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ON EINSTEIN METRICS

YOSIO MUTό

Let us consider a compact orientable C°° manifold M. If a C°° Riemannian
metric g is given on M, we get a Riemannian manifold (M, g). Let us consider
the set of Riemannian metrics g on M such that

f d V = l ,
J M

where dV is the volume element of (M, g). We denote this set by J((M)-
Consider the integral

I(g) = f KdV ,

where JKΓ is the scalar curvature of (M, g). It is well known that a criticalτpoint
£ of I(g) in ^ ( M ) is an Einstein metric. A question then arises that whether
a given Einstein metric gives a minimum of I(g) or not. It has been established
by M. Berger [1] that there exists some Einstein metric (on some C°° manifold)
for which both I(g) and —I(g) have nonfinite indices.

The purpose of the present paper is to prove the following main theorem.
Theorem. Let I(g) be the integral as defined above. Then the index of I(g)

and also the index of —I(g) are positive at each critical point.
In the last paragraph some suggestion is given about the index.

1. Infinitesimal deformations of a Riemannian metric

from an Einstein metric

In the following we use local coordinates, and a tensor is expressed in its
components with respect to the natural frame. Thus Kkji

h means the curvature
tensor

where j ..1 is the Christofϊel symbol of the metric g. The Ricci tensor and the

scalar curvature are respectively given by
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KJt = Ktji' , K = KSig
il =

When we take a C™ curve g{t) in J((M), we get several tensor fields defined

by

DJt = ξ-git , Df
oί

where V means the covariant differentiation with respect to the metric g(ί).
Then we get

and consequently

01

l

Since any divergence vanishes by integration, we immediately obtain

(1.1) ^Kg(t)) = ί (-&< + -KgAo^dV .
at J M\ 2 /

On the other hand Djt must satisfy the only condition

(1.2) ί g^DjtdV = 0 .
J M

Let g be a Riemannian metric such that, for every C°° curve g(t) of Jί(M)
satisfying ^(0) = g, I(g(t)) has vanishing derivative at ί = 0. Then from (1.1)
and (1.2) we get

for this metric g. Here c is a constant, and this leads to the well-known formula
of an Einstein space (M, g), namely,

(1.3) KJt = Kgji .
n

Now let us assume that g(0) is an Einstein metric and study the behavior of
d2l/dt2 at ί = 0 for various curves

Differentiating (1.1) again we get
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dt2
 )MY\ * g dt ^ g dt J dt

1 dKjj jj ιkdgιk _ 1 Kjjdgjί

^ 2 dt * * dt 2 dt2 dt * * dt 2 dt * dt
(1.4)

dt dt + 2

a/ 2 dt / 2 dt

in which we can put

Using Green's theorem we can write (1.4) in the form

d t 2 ~~

1 1
— s t i — st ί

Ό + Kφff { κg

Since g(0) is an Einstein point1, we get

f \(κ» - λKsή^dV =-(λ-λ)κ\
J M L \ 2 / dt2 A \2 n/ JM dt2

at t = 0. On the other hand, differentiating dV = 1 we get
J M

[ gjifojLJV = 0 ,

3g 1/i^yi = 0
dt2 dt dt 2 V dt

Thus

,dt2/o
(1.5)

= f
JM

L We call an Einstein metric an Einstein point in Jl{M).
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for any symmetric tensor field DH satisfying (1.2) if g(0) is an Einstein point.

2. Infinitesimal conformal deformations of a Riemannian metric

If we put DH — fgjt where / is a C°° function such that fdV = 0, then
J M

(TΓ) = 'L^f(" - 1} ί WWiHV - K ί fdvλ .
\dr/o 2 L JM JM A

There exist functions / which make this quantity positive. This proves that the
index of —I(g) is positive.

3. Infinitesimal deformations of a Riemannian metric

in a small neighborhood

Let U be a coordinate neighborhood of M, and let N C U be a neighbor-
hood of a point Po e U, where the local coordinates are such that

at Po. We assume that N is sufficiently small so that there exists a positive num-
ber ε such that g satisfies in N

<ε .

Now we want to take a suitable C°° tensor field DH. We know that for any
given tensor field DH there exists g(t) such that

V dt Λ

First, we assume D4* = 0 on M. Then

2

As we have

\φiDi* + rWWtDjt] = \{VcDba

where
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VsDih =

we get

Let us denote this quantity by Fx.
Define SH by

g*1 = δH + εSjt .

Then Sjt satisfy | 5 ^ | < 1.
Assume that DH vanishes everywhere except in the interior of N, and define

M1 and M2 by

Λfj = m a x { | D J i ( F ) | ; P s i V ; / , ; = 1, ••-,«} ,

Then

m(δcj + eScj)(δbi + εSbί)(δah + εSah)

7] (djDίh + diDj^dfiPji + \γύM^M2ε + 4niMιM2ε + 6n\M2)
2ε

+ (Mλ + M2)h ,

where the last term (Mx + M2)
2ε is a substitute for the terms containing ε2, ε3,

Next consider

F2 = (Vhl

For this quantity we get
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F,= Σ Σ
a,b,c h,ij

- f l

led

•(δcj + εScj)(δbί + εSbi)(δah + εSa

and therefore

< 1 ί (F, - F2)dV
2 JJV

< \ ί Γ Σ (βjDih + d{Djh)3hD
2 JN L h,i,j

- Σ

9ri(M2)h + 2(Mι + M2)
2ε\dV .

Now let us consider a tensor field Tji9 which vanishes everywhere except in
the interior of N, such that all components are identically zero except

-*12 = T 2 1 = / J

where / is a C°° function. By putting

= TJt - ^ = TH - h^n ,

we get ZV = 0 and

\djDih - djTίh\ < (± I/I + λ

Hence

0(ε)) , M2

0(ε2) .

0(e)) ,

and we can neglect all minor terms in Fλ and F2. Moreover we can replace Dih

and djDih by Tih and djTih respectively to obtain
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^P) = Γ Γ Σ OjTih)dhτJt - 1 Σ (djTihγ + * Σ (τHy]dv

= ί ί-(W)2 (djy + ^
JN L ft

As there exist functions / for which the last integral is negative, the index of /
is positive.

Thus we have proved the main theorem.

4. Index of an Einstein metric

Let g be an Einstein metric. Then the right hand side of (1.5) is a quadratic
functional of the tensor field Dόi. For convenience this integral will be denoted
by J(D). Let S be the set of tensor fields D (with components Djt) which
satisfy

(4.1) ί
J M

(4.2) f Di*DjtdV = 1 .
J M

We now study critical points of J(D) when D moves in <&.
If Eji denotes an infinitesimal change of Djt, we have at a critical point

(4.3) - (Γ

+
H / = 0 ,

n A

where EH satisfies

(4.4) f gjiEjtdV = 0 , ί D^EjidV = 0 .
J M J M

From (4.3) we get

J \(yhVJDi* + VhV
ιD^) + VhV

hD^ + (FΨhDhk)g^

H ^ ^ j t d V = 0 ,
k h g

n n

where EH is restricted only by (4.4). Hence we have
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(4.5)

-VkV
jDik - V

YOSIO MUTO

u - FtP'D. - -Dk'
n

PΨ*Dk*

*)g» = C

where Cλ and C2 are constants.

If (4.5) is transvected with gH and then integrated over M, we get Cx = 0

because of (4.1). If (4.5) is transvected with DH and then integrated over M,

we get

'k

n

because of (4.2). Hence from (1.5) it follows that

(4.6) (*L) =λ
\dt2/o 2

Let a symmetric tensor field An be a solution of the following system of
partial differential equations with an unknown constant C2,

~FΨμik - PΨtAjk + Pkr*AJt + VJFΪA,"

(4 7)

when C2 takes the eigenvalue a. If An satisfies g3iA)tdV = 0, and more-
J M

over a < —2K/n, then we have J(A)<0 for this tensor field AH.
If (4.7) is transvected with gjί and integrated over M, we get

-K [ Ak

kdV = C2 ί
J M J M

Hence any solution Djt of (4.7) satisfies (4.1) if K + C2 Φ 0. (4.2) is always
satisfied if DH is replaced by DH multiplied by a suitable number.

Let us call each value of C2, for which (4.7) has a solution ΌH satisfying
(4.1), an effective eigenvalue of the system (4.7).

Define a differential operator L such that from any symmetric tensor field
Ajit a symmetric tensor field LJt(A) (= {L{A))n) is induced by

Lji(A) = -VkFjAik - VkF,Aύk + FkF
kAH

( 4* 8 ) + FFAS - -Ak

k)
n J

g j i
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Then we can write (4.7) in the form2: LH{A) — C2AH.
Let AH and BH be any C°° symmetric tensor fields. Then

- V'A^B,1 + V'A^Vβ,1 -

which will be denoted by (A,B). If AH and BH are solutions of (4.7) when
C2 = a and C2 = b respectively, then

(A,B) = a f AJtB^dV , (B,A) = b[ A
J M J M

As {A, B) is symmetric in A and B, we get

= 0 , (A,B) = 0 ,ί

if a φ b.
Now let ax > > ap be any discrete subset of effective eigenvalues of the

system of equations

such that ax < —2K/n. Let AH be a solution of (4.7) corresponding to the

eigenvalue ak and satisfying

As

ί jtdV = 0ί

for / ^ /:, ^ J ί ? , Λl^ are linearly independent.

Definition. Let us say that the index of the Einstein metric under consid-
eration is m if (4.7) has just m linearly independent solutions with effective
eigenvalues less than —2K/n.

Then we get the following theorem.

Theorem 4.1. // (4.7) has p effective eigenvalues aλ > > ap such that
ax < —2K/n, then the index of the Einstein metric under consideration is not
less than p. The same holds with the index of I(g) at this Einstein point.

2 L is not an elliptic operator.
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Evidently all eigenvalues of (4.7) are effective except the only possible one,
namely, C2 = — K. However, the author does not know whether — K is an
eigenvalue or not.

It has been pointed out by M. Berger and D. Ebin [2], [3] that in studying
the variation of I(g) we need to consider only tensor fields DH which satisfy
FjDH = 0, and that a tensor field DH = VύXi + FtXj never changes I(g). If
we put Aji = VjXt + FiXj9 we immediately find that this is a solution of (4.7)
withC 2 = —2K/n.

The author wishes to express his cordial thanks to Professor M. Berger for
his kind information on relevant studies.
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