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SECOND FUNDAMENTAL MEASURE OF GEOMETRIC
SETS AND LOCAL APPROXIMATION OF
CURVATURES

DavID COHEN-STEINER & JEAN-MARIE MORVAN

Abstract

Using the theory of normal cycles, we associate with each geo-
metric subset of a Riemannian manifold a —tensor-valued— cur-
vature measure, which we call its second fundamental measure.
This measure provides a finer description of the geometry of sin-
gular sets than the standard curvature measures. Moreover, we
deal with approximation of curvature measures. We get a local
quantitative estimate of the difference between curvature mea-
sures of two geometric subsets, when one of them is a smooth
hypersurface.

1. Introduction

In his article Fuler characteristic and finitely additive Steiner mea-
sures [26], John Milnor raises the following question: “In what sense
do two sets have to be close to each other, in order to guarantee that
their curvature measures are close to each other?” Before we address
this question, let us briefly review the history of curvature measures.

Defining and studying the curvatures of singular spaces goes back to
Steiner (1840) in the convex case (see [30] for instance). Given a convex
body K of the Euclidean space E™, he showed that the volume of the
parallel body of K at distance ¢ is a polynomial of degree n in e. When
the boundary of K is smooth, the coefficients of this polynomial are, up
to a constant depending on n, the integrals of the k~*-mean curvatures
of the boundary of K, that is the symmetric functions of its princi-
pal curvatures. Thus, these coefficients, called Quermassintegrale by
Minkowski, are good candidates to generalize curvatures to the case of
convex hypersurfaces, without assuming any regularity condition. The
tubes formula, proved by H. Weyl in 1939 [32], states that this inter-
pretation of integrals of curvatures in terms of the volume of parallel
bodies also holds if one drops the convexity assumption but assumes
smoothness, provided ¢ is small enough.

In 1958, H. Federer made a breakthrough in two directions [14]:
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e He defined a large class of subsets, including smooth submanifolds
and convex bodies, for which it is possible to define reasonable
generalizations of curvature: the subsets of positive reach. His ap-
proach consists again in considering the volume of parallel bodies.
Basically, he observed that the key point in the tubes formula for
both the smooth and the convex case is that the orthogonal pro-
jection on the studied subset is defined in a neighborhood of it.
Subsets of positive reach are defined to be the ones for which this
holds.

e He showed that one could actually associate with each subset K
of positive reach in E™ and each integer k£ < n a measure on E",
called the k7% curvature measure of K. When K is a smooth
submanifold, its k=" curvature measure evaluated on a set U is
nothing but the integral of the k~** mean curvature of K on U.
Curvature measures thus give much finer information than the
Quermassintegrale since they determine, in the smooth case, the
k" mean curvatures at every point of the subset.

Unfortunately, Federer’s approach could not handle some simple objects
such as non-convex polyhedra. The next step has been accomplished
by P. Wintgen and M. Zéhle, [33], [36]. These authors noticed that
in the smooth case, curvature measures arise as integrals over the unit
normal bundle of the submanifold of (n—1)—differential forms on STE"
that are invariant under rigid motion. The geometry of a submanifold
is thus contained in the current determined by its unit normal bundle.
Now as they showed, for certain union A of subsets of positive reach, a
suitable generalization of this current can be defined, which they called
the normal cycle N(A) of A. As a consequence, curvature measures
can be defined for such subsets by integrating corresponding differential
forms. One important property of the normal cycle is additivity: it
satisfies

(1) NAUA)=N(A) + NA) - NANA),

whenever both sides are defined. In particular, the normal cycle of a non
necessarily convex polyhedron can be computed from a triangulation of
it by applying the inclusion-exclusion principle to the normal cycles of
the simplices of the triangulation. Finally, J. Fu [19], [16], [17] showed
that normal cycles could be defined for a very broad class of subsets
which he called geometric subsets. In particular, semialgebraic sets,
subanalytic sets and more generally definable sets are geometric (see
[20] and [5], [6] for the last point).

The line of research proposed by J. Milnor has already received some
attention in the past. The problem of continuity of curvature measures
first appeared in the context of convex subsets of E”. It could be proved
that if a sequence of convex bodies K, has a Hausdorff limit K, then
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the Quermassintegrale of K, converge to the ones of K. Using integral-
geometric considerations, tight estimates can even be obtained for the
difference between the total mean curvature of K,, and the one of K.
But continuity with respect to the Hausdorff topology does not hold
for smooth submanifolds (resp. subsets of positive reach), unless one
assumes additionally that the curvatures of the sequence of submanifolds
are uniformly bounded from above (resp. that the reach of the sequence
of subsets with positive reach is bounded from below) [14]. Under these
assumptions, estimates of differences of curvature measures are known.
Also, a convergence theorem has been proved by J. Fu [18] for a sequence
of triangulated polyhedra inscribed in a smooth surface and tending to
it for the Hausdorfl distance, under the assumption that the fatness
of the triangulations is bounded from below. This theorem relies on
the compactness theorem for integral currents; it does not give any
quantitative information about the approximation.

The contribution of this article is twofold:

1) First of all, remark that the k*’-mean curvatures of a smooth
hypersurface determine principal curvatures but not principal di-
rections. In order to get a finer description of the geometry of
singular sets, it is natural to look for a generalization of the sec-
ond fundamental form of an immersion to the singular case. This
is the goal of the first part of this article, which considers geo-
metric compact subsets of a Riemannian manifold M and relies
on normal cycle theory. Mimicking the construction of the invari-
ant (n — 1)-forms, we define a (0, 2)-tensor valued (n — 1)-form
on the horizontal space of M, that we plug in the normal cycle of
the considered geometric subset K. In this way, we create a new
curvature measure which we call the second fundamental measure
associated to KC. Of course, when IC is smooth, we get the integral
of the second fundamental form.

2) The second part of this article deals with approximation of curva-
ture measures, including the second fundamental measure defined
in the first part. Apart from the case of convex subsets or the
one of subsets with positive reach, no quantitative estimate of
the difference between curvature measures of two “close” subsets
seems to be known. In this article, under a certain condition, we
bound the difference of the curvature measures of two geometric
sets when one of them is a smooth hypersurface. In particular,
we refine the result of J. Fu by giving a quantitative version of it.
More precisely, we give an estimate of the flat norm of the differ-
ence of the normal cycle of a compact n-manifold K of E™ whose
boundary is a smooth hypersurface and the normal cycle of a com-
pact geometric subset K in terms of the mass of the normal cycle
K, the Hausdorff distance between their boundary, the maximal



366 D. COHEN-STEINER & J.-M. MORVAN

angle between the normal to K and the “normals” to IC, and an
a priori upperbound on the norm of the second fundamental form
of the boundary of K. We thereby give an answer to the question
raised by J. Milnor in the special case where one of the two sets is
smooth.

The paper is organized as follows: after a brief summary of the needed
background and notations, we define in Section 3 the tensor h that gen-
eralizes the second fundamental form of a hypersurface. We give its
explicit expression for polyhedra. Section 4 is devoted to the approxi-
mation theorem abovementioned. Finally, Section 5 gives corollaries in
the case where a smooth surface of E? is approximated by polyhedra.

The authors would like to thank J. Fu for many discussions, A. Bernig
for interesting remarks on a previous version of this paper, and O. Gil
Medrano for her help in Lemma 4 of this paper. This work has been
done when the second author was in I.N.R.I.A. Sophia Antipolis (Projet
GEOMETRICA). He takes this opportunity to thank J.D. Boissonnat
and his colleagues for their hospitality.

2. Background and notations

2.1. A brief survey on the geometry of a tangent manifold. We
refer to [22] [23] for details on the construction and the main properties
of the second tangent bundle of a manifold. In this article, M denotes
a smooth n-dimensional oriented manifold, (TM > M) its tangent
bundle and (TTM ™' TM) its second tangent bundle. We shall deal
with the following diagram:
TT™M 2 TM
Trm | I
™ = M

and the following exact sequence of vector bundles over T'M:

0 — TM x 30 TM 5 TTM 2 TM x5y TM — 0,

where ¢ is the natural injection defined by

. d
i(uy,ug) = E(Ul + tuz)|i—o,

and j = (mpp,dm). J =i o j is an almost tangent structure of T'M,
(J?> = 0). The vertical bundle, that is, the kernel of j is denoted by
V(M). If m is a point of M and w, z € T, M, z¥ = i,,(2) is the vertical
lift of z at w. In the next paragraphs, we shall use the canonical vertical
vector field C associated to the one parameter group of homotheties
with a positive ratio acting on the fibers of T'M.
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Suppose now that M is endowed with a Riemannian metric (,), and
let V be its Levi-Civita connection. This (linear) connection can be
considered as a right splitting of the exact sequence, that is, a bundle
morphism

v:TM xpTM — TTM,
such that
jory=1Idryx,, M-

If w,z € TpuM, 2" = ~4,(2) is the horizontal lift of z at w and
Hy(M) = Im(y(w,.)) is the horizontal bundle at w. At every point
z of TM, one has:

T.TM = V.(M) & H.(M).

We denote by h : TT M — TTM the horizontal projection on the hori-
zontal bundle H, and by v = Id—h the vertical projection on the vertical
bundle V' (M).

We also endow the bundle (wpps : TTM — TM) with the (Rie-
mannian) Sasaki metric (still denoted by (,)), such that the vertical
subbundle and the horizontal subbundle are orthogonal, and with the
almost complex structure F', (F? = —Id) defined by

FJ = h,
Fh = —J

compatible with the Sasaki metric. The 2-form © = (., F.) on T'M is
the canonical symplectic structure. It is exact, £ = da, where « is the
Liouville form, that is the 1-form dual to F'C, in the duality induced by
the Sasaki metric.

In our context, it will be useful to deal with the connection forms,
and to use the Maurer-Cartan formalism. We introduce the bundle
T M = TM\{0}, that is, the tangent bundle without the 0-section. Let
zm # 0 be a point of 7M. Let (ey,...,e,) be any orthonormal frame
T, M, such that e, = II%H We denote by (e, ...,e)) the dual frame.
If w denotes the (Levi-Civita) connection form on 7'M (considered as a
vector valued one form taking its values in the Lie algebra of SO(n)),
the Maurer-Cartan structure equations can be written as:

de; :wz Aej, dwf :wawi—i—Qg,
where Qg are the curvature forms of the connection, related to the cur-
vature tensor R of M by:
Q(X,Y) = (R(X,Y)es, ), VX, Y € TM.

Now we take the pullback of the 1-forms e by m. We get n covectors
(01,...,0,) on TM, null on the vertical bundle V/(M): 6; = ©*(e}), Vi.
One has: VXY € TM,

de;(X?,Y") =0,
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(2) do; (X", Y") = (w] Ae)(X,Y),

do;( X", YY) =o0.
We define the 1-forms wg on 7M by

w! (X") = w! (X),w! (X) = 0,VX € TM.
Finally, we have: df; = wg N
Associated to this frame, we define the n 1-forms ©; = F*(0;), Vi.
These forms are null on the horizontal bundle H (M), and satisfy: ©;(ej)
= ;5. One has:

(3) dO; = @] N Oy, + R,
where R? are the 2-forms on 7M defined at z by:
RNX,Y) = (R(dn(X),dn(Y))z, €;).

2.2. The Lipschitz-Killing (n — 1)-forms on 7M. With the nota-
tions of the previous section, consider the (n — 1)-form

(91 + t@l) ARRIAN (enfl + tgnfl)z-

When z varies, this defines a differential (n — 1)-form on 7M. This
expression can be considered as a polynomial in the variable ¢; (remark
that the coefficient ¢y, of t* is a differential form which does not depend
on the orthonormal frame (ej,..., e, = ﬁ)) Trivially one has:

dp = > (=DM ) A Ay A Oy A+ A Oy
K

Classically, for 1 < k < n — 1, the (n — 1)-form ¢y on 7M is called
the k- Lipschitz-Killing curvature form. Usually, these forms are only
defined on the unit tangent bundle STM. With the Liouville 1-form «
and the symplectic 2-form € they generate the C*°(M) exterior algebra
of differential forms on ST M invariant on each fiber by the group of
rotations.

In the following, the bundle A(TM) of exterior forms on T'M will
be endowed with its classical comass norm induced by the Riemannian
structure on TM: if ® € A¥(TM),

|®|| = sup {(®,Z), Z unit simple k-vector of T, T M }.
z€TM

The comass norms of the Lipschitz-Killing forms are bounded as follows:

Proposition 1. Let M be a n-dimensional Riemannian manifold.
Then,

e cach invariant form ¢y satisfies ||or| = 1;
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e moreover, if the norm of the curvature tensor of M is bounded by
a positive constant R, then

ldorll < C(k,n, R),

where C(k,n, R) is a positive constant depending on the dimension
and on the bound R.

Proof of Proposition 1. The first item is trivial. For the second one, one
has:

doy, = Z :I:d[ew(l) AN Qﬂ(k) N ®7r(k+1) JANREEIAN Gw(n—l)]
= Z :|:97r(1) VARV d@w(j) JARERWAN Hﬂ(k) A\ @ﬂ(k+1) JARIERAN @W(n,l)

F ) Oy A A Ay A Oy A
NAOqr iy N+ N On(n1)-

To bound ||d¢g||, we use equations (2) and (3), replacing the terms
df; and dO; by their values in terms of ] and R?. We get a sum of
indecomposable forms which are the wedge products of 6;, ©; and &7,

(the terms involving w{ ,1 <1i,j <n—1cancel). The conclusion follows.
q.e.d.

Remarks.

1) In particular, if M is flat, (R = 0), then we deduce that d¢y has an
expression of the type Y £6; A--- A wf-nikil ANO; N ANOy_1.
The norm of each decomposable term of this sum is 1, each term

appearing at most k + 1 times, and the terms of type >  +6;, A
AN,  ANO;  A---AOy_1 appearing k+1 times. We deduce
that

|dorl| =k +1,Vk <n—2;
|[dgn—1]| = 0.

2) In the case where the manifold is the three dimensional Euclidean
space E3, we get three 2-forms on 7E3. We give here their ex-
plicit expressions in the standard frame (x1,x2,x3,y1,Y2,¥3), at
any point (m,y) such that ||y|| = 1:

o4 = yr1dxro A drs + yodrs A dxy + ysdri A dxo;

bg = y1dyz2 A dys + ya2dys A dy1 + ysdyr A dys;

o1 = y1(dza A dys + dza A dys) + yo(dzs A dyr + dys A dxy)
+ y3(dzy A dys + dyy A dzo).
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The norm of these forms is attained on STE3, from which we
deduce that

[pall = llggll = llonll = 1,
ldoall =1, lldggll =0, [[denll = 2.

3) Suppose now that the manifold is the unit sphere S3. In this case,
the curvature form is non zero, and satisfies:

Qg =0; \ 9j.
We deduce by a direct computation:

l6.all = lléll = llgwll = 1,
ldoall =1, lldégll =2, Ildaw] = 2.

2.3. Normal cycles of geometric subsets. We denote by D™ the
R-vector space of C'*° differential m-forms with compact support on
M™, endowed with the C'™ topology. The topological dual of D™ is
the R-vector space Dy, of currents on M"™. In the following, we can
assume that all the currents we consider have a support included in a
fixed compact subset of TM. The mass M and the flat semi-norm F
are defined on D,, as follows: for every T" in D,,,

M(T) = sup{T(¢),¢ € D™, [l¢]| < 1};

F(T) = sup{T(¢),¢ € D™, [|¢|| < 1,[|dg|| < 1}.
Using Hahn-Banach theorem, it can be proved [15] that

(4) F(T) = nf{M(T — S) + M(S), S € D1 }.

The currents we deal with in the theory of normal cycle are closed
integral m~currents, that is, rectifiable currents whose boundaries are
rectifiable. They are supported in the unit tangent manifold ST M,
which is canonically endowed with the contact structure defined by the
restriction of the Liouville form «. If T is a (n — 1)-current supported
in STM, T is said to be Legendrian if it cancels « and the symplectic
form €, that is

Yo € D"2(STM), (T, ¢ A a) =0,

Vo € DV3(STM), (T, ¢ A Q) = 0.

As explained in the introduction, the curvature measures of a smooth
submanifold arise as integrals of the Lipschitz-Killing forms on its unit
normal bundle. The normal cycle is a closed current generalizing the
unit normal bundle for a certain class of subsets, called geometric sub-
sets by J. Fu [17]. J. Fu’s approach is rather indirect: he exhibits
certain properties any reasonable definition of a normal cycle should
satisfy, and then shows that there is at most one current satisfying the
properties. Geometric subsets are the ones for which this current exists.
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If the ambient space is a Euclidean space, the fundamental result of J.
Fu can be stated as follows [17]:
Let I be a compact subset of E”. Consider the function

ic : STE" — R,
defined by
ix(m,&) = lir% lir%[x(lC N B(m,r) N {p such that (p —m).£ < t})[I=F2].
r—0s—

Remark that when K is a stratified set, ix(m,&) is just the index of
m as critical point of the height function defined by £. Moreover ix may
be not defined, but if ix exists and Y cgn ¢(m, )i (m, &) is finite for
almost every ¢ in S"~!, J. Fu proved the following:

Theorem A. Let K be a compact subset of E™. There exists at most
one closed compactly supported integral (n — 1)-current N(K) of STE™
such that

e N(K) is Legendrian,
e for all smooth functions ¢ in STE",

NUC)@(m,dusn) = [ 3 otm,€ix(m. g

meEn

Following [20], any compact subset A of M such that N(A) exists is
said to be geometric, and N(A) is called its normal cycle.

The main property of the normal cycle is its additivity. More pre-
cisely, if A, A', AN A" are geometric, then A U A’ is geometric and
equation (1) is satisfied.

Let us examine classical examples:

e The normal cycle of a smooth submanifold of M is nothing but
its unit normal bundle.

e If 0 is a k-simplex of E™, N(o) is its normal cone, that is the
integral closed current of E® x $"~1 defined by the (closed oriented)
(n — 1)-submanifold of E® x S"~! given by

S = {(m,€) € E" x S"! such that (mp,£&) <0,Vp € o}.
e To compute the normal cycle of a polyhedron P of E™, we de-

compose it in simplices, and we use (1). The resulting current is
independent on the decomposition.

2.4. Lipschitz-Killing curvature measures of a geometric sub-
set. The k"-Lipschitz-Killing curvature ./\/l’kC associated to a geometric
subset IC of a Riemannian manifold M is defined by:

ME(B) = (N(K), Xn—1(5) k)
for all Borel subsets B. From now on, and to simplify the notations, we
will put
<N(K:)7r*1(B)a ¢> - <N(K")7X7r*1(B)¢>'



372 D. COHEN-STEINER & J.-M. MORVAN

In other words and roughly speaking, N (K) denotes “the part

Xr=1(B)
of the normal cycle which lies above B”. Moreover, we put /\/l’,f(lC) =
M (K). The explicit expression of these measures can be given in par-
ticular cases:

1) Suppose that the geometric subset is a compact domain K whose
boundary is a smooth compact oriented hypersurface W:

z: W — M,

is a codimension one (isometric) immersion of an (oriented) Rie-
mannian manifold W into an (oriented) Riemannian manifold M.
For simplicity, we identify as usual W and its image by x. Let &
be the unit normal vector field compatible with the orientation.
We will use the following notations:

h:TW x TW — C™(W)

denotes the second fundamental form of the immersion x in the
direction &, and A¢ denotes the Weingarten endomorphism (in the
direction &). One has with obvious notations, VX,Y € TW,

VxY = VY + h(X,Y)E, Vx&=—AcX.

We denote by Zj = {\i, ..., \i, } the k=t -elementary symmetric
function of the principal curvatures of W, and by dvy the volume
element of W. Then, if B is any Borel subset of M (see [31] for
instance):

ME(B) = / Spdowy,
WnB

where dvyy denotes the volume form of W.

2) Suppose now that the geometric set is a polyhedron P of E™,
(endowed with a triangulation —the results will not depend on
the triangulation—), that is the underlying space of a linearly
embedded simplicial complex, supposed finite. To evaluate the
Lipschitz-Killing measures of P, we begin to evaluate them on the
elementary simplices. If ¢! is a [-simplex of E™ then one gets, for
every k,

Moy =Y Voly_g(0"F).("F, 0",
on—kCol
and for any Borel subset B of W,
MI(B)= Y Vol,_y(0" N B).(" 7 o),
on—kcol
where (07, 0')* denotes the exterior dihedral angle.
The Lipschitz-Killing curvatures of a polyhedron P are evalu-

ated by considering P as a union of simplices, and applying for-
mula (1). These results are consistent with [9].
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3. The second fundamental measure

3.1. The fundamental (n — 1)-form. In this section, we introduce a
(n — 1)-form on 7 M depending (bi)linearly on two horizontal vector
fields. Let H be the (n — 1) dimensional subbundle of the horizontal
bundle H (M) orthogonal to FC":

H=FC'H.
We build a tensor field of type (0, 2)
h:HxH— A"1TM,

acting on H and taking its values in the space of differential (n — 1)-
forms on 7 M, in the following way: let U be an open neighborhood of
a point z € 7M. One more time, let (eq, ..., e,) be a local orthonormal
frame on U, such that e, = ﬁ Let 0; = 7*(e}),1 < i < n. For two

fixed vectors e;, # en, ej, # en, we define the (n — 1)-form
hygjo = (—1)" 7001 A A G0 A A GR A O,.

When the two indices g, jo vary, the previous formula defines a tensor
of type (0,2), independent of the orthonormal local frame (eq,...,e,):
if X,V e H, X =Y Xiel v ="' Yiel, then

h(X,Y)=> X'Y7h,;.
i7j
To simplify the notations, we put h(X,Y) = h*Y,

Remark. Here is a global construction of the same tensor h: let
X,Y € H. Let x be the (n — 2)-form on H defined by

Tx Uty ..oy up—2) = det(FC, X, uy, ..., up—2).
Let Y* be the 1-form dual to F'Y in V(M). Then,
h:HxH—A"'TM,

satisfies
h(X,Y)=7x AY™
We give

Definition 1. The form hXY is called the fundamental (n — 1)-
form associated to the couple (X,Y).

The tensor h has an interesting property involving the symplectic
structure 2 on T'M:

Proposition 2. For every X,Y in H, there exists a (n — 3)-form
XY on TM such that:

hX,Y _ hY,X — QA ‘I/X7Y.
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Proof of Proposition 2. Using the linearity, we shall deal with an or-
thonormal frame 6*, ©7. The only interesting case occurs when we con-
sider two indices h;,;, with ig and jo different of n. In this case,

hiyjo — Bjgio = (—1)”*1'091/\.../\920/\.../\gj/\.../\gh/\@jo
— (=1L A AGION - AGT A A O A By,
= £(0" A By + 607 N Ojy) A (Aketiy jon0")
=+QA B A---AH).
q.e.d.

The following proposition gives a bound on the norm of h and dh.
The norm ||.|| is the usual one, and the norm ||.||; is defined by || X||; =
sup(||.X ], [VX]|), where V is the covariant derivative in 7M.

Proposition 3. For all X,Y € H, one has:

o |h5Y| < O, R)||X|||Y ], where C(n, R) is a real constant de-
pending on the dimension of M, and on the norm of its curvature
tensor;

o [|[dh®Y | < Cy(n, R)||X||1||Y |1, where Ci(n, R) is a real constant
depending on the dimension of M, and on the norm of its curva-
ture tensor.

Sketch of proof of Proposition 3. The map
h:HxH— ATM)
defined by h(X,Y) = h®Y is bilinear and C°°; the differential
4 (ATM), || J1) — (AT, L))

is linear and continuous. Using Maurer-Cartan equations, we see in the
local expression of h that the differential of terms of type d©; involves
the curvature tensor of M. The conclusion follows by simple computa-
tions. q.e.d.

Remark. It must be noticed that this construction can be general-
ized as follows: instead of taking two indices g, jo, it is possible to take
an arbitrary number of indices [y,...,[, different to n and to consider
the tensor hy, ;, obtained by taking out the 1-forms 6;, and adding the
corresponding ©;,. In such a way, one constructs new tensors

by =0 A AN A A AGTAOL A AO.

For instance, if we take four indices, and if we plug the resulting tensor
on the unit normal bundle of a hypersurface, one gets an expression
involving its curvature tensor, by Gauss equation. The computation is
left to the reader. An extensive study of such tensors has been done by
L. Brocker and A. Bernig, [6], [5], [4].
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3.2. Second fundamental measure of geometric set. In the same
flavor as 2.4, we give

Definition 2. Let K be a compact geometric subset of M, and X,Y
be any vector fields lying in H. Then, the second fundamental measure
h%’y associated to K in the directions X, Y is defined by

XY
hi" (B) = (N(K), Xr-1(3h™Y),
for every Borel subset B of M.
Here is a remarkable symmetry property of hy:

Proposition 4. Let K be any geometric subset and B be any Borel
subset of M. Then hﬁ’y(B) is symmetric in X,Y .

Proof of Proposition 4. This is a direct consequence of the fact that
normal cycles are Legendrian, and thus cancel the symplectic form €2
restricted to ST M. Using Proposition 2 and its notations,

hi' (B) — he¥ (B) = (N(K), Xp-1(3) 2 A T5Y) = 0.
q.e.d.

Asin 2.4 1. and 2., we can give an explicit expression of h in particular
cases:
1) First of all, suppose that K is a compact domain of M whose
boundary is an oriented (smooth) hypersurface of W. We need to
introduce the Gauss map G associated to the immersion of W:

G:W—TM,
defined by
G(m) = (m,&m).

Using the isomorphism je,, X <, between He (M) x Ve (M)

and T,,M x T,,M, we get:
(gm X Sem) 0 dG(Xm) = ((m, Xpm), (m, —Ag,, (X)).
Proposition 5. One has: VX,Y € TW,
KX, Y)dvy = G*h(X", Yh),

where dvy denotes the volume form of W.
Proof of Proposition 5. Let eq, ..., e, be a local frame of M such

that ep,...,en,—1 are tangent to W and e, is normal to M. Let

(€iy, €jo) be two vectors of this frame, different to e,. One has
G*h(ezho, e?o)(el, ey €n—1)
= h(e?o, e?o)(dG(el), oo, dG(en—1))

= @jo (dG(eio)) = h(eioa ejo)'
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A direct consequence of Proposition 5 is that, for X,Y € H,

one has

G* (b)) = K(dr(X), dr(Y))dvow .

An immediate corollary can be stated as follows: let B be a Borel
subset of M. We have:

Corollary 1. For all X,Y € 'H, one has:
hY (B) = / A(dr(X), dr(Y))doy .
BNW

This is why we call hx the second fundamental measure asso-

ciated with K.

Remarks.

‘h7 'h)7
since the second fundamental form 7 is symmetric; (this last
property can be seen directly by using the fact that the normal
bundle of the hypersurface is Lagrangian in 7TW). In some
sense, it is the infinitesimal version of Proposition 4, which
establishes the symmetry of the second fundamental measure
in the general case.

Suppose now that the ambient space is E™. The canonical par-
allelism of E™ and TE™ allows to identify at each point m, T,,,E™
and E", and at each vector &, € T,,E", He, (E"), Vg, (E™) and
E". Let X, (resp. Y) be a parallel vector field on E", con-
sidered as a horizontal vector field, and let X', (resp. Y’) be
its (orthogonal) projection on the (n — 1)-subbundle H of the
horizontal bundle. If W is a hypersurface of E”, remark that
the restriction of X', (resp. Y') to the unit normal bundle of W
satisfies (using the previous identifications) dr(X') = proy X,
(resp. dn(Y') = prywY). Consequently, Corollary 1 can be
stated as follows:

hi o (B) = / h(prow X, prow Y )dow .
BAW

Moreover, since Y is parallel, Vpr, xY =0 (where V de-
notes the Levi-Civita connection on E"). If we decompose the
restriction of Y to W in its tangent and normal component,

Y =prryY + ayé,
we get:
h(prow X, prowY) = —(prow X) (ay).

In other words, hﬁ’Y(B) measures the integral on W N B of
the variation of ay in the direction prpy, X.
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2) Now, we assume that P is a n-dimensional polyhedron of E". We
shall evaluate hg’y for any vector fields X,Y € H. Since the
normal cycle N(P) can be decomposed as a sum of elementary
currents, the support of which lies above each simplex of dimension
1,1 < i < n-—1, we shall evaluate hg’y above each simplex. If ok is
any k-dimensional simplex of P, the support of N(P) lying above
o® is the product of ¢* by a portion of a vertical (n — k — 1)-
sphere. In particular, the support of N(P),n-2 is the product
0" 2 x C,, where C is a portion of circle. Let (eq,...,e,_2) be an
orthonormal frame field tangent to ¢™”~2. Any point of 6"~ 2 x C,,
is a couple (m,e,_1), where m is a point of 0”2 and e, 1 is a
unit vector orthogonal to ™ ~2. With these notations, we have the
following:

Theorem 1. For every Borel set B C E":

hg’Y(B) = Z <X? e?n_1)><}/’ e?n—1)>a
en—2CHP o"—2NBxC

where e’(ln_l) denotes the horizontal lift of e(,_1).
Sketch of proof of Theorem 1. At each point of STE"™, the form
hXY is the wedge product of an (n — 2)-form tangent to the hor-
izontal bundle, and a 1-form tangent to the vertical bundle. Con-
sequently, when we plug it in the normal cycle of P, the only non
null contribution is given by the (n — 2)—simplices of dP. The
explicit computation trivially gives Theorem 1. q.e.d.

4. An approximation result

In this section, we shall compare the second fundamental measure
(resp. curvature measures) of a compact domain K of a n-dimensional
Riemannian manifold M whose boundary is a (smooth oriented) hy-
persurface W and the second fundamental measure (resp. curvature
measures) of a geometric compact subset K with boundary W close to
it. The result we obtain can be considered as a quantitative version
of the convergence theorem of J. Fu, proved for sequences of triangula-
tions, [18]. Remark that we shall not use the compactness theorem for
currents, which is a crucial tool in [18]. We are not able to prove our
result in whole generality: for a technical reason, we need a restrictive
condition on a “small part” of the boundary W of K. We introduce

Definition 3. Let I be a subset of the n-dimensional manifold M.
K is said to be weakly regular if there exists a point of K having a
neighborhood in K diffeomorphic to a n-dimensional half space.

For instance, a codimension one polyhedron is weakly regular. This
definition may seem somewhat artificial, but we will need it in the proof
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of Theorem 2, when we apply the constancy theorem for integral cur-
rents.

4.1. Fine tubular neighborhood of a hypersurface. Since W is
smooth, there exists a tubular neighborhood U of W on which the or-
thogonal projection pry, on W (or simply pr if there is no possible
confusion) is well defined. Such a neighborhood U will be called a fine
tubular neighborhood of W in M. For every point p in U, there exists a
unique point pr(p) € W that realizes the distance from p to W. If F is
the geodesic foliation defined on U orthogonal to W, the point pr(p) is
the intersection point of W with the geodesic ~? : [0,1] — U tangent to
F and such that 4?(0) = p,~+?(1) = pr(p). Since 7? hits W orthogonally,
one has 4P(1) = d(p, W)&,r(p) (where & is the outward unit normal to
W, and d(p, W) denotes the distance from p to W). For any t > 0 (resp.
t < 0), we denote by W; the hypersurface parallel to W at distance t
of K (resp. the complement of K). If ¢ is small enough, W; is smooth
and included in U. We denote by 7; its second fundamental form. If B
is any Borel subset of U, we shall consider the domain B C U spanned
by the geodesics of F begining at B and ending on W. We need the
following geometric quantities. We denote by dp the Hausdorff distance
between B and W, by |7y, (p)|| the supremum of the (operator) norm
of the second fundamental form of W; on pryy, (B).

Definition 4. A subset A of M is said to be strongly close to W
if
1) A lies in a fine tubular neighborhood of W,

2) the orthogonal projection pr defines an homeomorphism from A
onto W.

From now on, we assume that I and K are such that W is strongly
close to W. The main quantity involved in the study of the couple K
and K is the angular deviation. We give now a precise definition. We
need some notations: If (p,n,) is a point of spt N(K), we denote by n
the vector field parallel along the geodesic v* and whose initial value is
Np-

Definition 5. Let p € W. The angular deviation between p
and pr(p) is the maximal angle a;, between np,,) and &), when
(p,np) € sptN(K). If B is any Borel subset of W, the angular de-
viation between B and pr(B) is the real number ap = sup,cp a;.

4.2. A homotopy between normal cycles. We keep the notations
and definitions of the introduction of Section 4 and Subsection 4.1. By
rescaling the metric, one can always assume that the norm of the sec-
tional curvatures of M is bounded by 1. To simplify our computations,
we shall use this convention in the following theorem and its corollaries.
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Theorem 2. If W is weakly regular and strongly close to W, then
for any (connected) Borel subset B C W,

FN(K)jrgm = NE) i, 5 01)
< c(n)(6p + ap)[€®B (1 + hyr, (5) "
- (M(N(K)r01) + M(ON (Kj01)))
where ¢(n) is a constant depending on the dimension n of M.

In particular, if the ambient space M is the Euclidean space E™ then
6BthrW(B)H <1 and

F(N(K)irpm — N(K)\TWW(B)M)

201+ 1 pry (3]
< w

- (M(N(K)rpm) + MON(Kirpnr)))-

The rest of this section is devoted to the proof of Theorem 2. Let
U be a fine tubular neighborhood of W in which W lies. Consider the
map f defined by the following diagram:

ToM Lo spt N(K)
| TG
v B ow
To simplify the notations, we define the (n — 1)-current D by D =
N(K)irym and E by E = N(K)\Tpr(B)M'
Lemma 1. One has:
fiy(D) = E.

Proof of Lemma 1. We apply the constancy theorem ([15]) to f, N(K)
and N(K): since the support of the image by f of N(K) is included in
the support of N(K), there exists an integer ¢ such that

f4s(N(K)) = eN(K).

We need to prove that ¢ = 1. First of all, by a classical property of
(proper) smooth maps between currents, (see [15], p. 359), one has:

S (N(K) p-10a)) = f1(N(K)))a,
for every Borel subset A of Ty M. Thus

(5) Js(N(K) p-1(a)) = cN(K)ja.

We need to prove that c=1. By assumption, WV contains a point having a
neighborhood (in K) diffeomorphic to a half space. In this neighborhood
there exists a neighborhood U whose closure is diffeomorphic to a half
ball. The subset K is the union of U and the closure of K\U. Since U,
K and m N U are geometric, one can apply the additivity property
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of the normal cycle ([17]), and deduce that the normal cycle of K over
UNW is the current associated to the unit normal bundle (of dimension
1) of U N W. Since the restriction of pry, to U is one-one onto pry, (U),
the restriction of f to the support of N (k)| s is (smooth and) one-one
onto N(K)|TerMM, and

[i((N(K)imy) = N(K)|Ter(u>M-
Taking A = T}, @M in (5) we deduce that ¢ = 1. q.e.d.

Now, we define a homotopy g between f and the identity. We put
g:TsM x [0,1] — TM,
with
9(Xa,t) = (1 = 1) Xoe () + e 1),
where £ is the unit vector field tangent to v* which extends the outward

normal to W at v*(1), and X is the vector field over v* obtained by
parallel transport of X,,. We now use g to bound the flat norm of D — E.

Proposition 6.

F(D —-E)

< (D) + M(@D)) sup sup | (|91 a2, ).
sp

Proof of Proposition 6.
Let C be the n-current defined by:

C = gy(D x [0,1]).

The homotopy formula for currents (cf. [15], 4.1.9.) gives immedi-
ately

9C = [(D) — D — g;(0D x [0,1]).
Thus by lemma 1:
D — E =0C — g4(0D x [0,1]).
By definition of the flat norm,
F(D - E) <M(C) + M(gy(0D x [0,1]).

To evaluate M(C') and M(g3(0D x [0,1])), we use the fact that D is
representable by integration. By a computation similar to ([14] 4.1.9.),
we have:

M(C) = M(gy(D x [0,1]))

<[ M) sw Q‘H)sw (ldge™ e

[0,1] spt Dx{t} spt Dx{t}
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and
M(gy(0D x [0,1]))
< M(0D)  sup ‘_g sup ([|dgq[|"~?)dt.
0,1] spt Dx{t} Il 4t | spt Dx {1}
Proposition 6 follows. q.e.d.

Now we need to evaluate each term of the right hand side of Propo-
sition 6. To evaluate H%H(th), we remark that for a fixed z € U, &X
and % lie in H(M) C TTM, since they are parallel vector fields along
the geodesic y*. Using the Sasaki metric and the isometry between
H(M)7<t) and T,y M, we deduce that at each point ¢,

1% <24+l
(Xa,t)
where [, = d(z, W). Hence:

2

Lemma 2. supg,p H%H <dép+ ag.
To evaluate ||dg;||, (for a fixed t), we write

gt = g1t + g,
with g14(Xy) = t§e(4), and goy(Xz) = (1 — 1) Xje(y)-
One has g1:(Xz) = G-y © exp‘tlvlvl (x), where [ is the (signed)

. L . . .
distance from z to W, exp, " is the normal exponential map with

respect to W, (see below), and for all t1,t2 € R, G4, 4,) : Wi, — T'M is
the Gauss map, defined by Gy, 4,)(m) = t2§,, with the same notations
as before. The norm of its differential satisfies

1dG (1, 1)1 = 1+ 3] P, ()1
On the other hand, for u € R, expiwﬁ : Wy — M is the normal expo-
nential map associated to W; defined by
expiwi (m) = exp,,(uém), Ym € Wi,
% is the normal of W; at m towards W. Assume

. €L . . 5 .
that u is small enough so that exp, " takes its values into B. Using
classical comparison theorems, (see [24] for instance), one can bound

where ém =

. . 1 . .
the norm of the differential of exp, """ (restricted to pryy, (B)). Since we
have bounded the sectional curvatures of M by 1, one has:

L .
ldexpy || < |coshu + ||A (B)llsinh .

Prw,
Letting

Ep = sup sup (|coshu+ ||h

|t|<65 0<u<t prov, ()| b))
0B V=HU>
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we have: N
|dexpy™ || < €,
at each point of pr(B) if u < |t|. Remark that

&g < <1 + sup thrwt(B)|> 663'
[tI<déB

Moreover, when 0p is close to 0, g is close to 1. Since ||dgit]| <
1dG (1-t)1,0)
Lemma 3.

1
ldguell < (1 + 6% pr,y, (3)1*)2EB < (L + 0B lipe,, (3) ) E-

On the other hand, go; is proportional to the parallel transport along
the geodesic foliation F. If P is a geodesic of F parametrized by the
arc length, we denote by 7¢(7?) (or simply 7!) the parallel transport
along 7? between 0 and ¢. With these notations, go;(X,) = (1 — t)7=
where [,, denotes the distance from x to W. Putting v (p) = 7P (t), one
has:

L
[lld exp|tlv|vl || we deduce

Lemma 4.
ldgat|| < c(n)Epdp(1+dpB),
where c(n) is a constant depending only on the dimension n of M.
Sketch of proof of Lemma 4. Let veT,M, 78(v) = 7§(7?)(v) € Ty M.
We need to bound
(dr")y : Ty(TM) — Ty (TM).
Consider the decomposition T,,(T'M) = H,(M) & V,(M). Let ¢ €
T,TM. Write
¢=Ul+vy,
where UI? denotes the horizontal lift of a vector Uy, € T;,M, and V) the
vertical lift of a vector V,, € T,M. If v(s) is a curve on T'M such that
v(0) = v and v/(0) = ¢, then (Vagv)szo =V,
Now consider the curve w on 7'M defined by:
w(s) = 15(7) (u(s)).
Remark that (dr!),(¢) = w’(0). We introduce the vector field:

Co(t) = (V aw)s=0 = T((V 2 0)s=0).

One has
(dm)u(¢) = (dy)p(Up)" + (7' (Vp) + C5 (1))
C,§ satisfies the following differential equation:

V.o C5(t) = = R(&o, 0 (d1)p(Up)) 7 (v).
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L
Since v¢(x) = 7(t) = exp; ' where [ is the distance between  and

W, and since the norm of the curvature tensor R is bounded by %, we
deduce a bound k(B,(¢) on ||V3£Cz€(t)” in terms of &g, dp and ||C].
Hence

d
%Hcé(t)HQ = 2(C5(1), V2 C(1)) < 2k(B. OG5 ().
So by integration:
IG5 (®)I* < 2tk (B, ) sup IG5 ()1,

from which we deduce the bound given by Lemma 4. q.e.d.

Since g = g1 + g2, we obtain the (rough) bound:
Proposition 7.
ldgell < e(n) (1 + [Bpe,,, ()€’ (1 + 05 Figr, ()]l + 0(1 + 65)).

Using the work of M. Zambon [34], we obtain immediately an upper-
bound of the norm of the second fundamental form of W; in terms of
the second fundamental form of W:

1pryy, B) | < ey ()| + (22 4 2 i, ()P,
from which we deduce:
Proposition 8.
ldgell < e(n)eB (1 + ey, ()"
where c(n) is a constant depending only on the dimension n of M.

Combining this proposition with Proposition 6 and Lemma 2, we de-
duce the first part of Theorem 2. Suppose now that M is the Euclidean
space E". The computations can be simplified since expjw(m) =m+
U, ||dexpiv || < l—i—uthrW(B)H and &g < 1+5BthrW(B)”)- Under the

. . 1
same assumptions, B satisfies g ||l (5| < 1, HdprugH < -

_ L+ (| Py Il \n— 2(1+ ||y D \pn—
and g™ < (1= 0) + Wiggi o)™ < (i on)™ )

from which we deduce the second part of Theorem 2. q.e.d.

4.3. Approximations of curvatures. Once we have bounded the flat
norm between normal cycles of K and K, and the norm of the Lipschitz-
Killing forms, the fundamental (n — 1)-form and their exterior deriva-
tives, we deduce the following approximation result (the norm of the
sectional curvatures of the ambient manifold M is still bounded by 1):
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Corollary 2. Under the assumptions of Theorem 2, for every k,0 <
k<n-—1, we have

MG (B) = M (pr(B))]
< O(n,k)(8p + ap) €8 (1 + Ay, ()]
- (M(N(K)jzpnr) + MO(N(K)750)))-
Moreover, if X,Y are vector fields of H,
(™, B) = (b priy (B))|
< Cr )X N1 lY 1(55 + aB) (€28 (1 + ey, ()"
- (M(N(K)7, M) + M(O(N (K)150)))
where C(n,k),Ci(n) are constant depending on the dimension of the

ambient manifold.

Roughly speaking, this corollary can be interpreted as follows: if W
is strongly close to W and

e W and W are close, (that is dyy is small);

e W and W have close normals, (that is ap is small);

e the norm of the second fundamental form of W is not too big, (that
is [|Aw || is not too big);

the “total curvature” of W is not too big;

then, W and W have close curvature measures.

Indeed, the mass of the normal cycle of K is in a certain sense a
measure of the total curvature of W. For instance, if W is a smooth
surface in E2, then

M(N(IC)):/ (14 k2 + k2 + k2K2) Y 2duyy,
w

where ki, ko are the principal curvatures of W. The requirement that
the mass of the normal cycle of K is not too big cannot be removed as
the following example shows:

Take W C E3 be a smooth surface containing a (flat) square. Let
W be the surface obtained from W by adding conic spikes with height
1, slope 6, and centered on the vertices of a grid of size n contained
in the square. We assume that 2u < 61, so that the spikes do not
overlap. The surface W is closely inscribed in W and when u, 0, and 7
go to 0, 65 and ap also go to 0. However, one can tune the decay of
these parameters in such a way that the difference H between the total
mean curvature of W and the one of W goes to infinity. H is simply
the sum of the total mean curvatures of all the spikes of WW. The total
mean curvature of each spike is a function of 1 and 6 that is linear with
respect to p by homogeneity. Thus H ~ u/n?¢(0) for some function
¢. Calculations show that ¢(0) = Q(0) when 6 goes to 0. Thus if one
chooses # = 1'/3 and p such that 2u < 6n holds, e.g. p = n*/3/3,
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then one has H = Q(n~'/3). In this example, the total mean curvature
does not converge because the mass of the normal cycle of the volume
enclosed by W is unbounded.

Proof of Corollary 2. As a consequence of the definition of the flat norm
(4), one has for any (smooth) (n — 1)-form w on T'M,

[(N(K) = N(K),w)| < F(N(K) = N(K)) sup{||wl], [|dw]]}.

However, there is a technical problem: the Lipschitz-Killing curvature
forms wy are not defined on the null section of the tangent bundle of
the ambient space, and the homotopy can pass through this null section
since it leaves the unit tangent bundle. So we introduce a fixed smooth
function ¢ : R — R such that ¢ = 1 on a neighborhood of 1, and whose
support lies in [1/2,3/2]. Then we define on T'M the smooth forms
or(m, &) = o(||€|)wk(m, IIE—H) Remarking that wj and their exterior

derivatives are bounded by a constant C'(n, k), we have
(N()rsm = N(E) 13, (505 Wh)|

= (N (K)rpnr = N(EK) 1, )M @k)|

< C(n, k) (F(N(K)irpnr = N(E)z, M)

p

from which we deduce the first part of Corollary 2. A similar argument
can be given for the approximation of the fundamental (n — 1)-form h.
q.e.d.

5. Application: triangulated mesh inscribed in a smooth
surface

This section applies Corollary 2 in one of the most simple and most
common situations in practice: A triangulated mesh that approximates
a smooth surface in the three dimensional Euclidean space. By trian-
gulated mesh (or simply mesh) we mean a compact oriented piecewise
linear surface without boundary linearly embedded in E3. In the fol-
lowing, T' denotes a mesh and K denotes the closure of the bounded
component of E3\ 7.

5.1. A relative of the second fundamental measure. For practical
purposes, we consider the measures h%’v where U and V lie in a finite-
dimensional space of vector fields. Though other possibilities may be
of interest, we restrict ourselves to the 3-dimensional space of vector
fields obtained by projecting on H horizontal lifts of constant vector
fields on E3. If X is a constant vector field on E?, let X’ be the vector
field obtained by this process. The resulting measures h?’yl define a
(2,0)—tensor valued measure hx by setting hi(B)(X,Y) = h%l’YI(B)
for all Borel sets B C E? and all couples of vectors X and Y in E?
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(here we identify TE? with E? x E3). The expression of this measure
for meshes is the following:

hy(B)

= > MO BN ae) — sinBle))et © * + (3(e) + sinBle))e 7]

eedge of T

where e™(resp. e~) denote the normalized sum (resp. difference) of
the unit outward normal vector to the triangles incident on e, and [3(e)
is the angle between these normal vectors. The sign of 3(e) is chosen
positive if and only if the edge e is convex.

In practice, we actually prefer a related tensor-valued measure, which
we denote by hi, because its expression for meshes is simpler. Given
two vectors X and Y in E? and a point (p,n) € E3 x E3, we set

h{) =X A(nxY)

and for each Borel set B C E3
fllC(B)(Xa Y) = <N(K)|Ba le,Y>

The form h*Y is actually similar to the form h*Y", since when the

ambient space is E? one has
XY’
o) = (nx X)\NY

For a compact 3-manifold K with smooth boundary W, the measure

hy is related to the tensor field obtained from the second fundamental

form of W by exchanging its eigenvalues. More precisely:
hy(B)(X,Y) = /Bh(jprTWXajprTWY)dUW

where j is the almost complex structure of W compatible with the
metric. As remarked by A. Bernig, the tensor involved in the integral
is nothing but (trace h)Id — . The computation of h in the piecewise
linear case yields

he(B)= Y  BllenBeae
e edge of P

where € denotes the unit 3-vector with the same direction as the edge
e. The proofs of these results are left to the reader.

5.2. Approximation results. Following [18], we say that a mesh T’
is strongly inscribed to W if it is strongly close to W and all its vertices
lie in W. Note that in this case, fine tubular neighborhoods U, of W
are nothing but tubular neighborhoods of W of radius smaller than the
reach of W. We denote by r(t) the circumradius of a triangle ¢.
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Corollary 3. Let W be a smooth oriented hypersurface of E* bound-
ing a compact subset K of E3. Let T be a mesh bounding a closed
compact IC and strongly inscribed in W. Let B be a union of triangles

of T. Then,
Ml (B) = M (pr(B))] < CwKe,

IME(B) — ME (pr(B))| < CwKe;
|hic(B) — hg ((pr(B))|| < CwKe;

Ihx (B) — i ((pr(B))|| < CwKe;

where Cyy is a real number depending only on the norm of the second
fundamental form of W,

K= Z r(t)? + Z r(t), and e = max{r(t),t C B}.

teTtCB teT,tC B tNOB#D

The proof of this corollary essentially amounts to giving explicit
bounds for the various quantities involved in Corollary 2. In partic-
ular, it results from [28] that the angular deviation between 7" and W
is bounded by a constant times the norm of the second fundamental form
of W times e. The Hausdorff distance between 1" and W is bounded by
2¢. The term K (times Cyy) is a bound on the mass of the normal cycle
of T lying above B; it is obtained by bounding the mass lying above
each simplex of T', using the bound on the angular deviation.

Note that K is bounded by a function of the minimal angle in the tri-
angles of T' times the area of B plus the length of 9B. We deduce that if
all angles in the triangles of 7" are bounded from below (this is the fatness
condition used in [18]), then the bounds on the differences between cur-
vature measures given in Corollary 3 are O(area(B) +length(9B))Cyye.

We conclude this section by some experimental results. For any vertex
v, we compute the tensor hx(B) obtained by taking as B the union
of all triangles whose vertices can be joined to v by at most 2 edges
of the mesh. In the case of the ellipsoid (Figure 1), we found that
the eigendirection associated with the eigenvalue of smallest magnitude
was close to the normal to the surface at v, whereas the two others
were close to the principal directions, which is what one could expect.
In Figure 3, we displayed the direction associated with the smallest
principal curvature estimated on a mesh of Michelangelo’s David. This
example is more delicate to evaluate: as we are dealing with a real
world object, the smooth surface being approximated is hard to define.
Still, the fact that one can recognize Michelangelo’s masterpiece from
the displayed directions shows in some sense the validity of the result.
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Figure 1. The principal directions estimated on an el-
lipsoid meshed with 1442 vertices, are very similar to the
actual ones, whose integral lines are shown in Figure 2.

Figure 2. Lines of curvature of an ellipsoid (from [25]).

5.3. Geometry from samples. In practice, real world objects are not
known through a mesh, but rather by a set of points measured on their
surface, for instance using a laser scanner. A possible way of estimating
the curvature of the object is to build an approximating mesh of it
based on the sampled points, and then compute the second fundamental
measure of the obtained mesh.

The latest algorithms devoted to mesh reconstruction from sampled
points aim at building a particular mesh associated with the original
surface and the point cloud. This mesh, called the restricted Delaunay
triangulation, turns out to be particularly well-suited for purposes of
curvature estimation through curvature measures.
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Figure 3. Directions of minimal curvature estimated on
a mesh of Michelangelo’s David.

Let us first recall some standard definitions. If P C R? is a finite
point set and p € P, the Voronoi polytope of p is the set of points x in
R3 such that the distance from z to p is less or equal than the distance
from x to q for all ¢ € P. The Voronoi diagram of P is the cell structure
on R3 induced by all Voronoi polytopes. The Delaunay triangulation is
the triangulation of the convex hull of P dual to the Voronoi diagram.

Definition 6. If W is a surface embbedded in R? and P is a finite
subset of W, the Delaunay triangulation of P restricted to W is the

union of all Delaunay simplices whose dual Voronoi cell meets W (Figure
4).

Restricted Delaunay triangulations are good approximations provided
the sampling density is sufficient. The precise formulation of this con-
dition involves the notion of local feature size. The local feature size
Ifs(p) of a point p € W is its distance to the subset of R? where the
projection on W is not defined. The local feature size is in some sense



390 D. COHEN-STEINER & J.-M. MORVAN

Figure 4. Restricted Delaunay triangulation of a sam-
pled curve (in bold). Voronoi edges that meet the curve
are dashed, the other ones are solid.

a local version of the reach as defined by Federer, since the reach of a
surface coincides with the minimum of Ifs over the whole surface.

Definition 7. P is said to be an e-sample of W if for all p € W, the
ball centered at p and with radius elfs(p) contains at least a point of P
(Figure 5).

B(p,1fs(p)) @

Sk(W) /

Figure 5. A 1/2-sample of a curve W. Sk(WW) denotes
the discontinuity locus of the projection on W.

N. Amenta et al. [2] proved that if P is an e-sample of W for € < 0.06,
then its Delaunay triangulation restricted to W is strongly inscribed in
W. Moreover, they showed that the angular deviation between both
was bounded by a constant times ¢, as well as their Hausdorff distance.
Unfortunately, the bound K on the mass of the normal cycle of the
triangulation in Corollary 3 is more difficult to bound, even in the case
of restricted Delaunay triangulations of e-samples for small £. One can
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actually build examples where not only K is arbitrarily large, but also is
the mass of the normal cycle of the triangulation, no matter how small
¢ is (figure 6).

Y
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Figure 6. A sequence of restricted Delaunay triangula-
tions whose normal cycles have unbounded mass.

The triangulation depicted in Figure 6 is the restricted Delaunay tri-
angulation of a particular sampling of a helicoid. This sampling is such
that the density d, of samples in the direction of the axis of the helicoid
is much larger than the density dy of samples along the fibers. If one
chooses, for instance, d, = dfc and lets dy go to infinity, then the normal
cycles of these triangulations have masses tending to infinity. Corol-
lary 3 thus gives a poor bound on the difference between the curvature
measure of the helicoid and the one of its triangulation in this case.

A way to circumvent the problem is to require that the sampling is
locally uniform in the sense of [29], which is a reasonable assumption
from a practical point of view. In this case, it can be shown that the
triangles of the restricted Delaunay triangulation have their smallest
angle larger than a given constant. The conclusions of the previous
section thus apply:

Corollary 4. Let W be a closed smooth hypersurface of E3. Let T be
the restricted Delaunay triangulation of a locally uniform e-sample of W
with € < 0.06. Let B be a union of triangles of T'. Then, the bounds on
the differences between the curvature measures (resp. second fundamen-
tal measures) given in Corollary 3 are O(area(B) + length(0B))Cyye.

Computing the second fundamental measure of a mesh reconstructed
from a sampling of an object is thus a reliable way to estimate the
curvature tensor of the original object.
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6. Conclusion

We have given conditions under which the curvature measures of a
hypersurface are close to the ones of a given smooth hypersurface. Un-
fortunately, our approach breaks down as soon as both hypersurfaces
are singular. We leave to the reader the following question which, if
the answer were positive, would settle the problem of approximation of
Lipschitz-Killing curvatures in the general case:

Open problem. Let V and W be geometric subsets of M and let f
be a homeomorphism between V and W. Let:
1) o= SUPmeMm d(m7 f(m))7
2) « be the maximum over m € M of the Hausdorff distance between
the support of N (V).T;, M and the one of N(W ) T,y M.

Can one bound the difference between the Lipschitz-Killing curvatures
of V and W by a function of §, «, the curvature of M, and the masses
of N(V) and N(W) that tend to 0 with § and a?

We note that for curves in Euclidean space, an even stronger conjec-
ture is true. Indeed, it can be shown that the length difference between
two curves V and W is bounded by § times the masses of N(V) and
N (W), times a dimension dependent constant [11].
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