V,

(i) E(pv;) = Ep(E(v,)) for vector spaces V,W and an isomorphism
¢ € Hom (V, W).

The rank of E is r.

1.2. An inner product b on a vector space V induces an inner product b
on T7V and hence on EV, which we denote by Eb. Thus EV is a representa-
tion space for GL(V) and O(V, b) with

EQ(V, b)) C O(EV,ED) .

We denote (EV)* by E*V; then GL(V) acts on E*V via ¢ — (Ep~)*, for
o € GL(V). With this action O(V, b) acts on E*V as a subgroup of O0(E*V, E*, D).

If (v;) is an ordered basis of V and E(v;) = (w;), define the ordered basis
E(@®) of E*V to be the ordered basis (w*) where w¥(w;) = o%.

1.3. Given a Riemannian manifold (M, g), a functor E as in § 1.1 induces
Riemannian vector bundles (EM, Eg), (E*M, E*g) over M with connection
induced from the Levi-Civita connection. These constructions are functorial
and determine subfunctors of the rth tensor power of the tangent bundle and
cotangent bundle respectively.

Further it follows from § 1.1 (ii) that given any local coordinate system x,
there are determined unique ordered local bases of sections E(3/0x%), E(dx?)
for EM, E*M respectively.

1.4. We describe in detail certain functors with the properties required in
§ 1.1, which will be needed later.

Given a vector space V, S, (symmetric group of degree r) acts on T7V in
the usual way.

(i) The functor S7.

SV={welTViv=gv al ges,}.
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Let dim V' = n and let (v;) be an ordered basis for V. For each r-tuple of
integers (i, ---,i,), 1 << <6, <n, let v, =30, --- Qv;,
where summation takes place over all distinct r-tuples (jj, - - -, j,) which are
rearrangements of (i, - - -,i,). We let $"(v;) = (v,,...;,) ordered by lexicogra-
phical ordering on (i, - - -, i,).

(ii) The functors Y,, r > 2.

Let T be the Young tableau with r squares in the first row and two in the
second. Let the first r + 2 positive integers (starting at 1) be arranged in 7 in
increasing order down the columns from left to right. Let I, denote the kth
column in this arrangement. For each integer m in I, let P , denote the set
of permutations ¢ € S,,, which fix exery integer except those in I, U {m}, and
which preserve the order of those in /;.

YV={eTV| 3 eaov=0,1<k<r—1,

dEP o

m61k+lav + (l,j)'l) = O’i,jelk} .
For each ordered (r + 2)-tuple of integers (i), - - -, i,,,) with 1 < i, < n, i; <i,;
i<y [ << i< lg < - s Sy b <y let
Vigety = 23 Wiyiy @ Vi) — Vigy @ Vi)

® Wiy @ Viyy — Vigewy @ Viy) @ Vi, ® -+ - @04,

where ¢ runs over all permutations in §,,, which preserve the sets {2, 4},
{1,3,5,6,---,r + 2} and lead to distinct (r + 2)-tuples (i,qy, ** 5 iyrin)-
Then Y,(v,) = (v,,...;,,,) ordered by lexicographical ordering on (i, - - -, i,,,).
(iii) If E,, E, are functors as in § 1.1, so is E; ® E, with lexicographical
ordering taken for the basis.
1.5. It is well known that for any vector space V, Y,V is an irreducible
representation space for GL(V). For each r > 2 define GL(V) maps

a,: S (V)R S'(V) > Y, (V) and B,:Y,(V) - S(V)® S(V)
by

ar(gil"'ir+2’vil ® e ® vir+2) = (gixhisizis'“ir+z — 8igigizigis-irie

Bf(Rir'-iH-zvil ® e ® vir+2)

r—1
- —W 2 Rilia(s)izio(g)iq(5)...i‘,(r+2)’vil R .- v, ,
1%

where (v,;) is an ordered basis of V/, the summation convention is used, and
and sum runs over all permutations ¢ of {3, ---,r + 2}. «, and 8, do not
depend on the basis (v;) chosen.
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Note that «, and j, satisfy:
a) arﬂr = id,

b) if 3 8iiseeivess = 0, Where S, is the group of permutations of
0E€Sr+1

{2, ---,r + 2}, then

ABTaT(gil"'ir+2vil ® e ® vir+2) = 8iyeeeir 42V ® Tt ® Vipgs +

Note that every element in the image of 3, satisfies this symmetry condition.
1.6. The maps «,, 3, in § 1.5 determine GL(V) maps a: @ SYV) ® S"(V)

r>2

— 6292 Y.(V) and §: (—DZ Y, (V) — @ SA(V) ® S"(V) such that af = id. Let (e;)

> r>2
be the standard basis of R, where R denotes the set of real numbers, with dual

basis (¢?). Let W ¢ @ YFR" and suppose that the component of S(W) in $*R"

722

® ST*R™ is the tensor g;,...;., " ® - .- @ er+2. Let g(W),; be the real valued
functions on R” (1 < i,j < n) defined by g(W),;(x) = 6;; + i 8ijhper i, XL o
r=2

x¥r, the superscripts denoting coordinates and not powers.

It follows from § 2 of [4] that these functions determine a Riemannian metric
on a neighborhood U(W) of 0 in R". The oriented Riemannian manifold
(U(W), g(W)) has the inclusion chart as a normal coordinate chart at the origin.
It is oriented by the usual orientation on R".

Conversely it is also shown in § 2 of [3] that given a Riemannian manifold
(M, g) there exist tensors W™ ¢ Y*M (r > 2), obtained from contracting tensor
products of no higher than the (r — 2)th covariant derivitive of the curvature
tensor, such that in any normal coordinate system at p € M the coefficients of
B.(W7(p)) are the rth partial derivatives of the metric.

2. The classification theorem

2.1. Natural tensor fields on Riemannian manifolds are introduced by
D.B. A. Epstein in [4]. We extend the definition to the case of oriented
Riemannian manifolds.

Definition. Let E, F be functors as in § 1.1. A natural tensor field t on
Riemannian manifolds (respectively oriented Riemannian manifolds) of type
(E, F) assigns to each Riemannian manifold (resp. oriented Riemannian mani-
fold) (M, g) a tensor field

UM, g) e C~(EM Q F*M)

such that if f: M’ — M is a diffeomorphism (resp. orientation preserving dif-
feomorphism) onto an open submanifold then

UM, g) = ((M’, f*g) .

2.2. Epstein has pointed out in [4] that the problem of classifying all natural
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tensor fields is a complicated one. However there is a natural concept of re-
gularity for such tensor fields, which was essentially introduced by Atiyah,
Bott and Patodi in [2, § 2].

A natural tensor field ¢ of type (E, F) on Riemannian (respectively oriented
Riemannian) manifolds is regular if for a given Riemannian (resp. oriented
Riemannian) manifold (M, g) with a local coordinate chart x on U C M the
coefficients of #(M, g) with respect to the local basis E, ® F,(d/0x* ® dx’) are
given by universal polynomials in g;;, 8'*'g,;/8x* (¢ a multi-index, |a| < N large)
and (det g;;)~! (or (det g;;)~* in the oriented case). A justification of this defini-
tion is given by Atiyah, Bott and Patodi in [2, § 2] for the unoriented case.

On the other hand, the space of oriented Riemannian structures on a vector
space V is naturally identified with GL(n, R) /SO(n, R), n = dim V. It is well
known and is shown in the appendix (A4.2) that any rational function f on
GL(n, R) invariant under the action of SO(n, R) is of form :

f(A) = F(AA") + (det A)"'G(4A4"Y) , AeGL(n,R) ,

where F,G: SM(n, R) — R are rational functions on the space of symmetric
matrices.

Since the identification of GL(n, R)/SO(n, R) with the space of oriented
Riemannian structures is given by

[4] e GL(n, R)/SOl[n, R) — (AA*, sign (det A)) ,

the corresponding identification of rings of rational functions shows that it is
natural to regard R[g;;, (det g;;)~*] as the ring of functions on the space of
oriented Riemannian structures.

Remark. In applications to the index theorem, polynomial dependence on
(det g;;)~* appears explicity even in the unoriented case although this was
overlooked in the original proof in [2]; see [1]. In fact, it follows from [4,
Theorem 5.2] that even if we merely demand that the coefficients of our tensor
field be given by universal polynomials in dg;;/0x* (& a multi-index, 1 < |a| < N
large) with coefficients functions of the g;; (not necessarily continuous) then
the tensor field is regular (polynomial in the terminology of [4]).

2.3. An important class of natural tensor fields is those which are homo-
geneous (see [4, §§ 6 & 7]). A natural tensor field ¢ is homogeneous of weight
k if 1M, 2’g) = 2*t(M, g) for all real numbers 4. Note that g is homogeneous
of weight 2 and that the tensors W7 (r > 2) introduced in § 1.3 are also homo-
geneous of weight 2. If ¢ has weight £ and is of fype (E, F) with rank E = a
and rank F = b, then ¢ has normalised weight w = b — a — k. t has maximal
weight if w = 0.

2.4. Before proceeding with the main theorem, we need the following
crucial lemma.

Lemma. Let (V,<, D) be an oriented inner product space.
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k
(i) The vector space Hom,, (R V, R) is zero for odd k, and for even k
it is spanned by elements of the form
V& - @V Vrys Vay) ** Wagiorys Veciy)
where Il € S,.
k k
(ii) The vector space Homg, .y, (R V, R) is equal to Hom, .y, (X V, R)

except that if k — n (n = dim V) is nonnegative and even, there is permitted
any linear combination of maps

Q- vy
GZS: 5(#)vn(1>p(1) o VeV Ve * Vo) Vey) »
HESn
n
where m € Sy, and v; = 3, ve, (e, - - -, e,) being a positively oriented basis.
i=1

Proof. (i) is proved in [2, Appendix 1].

(ii) is proved in [11, p. 64]; a proof is also given in the appendix § 5.1 to
this paper.

2.5. The theorem we shall prove in this section tells us that every natural
regular tensor field on Riemannian manifolds is polynomial in the sense of
Epstein [4, § 5]. However it goes further than this. It follows from the theorem
and the theory of representations that the space of homogeneous natural regular
tensor fields of some fixed weight is finite dimensional and that the problem of
calculating it reduces to a problem in representation theory.

In the oriented case, in addition to the usual polynomial tensor fields, there
are allowed tensor fields of the form:

Y (det gy )g™® .. gr™ign L ghg g W W
€8p
where the dots indicate contraction or summation with a local basis.
Equivalently we introduce tensor fields of the form:
>, (det gy )bg=® ... g=™g ... gvg ... g VR:, ... VR,
t€Sn
where R is the Riemann-Christoffel tensor R, ,dx' ® dx/ @ dx* @ dx'.
Theorem. Let R denote the set of real numbers. Then there is a bijection
between natural regular tensor fields on Riemannian manifolds (respectively
oriented Riemannian manifolds) of type (E, F) (rank E = a, rank F = b) and
equivariant O(n) (resp. SO(n)) homomorphisms :

G RED @ @® @ S RHQ .- Y, *R")
i=12<71< oo <7y 8=1 jy,0ee, 5421
Jiteetii=s

— ER" ® F*R"
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which vanish except on a finite number of direct summands. Further :

(i) There are no such tensor fields, homogeneous of normalised weight
w<O0,orw=1.

(ii) The tensor filds which are homogeneous of maximal weight correspond
bijectively to O(n) (resp. SO(n)) maps

¢: R — ER* ® F*R"

(iii) The tensor fields, homogeneous of normalised weight w > 2, cor-
respond bijectively to O(n) (respectively SO(n)) maps

Ny
o D (&) SIH(Y*R™ ® - - - @ SH(Y*R")
1=12<r1<+<7g 7‘1]{7-!1»,4’-]1}53=w

— ER" ® F*R" ,

where N, = [3(=3 + (9 + 8w)})].

Proof. The proof is given in the oriented case. The unoriented case is
slightly simpler. So let ¢ be a natural regular tensor field on oriented Riemannian
manifolds. Definey,: R® @ Y¥R" — ER"Q F*R"by W — t(UW), g(W))(O)

r>2
identifying the fibre of EU(W) ® F*U(W) at O with ER" ® F*R" via the
canonical basis determined by the inclusion chart.

Now let a € SO(n). Then the expansion of g;;(aW) at O in the normal co-
ordinate chart determined by a is the same as that of g,;(W) with respect to
the inclusion chart. Since the coefficients of ¢ are given by universal polynomials,
the coefficients of (U(aW), g(aW))(O) with respect to the basis of ER® @ F*R"
obtained by applying a to the standard basis are the same as those of {(U(W),
g(W))(O) with respect to the standard basis. Thus -, is an equivariant poly-
nomial map vanishing except on a finite number of direct summands. Complete
polarisation determines ¢,.

Conversely, suppose an equivariant SO(n) map ¢ is given. Now let (M, g)
be an oriented Riemannian manifold, and let p ¢ M. Then there is a natural
identification of T,M with R™ which is well defined up to composition with
elements of SO(n). Since ¢ is equivariant under the action of SO(n), ¢ deter-
mines a unique SO(T,M, g(p)) map

GMOP:RED @ & @ SHYEM® - @SUYEM)
1=22<r1<oee <7y =1 J1yeen, 702
Jiteec+ji=s

— E,M® FXM ,
vanishing except on a finite number of summands. Define
1,(M, g)(p)
oM op(100 O @ O W eWip))

Jiteeetji=s
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with N large.

If follows from § 2.4 that ¢, is determined in the required way by universal
polynomials. Since the whole construction is functorial, z, is the required natural
tensor field. Clearly ¢,, = ¢. Conversely it follows from § 1.5 and § 2.4 that
l,, = 1.

For that last part of the theorem consider SO(n) maps:

SHY¥RYQ® .- ®SI(Y¥R") — ER" ® F*R" ,

with j, > 1, 2 <r, < ... <r;. These are determined by SO(n) maps:

a b
SY¥*RY® -+ SI(Y¥RHIQ RQR"™*Q@XR" —> R,
and hence the component natural tensor fields thus obtained are of two types:

D g gg. - g Wt WL WL W = P
H—/ g\,—/ ~————— \__———ﬁ(‘—/
J1 Ji

where there are ¢ contractions and summation is over all indices except a upper
and b lower.

2) X (detg;)tg=™ ... g=™P

€Sy

where there are ¢ contractions and summation is over all indices except a upper
and b lower.

In case 1), equating weights givesb —a — w = —2u + 21 + 2 _/_lV‘_‘ jx, count-
k=1
ing indices gives a = 2u — ¢, b = 21 + i reje + 2 i} jx — ¢, whence w =
k=1 k=1
20 Tk
k=1 .
In case 2), equating weights gives b —a —w=mn + 2l + 2 3} j, — 2u —
k=1
2n, counting indices gives a = 2u + n —c, b =21 + i‘ Feie + 2 i} jx — €,
k=1 k=1

i
whence w = 3} riji.
k=1

That w cannot equal 1 follows from r, > 2 for all k. Finally the computa-
tion of N, is left to the reader.

Remark. For future reference we note that in the unoriented case all natural
regular homogenous tensor fields have even weight.

2.6. Finally in this section we extend the Gilkey theorem [2, § 2] to the
oriented case.

Recall that +: C= ( A T*M> ~c- (/\ T*M) is defined by o’ A *0 = (o,
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w)yv, where (M", g) is an oriented Riemannian manifold, «’ is any r-form, and
v is the orientation form given in a positively oriented local coordinate system
by (det g;;)¥dx' N\ ... A dx". Further, « maps natural regular r-forms on ori-
ented Riemannian n-manifolds to natural regular (n — r)-forms on oriented
Riemannian n-manifolds.

Corollary. The natural regular homogeneous r-forms on oriented Rieman-
nian manifolds (M", g) of weight k are linear combinations of forms of two
types:

1) Natural regular r-forms w on Riemannian manifolds, homogeneous of
weight k. For k = O these are precisely the Pontrjagin r-forms.

2) The forms xw where o is a natural regular (n — r)-form on Riemannian
manifolds, homogeneous of weight k + n — 2r.

In particular the conformal (weight 0) n-forms are sums of :

a) The Pontrjagin n-forms,

b) The forms f (det g;;)*dx' N\ --- /\ dx™ where f is a natural regular func-
tion on Riemannian manifolds, homogeneous of weight —n.

Thus if n is odd, it follows from the remark of § 2.5 that there are no con-
formal natural regular n-forms.

Proof. It follows from [2, § 2], § 2.5 above and the fact that x adds n — 2r
to the weight of a homogeneous r-form.

Remark. 1. M. Singer has conjectured that if  is a natural regular n-form

on oriented Riemannian n-manifolds and I(M) = I (M, g) is independent
M

of the metric for each n-manifold M, then there are a real number ¢, a natural
regular (n — 1)-form p and a Pontrjagin n-form 5 such that w = dp + cE, + 3
where E, is the Euler class. Certainly w has to be conformal, for if we write

® = ), w; where w; is homogeneous of weight i, then for all real numbers 2
>0

100 = 2 o0 =3 jM (M, 39) = % 2 jM oM, g) .

120

Hence J 0;(M,g) =0, i > 0, and w has to be of type a) or b). The conjecture
M
has now been confirmed by P. Gilkey [7].

3. Natural differential operators

3.1. For a review of differential operators, we refer the reader to R. S.
Palais [9]. Before making our definitions however, there are some notions which
we would like to recall explicitly.

3.2. Let &, 7 be C~ vector bundles over a smooth manifold M, with C=(¢)
the space of C> sections of &. We let Diff, (¢, 7) denote the space of differential
operators of order < k from C>(§) to C=(y). Let S*(¢) denote the k-fold sym-
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metric tensor power of & with itself, and let S*: é) & — S*(¢) be the map char-
acterized by

S0, ® - ®vp) = (kD)7 eZbl Vzq Y Veiry
T k
where v, € £, for some x € M. Then we have the symbol exact sequence :

. [ . T
0 — Diff,_, (¢, 7) — Diff, (¢, 7) —> Hom (S*(T*M) ® &,7) —> 0
where i is inclusion and y, is characterized by

T(D)(S (v, - - - v,) @) = (kD)'D(g, - - - gxs)(X)

where g, e C*(M), g,(x) = 0, d,g; = v, € T*M, s e C=(&), s(x) = e &,.

3.3. Let E,F be functors as in §1.1. Recall that given a Riemannian
manifold (M, g) there is a unique torsion free connection ¥ on TM satisfying
Vg = 0. This is the Levi-Civita connection. F induces a connection F on
EM ® F*M in a natural way.

Define differential operators

Dy: C*(EM @ F*M) — C*(SX(T*M) @ EM & F*M)

by taking the composition :

C(EM ® F*M) 7> - (é T*M ® EM ® F*M)

SOL co(SHT*M) ® EM ® F*M) .

Then 7,(D,) ¢ Hom (S¥(T*M) ® EM Q F*M, S*(T*M) @ EM ® F*M) is the
identity map.

3.4. Definition. Let E, F, G, H, be functors as in § 1.1. A natural dif-
ferential operator of type (E, F, G, H) on Riemannian (resp. oriented Rieman-
nian) manifolds assigns to each Riemannian (resp. oriented Riemannian)
manifold (M, g) a differential operator D(M, g): EM @ F*M — GM ® H*M
such that if f: M — M’ is a diffeomorphism onto an open submanifold (resp.
orientation preserving diffeomorphism onto an open submanifold) then D(M’,
f*g) = f*(D(M, 8)).

3.5. Let (M, g) be a Riemannian manifold and let x be a local coordinate
system on U C M. Then x determines local bases of sections (e,),c.4, (f*)sc 5>
(8)ccr (W)sep for EM,F*M,GM,H*M as in §1.3. Let D: EM  F*M —
GM @ H*M be a differential operator of order < k. Then locally we may
write



NATURAL DIFFERENTIAL OPERATORS 657

k 7 o
Disie, ® 1) = 3 agyin__ 55 ___o @ p
=0 ox' ... gx*r
using the summation convention, where the functions a7 are symmetric
ini,---,i, 2 <r< k). We refer to the local functions a7 as the coef-
ficients of D with respect to the coordinate system x. Note that locally :

Tk(D)(/vzil---irdxil ® e ® dxirea ® fﬂ) — aggil...irvgilu-irgr ® h3 .

3.6. A natural differential operator D on Riemannian manifolds (resp.
oriented Riemannian manifolds) is regular if the coefficients of D(M, g) in any
local coordinate system are given by universal polynomials in g;;, d'“'g;;/0x* («
a multi-index |a| < N, N large) and (det g;;)~* (resp. (det g;;)~%). The operators
D, introduced in § 3.3 are examples of such operators. Note also that natural
bundle maps and natural tensor fields correspond bijectively, and are therefore
classified by § 2.5. Our main theorem says that in fact this classification also
works for natural differential operators.

3.7. Theorem. Let D be a natural differential operator of type (E, F, G,
H) and order k. Then there are unique natural bundle maps

t,: C>(S"(T*M) @ EM @ F*M) — C*(GM ® H*M) 0 <r<k)

k
such that D = ) t.D,, and the t, are regular if and only if D is.
=0

Proof. The result is proved by induction on k and is clear for k£ = 0.
Suppose that the result has been proved for operators of order k — 1, and let
D have order k. Then y,(D) is a natural bundle map which is regular if D is and
7:(D)Dy, is a natural differential operator of order k. Since y,(D — y,(D)D,) = 0
by the remark at the end of § 3.3, D — y,(D)D, is a natural differential op-
erator of order kK — 1, regular if D is. Setting ¢, = r,(D), the result follows
by induction.

4. Examples

4.1. Let D be a natural regular differential operator on Riemannian mani-
folds of order k and type (E, F, G, H) with the ranks of E, F, G, H equal to
a, b, c, d respectively. D is determined by natural regular bundle maps:

t,: C°(S(T*M) ® EM ® F*M) — C*(GM ® H*M) .

If follows from the general theory in § 2.5 that if #, is homogeneous of weight
w, then

1) w,<a+d— b — c —r, and further

2) if a monomial appears in ¢, involving exactly j, terms W*t (equivalently
Fe?R), 1 <1<, 2< ¢ <egy, then
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a+d=b+c+r+wr+§ji5i-

Thus ¢, =0ifw,>a4+d—-b—c—r,w,=a+d—-—b—c—r—1or
w, odd (by § 2.5). We say that D has maximal weight if it is homogeneous of
weighta +d — b — c — k.

The homogeneous natural regular differential operators of maximal weight
are of some interest since any differential operator between vector bundles over
R™ which is the evaluation of a natural regular operator is a sum of these.

4.2. Hence, if D in §4.1 has order 1 and maximal weight, then D = ¢oF,
where ¢ is a natural bundle map and F the Levi-Civita connection. Thus op-
erators of maximal weight and order 1 correspond bijectively with bundle maps.
It follows that the Levi-Civita connection on EM ® F*M is the unique connec-
tion of maximal weight, which in this case is of weight O (cf. Epstein [4,
Theorem 5.6]).

Similarly the exterior derivative on forms and its adjoint are unique of
maximal weight, in this case weights 0 and —2 respectively, up to multiplica-
tion by constants.

Finally note that it follows from § 4.1 that there are no natural vector fields
homogeneous of weight greater than —4.

4.3. Having seen that the Levi-Civita connection is unique of maximal
weight, we move on to consider the Laplacian on forms. Again we consider
the unoriented case. The situation is not as simple as in the order 1 case, but
we can say the following.

Let 0y, 0,: C°°</p\ T*M) — C°°(/p\ T*M) be the bundle maps defined by :

oldxit A oo Adxiy = 03T R,dxt A oo A dxies
s=1j=1
A dx? N dxts+r A\ oo o Adxt,

G(dxt A o Adxt) = X3 Ristdxt A .. A dateos

1<s<t<r j,k=1
A dxd N\ dxterr N\ oo A dxber
A dx® N dxteer N\ - A dxtr,
where R, is the Ricci tensor, R%/,, is the curvature tensor with second index

raised and dim M = n. Then ¢, and ¢, are self-adjoint. Let R be the scalar
curvature, d the exterior derivative, d* its adjoint and F the Laplacian. Let

D: C( /p\ T*M) — C( /Ii T*M) be a natural regular differential operator of

maximal weight, —2 in this case, and order 2. Then:
1) D=ad+ cR,if p=0orn,
2) D = add* + a,d*d + bo, + cR,if p=1orn—1,
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3) D = add* + a,d*d + b, + b, + cR, If2<p<n—2,
where a, a,, a,, b, b,, b,, ¢ are uniquely determined constants. Further, if D is
self-adjoint then @, = a, = a so that:

2) D=ad + bo, + cR,ifp=1orn—1,

3) D=ad + bo, + bo, + cR, if2<p<n—2.

5. Appendix

5.1. Proof of part (ii) of the lemma in § 2.4 for VV = R*, O(V) = SO,,.
k
Note that Z, = O,/SO,, acts on Hom (@ R",R) splitting it as the direct

k
sum of Hom,, <® R™, R) and the —1 eigenspace A. If fe A, then define
f e Hom,, (n(>+§k R™, R) by

f(’vl ®-. - & 'vk+n) = f('v1 ®-.-& vlc) Z 5(#)vlc+1,p(1) ot Vkgn,pm >

&8n
sothat (v, ® -+ - Vv, Ve, ® - Ve, = f(v,® --- ®v,). Hence
f,® - ®v) = 2 ¢V * VeenynlVririnys ’Uun+2)>

z €Sk

e <vn<k—1w vn<k>>

for some constants ¢, if Kk — n is positive and even, and f(v,® --- ®v,) is
zero otherwise. But x4 ¢S, determines an element p € O, of determinant e(y)
by permuting coordinates. Thus

fOo,® - ®v) = E(ﬂ)f(/lvl ®---® /lvk) = Z 5(/1)0,;1)”(1);4(1)

€Sk

Ve Vsmsns Vansn) ** akotys Vaiy) -

Since f e /A, we have

f(v, ®.---& V) = (n)™! ;g Ce Z E(/'l)vir(l)p(l)

€Sn

: vn(n)y(‘n)<v1r(’ﬂ+l)’ vz(n+2)> e <vx(k—1)9 vn(k)>

if k — n is positive and even, and f(v,® - - - ® ;) is zero otherwise.
5.2. Lemma. Any rational function f on GL(n, R) invariant under the
action of SO(n, R) by right multiplication is of form:

f(4) = F(AA") + (det A)"'G(AA4Y) , A eGL(n,R) ,

where F,G: SM(n, R) — R are rational functions on the space of symmetric
matrices.
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Proof. Consider the space of rational functions
f: GL(n,R) - R

invariant under right multiplication by elements of SO,. Again Z, = O,/SO,,
acts on this space, splitting it as the direct sum of the O, invariant maps and the
—1 eigenspace A. If fe A, then h: GL(n,R) — R: X — (det X)f(X) is O,
invariant and hence f(X) = (det X)~'4(X). The required result then follows
from Appendix 1 of [2].
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