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ON EINSTEIN METRICS

YOSIO MUTO

Let us consider a compact orientable C* manifold M. If a C* Riemannian
metric g is given on M, we get a Riemannian manifold (M, g). Let us consider
the set of Riemannian metrics g on M such that

IdV:l,
M

where dV is the volume element of (M, g). We denote this set by .#(M).
Consider the integral

I(g) = L, Kdv

where K is the scalar curvature of (M, g). It is well known that a critical’point
g of I(g) in #(M) is an Einstein metric. A question then arises that whether
a given Einstein metric gives a minimum of I(g) or not. It has been established
by M. Berger [1] that there exists some Einstein metric (on some C* manifold)
for which both I(g) and —I(g) have nonfinite indices.

The purpose of the present paper is to prove the following main theorem.

Theorem. Let I(g) be the integral as defined above. Then the index of 1(g)
and also the index of —I(g) are positive at each critical point.

In the last paragraph some suggestion is given about the index.

1. Infinitesimal deformations of a Riemannian metric
from an Einstein metric

In the following we use local coordinates, and a tensor is expressed in its
components with respect to the natural frame. Thus K, ;;* means the curvature

Ky = ak{]}:} - a,{:i} - {Zl}{]lz} B {?I}{liz} ’

where {z} is the Christoffel symbol of the metric g. The Ricci tensor and the

scalar curvature are respectively given by
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K;; =K', K = Kjigji = Kjigji .

When we take a C= curve g(¢) in .#(M), we get several tensor fields defined
by

Dj‘i = gt_gh s Dih = legkh s D" = D’ngkigjh 4
Djih = %(VjDih + Vszh —_ VhDji) Py ijih = Vijih _— VjDkih' ’

where V' means the covariant differentiation with respect to the metric g().
Then we get

0

EKkjih = ijih >

and consequently
d — koji Ji 1 Ji
—I(g(®) = D,; g — K7'D;; + —Kg Dy, av .
dt M 2
Since any divergence vanishes by integration, we immediately obtain
d i, 1 :
1.n =I(g®) = —KJ¢ + —_Kgi*\D;dV .
dt u 2
On the other hand D;; must satisfy the only condition
1.2) J gD,dV =0 .
M
Let g be a Riemannian metric such that, for every C curve g(¢) of .#(M)

satisfying g(0) = g, I(g(#)) has vanishing derivative at ¢ = 0. Then from (1.1)
and (1.2) we get

Kji — %ngi + cgji

for this metric g. Here c is a constant, and this leads to the well-known formula
of an Finstein space (M, g), namely,

(1.3) K, = Xe,, .
n

Now let us assume that g(0) is an Einstein metric and study the behavior of
d’l/dt* at t = O for various curves g(2).
Differentiating (1.1) again we get
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dzl(g(t)) f [( gz]gmasz + 281 0811 K’”) 085 Kjiazgji

dr at ot ot or*
1 9K; 081 1 2750855 1608
__|_ Jji jz Lk k. _sz Jji olk 123
(1.4) 2 ot TR ot 2 ot 8 ot
1 — Kgtighi 981k 0811 agjz + Kg”a 8ji

at ot 2 ot

2
+ < Kit 9571 agﬂ + ngi agjz) — gtk 98k 081 ]dV ,
ot ot

in which we can put

oK ;;
-“aTj— = VtDjit - VthiL .
Using Green’s theorem we can write (1.4) in the form

2
% - J ) [DﬂthDﬁ — DFiD,, + 2DJK"D,,

_ %Dss%w n %DSL‘VSDJ — K/D,D;!
1
ot

Since g(0) is an Einstein point’, we get

N e R
M 2 or 2 n at2
at £ = 0. On the other hand, differentiating j dVv =1 we get
M
[ e%ear —o0,
s ot

3°g.; 08w 08, 1 ( ; 38-'>2]
i198j5i __ ljoki 081k 081 (g7t Z8ii Y |4V =0 .
J » [g ot £°8 ot ot + 2 8 ot

Thus

(ﬁ) =j [(Vfoh)VhDﬁ — Yrpiwyp,p,, — 7D, HPD,,
(1.5) drt /o s 2

¥ %(ViD,f)ViD,L" + E{Dﬁuﬁ — %(D;‘)Z}]dV
n

*We call an Einstein metric an Einstein point in .#(M).

— — 1 K j o’g
KD ;D' + —K(D,)?* — <KJ71 J’«) Jz]dV .
2 J ( t) g
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for any symmetric tensor field D;; satisfying (1.2) if g(0) is an Einstein point.

2. Infinitesimal conformal deformations of a Riemannian metric

If we put D;; = fg;; where fis a C~ function such thatf fdV = 0, then
M

(%})0 -3 2[(n —1 f pr v — KJM fde] .

There exist functions f which make this quantity positive. This proves that the

index of —I(g) is positive.

3. Infinitesimal deformations of a Riemannian metric
in a small neighborhood

Let U be a coordinate neighborhood of M, and let N C U be a neighbor-
hood of a point P, ¢ U, where the local coordinates are such that

8ji = 0j; » {h} =0
ji

at P,. We assume that N is sufficiently small so that there exists a positive num-
ber ¢ such that g satisfies in N

. h
85— oul<es lgt—oul<e, [ <e.

Now we want to take a suitable C~ tensor field D;;. We know that for any
given tensor field D, there exists g(#) such that

agji) =D,
<at o

First, we assume D, = 0 on M. Then

K

da'l 1 .

As we have
|(PID™ + ViDIMPDyi| = |(V Dy + VoDeo)V,D;:)8 8" 8" |

where
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VjDih = ajDih - {].(.}th - {k}Dzk )
ji jh

we get

[(7iD 4+ PIDIMF,D |

= J(acDba + acha - 2{ t}Dta - {t }Dtb - { ! }Dtc)
cb ca ba

. 3Di—{S}DM-——{S}D>” bigan|
<hj hj hi 5718 '8 8

Let us denote this quantity by F,.
Define S;; by

8% =0 + &Sy -
Then §;; satisfy |.S;;] < 1.
Assume that D,; vanishes everywhere except in the interior of N, and define
M, and M, by

M, = max{{D;(P)|; PeN;i,j=1,.--,n},
M, = max {|6;D,,(P)|; Pe N; h,i,j=1,-.-,n}.

Then

F, =

a,b,c h,i,]

(o (o~ 3Jo

'(567 + ESCJ)(abi + €Sbi)(ga,h + esah)

D3 (acDM + 8,Dq — 2{ t }Dm - {‘ 1D, — { ‘ }D)
j cb ca ba

< | 2 0Din + 3:D;1)0xDy;

hyiy g

+ M, + M),

+ 4n*MM,e + 4n*M M,e + 6n'(M,)%

where the last term (M, + M,)% is a substitute for the terms containing &%, %,

Next consider
FZ - (V’LDjz)VhDjl .

For this quantity we get
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t t
Z Z (acDba - { }Dm - { }Dtb>
@,5,¢ 1y1y 4 ch ca

‘ (ajDih - {‘.S‘.}Dsh - {S}Dsz>
ji jh

'(5cj + 6Scj)(5bi + 5Sbi)(5ah + ESah)
> 2 (@;Din)* — 4n*'MMye — 3n'(M,)c — (M, 4+ M)’ ,
h,i,j

and therefore
[ [7omruD, - Zorpir,p,|av
M
<[ #—Fav
2 J~

< lf ” 2 ©0;Dy + 0:D;4)0,D 4
2 Jr Ling,i

— 2 @;D,)
h,i,J
+ 120 M, M,e + 9n(M,)% + 2(M, + MZ)Ze]dV .

Now let us consider a tensor field T';;, which vanishes everywhere except in
the interior of N, such that all components are identically zero except

T12:T21=f’

where f is a C~ function. By putting
1 Lk — 2 12
D =T; — —Tug"8; = Ty — =188 »
n n
we get D;f = 0 and
4 2 .
[0;Dsp — 0;T:n] < o [fl + o [0,f])0:n + O() .
Hence
M, = max|f)(1+00), M, < (max[af] + - [fle)(1 + 0

and we can neglect all minor terms in F, and F,. Moreover we can replace D,
and 4,D,, by T, and 9,T, respectively to obtain
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&I\ 1 ., K .
1) = [ |z @rwar.— L 5 1o+ X5 (sz-)]dV
0 N Ln,i,j 2 niiyj n ij

- L [_(asf)z — = @+ %ﬂ

]dV .

As there exist functions f for which the last integral is negative, the index of 1
is positive.
Thus we have proved the main theorem.

4. Index of an Einstein metric

Let g be an Einstein metric. Then the right hand side of (1.5) is a quadratic
functional of the tensor field D ;. For convenience this integral will be denoted
by J(D). Let 2 be the set of tensor fields D (with components D;;) which
satisfy

@.1) f gD, dV =0,
M

4.2) j DID,dV =1 .
M

We now study critical points of J(D) when D moves in 9.
If E;; denotes an infinitesimal change of D,;, we have at a critical point

J [(VjE“’)VhDﬁ + (PWID*"MVLE;; — PPEI)V Dy,
M
4.3 — WE/HV'Dy; — WDV Ey; + WEHV Dy
+ Xeprg, — piES|av ~0,
n
where E;; satisfies
(4.4) f gE AV =0, f DVE;dV =0 .
M M
From (4.3) we get
f [—(VthD“ + P, 7DI) 4 FoPiDIE 4 (P7D,)8" + PIPiD,*
M
R U e
n n

where E;; is restricted only by (4.4). Hence we have
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~V7iD® — [ . PtDI* + [, F*Dit + PipiD.*
“-3) + (7D = 77D — Kpyr)er = cgr 4 .
n

where C, and C, are constants.

If (4.5) is transvected with g;; and then integrated over M, we get C, = 0
because of (4.1). If (4.5) is transvected with D;; and then integrated over M,
we get

¢. = | |20, — D7D, — 27,0597 D,
M
+ (7D D, — EDLlek]dV
n

because of (4.2). Hence from (1.5) it follows that

&I 1 K
4.6 <_) ~le L K
4.6 det /o 2 + n

Let a symmetric tensor field 4;; be a solution of the following system of
partial differential equations with an unknown constant C,,

P Ay — P A+ VAT + 77 AL
@.7) + (V‘VSA” _ppAs — EAkk)gﬁ = Cd,
n

when C, takes the eigenvalue a. If A;; satisfies J g7*A4;,dV = 0, and more-
M

over a < —2K/n, then we have J(A4) <0 for this tensor field 4 ;;.
If (4.7) is transvected with g7¢ and integrated over M, we get

—Kj AV = CZI R
M M

Hence any solution D;; of (4.7) satisfies (4.1) if K + C, # 0. (4.2) is always
satisfied if D, is replaced by D;; multiplied by a suitable number.

Let us call each value of C,, for which (4.7) has a solution D;; satisfying
(4.1), an effective eigenvalue of the system (4.7).

Define a differential operator L such that from any symmetric tensor field
A;; a symmetric tensor field L;;,(4) (= (L(A4));,) is induced by

Lji(A) = _'VijAik - VkViAjk + VkaA]'i
(4.8) + VjViAkk + (VtVsAts _ VthAss _ EAkk)gji .
n
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Then we can write (4.7) in the form?: L;,(4) = C,A4 ;.
Let 4;; and B;; be any C~ symmetric tensor fields. Then
I L,(A)B/dV =I [Z(V,Ai,c)V’CB” — (PA,)V*BI — (7, AP B
M M
— PATB} + AT B, — EAkkBll]dV,
n

which will be denoted by (4, B). If A;; and B;; are solutions of (4.7) when
C, = a and C, = b respectively, then

(4,B) = af AuBdV .,  (B,A) = bf A BtV .
u o
As (A4, B) is symmetric in 4 and B, we get
f A;;BidV =0, (4,B) =0,
M

if a #+ b.
Now let a, > - -- > a, be any discrete subset of effective eigenvalues of the
system of equations

Lji(A) = CzA ji

such that a, < —2K/n. Let 1;51 j; be a solution of (4.7) corresponding to the

eigenvalue a; and satisfying

JM giid,dV =0 .

f AFd,dV =0
al E

forl + k, 1;1 Jir ,;1 j; are linearly independent.

Definition. Let us say that the index of the Einstein metric under consid-
eration is m if (4.7) has just m linearly independent solutions with effective
eigenvalues less than —2K/n.

Then we get the following theorem.

Theorem 4.1. If (4.7) has p effective eigenvalues a, > - - - > a, such that
a, < —2K/n, then the index of the Einstein metric under consideration is not
less than p. The same holds with the index of 1(g) at this Einstein point.

2 L is not an elliptic operator.
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Evidently all eigenvalues of (4.7) are effective except the only possible one,
namely, C, = —K. However, the author does not know whether —K is an
eigenvalue or not.

It has been pointed out by M. Berger and D. Ebin [2], [3] that in studying
the variation of I(g) we need to consider only tensor fields D;; which satisfy
ViD,;; = 0, and that a tensor field D,;; = V/,X,; + V,X; never changes I(g). If
we put 4;; = V;X; + V;X;, we immediately find that this is a solution of (4.7)
with C, = —2K/n.

The author wishes to express his cordial thanks to Professor M. Berger for
his kind information on relevant studies.
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