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THE CALABI-YAU EQUATION ON ALMOST-KAHLER
FOUR-MANIFOLDS

BEN WEINKOVE

Abstract

Let (M,w) be a compact symplectic 4-manifold with a com-
patible almost complex structure J. The problem of finding a
J-compatible symplectic form with prescribed volume form is an
almost-Kéahler analogue of Yau’s theorem and is connected to a
programme in symplectic topology proposed by Donaldson. We
call the corresponding equation for the symplectic form the Calabi-
Yau equation. Solutions are unique in their cohomology class. It
is shown in this paper that a solution to this equation exists if the
Nijenhuis tensor is small in a certain sense. Without this assump-
tion, it is shown that the problem of existence can be reduced to
obtaining a C° bound on a scalar potential function.

1. Introduction

In 1954 Calabi [Ca] conjectured that any representative of the first
Chern class of a compact Kahler manifold (M, w) can be written as the
Ricci curvature of a Kahler metric w’ cohomologous to w. He showed
that any such metrics are unique. Yau [Ya] famously solved Calabi’s
conjecture around twenty years later. This result, and the immediate
corollary that any Kéhler manifold with ¢; (M) = 0 admits a Ricci-flat
metric, have had many applications in both mathematics and theoretical
physics.

Yau’s theorem is equivalent to finding a K&ahler metric in a given
Kihler class with prescribed volume form. By the 9d-Lemma this
amounts to solving the complex Monge-Ampere equation

(1.1) (w4 V—100¢)" = ef'w",
for smooth real ¢ with w + /—199¢ > 0, where n = dimcM and F is
any smooth function with [;, efw™ = [,, w™. Yau solved this equation

by considering the family of equations obtained by replacing F' by tF'+c;
for some constant ¢, for ¢ € [0, 1] and using the continuity method. This
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318 B. WEINKOVE

requires an openness argument using the implicit function theorem, and,
more importantly, a closedness argument which requires his celebrated
a priori estimates. Yau also generalized Calabi’s conjecture: first in the
case when the right hand side of (1.1) may have poles or zeros [Ya];
and second, with Tian, in the context of complete non-compact Kéhler
Ricci-flat metrics [TiYal, TiYa2]. For other results along these lines,
see [Ko], [BaKol], [BaKo2]|, [Jo], for example.

The aim of this paper is to attempt to generalize Yau’s theorem in a
very different direction. We consider the case when the almost complex
structure is not integrable. This problem was suggested to the author
by Donaldson and is motivated by a wider programme of his on the
symplectic topology of 4-manifolds [Do]. Let (M,w) be a symplectic
four-manifold. Then there exists an almost complex structure J which
is compatible with w. This defines a metric g by

g(‘v ) = w(" J) > 0.

If J is integrable then it is Kéhler. In general, the data (M, w, J) is called
an almost-Kahler manifold and we will call w an almost-Kdhler form.
The volume form version of Yau’s theorem still makes sense. Given
an almost-Kéhler 4-manifold (M,w, J) we ask whether there exists an
almost-Kahler form ' solving the equation

(1.2) w? = eFuw?,

for any function F' satisfying

and we also ask whether w’ can be taken to be cohomologous to w. We
call (1.2) the Calabi- Yau equation. Any solution to (1.2) is unique in its
cohomology class - this fact was pointed out to the author by Donaldson.
A proof is given in section 2.

Following Yau, we use the continuity method to try to obtain the exis-
tence of a solution. First, we consider the question of a priori estimates
for solutions to (1.2). For simplicity, assume that w’ is cohomologous to
w. We show that all the estimates can be reduced to a uniform bound
of a scalar potential function ¢; defined, up to a constant, by

wAw

1
(1.4) =1- 4,

w'?
where A’ is the Laplacian associated to w’. The function ¢; belongs to
a a 1-parameter family of ‘almost-Kéahler potentials’ {¢s}co,1], defined
in section 2, which all coincide in the Kéhler case with the usual Kahler
potential.

Theorem 1. Let (M,w,J) be a compact almost-Kdihler 4-manifold.
Suppose that W' is another almost-Kahler form, cohomologous to w, and
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satisfying (1.2). Then there exist positive constants K; depending only
on (M,w,J), F and oscpr¢1 such that ' > Ky 'w and

W llcigg) < Ki fori=0,1,2,...,
where oscyrp1 = supys @1 — infar @1

An analogous result holds even if w’ and w are not necessarily coho-
mologous (see Section 7). We turn now to the question of openness in
the continuity method. Denote by H_ the space of self-dual harmonic
2-forms with respect to w and by HJ the corresponding subspace in
H?(M;R). HJ is a maximal positive subspace for the intersection form
on H?(M;R) and its dimension is b™(M). Notice that w is harmonic
and self-dual and so b* (M) > 1. If bT (M) = 1 then we can show the
openness part of the continuity method, remaining in the same coho-
mology class. In the case where b* (M) > 1 the openness argument still
works if we allow the class to vary within H.

Under the assumption that the Nijenhuis tensor N(.J) is small in the
L' norm, the required uniform bound on ¢; can be obtained. So in this
case, we can solve equation (1.2).

Theorem 2. Let (M,w,J) be a compact almost Kéahler 4-manifold.
(i) Suppose b (M) = 1. Then for F € C>®(M) satisfying (1.3) there
exists an almost-Kdhler form w' cohomologous to w solving (1.2)
of
(1.5) ING o) < &

for € >0 depending only on g and || F|[c2(y)-
(ii) If b (M) > 1 then the same holds except that the solution w’' may
lie in a different cohomology class in HJ .

With a little work, an explicit € could be written down. However, it is
hoped that the condition (1.5) could be removed entirely (cf. [Do]). In
addition, it would be interesting to improve on Theorem 2 even further
in light of a possible application in symplectic topology described to the
author by Donaldson. Given an almost complex structure J; on a sym-
plectic 4-manifold, a natural question is: does there exist a symplectic
form compatible with J17 In general the answer is negative, as can be
seen from the well-known Kodaira-Thurston example [Th], [FeGoGr].
However, it is sensible to ask this question under the (obviously neces-
sary) assumption that there exists some symplectic form Q taming J;.
In this case, there exists an almost complex structure Jy compatible
with ©Q and, by a well-known result of Gromov [Gr], a smooth path
of almost complex structures {J;},c[p,1) all taming Q. Set wp = Q and
consider the equation

2 _ 2
wp = 07,
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for wy compatible with J;. Finding a solution for ¢ = 1 would solve the
problem. To prove this using a continuity method one would require
estimates for w; depending only on 2 and J;.

These methods appear to make sense only in four dimensions, since
the system of equations is overdetermined in higher dimensions. Nev-
ertheless, it should be noted that many of the estimates here carry over
easily to any dimension.

The outline of the paper is as follows: in Section 2, some preliminaries
are given, almost-Kéhler potentials are defined and uniqueness for the
Calabi-Yau equation is proved; in Section 3 an estimate on the metric
¢’ in terms of the potential is given; a Holder estimate on the metric is
proved in Section 4; the higher order estimates and the proof of Theorem
1 are given in Section 5; finally, in Sections 6 and 7, Theorem 2 is proved
in the cases bt (M) =1 and b (M) > 1 respectively.

Remark 1.1. Delanoé [De] considered, following a suggestion of
Gromov, a different problem concerning the equation (1.2). He looked
for solutions of w™ = ef'w”, on an almost-Kéhler manifold (M,w) of
dimension 2n, of the form ' = w + d(Jd¢) for a smooth real function
¢ so that w' tames J but is not necessarily compatible with J (here, J
acts on 1-forms in the usual way). He showed that when n = 2, if there
exists such a solution for every F', then J is in fact integrable. We do
not expect the solutions we obtain in Theorem 2 to be, in general, of

the form o' = w + d(Jdg) for any ¢.
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sightful and encouraging discussions; S.-T. Yau whose original paper
[Ya] made this work possible and whose lectures and discussions at
Harvard University have been an invaluable source of inspiration; the
author’s former advisor D.H. Phong for his continued support and en-
couragement; Richard Thomas for some very useful conversations and
for his help in arranging the author’s year-long visit to Imperial College;
Xiuxiong Chen, Joel Fine, Mark Haskins, Tom Mrowka, Jian Song and
Valentino Tosatti for some helpful discussions.

2. Almost-Kahler geometry and the Calabi-Yau equation

Notation and preliminaries.

We will often work in local coordinates, making use of the Einstein
summation convention. The almost complex structure J = J,/dz' ® %
satisfies, by definition, the condition

Jk5) =5l
We will lower indices in the usual way using the metric g so that

k
Jij = Ji"gkj = wij-
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The condition dw = 0 can be written as

(2.1) 0iJji + 0 Jpi + O Jij = 0.
It follows that the equation
(2.2) Vijji =0

holds on an almost-Kéhler manifold, where V is the Levi-Civita connec-
tion associated to the metric g. This implies that w is harmonic with
respect to the metric g.

Define two tensors P and Q by

P S

P = 5(%51] — Ji'J,7)
P S

Q= 508 + T 7).

Then the compatibility of ¢ and w with J implies that P]i’l gij = 0 and
P,ZJZ Jij = 0. Considering P and Q as operators on two-tensors, we have

P+ Q=1Id

Moreover, at each point, P and Q are self-adjoint with respect to g and
define projections onto the spaces ker @ and ker P respectively.

The obstruction to the almost complex structure J being integrable
is the Nijenhuis tensor N : TM x TM — T M, which is given by

NX,)Y)=[X, Y]+ J[JX, Y]+ JX,JY] - [JX,JY].
In local coordinates, this can be written as
= Jloud 4 0000y — Tlot — gy o)
On an almost-Kahler manifold, the Nijenhuis tensor can be written in
the simpler form
N =2V .

By the Newlander-Nirenberg theorem, the almost complex structure J
is integrable if and only if N vanishes identically and if and only if V.J
vanishes identically.

For later use, we also make the following simple observation. Let Rm
denote the Riemmanian curvature tensor of an almost-Kahler metric g.

Then
SUp IVJI* < C|Rml|cogy),

for C a constant depending only on dimension. Indeed, using the usual
commutation formulae for covariant derivatives along with (2.1) and
(2.2),

0=A|J?=2|VJ]?+Rm=*J * J,
where * denotes some bilinear operation involving tensor products and
the metric g. Similarly, by calculating A|V.J|? we see that

|VVJ[2 = VVRm+J*J+Rm*VV.J*J+VRm+J*V.J+Rm+V.J*V.J,
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and it follows that sup,, |VV.J|? can be bounded by a constant depend-
ing only on dimension and ||[Rm||¢c2(y)-

Almost-Kahler potentials.

Now restrict to four dimensions. Let w and w’ be two almost-Kahler
forms with [w] = [w']. For s € [0,1], let Q5 = (1 — s)w + sw’ and define
the almost-Kdhler potentials ¢s by

1
(1—-28)wAw +sw? — (1 —s)w? = *593 Ad(Jdps).

Since —QAd(Jd¢) = %quﬁ 0?2 for any almost-Kihler form  and func-
tion ¢, the existence of the ¢4 follows from elementary Hodge theory.
The ¢ are uniquely determined up to the addition of a constant. In the
Kaéhler case, they all coincide with the usual Kahler potential ¢ given by
W' = w4+ /—100¢. We are interested in three particular almost-Kihler

potentials, corresponding to s = 0, %, 1. They satisfy:

1 wAW
2.3 “Apg=———1
(2.3) 1% 2
1 wAw
2 2

(Algﬁ W —w

1
(25) 2 (A10) =~
2

where A’ and A1 are the Laplacians associated to w’ and Q1.
2 2
In addition, for each s, define a one form as by the equations

1
W=w— §d(Jdd>S) + das,

and dias = 0, where d} is the formal adjoint of d associated to the metric
Q. Note that as is defined only up to the addition of a harmonic 1-form.
A short calculation shows that a satisfies the elliptic system

dasNQs = 0
(2.6) Pdas = (01,7 — 0;J;%)(0ros) da' N dad
dias = 0.

It will be convenient to give a different formulation of (2.6). Let %4 be the
Hodge-star operator associated to €2;. Then the projection %(1 + %) :
A? — A onto the self-dual two forms can be written

Qs A x
02

Hence, the system (2.6) can be rewritten as

(2.7) dfas = 3(0:J;F = 0;J;%)(Ons) da’ A da?
‘ dias = 0,

1
—(14x*s)(x) = )(234—73)(, forXeAQ.

2
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for df = $(1+ x5)d : A' — AJ. Observe that, since dfb = 0 implies
db = 0 for any 1-form b (see for example [DoKr|, Prop. 1.1.19), the

kernel of the operator (dT,d*) consists of the harmonic 1-forms.

The Calabi-Yau equation.

For a manifold of dimension n = 2m, linearizing the Calabi-Yau
equation gives a — w™ ! Ada for a one-form a. Combining with the
linear operator a — Pda and imposing d*a = 0 gives a system which is
elliptic if n = 4 and overdetermined if n > 4.

Restricting to four-manifolds, solutions to (1.2) are unique in their
cohomology class. To see this, let w; and ws = w; + db be cohomologous
almost-Kahler forms with w% = w%. Let Q = wy +wy. Then QA db =0
and Pdb = 0 from which it follows that dgb = 0. Then db = 0 and so
w1 = wW9.

Finally we mention that the Calabi-Yau equation (1.2) can also be
written as

(2.8) trgg’ = eFtrg/g,
where we are writing ¢’ for the metric associated to w’ and where

trgg’ = gij.gz,‘j = JIJ;

o and  trgg = glijgij = J,ijc]ij-

We are using here the obvious notation for lowering and raising indices
using the metric ¢’, so that Jj; = Jikgjcj and J'V = J,7 g%

3. Uniform estimate on the metric

In this section we will prove an estimate on the metric in terms of
¢1, similar to the one proved by Yau [Ya] (see also [Au]) in the Kéhler
case. The computations here are somewhat more involved because of
extra terms arising from the non-integrability of the almost complex
structure.

Theorem 3.1. There exist constants C' and A depending only on
IRm(g)[|c2(g), supas [F'| and the lower bound of AF such that

tryg’ < CeAd1—infrr é1)
Proof. We will calculate A’(log(trgg") — A¢1), where A is a constant
to be determined, and then apply the maximum principle. For this

calculation we will work at a point using normal coordinates for g.
First, the equation (1.2) can be written

(3.1) logdet g’ = 2F + logdet g.
Applying the Laplace operator A of the metric g, we obtain
(3.2) 2AF =g g™ 0,0,g1, — 9 g™ 9" (9:9,,) (03 91) — 9" 9™ 00 gt
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Now calculate
N (trgg) = g™ g 0c01g}; + 9™ g};0k019"7 — g™ T"},9" Oyl

where we use F’il to denote the Christoffel symbols corresponding to
V’. We can rewrite this last term using the equation (valid at a point)

g/klrlil _ _Jqu/klvkjl q’
which follows from the equation g’*'V} J,7 = 0. Thus we have
(3.3) A'(trgg’) = g"'g" Ou0rgi;+9™ 91000197 + 1,7 g™ (V1T )9 By

The first terms on the right hand side of (3.2) and (3.3) are related as
follows:

(3.4)
9" 9" 0:0;9 = 9" g7 OkO1gl; — %97 0,0;0," — 25,9 g7 0;00"
+ J’J g* G0y, — 20, % g 0y0;;"
9" g7 (0:)) + O ;") 0 gy
- zgw(a»J +0g;")0,J 1
9" g7 (011" ) T Digh.s.
To see this, calculate
(3.5) g 9" 00910 = —g™ 97 0:0; (T, Iy)
=—J, Tg’“g” 0:0;J}, — Jhg™ 9" 0,0,
g™ 9" (8,7 (9;77))-

We will now apply (2.1) to the first term on the right hand side of the
above equation to obtain

—Ji g™ g"0,0;07, = —Ji g™ g7 0,(0. T + 1.7

= J" g (0,0,T}, + 0;0,.T},)

= 2Jkrg’klgij81-81<]]',,

= 2g/klgija~azuwe> AR CRAPICR
/kl Z] (8[Jk )(a“]]/r) — QJ;-rg’klg”ai(?le’".

Then in (3.5) we have
(3.6)  g™g"0:0;g1 = 29’%”8'619,;]- 99" (0,0, (DT},
/kl ’Lj (ale )(@,Jj{ ) _ QJ/»Tg/klgijaialer
- J;zglklgzjaiaijT —29™ g7 (8:0,7)(95771)-
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Similarly,

3.7) ™9 0r0g}; = 297 g™ 0k0;91) — 297 g™ (O T;7)(057;,)
— 29" g"™(0;7;7) (O T}y) — 21,9 g 0405 T
— J1g™ g 0k, T, — 29™ g (O J; T (DLT).

Combining (3.6) and (3.7) and again making use of (2.1) gives (3.4).
From (3.2), (3.3) and (3.4) we obtain

B ]V’trgg'P)

1
3.8 A(logtryg') = Al(tryg’
B8 Nlogg) = o (M) - T

1 g
= o (28 9,000 (T
g

+2g™ g (Vi + Vi ") (Vrgy)
+29"7(Vid" + Vi) (V7

+ g™ (Vi ") g7 (20;°Vig)s + J,°V si)
+ 1RGNV I = 29" g M gL 9NN
— 1, 90:9" g7V VT - 2R

L1 pj i [V'tryg'|?
+2g gijgp]Rllpk_W ;

where, by definition,
V'trgg' | = g™ (Oktryg) (itrgg'),
and where we are making use of the equations
999" 0,0,g11 + 2J,5 9" 0,0, J;" = —2R
and

2J}.g% g 0:0,0," + g™ gl;01019"

—_ _2gZ]glklg;]Jrqvlvler + 29/k‘lg;jgijilpk’
which both hold only at a point.

Notice now that (3.8) is an equation of tensors. Since we are going to
apply the maximum principle we need to obtain a good lower bound for
the right hand side of (3.8). We have to deal with the bad terms that
involve derivatives of ¢’ and are not nonnegative: namely, the third,
fifth and last terms. First, we need a lemma.
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Lemma 3.1. Define tensors a;j, and B3, by

Qijp = J]/Jl(vi‘]jl - VjJil) + (Vle k)(gfchz‘l - g;ci‘]'l)
=+ g;fp((vljjk)‘]il - (vljik)le)7
Bijp = 9 (Vi T, IS = (V3,0 T %) = g (Ve ) = (Vi ®) )
— (Vi) (G i = Ghiy))-
Then
(i) 2P Vrgl, — 2P} Vg, = Qijp,
(i) 2957 Vyrge, — 223 Vegs = Bijp-
Notice that in the Kéhler case the tensors o and § vanish identically
and the lemma states that P;jsvrg;p is symmetric in ¢ and j while

Q7 V., gy, is symmetric in i and p. It is important here that o and 8 do
not contain derivatives of ¢'.

Proof. We prove (i). The proof of (ii) is similar. From
Vidj, + Vi + ViJi; =0,
we have
TN igoe + IV 395+ T IV kG + 9 Vi + 95V i T+ 945V, = 0.
Multiplying by Jpj we obtain
Vig;)k = Jp]qungéﬂ + JpJJqukg}q 4 Qékjpjvijjq
+ g(/ﬂ']p]v]t]kq + ngJp]Vleq
= —2P;£Vrg§i + Vpg;ﬂ- + ng;i - gélj‘]i qkapJ
+ g;k‘]pjvit]jq + g;in]Vijq,

where we have made use of the identity ng 95, = 0. Then (i) follows

easily. q.e.d.

We return to equation (3.8). The third term on the right hand side
(ignoring the factor of 1/tryg’) can be written

(3.9) 299" (Vid)" + Vi ;") 1V gy
= 29lklgijgrs(vi<]kr + Vszr)VsJ]/l

_ 2gzkzgingS(viJk,, + kair)g:;lvstq'
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Making use of the identity Q%®VJ,, = 0 we rewrite the first term on

wr

the right hand side of (3.9) as
(3.10)  2¢™ g g™ (ViJpy + Vidir) Vs T}
= 4g™g" g7 (Vidin) (Vs Tj) + 29" 97 g7 (V. J1i) (Vo Tfy)
= 4g™ g g P (Vi Jab) (Vs T)
+29™ g g PRV Jay) (V)
=)+ (1),
where
(1) = 49" 97 g"* (Vi Jir) PSS (Vo J)
and
(IT) = 2g™g" g7 (V. T ) PSP (V s T )
To deal with (), first note that
PN Th = PV o Ty
= P (Vaghy) Iy " = P934V ad,*

1
= P (Vagig) " = S0sja)," = P393,V

1
=PVl + Prgp,Vad, ! — 5 0sia; L YA A

That is, the term P;;’VbJ;l is symmetric in j and s modulo terms that
don’t involve derivatives of ¢’. Then

(I) = _4g”“’g"jg’”5(VkJm-)PSbeJéz
.. 1
X 4g’klg”grs(Vka)(Pffgéqvajz q_ §asjq‘]l q_ ngbg{,anJl q),

and hence, interchanging the indices ¢ and j with r and s in the first
term, we have

(3.11) (I) = 2¢™g" " (Vi Jir) (P}, Va, !
1 a
- iasth]l ‘- Psgbg;;qvll‘]l q)'
For (II), calculate

(3.12) PYVI, = (VSJ;, —JjaJlbvsJ;b)

| = DN =

=5 (VSJ]’-l — VTl 4 T T+ T T, b)

1
= 37 (P9 + 0V, b) .



328 B. WEINKOVE

Then from equations (3.9), (3.10), (3.11) and (3.12) we have the follow-
ing expression for the third term of (3.8):

(3.13) 29™ g (Vi) + Vid; ") Vgl

ij TS a 1 a
=29"g"g (VkJir)(ijg{,anqu - §a8qul T stbgfaqvat]lq)
+ g™ g7 g™ (Vo Jik) T (T, PV o T + TV, )
_ 2g'klgijgrs(V¢Jkr + VkJir)g:]lvstq-

We deal now with the fifth term on the right hand side of (3.8).
Calculate:

(3.14) g™ (Vi ")g" (27;°Vigps + 1,V sgly)
= g™ (Vi) )9 @ViT}y = 1,0V 7))
= M (Vi) 2V}, — 0PV,
= 0TV s = T Ty Vs ST
= 9" (Vi ")g" 2V, + ;0 N o Ty = Vi,
+ TP TV, = 0 0N )
= M (V)9 QU u Ty + TP IV 0y = 0,0 V)
= g™ (Vi) (28 (Vagh) ;" + 20804 V" — V7,
— J TV TP
= " (Vi r)(%ﬁirqjiq +29" Q% 93, Vot = 9791V .0
— g TV TP,
where, for the last line, we have used the identity
2082 (Vaghy) I = 5 irg .

which follows immediately from Lemma 3.1.
Finally, we must deal with the last term on the right hand side of
(3.8). We do this by making use of the good second term.

Lemma 3.2. There exists a constant C' depending only on sup,, |F|
and |[Rm(g)||lco(g) such that

]V’(tr g/)’2 .
ng, < g™ " " (V94 (Vagy) + C'(tr49 ) (trgg).-
g
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To prove this lemma we will work in a coordinate system (z!,..., 2*%)
centred at a point p such that the first derivatives of the metric g vanish
at p and

TP =gyt ==yt = =

and all other entries of the matrix (.J;7) are zero at p. Define local vector
fields

1 .
Za =5 (00 — V-1J,0;) ,
for a =1,2. Set
GOéB = g(Za,fﬁ)

and

GIaB = gI(ZOM Zﬁ)a
for , 3 = 1,2. Then we make a linear change in the coordinates
(x',...,2%) so that, in addition to the above conditions at p, we also

impose that Gaﬁ = 0qp and that G'a 3 be diagonal. Notice that in these

coordinates, the first derivatives of the g;; vanish at p, but in general,
the first derivatives of the G B will not.
It will also be useful to consider the local vector fields

1 A
W = 5 (=740 = V=104).

for a« = 1,2, where we are setting A = « + 2. Notice that, at p,
Wo = Z4. In the sequel, we will use the indices A, B,C, D, M, N to
denote a + 2,8+ 2,v+2,0+2, u+2,v+ 2. Set

éaﬁ = g(Wa,Wﬂ)

and

Observe that

1 1
Gop =5 908 =V=1ag),  Gi5=5 (905 = V=1/ss),
and
N 1 ~ 1
GO&E: § (gAB—V_lJAB), G;BI 5 (g;lB_V_L];lB)'

At the point p, G = G and G’ = G'; this fact will be used later in
the proof of Lemma 3.2. Notice also that g;; = 20;; and that ggj is
diagonal. A final word about notation: when we are using the local
vector fields Z, and Z, as differential operators, we will instead write
D,, and Dy respectively. We require some preliminary results before we
prove Lemma 3.2.
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Lemma 3.3.

1
(3.15) D'VG/&E = DO‘G;B + 1 (@108 + V' —=1byap)
- ~ 1
(3.16) and D'YG:)E = DQG;B + 1 (ayaB + V—1byaB) ,
where

Qryij = (81J'yk - 8’}’Jz k)‘]l/c] + (aj‘]’yk) ik (6 J ) vk
and  baij = g30;0.F — g1y 0505 + T3 (T R0 — T Fop gy ).
Proof. We will just prove (3.15), since the proof of (3.16) is similar.
Calculate

(3.17)
1 i
DGl = 10y = V=110 (gos — V=174)

1
4(3~y9a5 J S 0idls — V=11 0iges — V=10yJ05)

—V=10aJ 5 = V—=103.J,,)
= i(awggﬁ + 0adh + (0l ) Jig — Jo 0p 0 — (9J,0) .,
+(0,) S = V=10, 0i(J JoF) = V=100 T
— V=103 a,y)
— i(awg{ﬁ + 0adls + (0ad,)) i — T 00T 5 — 1,00y T},
— (08,) T + (05, ) Toy — V=100 I PO:T),
—V=1J T, 00, F — \/—_1an;6 —V=183J},,),

where to go from the third to the fourth lines we have used the simple
identity

J 08Tl + (08.1) Joy = (0pJ,0) i + T, 0T
Notice that
J IR0 T, = J, I POs Ty, 4 . T PO T,
= 0p S, — JipJPOs ) —

T f0 P + I PO T},
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In (3.17) this gives us

DG

1 i i i

= Z(avggﬂ + 80691/,6’ + (an,y ) 1/5 — Ja 8“],;5 - Ja (%Jéz
— (03 )L + (03, ) oy + V=1J}, PO + =1}, 05 P
— V=L I PO Ty, — V=1 T, 00 P — V=100 )
1 i i i i
= Z(aagi/ﬂ + (804J'y ) i/,B - Ja al']'/yﬁ + (a’YJa )J;)’z - (aﬁ‘]a )J'/yz

+ (85‘]7i)‘]&i + v *1g£aaﬁ<]7i Y *19;)fyaﬂ<]ap -V *L]ai ig/ﬂ'y

+ V=1 T (0i0.F) = V=10 T, (030.7) — V=184 5)

1 % ) % %

= DQG;B + Z ((aOtJ'y - 8’}"]04) z/ﬂ - (aﬁ‘]a )J’/yz + (aﬁ‘]’y )J(/)n

+ v _1(9'2018/3‘]7@' - gg'yaﬁ‘]ai) +v _1J,/6p(‘]ai8i‘]'yp - J’yiai‘]ap)) ’

as required. q.e.d.

We will also need the following result.
Lemma 3.4. At the point p we have
(318)  2D,(G°°G! ) = 2G°"D,G! 5 = D, (g g};) + By and

(3.19)  2D,(GPG ) = 2G°P DG 5 = D, (g"g};) — B,

2
where E, = Zg;s(Dinr)Jis-
i=1

We are using here the usual notation for the inverse metrics G—' and
G~1. Note also that repeated greek indices «, (3, ... are used to denote
a sum from 1 to 2, whereas repeated lower case roman letters ¢, 7, ...
denote the usual sum from 1 to 4, unless otherwise indicated.

Proof. We will prove just (3.18). Calculate

_ 1 _ — .
(3.20) 2D, (GG’ 5) = —§GWG"5 (=, 0T = V=10, J1,) Gl
+2G°°D, G 5
=2G°"D,G 5
1
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But

(3.21)  Dy(97gy;) = 597 (0y — V=1J,%0%)g);

Il
== N
N

(879§i - \/__1J»ykakg§i)

i=1

Il
DO =
]

(879% — rs(030;7) ;% = v _lJykakggi

=1

VAN C AR A
where we have used the fact that, at p,
akghB - 8]69:16 - _g;s(akjar)Jﬁs - g;”s(ak‘]ﬂs)Jar‘

Comparing (3.20) and (3.21) gives (3.18). q.e.d.

We need one more lemma before we can prove Lemma 3.2.
Lemma 3.5. At p,
gijawj =0 and gijb,yij =0.
Proof. For the first equation, calculate at p:
Qijam‘j = gij(Vink)Jllcj - gij(v’yjik)*]l/cj
+ 9" (VL) T = g7 (V3 8) T
= —gij(vaz‘k)Jl:;j
= =97 (V2 i) I gl
= 977 (VJ)gly
= —Qikjij(vvjks)ggj
=0,
by symmetry. For the second, calculate:
gijbvij = gijgfm‘(vjjyk> - gij9§gy<ijik)
+ g T T (Vi) = g7 T (Vi)
= g9 T T (V) = g* T T (Vi)
— g9 T I (VaTh) = g7 T R (Y )
= 2" T3 I (V3 0F) = 20,805 (V7 ).
Notice that the second term vanishes since

) 1 .
VI = §gl/ijkaJ]l =0.
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But also the first term can be written

97T (ViLF) = g9 3 g (ViF) = =T, LN(VIE) =0,

Ty

finishing the proof of the lemma. q.e.d.

Proof of Lemma 3.2.

Using Lemma 3.4 we have
9" 0k(9" 915)01(9" gq)
= 2G"° D, (g g};) D5(g"g})
= G (2D,(G*PG ) — B,)(2D5(G"" Gl ) — )
+ G (2D, (GOPG! ) + E,)(2D5(G G ) + E)
= 46" (GP DG/ ) (G'" D5 )
+4G (G D, G ) (G D5Gly) — 2G"° By By,
From Lemma 3.3,
9" 097 91)01(9" )
= 4G (GPDaG. 5)(G" Dy )
+4GM(GYP DG ) (G Dy G )
+ 2Re { GG (a0 + v/ ~Tbs) P Dy G
+ GG (ayap + v/ ~Tbyap) G DyGl 5|

1 5 = _
+ ZGW‘SGW(%W —+ v —1b7a5)G’w(a5MV — —1b5lﬂ’)

L }
+ 4G G (ayap + V=1byaB) G (asnn — V=1bsin)

— 2G"E,E;.
But
v ~/
G DyGl 5

i 1 - _
= G#VDFG;E + ZG#V (a&w +aymMp — V *1b5,u,1/ -V *1b1/MD) — Es,
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and so, making use of Lemma 3.5,
(322) g™ Ok(9"gi;) (9" 9pq)
= 4G (G DG 5)(GM" Dy )
+4G"(GYP DG ) (G Dy G )
+ %Re {G”SGQB(%AB + V=1byaB)(G" (asuw + avrp
—V/=1bs;y — V—1b,np) — 4Es)}
+ %G’VSG“B(awg + V=1bya8) G* (a5 — V—1bsu)
+ %G’”SGO‘B(%AB +V=1byap)G" (aspn — V—1bsnn)
— 2G"E. Ey.
We can now apply the Cauchy-Schwartz inequality twice to obtain:
(323)  G"(GD.G ) (G Dy )
=) G"(DuGle)(D5Gpz)

Vs
1/2 1/2
<y (Z G’Wmaa’ﬁr?) (Z G”W\DMG;mQ)
apu \ Y v

1/2\ 2
e
1/2
_ Z /G/ G/»WG/aa’D GI_P)
aa My
( >ZG’WG’W|D Glal?

< Altrgg) > g9 "g" DGl
¥,

2

Similarly,

178 ( o N vr_oY
(3.24) G (G DG ) (G DG )

< 4(trgg/) Z ngglaagu#‘Dué{yayz-
77a7“
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But
LY 7 DG
’y’aﬂt‘l/
1 . . o
T4 D g9 {0 — T (Vi )) = T (Vidia)?
77a’lj‘
+(Jp,2vigf,ya + g;av/“]'yj + J’y] v,ug;'a)Q}

1
=32 (7o) 4 o Mo (Vas )

+ g’ch"mgM M(Vagea)” + 979" (Vg a)’

+ 97 900d" (Vud, %) + ¢ g g (Vgoa)?

— 29" M (Vg o) 1L (Vid ) = 29" g g 10T (V gl (Vidha)

+ 2917 gMM (Var L) (Vi) + 2977 9" TN (Vid o) (V)

+29"7g g T T (Vidha)(Vudha) + 29" g L7 (V) (Vuda)) -
A short calculation shows that

> 979 (V) 1 (Vi) 979 T T (Y g) (Vigia) = 0,
Vs

and similarly that

> 97N (Vigh) (Vad )+ 1, L (Vigh o) (Vugja) = 0.
RS

Hence
(3.25) 4 ) g"g*g"| DGl
Vs p
R
-3 Z Z (g/wg/aagkk(vkgzw) + g/CC graeghh (7, gt )2
v,o0=1 k=1

+29" TG (Ve T, ) (Vidla) + 977 9oad™ (Vka‘)2) :
Similarly, we have
(3.26) 4> g"g"*g""| D, G5l
V0L
1 2 4
=12 > (g’ocg’AAgk’“(ng’CA)2 +97 g g™ (Vigla)?
v,a=1 k=1
—29'“Cg"* (V1 I (Vigha) + € dang” (VchA)2> :
Now observe that, at p,
Vidd = =ViJ2,
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and that ‘ '

Vigha + Vigoa = Joi(Vedc) + Ji(Vidy).-
Using these two simple equalities we obtain at the point p, by combining
(3.25) and (3.26),

43" g g g DGl + 4 g g 9" DGl
V501

= %9”“9’” 9" (Vpgin) (Vaglin) + L 129" 90ad (Vi)
+ 7 ZQICCQI 49" (Vi )?
- % S GG (VT (Vi + T Vi),
Using this, together with (3.22), (3.23) and (3.24), we obtain the esti-
mate of Lemma 3.2. q.e.d.

Returning to the proof of the theorem, we can now combine equations
(3.8) with (3.13) and (3.14) together with Lemma 3.2 to obtain

A’(log tryg’)

{2AF + 29" g g7 (V1o Ji ) (P,

1
Sgbqv St = §O‘ququ
T'gg
P“bgbqv T+ MG (Vi) g (VT T )

— 20" g7 9" (Vidkr + Vidir) gy Vs
+2¢9(Vid, + V") (Vi)

+ 9" (Vi T)(%ﬂirqﬂq + 29 Q13 Vo T,

— 9" i V" — g7 7. TV s J;P)

+ ANV I = 29 g M gL 09N

— Jrqg;jg’klgiijVlJir — 2R+ 2g'klg:J p]Rlpk
— C'(trgg) (trg9)}-

From the Calabi-Yau equation and the arithmetic-geometric means in-
equality we have

infys F
trgg’ > 4exp <1n;/[ >>0.

Hence, recalling from section 2 that ||J||c2 can be bounded in terms of
|IRm(g)||c2, we have:

A
(3.27) A (logtryg’) > —Etrg/g —A,

for a constant A depending only on ||Rm(g)||c2, sup |F| and the lower
bound of AF. We now apply the maximum principle to the quantity
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(logtrgg’ — A¢1). Suppose that the maximum is achieved at a point zg
on M. Then at xg we have

A (logtryg’ — Agy) < 0.
Recall that A’y =4 — trgg. At zg we see that from (3.27)
0> A'(logtrgg’ — Apr)
> étrgfg — 54,
so that (tryg)(zo) < 10. On the other hand, from (2.8), we have that
(trgg’)(wo) < 10"(*0),
and thus at any point x we have

log((trgg')(x)) — A1 (x) < log 10eF™) — Ag ().

The theorem follows after exponentiating. q.e.d.

4. Holder estimate on the metric

In this section we will prove a Holder estimate on ¢’ given a uniform
estimate of ¢/, using a modification of the method of Evans [Ev] and
Krylov [Kr] (see also the estimate of Trudinger [Tr2] and the exposition
of Siu [Si]).

Theorem 4.1. Suppose that g' satisfies the equation (1.2) and there
exists a constant Cy with

Cylg < ¢ < Cog.

Then there exist positive constants C and « depending only on g, Cy
and ||F||¢2(g) such that

[trggl|ceq) < C.

Proof. We will work locally and fix a coordinate system (z!,-- -, z%)

with the same properties as the one in the proof of Lemma 3.2, with the
point p corresponding to z = 0. We will show that, with the notation
of section 3,

OJB /_ _ O‘B /_ ! D
(@) 6P ) — G0 ()] < 'R,

for all z,y € Br(0) and 0 < R < Ry/2 for some positive constants «,
Ry and C’; where Bg(0) is the ball of radius R centred at 0. This will
prove the theorem, since a short calculation shows

= 1 ..
GG 5 = 5979, + O(R).
To prove (4.1), first note that, by a straightforward calculation,

1
(det G')* = T det g’ + 7,
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where n = n(z) is a function of the form

4
Z habchizG;)G/cG:ja
a,b,c,d=1
where G} = G' 7, Gy = G5, Gy = G5+ G and G = V—1(G' 5~ Go),
and where the hgpeq are smooth functions depending only on J which

vanish at 0. Note that here, and in the sequel, we are shrinking Ry
whenever necessary. Writing

1
K= EeQF det g,
and using the equation (3.1), we see that

(4.2) 2logdet G' =log(K + 7).
Define a function ® on the space of positive definite Hermitian matrices
by ®(A4,5) = 2logdet(A,3). Since ® is concave, the tangent plane to
the graph of ® at a point G’aﬁ(y) lies above the graph of ¢ and so
26 (y)(G5(y) — G (@) < DG(y) — B(E (@),
for x,y in Bog(0). From (4.2),
(4.3)
267(0) (G 0) Gl < tog 1+
<log(l+ CiR)
< CiR.

We now need the following elementary linear algebra lemma.

K(y) — K(x) +n(y) — 77(96))
K(x) + n(z)

Lemma 4.1. Let S(\, A) be the set of 2x2 positive definite Hermitian
matrices with eigenvalues between A and A, with 0 < X < A. Then

there exist a finite number of bases of unit vectors {(Vy(l), V,,(Q)) N | and
constants 0 < A* < A* depending only on A\ and A such that any A in
S(A,A) can be written

A= Zﬂy Vv eV

with \* < B, < A*.

Proof. This lemma can be proved by a straightforward modification
of the argument in [MoWa]. q.e.d.

Using this lemma we see that

G/aﬁ Z/g V(l) ® V ) VV(2) ®V(V2))’
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for \* < B, < A* where the Vl,(i) and \* and A* depend only on the
constant Cy. Define

= (OO + (2 W) 6l

where (Vl,(i))o‘ is the a-component of the vector Vl,(i). We can then
rewrite (4.3) as

N
44 D AWy —w(x) <R, for z,y € Bag(0).

v=1
We will now use the concavity of ¢ again, this time to derive a differen-
tial inequality for w,. For each v, apply the operator 212:1 Dl(,z) Dg ) =

2 (VY (Vi) D, Ds to (4.2) to obtain:

(4.5)

]

108 (i) 7@ 105 B () (o Ora
1(2(; DYDY ;267G (DY Gl) (DY Gaﬂ))

2 % 7 %
S (DVDQ(KM) _ \DS)(KM)P) |
i=1

.
I

K+n (K +n)?

Apply Lemma 3.3 twice to the first term on the left hand side and the
first term on the right hand side of (4.5). Making use of the good second
term on the left hand side of (4.5) we see that there is a second order
elliptic operator L, = a¥9;0; with Cy €2 < a¥&;€; < Cs|€|? such that

(4.6) Lyw, > —Cs.
From the inequalities (4.4) and (4.6) we make the following claim.
Claim. There exist positive constants C and 6 such that
0SCRB,(0) Wy < CRS, for 0 < R < Ry/2.

Of course, given this claim, we are finished, since we can then write
N
GPG 5= B,
v=1
with By smooth bounded functions depending only on g and J and

satisfying C 1 < B3, < Cy. This gives (4.1) and Theorem 4.1 follows.

Proof of Claim. Although this proof can easily be extracted from [Tr2]
(see also [Si]), we will include a sketch of the argument here for the con-
venience of the reader. The key tool is the following Harnack inequality
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[Tr1]: if u > 0 satisfies Lu = a”0;0;u < C3 with Cy'|¢]? < a¥g¢; <
C5/€]? on Bog(0) then there exists p > 0 such that

1 1/p
4/ u? SC’H<inf u+R>,
R* JBg(0) BR(0)

where the constant C'y depends only on Cs and Cs.
Set My, = supp_,, (o) Wy and mg, = infp (o) wy for s = 1,2 and apply
the Harnack inequality to (Ma, — w,) to obtain, for fixed I,

p\ 1/p
o (b))

v#£lL

1 1/p
< Nl/p Z (ﬁ /BR(O) (M2l/ — wu)p>

v#£l

< Cs (Z(sz — My,) + R)

v#£l
< O5(w(2R) —w(R) + R),

where w(sR) = 2 | 0SCB, ,(0) Wy = SN (M, — mg,). From (4.4) we
have

Biwi(y) —wi(x)) < CIR+Y Bu(wy(x) — wy(y)),
v#£l

for o,y € Bagr(0). Choosing x — mgy and integrating over y € Bg(0)
gives

1/p
1 P
(4.8) <R4 /BR(O)(wl — myy) )

1/p
1
< CgR 4+ Cy (R‘*/ " (Z(Mzu - wu)p))
Br(0

v#l
< Cr(w(2R) — w(R) + R).
Now apply the Harnack inequality to (Mo — w;) to obtain

1/p
1
(4.9) (ﬁ/ ( )(Mzz - wl)p> < Cs(Moy — My + R)
Br(0

< Cs(w(2R) — w(R) + R).
Combining (4.8) and (4.9) we see that
My —my < Co(w(2R) — w(R) + R),
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and summing in [ gives
w(2R) < Cyp(w(2R) —w(R) + R),

from which it follows that
w(R) < ( ) w(2R) + R,

and the claim follows by a well-known argument (see [GiTr|, Chapter
8). q.e.d.

Cl() —1
10

5. Higher order estimates

In this section we will prove estimates on g’ and all of its derivatives
given a Holder estimate

(5.1) [trgglce(q) < C,

with 0 < a < 1 and an estimate ¢’ > C~'g. In light of Theorem 3.1
and Theorem 4.1 this will complete the proof of Theorem 1.

Consider the normalized almost-Kéhler potential ¢¢ defined by (see
Section 2)

w2
Bo=tryg =1 [ a0
M 2
From (5.1), by the elliptic Schauder estimates for the Laplacian we have
(5.2) [ gollc2ta(g) < Co.
Recall that the 1-form ag satisfies
1
W =w-— §d(Jd¢o) + dayg.

Without loss of generality, we can assume that ag is L? orthogonal to the
harmonic 1-forms. Then since ag satisfies the uniformly elliptic system
(2.7) for s = 0 and is orthogonal to its kernel we can use (5.2) and the
Schauder elliptic estimates to obtain

laollc2+a(g) < Ch-

It follows that ||g'[|ce(g) < Co. Differentiating the Calabi-Yau equation
(3.1), we see that

(5.3) g7 0;0;(9k¢0) + {lower order terms} = ¢"/Oyg;; + 20xF,

where the lower order terms may contain up to two derivatives of ¢q
or ag. Since the coefficients of this elliptic equation are in C'“ we can
apply the standard Schauder estimates again to obtain

[¢ollca+aig) < Cs.
From (2.7) we then obtain

Ha()HC?,Jra(g) < Cy.
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The rest of the higher order estimates follow from (5.3), (2.7) and a
bootstrapping argument. This completes the proof of Theorem 1.

6. Proof of Theorem 2: the case b™ (M) =1

For this section we assume b (M) = 1. Consider the equation
(6.1) w;z = etfFe,?,

where ¢; is the constant given by ¢; = log([,, w?/ [;, €¥'w?), and where
wy is required to be cohomologous to w and compatible with J. Let

T = {t' €[0,1] | 3 smooth wj solving (6.1) for ¢ € [0,#']}.

Clearly 0 € T. We will show that T is both open and closed in [0, 1].
This will prove Theorem 2. Note that if wj is in C then by the estimates
of section 5 it is smooth.

We show now that 7" is open. Fix tg in 7. We will show that (6.1) can
be solved for ¢ in an open neighbourhood containing to. Fix @ = wj,.
Then solving (6.1) near ¢g is equivalent to solving

w)?
log 7 (t—to))F — (ct —cy) =0,

for ¢ close to tg.
Let A®s*e be the space of k-forms in C57®, and let W C A be

the space of self-dual two forms v in C* satisfying [ W €XD (23}@@) o2 =

[y @*. Then define a map
O AVFOXR - WO,

by

(@ + db)?

5)2

é(b, t) = log ( / et F (5 4 db)2> —log / w?.
M M

Note that if we can find b = b(t) solving ®(b,t) = 0 for ¢ close to tp,
then this would imply ¢ = ¢; — ¢4, and complete the openness argument.

Since b (M) = 1, the space HZ of harmonic self-dual 2-forms with
respect to w is spanned by @. Notice that the tangent space to W< at
®(0,t0) is equal to (H1)LNA2*, where (H2) C AZ is the space of self-
dual 2-forms which are L?(@) orthogonal to H2. Then the derivative of
® in the b-variable at (0,%g) is a map

(qu))(o,to) :A1,1+a N (Hg)J_ ﬂA2’a

®(b, 1) = <log C(t—to)F — c) g +Pdb,

where

given by
(Dl(b)(o,to)(ﬁ) = dzﬁ-
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It is well known (see [DoKr], for example) that this map is surjective
and hence openness follows by the implicit function theorem.

We now need to prove closedness under the assumption that the Ni-
jenhuis tensor is small in the L' sense. Note that from the discussion in
section 2, since |V N (J)| is uniformly bounded in terms of the curvature
of ¢, if the Nijenhuis tensor is small in the L' norm, it is small in the C°
norm, and hence also in the LP norm for any p > 1. It will be convenient
(and sufficient) for us to prove Theorem 2 under the assumption that
N(J) is small in some LP norm, where p will be a fixed constant strictly
larger than 2.

We will use the following lemma.

Lemma 6.1. Let ' = w—21d(Jd¢1)+dar be a solution of the Calabi-
Yau equation (1.2). Suppose that for some constants p > 2 and B,

(6.2) </M pw2> v < B.

Then there ezists a constant C' depending only on g, p, B and sup,; | F|
such that

dai Nw
2

w

sup ¢1 — inf ¢y < C'.
M M

Proof. This is a modification of Yau’s well-known Moser iteration
argument. For ease of notation, write ¢ = ¢1. Assume that fM dpw? =0.
For [ > 0,

%Awmw>ﬁmww_w>
— 5 [ dtelaas) w+o) = [ ololdar ne
- —@ /M |6/'dp A Tdg A (w + o)
- [ otoldar ne
ST [ A A Al A o+ )
—/mmme

1/2y(2,,2
et [ )

([ (),

da; \Nw
2

P 1/p
wﬁ ,
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for g satisfying 1/p + 1/q = 1. Setting [ = 0 we see that since g < 2,

[ wop<c (( / W)l/q +f ¢\> <, (( / W)m + 1) ,

where we have omitted the volume form w?. Since | v @ = 0 we obtain
llollL2 < Cs from the Poincaré inequality.
We have for general [,

(6.3) /M V(B2

1/
< C4(l + 2) max{l,/ ’¢‘l+27 (/ ‘gb’(I(l-&-l)) Q} .
M M

The Sobolev inequality gives

() <o ([, ).

for functions w on M. Set r = [4+2 > 2. Applying the Sobolev inequality
to u = ¢|¢|//?, making use of (6.3) and raising to the power 1/r gives

L/r r r—1)/r
Illzer < Cg/"r!/ max{1, gllir, 19,0207 -

Setting r = 2 we obtain ||@[|;a < Cr7. For general r we use that fact
that ||¢||ze < Cg||¢||;» whenever a < b to see that

Il 22 < Cg/"rV/" max{1, || || par }.

By successively replacing r by or for o = 2/q > 1 we see that for all
k=0,1,2,...,
1s~k i —i -
18]l o < CéT 2iz0 ) (A g0 ) A TN o ) max{1, || || zar }-
Set r =2 and let £ — oco. This gives a bound

[pllco < Cromax{1,[|]|L2q},

which is uniformly bounded since ¢ < 2. This completes the proof of
the lemma. q.e.d.

Remark 6.1. In a private discussion, Donaldson made the following
surprising observation: the almost-Kéahler potential ¢,/ is uniformly
bounded, without any assumption on N(J). This can be proved using
a Moser iteration argument and equation (2.5).

It is now not difficult to complete the proof of Theorem 2. We suppose
that we have a solution of (6.1) for ¢ € [0,tp) for some ¢y € [0,1). We
require uniform estimates on wj and all its derivatives and by Theorem 1,
it is sufficient to obtain a uniform estimate of ¢1. We have the following
claim.
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Claim. Let p > 2. There exists ¢ > 0 depending only on p, g and
[ F'[|c2(g) such that if [[N(J)[[Lr < € then for ¢t € [0,%), a1 = a1(?)

satisfies
D 1/p
w2) < 1.

w o

Proof of Claim. At t = 0 we have da; = 0. Suppose that the claim is
false. Then there is a first time ¢’ € [0,¢y) with

(L)

Then it follows from Lemma 6.1 that we have a Holder estimate on '
at t = t'. Now the LP a priori estimates for the elliptic system (2.7)

with s =1 give
(,

for some uniform constant K. Picking e = 1/2K gives a contradiction
and proves the claim. q.e.d.

day N w
w2

dai Nw
2

w

da; N w
2

P 1/p
L) < KIN G

Then the first part of Theorem 2 follows from this claim and the
previous lemma.

7. Proof of Theorem 2: the case b (M) > 1

Suppose that b (M) = r+ 1. We begin with the openness argument.
For convenience, assume that w has been scaled so that f M w?=1. We
wish to solve the equation

(7.1) wéz = elfre,?,
with ¢; = —log( [, €'F'w?), for wj satisfying [, wjAw > 0 and [w]] € H.
As in section 6, we suppose that there is a solution © = wéo at t =ty
and show that (7.1) can be solved for ¢ close to to.

Let x1,...,xr and X1,...,Xr be self-dual harmonic 2-forms with re-
spect to w and @ respectively such that {w, x1,...,xr} and {@, X1, - .,
Xr} are L? orthonormal bases for HJ, and HZ. Let AL and W be
as in section 6. Consider the operator ® : ALITY x R” x R — W given
by

((IJ + Zgzl SiXi + db)2
@2

no| &

O(b, s,t) = <log —(t—to)F — c>

T

+P(D sixi + db),

=1
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where

é(b, s,t) = log ( / e UTOF(G 4+ s + db)2> .
M

i=1
We have a solution ®(0,0,tp) = 0 and if we can find b and s depending
on t solving ®(b,s,t) = 0 for ¢ near tg, then after rescaling we would
have our desired solution. Write Ilig, ¢,y for the L?(®) projection

onto the space spanned by Xi,...,X,. Define ¥; : A+ x R" x R —
wen (<)217 <. 7)~<T>)L by

Ui, s,t) = (1 =1y, . 5.)) @b, s,1).
The derivative (D1¥1)(0,0.40) : AT — (HE)E N A% is given by

(D191)(0,0,1)(8) = d2 3.
This map is surjective and so by the implicit function theorem, given
(s,t) near (0,tp) € R" x R there exists b = b(s,t) solving ¥; = 0. Now
define a map ¥y : R" x R — R" in a neighbourhood of (0, ty) by

\112(§7 t) = H( (D(b(§, t))§7 t)?
where we are identifying R™ and the space spanned by the ;. Calculate

((D1%3) (g 40))ij = /M <%(1 + %) (Xj +d <%(Q, to))) ;>~<z‘>® %2

:/ X5 N Xi
M

which is invertible. Applying the implicit function theorem again we
find s = s(t) solving Wa(s(t),t) = 0 and hence

(I)(b(ﬁ(t)’ t)v §(t)v t) =0,

for ¢ close to tg. This completes the proof of openness.

We now turn to the question of closedness. As discussed in section
6, we may assume that that N(J) is small in the LP sense for any
fixed p. Assume that we have a solution of (7.1) with [}, w; Aw > 0
and [wj] € H} on some maximal interval [0,%y). Write o’ = w} and
define s; by [w'] = [w] 4+ >_i_, si[xi] for xo =w and x1, ..., X, as above.
Notice that by squaring both sides of this equation we see that the s;
are bounded. Define ¢y and ¢ by

)217"'027‘)

1 wAw
7.2 —Agy = - "A
(72) TR
1 wAW
(7:3) ZA/¢1:/Mw/Aw_ o2

where we recall that [,,w? = [,,w? = 1. Let us first assume that ¢;
is uniformly bounded. Then since f M W' Aw =1+ sy > 0 is uniformly
bounded from above, Theorem 3.1 still holds with essentially the same
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proof. Notice that the bound on tryg’ implies a uniform positive lower
bound for [ 1y @ Aw. No changes are necessary for section 4. For the
higher order estimates, we argue as follows. Define ag by d*ag = 0 and

w —w—l—Zszx@— d(Jdgg) + dag.

Then ag satisfies the equations

T

dao/\w:—ZsiXi/\w
=1

,
1 , ,
Pdag=—> _ siPxi+ Z(ai,]j’f — 9;J; %) (ko) da* A da?,
i=1
and the arguments of section 5 follow in just the same way as before.
We will now show that ¢; can be bounded if N(J) is small in the LP
norm for p > 2. Define a; by

w —w—i—Zslxz— d(Jdey) + day,

and dja; = 0 where we are using the subscript 1 to denote the metric
w'. For ease of notation, set

1 . »
¢= Z(ai!]jk — 9;J;")(Orp1) dz’ A da’.
The 1-form aq satisfies
da; Aw' = —spw'? — Z sixi A w'
Pday = (=P sixi);

where, here and from now on, we are always summing ¢ from 0 to 7.
This equation can be rewritten as

1
dyar = ¢ — sow' — (14 *1) > sixie

Write II for the L?(w') projection onto the space HI, of self-dual har-
monic forms with respect to w’. Then we see that

(T4 - =dfa+ (1= (4 ) Y s

(7.5) ¢ = sow' +T1Y _sixi =TT 8ixi,

for 59 = s9(2 + so) and §; = s;(1 + s¢) for ¢ > 1. Now Lemma 6.1 holds
as before if we replace (6.2) by the inequality
1
w2) " <B,

() (e

day N w
w?
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where we are making use of the fact that (da; + Y. s;xi) Aw' = —sow’?
is bounded. We can now replace the inequality (6.4) in the Claim by

(7.6) </M pw2>;+</M %IDWQYQL

Indeed, arguing for a contradiction as in the proof of the claim, we
suppose that we have equality in (7.6). Then «’ and w are uniformly
equivalent and we can essentially ignore the fact that they define dif-
ferent norms. Writing C for a uniform constant which may change
from inequality to inequality we have ||(||z» < C||N(J)||rr from which
it follows that ||TI(]|;2 < C||N(J)||r- Then we see from (7.5) that
[3;| < C|N(J)||L». Hence |s;| < C||N(J)||r» and

(7.7) I3 s

But we also have ||II{||» < C|N(J)|/zr and hence |[(1 — ID){||zr <
C|IN(J)||zp- Then from (7.4) and the elliptic L? estimates we have

day N w
w2

L SCINer,

(7.8) [dax|[r < CIN(J)]|e-

Choosing e sufficiently small, we obtain the contradiction from (7.7) and
(7.8). q.e.d.
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