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MINIMAL DISKS BOUNDED BY THREE STRAIGHT
LINES IN EUCLIDEAN SPACE AND TRINOIDS IN
HYPERBOLIC SPACE

BENOIT DANIEL

Abstract

Following Riemann’s idea, we prove the existence of a minimal
disk in Euclidean space bounded by three lines in generic position
and with three helicoidal ends of angles less than 7. In the case of
general angles, we prove that there exist at most four such minimal
disks, give a sufficient condition of existence in terms of a system
of three equations of degree 2, and give explicit formulas for the
Weierstrass data in terms of hypergeometric functions. Finally,
we construct constant mean curvature one trinoids in hyperbolic
space by the method of the conjugate cousin immersion.

1. Introduction

In this paper we investigate immersed minimal disks in Euclidean
space R3 bounded by three straight lines in generic position (i.e., the
lines do not intersect one another and do not lie in parallel planes; in
particular they are not pairwise parallel). This problem was investigated
by Riemann in his posthumous memoir [Rie68]. He actually introduced
the spinor representation, the Gauss map and the Hopf differential of
minimal surfaces in Euclidean space. He investigated the case of mini-
mal surfaces bounded by a contour composed of pieces of straight lines
(possibly going to infinity). He studied more precisely the cases where
the contour is composed of 2, 3 or 4 lines.

However, his study was not complete and sometimes not precise; in
particular, he did not deal with questions of orientations. The first
aim of this paper is to complete Riemann’s study of minimal surfaces
bounded by three straight lines. More precisely we will investigate min-
imal immersions x from ¥ = {z € C|Im z > 0} \ {0, 1} into R® mapping
(—00,0), (0,1) and (1, c0) onto three lines (in generic position) and hav-
ing helicoidal ends (in the sense explained in section 2.2) at 0, 1 and oo.
The method is to study the Weierstrass data of  and to use the spinor
representation.
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We first prove that there exist at most four minimal immersions
bounded by three given lines (in generic position) with helicoidal ends
of given parameters (Theorem 21). To do this, we use a result by Rie-
mann: he proved that the spinor data satisfy a differential equation
involving the Schwarzian derivative of the Gauss map. This is a second
order equation with five regular singularities. Studying the behaviour
of the Schwarzian derivative at these singular points, we prove that the
Schwarzian derivative only depends on two parameters that are related
by two polynomial equations of degree 2, and thus that there are at
most four possiblities for the Schwarzian derivative of the Gauss map.

We next study the explicit immersion given by Riemann in his mem-
oir [Rie68]: he introduced spinors in terms of hypergeometric func-
tions, but he did not check that they actually gave a minimal immersion
bounded by given lines. We establish this fact in Proposition 31. More
precisely, given three lines in generic position, denoting by A, B, C the
distances between the lines, and 7w, 73, 7y the angles of the ends (with
signs as explained in section 2.2), we prove that to each real solution
(p,q,7) (up to a sign) of the system

P -ailptatr)? = 8%
¢ —Flp+qg+r)? = Egﬁ
P =ptat+r)? = g}

where ¢ € {1, —1} (depending on the geometric configuration of the lines
and on the angles) corresponds a minimal immersion (with possibly a
singular point when the Hopf differential has a double zero, which is a
non-generic situation) bounded by these lines and with helicoidal ends
of parameters (A4,«), (B,f3), (C,v) (Theorem 33). In particular we
prove the existence of at least one minimal immersion in the case where
the angles are less than 7 (Corollary 34).

However, we do not know if we obtain all the solutions in this way.

Figure 1 is a picture of a minimal surface bounded by three lines with
helicoidal ends, drawn with the software “Evolver”.

In the last part of this paper, we construct constant mean curvature
one (CMC 1) trinoids in hyperbolic space H® applying the conjugate
cousin method to minimal disks bounded by three straight lines in R3.
CMC 1 surfaces in H? are called Bryant surfaces. Bryant proved in
[Bry87] that they are closely related to minimal surfaces in R? (see
also [UY93] and [Ros02]); in particular there exists a representation
in terms of holomorphic data analogous to Weierstrass representation.

Irreducible trinoids in H? were first classified by Umehara and Ya-
mada in [UYO00], and then by Bobenko, Pavlyukevich and Springborn
in [BPS03], using different techniques: their method has some similar-
ities with that used in this paper to find minimal surfaces bounded by
three lines in R? (they use a spinor representation for Bryant surfaces
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Figure 1. A minimal surface with three helicoidal ends.

and they obtain explicit formulas in terms of hypergeometric functions).
The technique of the conjugate cousin immersion was used by Karcher
in [Kar05] to construct trinoids with dihedral symmetry. Here we use
this technique to construct general irreducible trinoids with a symmetry
plane (actually every irreducible trinoid has a symmetry plane by the
classification of [UY00]). We also prove that the asymptotic bound-
ary points of the ends of these trinoids are distinct (except in excep-
tional cases) (Theorem 49). Finally we give examples of minimal disks
bounded by three lines whose conjugate cousins are invariant by some
parabolic isometries.

Acknowledgements. This work is part of my Ph.D. thesis defended at
the University Paris 7. I am very grateful to my advisor, Harold Rosen-
berg, for helpful discussions about this paper. I am also very grateful
to Pascal Collin for his explanations on Riemann’s memoir [Rie68].
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2. Preliminaries
In all this paper, we will set C = CU {0}, R = RU {0},
S ={zeC|lImz>0}\{0,1}, So={ze€3 <1},
Yi={z€Xllz-1 <1}, XEx={z€Xl|lz]>1}.
The canonical scalar product of R? is denoted by (-,-). If D is a straight

line in R3, then D denotes the set of unit vectors that are orthogonal
to D. The canonical basis of R? will be denoted by (&1, &, €3):

e1=(1,0,0), € =(0,1,0), €3=1(0,0,1).

We define the logarithm and non-integer powers on X in the following
way. Let k € R. If 2 = pe? € ¥ with p > 0 and 6 € [0,7], then
Inz =1n p+i6 and 2% = pFe™?. If z € ¥ and z—1 = pe'? with p > 0 and
6 € [0, 7], then (z—1)* = p®e*? and (1—2)F = pre0-T) = =1k (5 1)k
(this convention is chosen in order that (1 — z)” is real when z is real
and less than 1).

Finally, D denotes the set of the triples of straight lines in R? that
are neither pairwise concurrent, neither pairwise parallel, nor lying in
parallel planes, modulo direct isometries of R3.

2.1. Weierstrass representation. In this section we recall basic facts
about Weierstrass representation and we introduce some notations.
Let S be a Riemann surface with boundary, and x = (z1, z2,z3) :
S — R? a conformal minimal immersion. Then we have
4
oz) = al0) + Re [ (1= g1+ ). 2)
z20
where 2 is a fixed point in S and (g,w) the Weierstrass data of z: g is
a meromorphic function on § and w a holomorphic 1-form on §. The
poles of g are the zeros of w, and z is a pole of g of order k if and only if
z is a zero of w of order 2k. Conversely, if g and w satisfy this condition,
then they define a minimal immersion.

We define X = (X1, X2, X3): S — C3 by

X(2) = 2(20) + / (1= g?),i(1 + ¢2),29) .

20

We have
dzy +idzs = @ — ¢*w, dzs = Re(2gw).
The Gauss map of z is

2 2—
N:< 9 ldl 1)
g+ 1" [g[* + 1

The orientations induced on x(S) by the Gauss map N and the immer-
sion = are compatible. The function g is the composition of the Gauss
map and the stereographic projection with respect to the north pole of
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the sphere. If D is a line parallel to the vector (cos(ma),sin(ma),0) for
a € R, then the circle D+ corresponds to g € ie!™R.

If f is a meromorphic function on an open set U C S, we define its
Schwarzian derivative with respect to a local conformal coordinate z by

1 1
o= () -3(5) )+
If ¢ is another local conformal coordinate, then S, f =S¢ f +S.(. If f is
regular at a point zq, then S, f is holomorphic at zp; if f has a branch
point of order 7 — 1 at z; with j > 2, then S f has a pole of order 2 at

z1, and its coefficient of order —2 is equal to T'
The Hopf differential is the holomorphic 2-form on § defined by

d
Q = wdg = —ng—g
g

The forms @ and S.g are invariant by a direct isometry of R3. The first
and second fondamental forms of the surface are given by

I=(1+|g]*)?w]?, T=-2ReQ.

Proposition 1. Let z € S and k € N*. Then z is a zero of Q of
order k if and only if z is a branch point of g of order k. This happens
if and only if one of the following conditions holds:

e z is a zero of g of order k+ 1,
e z is a pole of g of order k + 1,
® 2 is a zero of d?g of order k.

Proof. If z is a zero of g of order d € N*, then it is not a zero of w
and it is a simple pole of %. Consequently it is a zero of @) of order k
if and only if k =d — 1.

If z is a pole of g of order d € N*, then it is a zero of w of order 2d
and it is a simple pole of %. Consequently it is a zero of @) of order k
if and only if K =d — 1.

If z is neither a zero nor a pole of g, then it is not a zero of w, and
consequently it is a zero of @) of order k if and only if it is a zero of %
of order k. q.e.d.

We recall the spinor representation of a minimal surface:
o(:) = o) + Re [ (6 - il + ). 2608
20

where & and £, are holomorphic sections of a spin structure (see [KS96]
for more information). These spinors satisfy

3
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Two such holomorphic spinors define a minimal immersion if and only
if they do not have common zeros (if they have a common zero, then
the map x is not an immersion at this point). We will call (£1,&2) the
spinor data of x.

2.2. Helicoidal ends. Most of the results of this section are contained

in Riemann’s memoir [Rie68]. Here we prove these results using modern
formalism, and we give precise definitions for helicoidal ends and the
signs of distances and angles.

Definition 2. Let Dy and D> be two nonparallel and nonconcurrent
oriented straight lines, and let 4; and i be unit vectors inducing the
orientations of Dy and Dy. Then the unit vector

b= ﬁl X (—QZQ)
||y x |
is called the vector associated to the couple (D1, D) of oriented straight
lines.

Definition 3. The signed distance of D; and Ds is the number
D(Dy, Ds) = (pips,¥) where p; € Dy and py € Dy (this number does
not depend on the choices of p; and py, and |D(D1, D3)| is the distance
between D; and Ds).

Definition 4. Let U be a neighbourhood of 0 in C that is symmetric
with respect to the real axis (ie., 2 € U <— ze€U), Q2 =%XnU,
0 =00N(-00,0), Q2 = Q2N (0,4+0) and x : @ — R3 be a conformal
minimal immersion that is complete at 0. Let D; and D2 be two non-
parallel and nonconcurrent oriented straight lines, let @1 and s be unit
vectors inducing the orientations of D and D», and let ¥ be the vector
associated to (D1, D2).

We say that the immersion z has an end (at z = 0) bounded by the
couple of oriented lines (D, Do) if

1. the immersion & maps € to a part of D and (z(z),u;) — +oo
when z — 0 with z real and negative,

2. the immersion z maps Q2 to a part of Dy and (x(2), ) — —o0
when z — 0 with z real and positive.

We say that the immersion x has a helicoidal end (at z = 0) bounded
by the couple of oriented lines (D1, Dy) if moreover the two following
conditions are satisfied:

3. the Gauss map of x has a limit when z — 0,
4. the quantity (x(z), V) is bounded when z — 0.

It will follow from the proof of Lemma 7 that a helicoidal end is
actually asymptotic to a helicoid.

Lemma 5. Assume that x has a helicoidal end bounded by (D1, D3).
Let N be the Gauss map of x. Then the limit point of N at 0 is N(0) = ¥
or N(0) = —7.
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Proof. We have N(z) € Di if z € O and N(z) € Dy if z € Qa, so
N(0) € D N Dy q.e.d.

Lemma 6. Assume that x has an end bounded by (D1, D). Let
(g,w) be the Weierstrass data of x, and Q its Hopf differential. Then
Q extends to a holomorphic 2-form on U \ {0} and S.g extends to a
meromorphic 2-form on U \ {0}.

Proof. Since a direct isometry of R? does not change Q and S.g, we
can assume that D is the xj-axis. Then z3 is constant on Qy, so 25 = 0
on g, and thus X{(z) € iR for z € Q9. And the Gauss map N is

normal to the xj-axis on Qa, so g(Q2) C iR, and thus %(z) € R for

z € Q. Thus d% = %Xé% is purely imaginary on 9 (since it cannot
be infinite). The same holds on ;. Thus we can apply the Schwarz
reflection to % (which is up to now defined on 2), and we obtain a

holomorphic 2-form @ defined on U \ {0}.

In the same way, assuming that Dy is the x1-axis, we have “; () R

1 1"
for z € Qy, and so (%) — %(Z—,)Q is real or infinite on Q3. The same

holds on €2, and we obtain a meromorphic 2-form S, g defined on U\ {0}
by Schwarz reflection. q.e.d.

Lemma 7. Assume that x has an end bounded by (Di,Dsy). Let
(g,w) be the Weierstrass data of x, and @Q its Hopf differential. If x
has a helicoidal end bounded by (D1, D2), then there exist A € R* and
a € R\ Z such that

1—a?

5 272422

A
(1) Q ~ iz—:z*deQ, S.g ~

when z — 0.

The couple (A, «) is then defined uniquely up to a sign. Moreover,
if mag denotes the angle of iy and —iy with ag € (0,1), then we have
either o € ag + 27 and A = —D(D1, D3), or —a € ag + 2Z and A =
D(Dq, Ds).

We say that x has a helicoidal end of parameters (A, «), and that T«
1s the angle of the helicoidal end.

Proof. Since a direct isometry of R? does not change Q and S.g, we
can assume that @, = (cos(mayp),sin(map),0), de = —€1, Dy is the line
(0,0,—A) + Riy and Dy the zj-axis. Then we have ¥ = —é3, and so
g(0) = 0or g(0) = oo by Lemma 5. Moreover, we have D(Dy, Dy) = —A.

Set h(z) = 27%g(z) for = € Q. Then h(z) € iR if 2 € O (since
N(z) € D) or z € Qp (since N(2) € Dy). Thus h extends to a
meromorphic map on U \ {0} by Schwarz reflection principle. Since g
has a limit at 0, h has no essential singularity at 0.

Thus there exist an integer j and a nonzero real number p such that
g(2) ~ipz®ti. Weset a = ag+j. We compute that S,g ~ #z_zdzg.
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Let hi(z) = X3(z) — i%lnz for z € Q, with X3 as in section 2.1.
Then, since x3 = Re X3, we have hy(z) € iR if z € Q; or z € Q3. Thus
h1 extends to a meromorphic map on U\ {0} by Schwarz reflection prin-
ciple. Moreover, x3(z) = —(x(z),?) is bounded in the neighbourhood
of 0 by condition 4 in Definition 4, so hy is holomorphic at 0.

Hence we have d X3 ~ iézildz, and so Q = %ng% ~ i%z”dzz.

We now prove that the integer j = o — ag is even. We have

dX; gdXs A
d(:c1+m):@_g2wZ2_g3_92 3N%

We set z = t +ir with ¢t and 7 real. We have (z,41) = Re((z1 +
iwe)e”"™0) g0 for t < 0 we have

0 — A - —1-a —14a
57 (@) ~ =2 cos(m(a = a0)) (o t177 4 ple] 1),

Thus condition 1 in Definition 4 implies that —Ap cos(m(a — ap)) > 0.
And we have (x, —ts) = x1 = Re(z1 + iz2), so for t > 0 we have

9 — A —1l-o -1+
§<Jf7—u2>Ng(P W g pt ),

Thus condition 2 in Definition 4 implies that Ap < 0. We conclude that
cos(m(a — o)) > 0, that is @ — ag € 2Z.
Finally, it is clear that (1) defines (A, a) uniquely up to a sign. q.e.d.

(p—lz—l—a&+pz—l+adz)'

Let x be an immersion having a helicoidal end of parameters (A, «)
bounded by two lines D and Dy that are as in the proof of this lemma.
Without loss of generality we can assume that a € ag + 27Z, and thus
A = —D(Di, D3). Then a > 0 means that the Gauss map at 0 points
down and that we turn in the clockwise direction when we go from Dy
to Dy on the minimal surface, and o < 0 means that the Gauss map at
0 points up and that we turn in the counter-clockwise direction when
we go from D; to D5 on the minimal surface. On the other hand, A > 0
means that Dy lies below Dy, and A < 0 means that D lies above Ds.
Thus, Aa > 0 means that we go down when we turn in the counter-
clockwise direction on the minimal surface, and Ao < 0 means that we
go up when we turn in the counter-clockwise direction on the minimal
surface. This last fact remains true if —a € ag + 2Z. Hence we say that
x has a left-helicoidal end (respectively a right-helicoidal end) if Ao > 0
(respectively Aa < 0) (see figures 2, 3, 4 and 5).

Remark 8. This definition and these lemmas extend for ends at a
point z; € R.

They also extend for end at oo using the change of parameters ( =
—z~1 which maps {Im z > 0} onto itself. We get

1—a? _
272422

A
Q ~ iZ—:z*QdZQ, S.g ~
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Figure 2. A > 0 and a > 0 (left-helicoidal end).

Figure 3. A <0 and a > 0 (right-helicoidal end).

Figure 4. A > 0 and a < 0 (right-helicoidal end).

when z — oo (because S;g = S¢g + S.¢ and S, = 0).

3. Minimal disks bounded by three lines with helicoidal ends

In this section we will study minimal disks bounded by three lines
with three helicoidal ends when the triple of lines belong to D, which is
a generic property.
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yiye’

D1

Do

Figure 5. A <0 and « < 0 (left-helicoidal end).

3.1. Geometric configuration. An element of D has a representant
that is described as follows.

Let D; be the horizontal line oriented by #; = (cos(may), sin(mayg), 0)
for some oy € (0,1), Dy the zj-axis oriented by iy = —€é}, and D3
the line oriented by @5 = (cos(my) sin k, — sin(7’) sin &, cos k) for some
7' € R and k € R (the number 74’ is the angle of the projections of Dy
and D3 on the horizontal plane, except if Dg3 is vertical, in which case
it can take any value).

The number may is the geometric angle of @ and —is. Let us denote
by 75y with Gy € (0,1) the geometric angle of i3 and —ii1, and by 7y
with 79 € (0,1) the geometric angle of @y and —ii3 (see figure 6).

Y0
D2 ye?s)

D
3 D,

mBo
Figure 6. Three lines in generic position.

We denote by v, 1 and ¥, the vectors associated to (Di,Ds),
(D2, D3) and (D3, D1) (see Definition 2):
5 ’LTl X 'IIQ . R 172 X ﬁg R

T T mxmll P T @ x>

ﬁgxﬁl
||z < ]
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We set A= —D(Dl,Dg), B = —D(Dg,Dl) and C' = —D(DQ,Dg).
Finally we denote by ¢ the sign of det(u, iz, i3).

Proposition 9. The map
L: (D17 D25 D3) — (a07707/307 _A> _Cu _B)€0)

is a bijection from D onto K x R* x R* x R* x {1, —1} where K is the
set of the triples (ao, 70, 80) € R? satisfying

) ag+Bo+v>1, —ag+Po+0<1,
ag—Bo+v<1l, a+pPo— <L

Proof. The fact that (ap,70,80) € K is a consequence of Gauss-
Bonnet formula applied to the spherical triangles on S? bounded by
the circles Di, Dy and Dy

Conversely, let (ap,v0,00) € K, A, B,C € R* and ¢y € {1, —1}. Then
there exists a spherical triangle of angles wag, 789 and 7yg. The three
corresponding oriented circles define unit vectors 47, @y and i3 uniquely
up to a direct isometry of R3. If the sign of det (i1, @, i3) is not equal to
€0, then we replace these vectors by their images by an indirect isometry
of R? (which does not change the angles of the spherical triangle). Up
to now, 1, iy and 3 are uniquely determined.

Now we consider three lines Dy, Dy and D3 in R?® oriented by @,
iy and 3. We translate Dy in the direction of 47 X iy in order that
D(D;,D2) = —A. Then we translate D3 in the direction of 4] x 3 in
order that D(Ds, D1) = —B. Finally we translate D3 in the direction
of iy in order that D(Ds, D3) = —C' (this operation does not change
D(Ds, D1)). The lines Dy, Dy and Dj3 are determined uniquely up to a
direct isometry of R3. This completes the proof. q.e.d.

Definition 10. Two triples in D are called dual configurations if
their parameters only differ by the sign of &g.

The dual configuration of that of figure 6 is shown on figure 7; in
both configurations the lines D; and Dy are horizontal, but D3 “goes
down” on figure 6 and “goes up” on figure 7.

Remark 11. An indirect isometry of R3 changes A, B, C and ¢g
into their opposites. The dual configuration of a triple is not the image
of this triple by a symmetry, but the directions of the straight lines are
symmetric.

We set ' = 1 —a —+' (the number 7/’ is the angle of the projections
of D1 and D3 on the horizontal plane, except if D3 is vertical, in which
case it can take any value).

Since ¥7 and —e3 are normal to the xq-axis, there exists a rotation R
about the oriented zi-axis that maps #; onto —é3; we denote by 0 its
angle. We have R(iy) = iy and R(d3) = (cos(myp), — sin(77yp),0). In
the same way, U5 and —e3 are normal to D1, so there exists a rotation
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T

B0

Figure 7. The dual configuration of that of figure 6.

R about the oriented line D, that maps U, onto —e3; we denote by 0 its
angle. We denote by T' the rotation of angle —mwag with respect to the
xz-axis. We have T' o R(4;) = €1, T o R(td3) = (cos(mfy), —sin(mf), 0)

and T o R(Us) = —€3.
Finally we set ¢ = tang and t = tan g.

Lemma 12. We have
cos(mBy) + cos(mayg) cos(myo)

0=
o8 sin(mayg) sin(7yo)

~ cos(myg) + cos(mag) cos(mfp)
cos ¥ = sin(ma) sin(m3p)

Proof. We notice that the numbers sin(mway), sin(r/f5p) and sin(7yg)

are positive.
We have

cos(myg) = (iiz, —ii3) = cos(m’) sin k,
sin(myp) = v/1 — cos?(myp) = \/sin2(7rfy’) sin? k + cos? k,

COS(TI’ﬁo) = <ﬁg, —'l_[l>
= —cos(map) cos(my') sin k + sin(ray) sin(my) sin k.

We compute that
i X iy = sin(mwap)és, 1z x i3 = (0,cos k,sin(m7) sin k).
Thus we have
(U1 x U,y X Uz) sin(my') sin k
|1 x | - ||z x 3| V/sin? (/) sin k4 cos? K

Finally we get

cosf =

cos(mfp) = — cos(may) cos(myp) + sin(mag) sin(myg) cos 6.
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This proves the first formula.
And we have
cos(mfy) = cos(nf3’) sin k,

sin(mfy) = /1 — cos?(wfy) = \/sin2(7rﬂ’) sin? k + cos? k.

We compute that

i3 X 1] = (—sin(mayg) cos K, cos(mayg) cos K, sin(m3') sin k).
Thus we have
g (U1 X i, U3 X vecuy) sin(m (') sin Kk
cosl) = ~——— — = :
|[d1 x || - [|ds x @1]|  \/sin®(7f) sin® k + cos? k

Finally we have

cos(myy) = —cos(m(ag+ 3))sink
= —cos(rap) cos(rf) sin k + sin(map) sin(73') sin k
= —cos(mag) cos(mfy) + sin(mayg) sin(m30) cos .
This proves the second formula. q.e.d.

Lemma 13. The signs of cos k, sin @, sin é, t and t are equal to €.

2t
1+t2>

way ¢ and sin § have the same sign.
By definition of 6 we have ¥} x (—é3) = sinfé;. We compute that
COS K

Proof. Since sinf = t and sin # have the same sign. In the same

€1,

171 X (—53) =

V/sin?(mv') sin® k 4 cos2
so cos k and sin # have the same sign.
In the same way we have ¥, X (—€3) = sin 0y, so

A . R COS K
sin @ = det(VUs0, —€3,U1) = .
V/sin?(r3) sin? k + cos? k
Finally we have det(u1, ia, U3) = sin(mayg) cos k. q.e.d.

3.2. The Hopf differential and the spinor data. Proceeding as for
Lemma 6, we get the following result.

Lemma 14. Let z : ¥ — R3 be a conformal minimal immersion
bounded by three straight lines. Let (g,w) be its Weierstrass data. Then
its Hopf differential Q extends to a holomorphic 2-form on C\ {0,1}
and the Schwarzian derivative S,g of its Gauss map extends to a mero-
morphic 2-form on C\ {0, 1}.

From now on we consider a triple of lines (Dj, D2, D3) € D. Let
L(D17D2>D3) = (O‘Oa’yOaﬂOa_Aa _C> _ng())’ a € ag + 27, 6 € 60 +
27 and v € 7o + 2Z. We assume that z : ¥ — R? is a conformal
minimal immersion bounded by (D7, D2, D3) and having helicoidal ends
of parameters (A, «), (B, ) and (C,~v) at 0, co and 1 respectively. We
denote by (g,w) its Weierstrass data.
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Proposition 15 (Riemann, [Rie68]). Then the Hopf differential of
T 18

3) Q =iz — 1) 2p(2)d2?
where
(4) o(z) = l;—fz(z —-1) - g—:(z —-1)+ g—;z

Proof. At z = 0 we have Q ~ 22 a,72d22. At z = 1 we have Q ~
zg:(z 1)72dz2. At z = 0o we have Q ~ zB’g ~2dz2. Hence the map
o(z) = 22 (z—1)? 5= —2 has no singularity on C, and we have p(z2) = O(z?)
when z — o0, so gp is a polynomial of degree less than or equal to 2.

Finally we compute that ¢ has the announced expression. q.e.d.

Lemma 16. The polynomial ¢ defined by (4) has two nonreal conju-
gate roots if and only if Aa, B3 and Cvy have the same sign, \/|Aa| <

VIBBl + VICH, VIBBl < V]Aal + /|Ch| and \/|CH| < /]Aal +
VIB3.

It has a double real root if and only if Ac, BB and C~ have the same
sign, and \/|Aa| = /|BB| + /|CY], V|BB] = ]Aa| + /|Cq| or
VICv] = V/|Aa| + /|BB.

It has two distinct real roots in all other cases.

Proof. The discriminant of ¢ is % where
6 = A%0® + B?3% + C%4% — 24Baf3 — 2ACa~y — 2BCB7.

Thus the three cases in the lemma correspond respectively to § < 0,
0 =0 and § > 0. The expression § is a polynomial in the variable C,
whose discriminant is equal to 16ABa3v?%. If AaBf < 0, then §(C) > 0
for all C € R*.

We assume that Ao > 0 and Bf > 0. Then we have §(C) < 0 if and

only if

(VAa - /Bp)* < Cy < (VAa +/Bp)?
This condition is not satisfied if Cy < 0, and if Cy > 0 it is satisfied
if and only if \/Cy > VAa — /Bf, \/Cv > /Bf — VAa and /Cvy <
VAa + /Bj. And we have 6(C) = 0 if and only if C > 0, and /Cvy =
VAa — /BB, \/Cy = VBj — VAa or \/Cy = VA« + /BB.

We deal with the case where Ao < 0 and B < 0 in the same way.
q.e.d.

We set ;
)= [ e

This is a local diffeomorphism except at the zeros of ¢. The Schwarzian
derivative of g in the “coordinate” ( satisfies

SCQ =S.9 —S.¢.
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S (a2l
dz2 g\ 2 \¢ \op

_ (Y (Y (Y L

g 2\¢g P 2

(5)
P
Let (£1,&2) be the spinor data of . We set
G =21 z=1)""Vdz, &=z212z—1)"1kVdz
Then k; and ko are holomorphic functions on ¥, and we have
k
(5) =2 w=2"2(s—1) s,
1
Q= 2"%(z — 1) (ki k) — K ko)d22.

We set

We will abusively call k1 and kg the spinors associated to (g,w).

Lemma 17 (Riemann, [Rie68]). The functions ki and ks satisfy the
following relation on X:

(6) k‘l/{?é - k?ik‘g = i(p.
They are solutions on % of the following differential equation:
/
)
K — 25+ 2k =0.
(7) - + 5 0

Proof. Equality (6) follows from (3).
Since k? = o> we have

2 =

ky _ ¢
ki

On the other hand we have
1 g/ /_ 1 g// cp’g’ ki
P A 2 =2
g\ g\e k1

LA N S
/ - k k2 2k,
g \¥ PrR1 PRT PRl

1 AN 2 /1 NN 2 k! 'K
()2 () -
AN 2 \J \v k1 k1

Thus k; is solution of equation (7).
We also have

So

and

ky 9 ¢ g

2
ke g ¢ g
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1(d\ _,9 K
g \e)  Teg Tk’

1 NN " 2 11 k! k/2 g
(—(g—>> —99 99 9PI 9T 4 oM 5%

So

/ 2

g \¢ g 0?2 T¢lg Toky | Tpk3 T o2k
g// g/2 SD/Q/ k/Q/ So/k/Q glké ké/ (,O/ké
O=22- 42 2 —2-= 42 +4 =-2-=42 .
g g? g ko ko gks ko ks
Thus k9 is solution of equation (7). q.e.d.
Lemma 18. We have
®(2) A(z) 2"
® =
B = - T - el T o)
where
1— 32 1—a? 1—~2
(8) O(z2) = 25 2(z—=1) — a (z—1)+ 27 z

and where A is an affine function.

Proof. The form S,¢ is meromorphic on C, with double poles at co
and the roots of . Since ©dz% = S,g — S.(, by section 2.2 and Lemma
14 the function © is meromorphic on C, its possible poles are 0, 1, oo
and the zeros of ¢, and these poles are at most double.

By Lemma 7 we have S,g ~ %Z_Qd% when z — 0. On the
other hand, S.( is holomorphic at 0 since 0 is not a zero of ¢. Thus

—a?
1 5% 2 when z — 0. In the same way we have

we have ©(z) ~
O(z) ~ #(z —1)"2 when z — 1 and O(z) ~ #z”dz2 when
z — oo (since S,( ~ —4272d2z?). At a root of ¢, since g and ¢ have
branch points of the same order, the order —2 terms in S,g and S.( at
this root are equal, and so the order of © is greater than or equal to —1.

We have % ~ 4272 when z — oo (and ¢” is a constant). Conse-
quently the function A = z(z — 1)p(0 — 272(z — 1)72®) — 2z(z — 1)¢"
is holomorphic on C, and we have A(z) = O(z) when z — o0, so it is an
affine function. q.e.d.

Lemma 19. If the roots of ¢ are distinct, then there are at most four
possibilities for the function A.

Proof. Equation (7) has regular singularities at 0, 1, oo and the roots
a; and ag of ¢ (see [WW96]). Moreover, at least one of the roots of ¢
lies in 3, for example a;.

Since a; # a2, the exponents of equation (7) at a; are 0 and 2,
and since k1 and ko are well-defined on X, the solutions of (7) have no
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logarithmic term at a;. Thus, in the neighbourhood of a;, equation (7)
has a solution having the following form:

Z An(z —ay)"
n=0

with Ao # 0. Writing O(2) = ¢Y_1(z —a1)™' + g + O(z — ay), since

s;((zz)) — z—1a1 + o a2 + O(z — a1), reporting in equation (7) we get
_ 1
—)\1+¢1)\0:0 (lbl_ ))\1—1—%)\0:0
2 a1 — a9
Hence we get
Y1 1
9 | = - =0.
(9) ¢1(2 pP— + 1o

We also compute using (9) that

—ﬂ(m2+m3w_1 +map?,)(z—ay)

A(Z) = 5—5(—4&1(@1—1)+m1¢_1)+ o

with
(a1 — az)®(a1)

my = (Il(al - 1)(0‘1 - a2)7 myo = — al(al — 1) — 4(2@1 - ].)7
m
ms = 2a1(a; — 1) 4+ (2a1 — 1)(a1 — az), my = —71,

Assume that a1 and ag are distinct real roots. Then ay € ¥ and we
can apply the same argument at as with a coefficient ¥_; analogous to
1_1: we have

B .- Bg, . L - L -
A(z) = 2—5(—4@(@2 —1)+mip-1)+ 2—(7”2 +1mgho1 +ma? ) (2 —az)
where m; has the same expression as m; exchanging a1 and ag. Iden-
tifying these two expressions of A, we get 1o + mgth_1 + mah? 1 =
mo+may_1 +m4¢71 and miy_1 — m11/1_1 —4a1( a] — 1) +4CL2( as — 1) =
(a1 — a2)(ma + mgp_1 + map?;). Setting R = aj(a; — 1)yh_1 and
R = az(as — 1)Y_1, we get

_ $(a1)

0 = —4- a1(a11—11) +~(a1 =n )R

2

(10) _(al)—azR_ 2a1(a1— 1)R
P(a )
0 = —4- ag(a22—1) + (a2 a1 >R

1 2

ag—alR - 2&2(a271)R .

Assume that a; and ag are complex conjugate roots. Since O(z) € R
when z € R\ {0,1}, A must have real coefficients, so we have Im(mg +
mgh_1+mgyp? ;) = 0 and Tm(—4a1 (a1 — 1) +matp—1 — a1 (ma+mzp_1 +
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map? 1)) = 0. Setting R = aj(a; — 1)1 and R = R, since ay = ag,
this is equivalent to system (10).

System (10) has at most four solutions (R, R). Thus there are at
most four possible functions A. q.e.d.

Lemma 20. If the polynomial ¢ has a double real root, then there
are at most three possibilities for the function A.

Proof. Equation (7) has regular singularities at 0, 1, oo and the root
a1 of ¢. Moreover, a; lies in 3. Since a; is a double root of ¢, the
exponents of equation (7) at a; are 0 and 3, and since k; and ky are
well-defined on ¥, the solutions of (7) have no logarithmic term at a;.
Thus, in the neighbourhood of a;, equation (7) has a solution having
the following form:

Z An(z —a)"
n=0

with A\g # 0. Writing
O(z) = ¢Y_1(z —a1) " +1ho + Y1(2 — a1) + O((z — a1)?),

since ‘g((j)) = Z_2a1, reporting in equation (7) we get
=21 + E)\0 =0, —2\+ E)\1 + @)\0 =0,
2 2 2
(O] (20) ()
X+ —A + =X =0.
5 2 + 5 Al + 5 A0 0
Hence we get
R R
11 —_— 4 — =0.
(11) 6 + 5 + 1
We also compute that
B B
Az) = —4—ﬁa1(a1 —1)+ —ﬁnl(z —aq)
21 2T
B B
—l——ﬂng(z —a1)? + —5713(2 —a1)> +0((z —a1)?)
2 2
with
n1 = ai(ar — 1)1 —4(2a1 — 1),
®(a1)
= —1 — ) 4 (24 — D)y — 4
ng = ai(ar — 1) <w0 e — 1)2> + (201 — 1)Yp—1 — 4,
<I>’(a1) <I>(a1) 1 1
= -1 — 92 il
"3 al(al )d}l al(al — 1) + al(al — 1) al + ay — 1

+(2a1 — 1) <¢0 - %) + 1.
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On the other hand, A is an affine function, so we have ny = ng = 0,
and using (11) we obtain that 1_; is solution of a degree 3 polynomial
equation. Thus there are at most three possible functions A. q.e.d.

All that has been done up to now does not depend on gy, i.e., it holds
for (Dy, D2, D3) as well as for its dual configuration.

Theorem 21. There exist at most four minimal disks bounded by
(D1, Do, D3) or its dual configuration and with helicoidal ends of pa-
rameters (A, a), (B, ) and (C,v) at 0, co and 1 respectively.

Proof. By lemmas 19 and 20, it suffices to prove that for each pos-
sibility of the Schwarzian derivative there exists at most one minimal
immersion bounded by (D1, D2, D3) or its dual configuration and with
helicoidal ends of parameters (A, «), (B, 3), (C,7).

Assume that the function © is known. Then the set of the solutions
of equation (7) on X is a vector space generated by two independent
solutions. Thus, if (¢,w) and (g,&) are the Weierstrass data of two
minimal immersions corresponding to ©, then g and g are quotients of
linear combinations of these two independent solutions, so there exists
a Mobius transform y : C — C such that § = pog. But the value of the
Gauss map at each end is uniquely determined, so we have ¢g(0) = g§(0),
g(1) = g(1) and g(c0) = g(o0). Moreover, g(0), g(1) and g(oo) are
pairwise distinct (since the straight lines do not lie in parallel planes),
so p is the identity, and so ¢ = g and @ = w. q.e.d.

3.3. Some facts about the hypergeometric differential equa-
tion. In this section we recall some facts about the hypergeometric dif-
ferential equation and hypergeometric series that will be useful to give
explicit examples of minimal disks bounded by three straight lines.

Let s1, s2 and s3 be three complex numbers such that s3 ¢ —N*. The
hypergeometric series is defined by

r T r
Flonsaisyiz) = oo oS Tt e bn)

I['(s1)T(s2) o I'(s3+n)
for |z| < 1.
We use the notations of section 3.2. We define eight numbers
l1+taxpg+
(12) NS

2

These numbers are noninteger. We also set

(13)  H=Q0+a+f+y)1-a+tf+)(l+a-F+7)
(lta+pf-—7)l-a-3B+7)(1-a+B8-7)
(I+a-F-7)1-a=05-7).
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We consider the following hypergeometric equation on >

l—-a 11—y w
14 " — | wHs___s_y_ —— =0.
(14) w+< . +Z_1>w+5 s+z(2_1)
0 s——— 0
o S—4— 7
a, 3,7 ¢ Z, the fundamental system of linear independent solutions of

hypergeometric equation (14) at the singular points is given (see section
2.2, paragraph 1 in [MOS66], or [BPS03])

e on Xy by

This equation is usually denoted by P { z}. Since we have

in)(Z) =F(s-——,5-4-;1—q;2),

wgo)(z) = 2% F(s4——, 8141 + a;2),

wy(2) =F(s———, 5451 =71 - 2)
=2"F(s4—— 54431 —m1—2),

wi(z) = (1= 2) F(s__y,5 11+ 71—2)
=2%(1 = 2)"F(s4—4, 844431+ 7131 — 2),

W™ (2) = 275 Fso—_,s0m31— 5271,

Wi (2) = 27 Fs_am, saq 1+ Bi27Y).
The second expressions for wgl) and wél) are obtained using first formula
of section 2.4.1 in [MOS66].

For z € (—1,0) we have wgo)(z) € R and wéo)(z) € ™R, for z €
(0,1) we have wgo)(z) € R and wéo)(z) € R. For z € (0,1) we have
wgl)(z) € R and wél)(z) € R; for z € (1,2) we have wgl)(z) € R and
wél)(z) € e~™R. For z € (1, +00) we have wgoo) (2) € Rand wgoo)(z) €
R; for z € (—o0,—1) we have wgoo)(z) € e ™—-R and wéoo)(z) €
e i —+-R.

These solutions are connected in the following way. On 3o N ¥, we

have
W
wéO) wél)
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where
(15) v = Vi1 Vi2
Vo1 V22
F1-—a)l'(y) I'1-o)l'(—y)
Pls——)l(s—4+) T(s——-)T(s—4-)
F(1+a)T(y) F(1+a)l'(=y)

Plst—4)l(s44+)  Dls4——)T(s44-)

(We used fourth formula of section 2.4.1 in [MOS66] to compute this
matrix.) In the same way we have
o0)
wi® )

/N
g &
N =
e e
N———
Il
A
VS
S
DN~ o~

where
U1 Do
ITS_ _ _ I(1—a)T(B) irs_y_ _ T(1=a)T'(=p5)
¢ TG ¢ Teo—oloop)

eirrs+__ F(1+a)I'(8) ei7r5++_ F(1+o)I'(=p)
Pls44—)D(s444) Pls4——)l(s4+—+)

(We used the fifth formula of section 2.4.1 in [MOS66] to compute this
matrix; we should notice that in this formula (—z)~¢ is defined with
arg(—z) € (—m,m), and thus with this convention we get (—z)™% =
€@z~ This last formula is actually valid for the analytic continua-
tions of the solutions on ¥ and Y., since the intersection of these two
domains is empty.

In the sequel, o1 and o9 will denote the solutions on ¥ of hypergeo-
metric equation (14) such that

(0)

— _ 0
o1 =wy, 03=wy
on .
Lemma 22. We have 010 — 0joy = az® (1 — 2)77 L.

Proof. Since o1 and o9 are solutions of (14), we get that 010 — 002
is a solution on ¥ of the following equation:

1— 1—
w = — ( a + fy) w.
z z—1
Thus it is proportional to 21 (1—2)7~!. And since o010y —0 09 ~ z®~
when z — 0, we get the announced expression. q.e.d.

1

Lemma 23. We have viava1 = —t2v11vee where t has been defined
in section 3.1.
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Proof. Using that I'(1 + z) = 2I'(2) and I'(1 — 2)['(z) = Sn(77) (see
section 1.1 in [MOS66]), we compute that
__ PA =)=l + a)l'(v)
Vi2V21 =
L(s—— ) (s )T (s4—)T(s44+4)
_a (1 —a)l'(1—9)I()l(y)
3 T(s s (L= s )T(1—5 )
_asin(rs___) sm(ws + )
-y sin(ra)sin(r '
_ T =o'+ a)l(=y)
V11V22 =
L(s—— )T (544 )T (54— )T (544-)
__@ (1 — o)l (a)l(1 —7)
Y (s—— )T (544 )T (1 = s )I(1 = s——4)
_asin(ms__y)sin(rs_44)
v sin(ma) sin(7y)
Thus proving that vyov9) = —t2111v99 18 equivalent to proving that
(17) sin(ms___)sin(rs_y_) = —t*sin(ms__y)sin(mrs_14).
But we have
2sin(rs___)sin(ms_4_)

= cos(nf) — cos(m(—a — v+ 1))

= cos(nf3) + cos(ma) cos(my) — sin(wa) sin(77y),
2sin(ms__)sin(mrs_44)

= cos(mf) — cos(m(—a+y+1))
= cos(m3) + cos(mwa) cos(my) + sin(mwar) sin(77y).

} " tz = cosf, condition (17) is equivalent to

Thus, since

cos(m3) + cos(ma) cos(my)
sin(ma) sin(77y)

cosf =

)

which is satified according to Lemma 12 and since ma, w3 and my are
congruent to mayg, Gy and myy modulo 27. q.e.d.

Lemma 24. We have Dol = —t2011099 where t has been defined
i section 3.1.

Proof. Since e'™5———¢ims++- = m(177) = ¢ims—+—¢imst—— proceeding
as in Lemma 23 and exchanging the roles of 5 and ~, we obtain that
the equality of the lemma is equivalent to

~ cos(my) 4 cos(mar) cos(mf3)
cosf = sin(ra) sin(73) )
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This condition is satified according to Lemma 12 and since wa, 73 and
w7y are congruent to wag, wfy and 7y modulo 2. q.e.d.

Lemma 25. We have

t1 _ i tr

V21 V21
Proof. Proving this equality is equivalent to proving that
tsin(rs__y) = tsin(mrs_, ).

We have computed that

o sin(ms___)sin(ms_y ) o  sin(ms___)sin(ms__4)
sin(rs__4)sin(rs_4y)’ sin(rs_4_)sin(rs_44)
We deduce that t?sin?(rs__;) = t?sin?(rs_, ). Since sinf = %
and sinf = —2L_ we deduce from Lemma 13 that ¢ and  have the same

14+£27
sign. So it ncjrw suffices to prove that sin(ms__4) and sin(ms_4_) have
the same sign.

We have 2sin(rs__4)sin(ms_4_) = cos(m(y — ) — cos(m(l — ) =
cos(m(vo — Po)) — cos(m(l — a)). We also have 1 — ag € (0,1) and
Y — Bo € (—1,1), and by (2) we have 1 — ag > |0 — Po|, so we get
cos(m(l — ap)) < cos(m(vo — Po)) and 2sin(ms__)sin(rs_4_) > 0.
This proves the lemma. q.e.d.

3.4. Existence of a minimal disk bounded by three lines. In this
section we give explicit examples of minimal disks bounded by three lines
in generic position. We use the notations of section 3.2.

Let a, b and ¢ be three real numbers. For j = 1,2 and z € X, we set

(18) K; :zl_Ta(l —z)%((a+bz)aj+cz(1—z)a§).

These functions were introduced by Riemann in his memoir [Rie68|
(where they are denoted by k; and k»).

Lemma 26 (Riemann, [Rie68]). The functions K1 and Ko satisfy
K\ Ky — K| Ky = 217%(1 — )17 (010 — 0}02)F(2)
with
(19) F(z)=ala+ca)(l—2)+ (a+b)(a+b—cy)z
—(b+s——_c)(b+s—y-c)z(1 — z).
Proof. Using the fact that o; is a solution of (14), we compute that

1o 14y

KJ/ =22 (1—-2) 2
(2 4 ma(1 = 2) + mal1 — )

+ (ng2?(1 = 2) + ns2(1 — 2)2)0';)
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-« 3—«
(a+b), 712:72 at—; b+es___s_4_,

l-« 1+~ 1+«
5 @ ng=a+b— ¢, ms=a+ 5 C

nz =
Thus we get
KKy — K| Ky = 27%(1 — 2)' (0105 — 0 03)
: (((a+ b)ng — cny) 22
+ (ang + (a 4+ b)ns — cn2)z(1 — 2)
+ (ans — cng)(1 — 2)2).

The last factor in this expression is a polynomial of degree 2. We com-
pute that its values at 0 and 1 and its degree 2 coeflicient are the same
as those of the polynomial F' in the lemma. q.e.d.

Corollary 27. The functions K1 and Ks satisfy
(20) KlKé —KiKQ :OéF, KlKg—Ki/KQ :OéF,,
with F' as in (19).

Proof. The first formula comes from lemmas 22 and 26. We obtain
the second one by differentiation. q.e.d.

Lemma 28. Let \1, Aa, p1, p2 be complex numbers such that )\l_l,uz —
)\gl,ul % 0. Then the spinors k1 = )\flKl + A;lKg and ko = u1 K1 +
ua Ko define a conformal minimal immersion x : ¥ — R3, with possibly a
singular point at the root of F' when F' has a double root. The immersion
x has, up to a translation in R3, a helicoidal end bounded by D1 and D-
and of parameters (A, ) if and only if Ag = 1 = 0, A\ € iR*, uo € R*

and o[ pga(a + ac) = z%.

Proof. The singularities of x correspond to the common zeros of k;
and ko, and thus to the common zeros of K; and Ks. Using (20) we
conclude that a singular point of x is necessarily a double root of F'.

Let (g,w) be the Weierstrass data of x. We will use the expressions

(0)

of o1 and o2 valid in ¥o, that is 01 = w; ’ and 09 = w;o). We have

g= p1 K+ pa Ko
)\flKl + A;lKQ

and
kiky — Kiko = (A7 e — Ay ) (K1 K — K1 KG)
= a(A 2 = Ay ) F
with F' as in (19).
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Assume that x has, up to a translation in R?, a helicoidal end bounded
by D; and Ds and of parameters (A, «). Then when z — 0 we have
Q~ i%z_QdZQ, so we get i% =a(\ e — A ) F(0) = a(A g —
Ay tp1)a(a + ac). This implies in particular that A7 e — Ay tuy € iR,
a # 0 and a+ ac # 0.

Then we have K(z) ~ az 2" and Ko(z) ~ (a—i—oac)zHTa when z — 0.
We must have g(z) ~ ipz® for some p € R* (see the proof of Lemma 7),
since « € (0,1) + 2Z. This implies that 3 = 0 if @« > 0 and Ay = 0 if
a<0.

We deal with the case where a > 0. In this case we have g =

__peKe atac o R. And sin Iso h
TR AT Ap2 2% 80 Mg € iR. d since we also have

A tp2 € iR (because Ay 'y = 0), we get 12 € R and A\? € R. Moreover,
we have g(z) € iR if z € (0,1) (since Dy is the x1-axis), and the func-
tions K and Kj take real values on (0, 1), so we also have Agug € iR,
and so )\g € R. Since z maps (—1,0) onto a straight line, and since
d(z1 +ir2) = © — g?w = 272(2 — 1)2k?dz — 27 2(2 — 1)"2k2dz, the
argument of k? — k3 must be constant on (—1,0). We have k? — k3 =
AN2E? + 207K Ky + A\ 2K2 — p3K3; on the other hand we have
arg K1(z) = 7152 mod 7 and arg K»(z) = 71£% mod « if z € (—1,0),
so we conclude that Aa = 0. Thus we have w ~ )\f2a2z_1_o‘dz and
g*w ~ p3(a + ac)?z71t%dz. Since x1 — +oo when z — 0 with z real
and positive (by condition 2 in Definition 4), we get A} < 0 and u3 > 0,
which implies A\; € {R* and po € R*.

We proceed in the same way in the case where a < 0.

Conversely, assume that do = u; = 0, A\ € iR*, uo € R* and

oA tpsa(a + ac) = i42. Then we have argh? = arg(—k3) = ma on

(—1,0) and arg k? = arg(—k3) = 7 on (0,1), and we have d(z; + iz2) =
w — gPw ~ A\ 2a?z71-adz — p3(a + ac)®271F*dz. This proves that
x has an end bounded by two lines D} and D) that are parallel to
Dy and Dy respectively. Moreover, we have g(z) ~ Ajpuo®t% 2% and
Q ~ a\] psala + ac)z72d2? = i‘;‘—fr‘z_deQ, so z has a helicoidal end of
parameters (A4, ) by Lemma 4. This finally implies that D(D}, D)) =
—A =D(D1,D3), and so D} and D), are the images of D and Ds by a
translation in R3. q.e.d.

In the sequel we will study the minimal immersion z : ¥ — R3
(with possibly a singularity at a double root of F') given by the spinors
ki = A'K and ko = pK, for some A € C* and some p € C*. We first
notice the following fact.

Remark 29. For p € R*, the transformation

(a,b, ¢, A, 1) — (pa, pb, pe, pA, p~ " 1)
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does not change the Weierstrass data (g,w) (and consequently does
not change the immersion z), and changes A~y into p~2A~!y. Thus,
without loss of generality, we can assume that [A\u~!| = |a/.

Remark 30. Replacing (A, p) by (—iA,ip) would change g into —g
and w into —w. Thus the immersion x would be replaced by its image
by the reflection about the zs-axis.

Proposition 31. Let A and p be two nonzero complex numbers such
that (A=Y = |a|. Let z: X — R3 be the conformal minimal immersion
(with possibly a singularity at a double root of F') whose Weierstrass
data are given by

g=-—, w=z%(z—1)"%3,
3}
where
kl == )\_lKl, k’g = ,LLKQ
with K1 and Ky as in formula (18).
Then, up to a translation, the immersion x maps (—o0,0), (0,1)
and (1,400) to Dy, Dy and Ds respectively, and has helicoidal ends

of parameters (A,«a), (B,3) and (C,7) at 0, co and 1 respectively if
and only if the following conditions hold:

1. A = —eiau where € is the sign of 500’;}211 with v as defined in
Section 3.3,

2. eau® = % (this implies in particular that p is real),

3. F'=cp with ¢ as in (4) and F as in (19), i.e., the real numbers
a, b and c satisfy

6% = a(a + ac)
(21) eB8 = (b+s___c)(b+s_1_c)

eSY = (a+b)(a+b—c).

Proof. We denote by A1, Ay, Az, AP, AV AY and A the images
by z of (—o0,0), (0,1), (1,00), (—o0, —1), (—1,0), (1,2) and (2, +00).

If  has, up to a translation in R3, a helicoidal end at 0 bounded
by Dy and D2 and of parameters (A, «), then by Lemma 28 we have
A € iR*, p € R* and ad"Lpa(a + ac) = i42. Since [\u~!| = |af, we
have A = —eiap with € = £1, and so the first equality in (21) holds.

From now on we assume that

(22) A= —ciap

with e = £1 and p € R*, and that ’3—? = a(a+ ac). Then by Lemma 28
we can assume that the immersion x has a helicoidal end at 0 bounded
by D; and D and of parameters (A, ) (it suffices to consider the good
translation in R3). Moreover we have AY C Dy, Ay C Do, A contains
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a half of Dy in the direction of %7, and As contains a half of Dy in the
direction of —us.

We now prove the necessity of (21). By (20) we have kjko — kiks =
A luaF = eiF with F asin (19). On the other hand, if z has helicoidal
ends of parameters (A, a), (B, 3) and (C,~) at 0, co and 1 respectively,
then equation (6) holds with ¢ as in (4), so we get ¢ = eF, which
implies that (21) holds.

From now on we assume that a, b, ¢ and ¢ satisfy (21). We study the
behaviour of z at z = 1.

The rotation R defined in section 3.1 moves D3 onto a horizontal line
oriented by (cos(my), —sin(7y), 0), the vector ¥ to the vector —é3, and
it does not change Dy. Let £ = Rox. Let (g, ) be its Weierstrass data,
and N its Gauss map. There exists a matrix

h— < faa s > € SU(C)

ha1 hoo
such that h h
- 229 21 ~ 2
= —-—-—------ = h h/ .
g hiag + by’ @ = (h12g + h11)"w

Then the associated spinors can be chosen as
k1 = (hi2g + hi1)ki = (hagks + huik1), ko = Gy = (haoks + hark:).
We compute that

L1 1 it
_,/1_|_t2 it 1 '

Consequently we have

-

l1—«a -

ki=272 (1—2)72 ((a+b2)51 4+ c2(1 — 2)6

);
l1—a -

i
ko =272 (1—2)72 ((a+b2)d2 4 cz(1 — 2)dh),
(1)
w
( ) > = m( 0 )
Wy
with

m_<m11 m12>_ 1 < A1 Mit><l/11 V12>

T\ ma ome ) Txe \ ATt op vo1 lag )
These expressions are valid for z € ¥1. We notice that m1; € iR and
mao € R since A € tR and p € R.

We claim that & has a helicoidal end at z = 1 of parameters (C,~)
bounded by Dy = R(D3) and R(Ds) if and only if mis = ma; = 0.
The proof of this claim is similar to that of Lemma 28, so we will only
outline the proof. We already know that & maps (0,1) to a part of Ds.

Assume that Z has a helicoidal end of parameters (C,~) bounded by
Dy and R(Ds3). Then we must have g(z) ~ ip(1 — z)? for some p € R*.
This implies mgo; = 0 if v > 0 and mq2 = 0 if v < 0 (this follows from

-

where

Qv
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the fact that w%l)(l) =1and wél)(z) ~ (1—2)7 when z — 1). Moreover,
Z maps (1,2) onto a straight line, so the argument of l;% — l;:% is constant
1 (1, 2) This implies that mio = 0 if mo1 = 0 and mo1 = 0 if mig = 0
(because wg), wél) and their derivatives take real values on (1,2)).
Conversely, we assume that mis = mso; = 0. Since mq; € iR and
mas € R we have argk? = arg(—k3) = 7 on (1,0) and arghk? =
arg(—k3) = —my on (1,2), and we have d(Z; + ids) = @ — §?0 ~
m2,(a+b)%(1 — 2)~1=7dz —m3,(a+b—7c)?(1 — 2)"1*7dz. This proves
that £ has an end bounded by two lines that are parallel to Dy and
R(D3), and the signed distance of these lines is equal to —C' because of
the third equation in (21). Thus, since we know that Z maps (0,1) to
a part of Do, we have proved that T has a helicoidal end of parameters
(C,~) bounded by Dy and R(D3). This completes proving the claim.
The condition mis = mg; = 0 is satisfied if and only if A\ vg +
witvgs = A Yituyy 4 prgr = 0, that is, because of (22), if and only if

vig  trn
23 cap? = ——= = —=,
(23) a traa v
We recall that 4 must be real. Thus there exist 4 € R* and ¢ € {1, -1}
satisfying (23) if and only if v19101 = —t2v11199, which is true by Lemma
23.

Henceforth we assume that p and e are given by (23). The real
number p is defined uniquely up to its sign, and ¢ is the sign of (i‘l’/ -t
i.e., of g9 711 by Lemma 13. Thus the number ) is also defined uniquely

(0%
up to its sign by (22). Thus we have proved the necessity of conditions
1 and 2.

We have AY C Dy, Ay = Do, Aé C D3, AY contains a half of D; in
the direction of #; and A% contains a half of D3 in the direction of —u3.
It now suffices to check that x has a helicoidal end at oo bounded by
D3 and D; and of parameters (B, [3).

The isometry T o R defined in section 3.1 moves Dy onto the -
axis oriented by €7, D3 onto a horizontal line oriented by the vector
(cos(mf3), —sin(m3),0) and the vector U5, onto the vector —é3. Let & =
ToRoux Let (g,w) be its Weierstrass data, and N its Gauss map.
There exists a matrix

3 <f}11 @12

= € SU5(C
ha1 h22> 2(C)

such that A A
G= ha2g + ha1
hi2g + bt
Then the associated spinors can be choosen as

k1 = (h1ag + hi1)k1 = (hioks + haik1), ko = gk1 = (haks + hatk:).

& = (h12g + hi1)%w.
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We compute that

- 1 €Tz e "3t
V142 \ i e )7
Consequently we have

1—y

=22 (1—2) 2 ((a+b2)61 + cz(1 — 2)6)),

1—

o =22 (1—2) 2 ((a + b2)éa + c2(1 — 2)5%),
5 S (c0)
1 _ mi1 Mmi2 wq
< op) > < Mol Moo > wg}o)
with

< mi1 M2 ) 1 < Atei™s lﬂ'emgf> ( SRR D )
Mot Thae ) /14 2 \ ATLie™ 2 pe ™2 Uy g )
These expressions are valid for z € Y.

We first prove that 19 = 191 = 0. Indeed, this condition is equiva-
lent to )\_16”%&12 + uie‘i”%ﬂ?gg = A‘liei”%fﬁn + ,ue_i”% 91 = 0, that
is, because of (22), to

where

i Do thn
(24) ge Mt = -5 = T
tino 21

Since p is defined by (23), this condition is equivalent to

N 2~ —iTo
Vool = —t U112, —— =€ )

V21 Va1

t1 tr

which holds by lemmas 24 and 25. This completes proving that 1y =
o1 = 0.

We claim that & has a helicoidal end at z = oo of parameters (B, [3)
bounded by T o ]%(Dg) and T o R(Dl). Since A € iR and p € R, we
have arg(m?;) = —m(8 + 7) and arg(m3,) = n(1 + B8 — ), and so
arg k? = arg(—k3) = 7(14 ) on (1, +00) and argk? = arg(—k3) = 0 on
(—o0, —1). We also have d(#1+ids) = 0—§%D ~ k12~ 1 HBdz+rez " 7Fd2
for some k1,ky € C*. This proves that £ has an end bounded by two
lines that are parallel to T o R(D3) and T o R(D3), and the signed
distance of these lines is equal to —B because of the second equation in
(21). Thus, since we know that & maps (1,2) to a part of To R(Ds3), we
have proved that & has a helicoidal end of parameters (B, ) bounded
by T o R(D3) and T o R(D3). This completes proving the claim, and
this also proves that Ay = Dy and Ag = Ds.

Thus the immersion x is bounded by D, Ds and Ds, and it has
helicoidal ends of parameters (A, «), (B, ) and (C,v) at 0, co and 1
respectively. q.e.d.
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In his memoir [Rie68], Riemann proved the necessity of (21), and
only with € = 1: this comes from the fact that he did not take orien-
tations precisely in consideration. Riemann also noticed the following
fact (p. 335).

Lemma 32 (Riemann, [Rie68]). System (21) is equivalent to

2 2 2 _ A
pP—af(p+qg+r) = g%—g
(25) ¢ —FPlp+q+r)? = 5?5
2 2 2 _
=y pta+r) = e3l
Wthp:a‘i‘%c;q:b—l-H‘Tﬂcandr:—a—b—l—%c.

Theorem 33. A real solution (p,q,r) of system (25), where ¢ is
the sign of €g a”;;l, gives a minimal immersion x : ¥ — R3 (possibly
with a singular point at a double root of ¢ defined by (4)) bounded by
(D1, Do, D3) and having helicoidal ends of parameters (A, «), (B, 3) and
(C,v) at 0, co and 1 respectively. We will denote it Z(«,~y, 3,€0,p,7,q).

Moreover, two different real solutions of system (25) give the same

immersion if and only if they are opposite one to the other.

Proof. The first assertion is a consequence of Proposition 28 and
Lemma 32.

Assume that (p,q,r) and (p, 4, ) are two real solutions of (25). Then
they correspond to two solutions (a,b,c) and (a,b,é) of (21), which
define functions Ki, Ko, Kl, Ko by (18). If they define the same im-
mersion, then their Weierstrass data are equal, and so K, = +£K; and
Ky = 4Ky (because A and p are determined), which implies (&, b, ¢) =
+(a,b,c), and finally (p,q,7) = £(p,q,r). The converse is clear. q.e.d.

Corollary 34. If o, 3,7 € (0,1) (that is if « = o, B = Py and
v = 70), then there exists a minimal immersion x : ¥ — R3 (possibly
with a singular point at a double root of @) bounded by (D1, Dy, D3) and
having helicoidal ends of parameters (A, o), (B, ) and (C,v) at 0, oo
and 1 respectively.

Proof. Tt suffices to prove that system (25) has at least one real so-
lution. We set

Ao
_ 2.2
p(y) e5- T oy
Bﬁ 21,2
q(y) €2W+ﬂy,

and we define eight functions

Faga(y)==xp(y) £q(y) £r(y) —y
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for real numbers y such that these expressions are defined. Then system
(25) has a real solution if and only if at least one of the eight equations
Fi11(y) = 0has asolution y € R. When y — +o0, we have Fyi4(y) ~
(raxfE+y—1)y. When y — —oo, we have Fy 1 (y) ~ (FaFSFy—1)y.

We first deal with the case where e Aa, e B3 and eCy are all positive.
Then the functions Fly44 are defined on the whole R. Moreover we have
a+pf—-—y—1<0and —a— B+ —1<0 because («, 3,7) € K. Thus
by the intermediate value theorem equation F;;_(y) = 0 has a solution
y €R.

We now deal with the case where at least one of the numbers cAq,

eBf3 and €Cy is negative (for example e B3). We can assume that % <

% and % < % Then the functions Fy 4 4+ are defined for |y| > yo

where yo = 4/ %- We have Fiyy(yo) = Fy—4(v0), a+8+7—-1>0
and a—fF+~v—1 < 0 (because (a, 3,7) € K). Thus by the intermediate
value theorem there exists y € R such that Fy 4 (y) =0or Fi_4(y) =0

(depending on the sign of Fy 1 (yp)). q.e.d.
Remark 35. If o, 3, € (0,1), then we have ¢ = .

3.5. The differential equation satisfied by K; and K5. This sec-
tion contains technical results that will be used to construct trinoids in
hyperbolic space (section 4). We assume here that the numbers p, ¢ and
r defined in Lemma 32 satisfy system (25), and that they are real.

Lemma 36. Set ©dz? = S.h — S.¢ where h = $2 and ((z) =

fOZ o(r)dr. Then Ky and Ks are solutions on ¥ of the following dif-
ferential equation:

, )
(26) K- 2x 4+ 2k 0.
%) 2

Proof. We know that K; and K satisfy (20) with F' = ¢ (because
(p,q,r) is a solution of (25)). Then the proof is the same as that of
equation (7) in Lemma 17. q.e.d.

_ Lemma 37. The function O extends to a meromorphic function on
C. Moreover we have

0} A 20"
+ +
22(z—1)2  z(z—1)p ©

with ® as in (8) and where A is an affine function.

6=

Proof. By Proposition 31 there exist A\, u € C* such that the functions
ki = 1Ky and ko = 1Ko define a minimal immersion bounded by
some (D1, Do, D3) € D, with possibly a singular point if ¢ has a double
root. Then the Gauss map of this immersion is ¢ = Aph, so S,h = S.g.
Thus © extends to a meromorphic function on C by Schwarz reflection,
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and the expression of © follows from Lemma 18 (this remains true in
the case where ¢ has a double root, since the order of the pole of S,h
at the root of ¢ is at most 2). q.e.d.

Lemma 38. We have
AO) =e(p+q+7)((v* = B)E2p+g+7) + (1 - a®)(g—r)),
A) =ep+a+r)((@®=B°)(p+aq+2r)+(1-7%)(q - D))
A(D) = AO0) =e(p+g+7)((@® =) p+2q+7) + (1 - 5°)(r —p)).
Proof. We recall that in the neighbourhood of 0 we have
Kj==z =N “(1-2) En ((a + bz)wj(»o) +cz(1— z)(w](-o))')

(0)

for j = 1,2, with w; as in section 3.3. We have

T+
(b + === (a + c)) z+ 0(z?)

a+ac+ (b—ac—i—m( +(1+a)c)>z+0(z2)
h(z) = z“ .

1—a? hy

The coefficient of the order —1 term in © at 0 is 51 == e where

h(z) = 2%(ho + h1z + O(2?)). We compute that

1
2(p2 — a2(p+q+1)2) x
(@@ =B+ = D)(p+q+r)*+ (- +58° =59+ 1)p°
+(20% + 267 — 292 — 2)¢* + (—2a% + 23 — 292 + 2)r?
+2(? +38% =372 — V)pg+2(—a® +33° — 372 + L)pr
+4(6% = 7?)ar).
Using that p? —a?(p+q+1)? = g%

T

51 = e—X
Aa

(—(a® = 5%+ 72 - 1) ;1 +4(6% — )’
+(202 +23% — 292 — 2)¢® + (=22 + 28% — 292 + 2)r2
+2(a” +36% — 3v —1)pg +2(—a” +36% — 3y* + 1)pr
+4(6% = 7)qr).

On the other hand we have §_; = Aoy ®’(0) 4+ 2®(0), so using the

#(0)

fact that ®'(0) + 2®(0) = M and ¢(0) = 92 we conclude that

A(O) =elp+q+r)((y" - /32)(229 +q+r)+(1L=a®)(g—r)).
In the neighbourhood of 1 we have

Kj = 22 (1-2) 5 ((a + bz)w(l) +cz(1—2)(w (1)) )

we get that
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for j = 1,2, with w"

that

as in section 3.3. In the same way we compute

A1) =ep+q+r)((a® =B (p+q+2r)+ (1 -7 (g —p)),

and we deduce the expression of A(1) — A(0). q.e.d.

4. Application to trinoids in hyperbolic space

4.1. The cousin relation. We recall a few facts about the cousin rela-
tion between minimal surfaces in R? and Bryant surfaces, i.e., constant
mean curvature one (CMC 1) surfaces in hyperbolic space H3. The
asymptotic boundary of H? will be denoted by dsH?.

Let S be a simply connected Riemann surface. If z : S — R3 is a
conformal minimal immersion, I and II its first and second fundamental
forms, then there exists a conformal CMC 1 immersion & : S — H?
whose first and second fundamental forms are

[=1, H=II+1,

and conversely. The immersions x and Z are said to be cousin immer-
sions. They are unique up to isometries of R? and H? respectively.
Bryant proved in [Bry87] that if Z is such an immersion (with S not
necessarily simply connected), then there exists a holomorphic immer-
sion F : & — SLy(C) where S is the universal cover of S such that
T = FF* and det(F~'dF) = 0, where the model of hyperbolic space is

H? = {M € My(C)|M* = M,tr M > 0,det M = 1}.

FlF = < 9 )w
L =g
where (g,w) are the Weierstrass data of the cousin immersion x (see
also [UY93]). The map F is called the Bryant representation of x.

The geodesic lines of curvature of x correspond to the geodesic lines of
curvature of Z, and they lie in planes that are orthogonal to the surface.
The Schwarz reflexion principle for geodesic lines of curvature also holds
for Bryant surfaces. Thus a planar symmetry of x corresponds to a
planar symmetry of . These facts are explained in details in [Kar05]
and [SETO01].

The cousin immersion of the conjugate immersion of x will be called
the conjugate cousin immersion of x and it will be denoted by x°. Thus
the Weierstrass data of x° are (¢°,w°) = (g,iw). Moreover, straight
lines of = correspond to geodesic lines of curvature of x° (hence lying in
hyperbolic planes), and symmetries of 2 with respect to a straight line
correspond to symmetries of £° with respect to a hyperbolic plane.

Moreover we have



500 B. DANIEL

4.2. Trinoids. S& Earp and Toubiana proved in [SETO01] that an em-
bedded end of finite total curvature is either asymptotic to the end of a
rotational catenoid cousin (in which case it is called a catenoidal end)
or to a horosphere (in which case it is called a horospherical end). The
catenoidal ends are the embedded type I ends in the sense of [UY93];
they are asymptotically rotational surfaces (see [Dan03]).

Definition 39. A Bryant surface is called a trinoid if it has genus
zero and three catenoidal ends.

Consequently, a trinoid is given by a conformal CMC-1 immersion
defined on C\ {0, 1}. The three ends correspond to 0, 1 and co.

The definitions of a catenoidal end and of a trinoid in [BPS03] are
slightly different from ours. However, it turns out that the definitions
of trinoids are equivalent.

In [CHRO1], Collin, Hauswirth and Rosenberg proved many results
about properly embedded Bryant surfaces: a properly embedded Bryant
surface of genus 0 with 1 end (respectively 2 ends, 3 ends) is a horosphere
(respectively an embedded catenoid cousin, an embedded trinoid).

The aim of this section is to construct trinoids by the method of the
conjugate cousin immersion. We first prove the following proposition,
which is a reformulation of Lemma 2.4 in [SETO01] and which will be
useful in the sequel.

Proposition 40. Let O be a neighbourhood of 0 in C, O* = O\ {0}
and O* be the universal cover of O*. Let u € R* and let x : O* — H3
be a conformal CMC' 1 immersion whose Weierstrass data (g,w) satisfy

g(2) ~ goz, w~woz 1Mz

when z — 0 with go,wo € C*. Let Q be its Hopf differential.
Then x is an embedding of a punctured neighbourhood of 0 in O* if
and only if the 2-form S,g — 2Q) is holomorphic at 0.

Proof. We set
9(z) = (g0 + 912+ 0()), w=2""""(wo +wiz+ O(z?))dz.
Then we have
Q=2"(qo+q12+0(1))dz? S.g=2"2(s_9+s 12+ 0(1))d2?
with q_g = pwogo, -1 = pwigo+(1+m)wogr, s—2 = &, sy = 1;—“25—;
We first assume that g > 0. Then, according to lemma 2.4 in

[SETO01], = is an embedding of a punctured neighbourhood of 0 in
O* if and only if

2

1-— w
(27)  gowo =~ (14w =2uwigo +2(1+ pwogr.
H wo

The first condition in (27) is equivalent to s_a = 2¢_2 (this means that
S.g—2Q has at most a pole of order 1 at 0). If this condition is satisfied,
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. _ 1+ o . . .
then since ZT; =2+ T“g—;, the second condition in (27) is equivalent
to (14p) (Z‘T; — f:;) = 2¢_1, and thus to s_; = 2¢_1, which completes

the proof in the case where p > 0.

We now deal with the case where < 0. The data (g7, —g’w) define
the same CMC 1 immersion as (g,w) (see for example [UY93]), and
we have g71(2) ~ galz_“, —g*w ~ —gdwoz"1THdz, and S.g — 2Q is
unchanged, so it suffices to apply the previous case with —pu instead of
I q.e.d.

Remark 41. Umehara and Yamada proved in [UY93] that S,G =
S.g — 2@Q) where G is the hyperbolic Gauss map of the immersion zx.

Let (Dl, Do, Dg) e D, (OL(), Y0, 0o, —A, —-C,—B, 60) = L(Dl, Do, Dg)
(see section 3.1), a € ag +2Z, € Bo +2Z, v € vy + 2Z. Let x :
¥ — R3 be a minimal immersion bounded by (D1, D2, D3) or its dual
configuration, and having helicoidal ends of parameters (A, «), (B, [3)
and (C, ) at 0, 1 and oo respectively, corresponding to a solution (p, ¢, 7)
of (25) where ¢ = £1. Let (g,w) be its Weierstrass data and @ = wdg
its Hopf differential.

Then the conjugate cousin immersion z° : ¥ — H?® maps (—o0,0),
(0,1) and (1,00) onto three geodesic lines of curvature £, Lo and L3
belonging to three hyperbolic planes P1, Po and Ps.

Proposition 42. If 02_2 > ’g—::, ’%2 > g—f and % > g—;, then the

asymptotic boundary of each end of ©° consists of one point.

Proof. 1t suffices to prove that the asymptotic boundary of the end
at 0 consists of one point. The Hopf differential Q° = w°dg® satisfies
Aa

Q° ~ q_927%dz at 0 with g_o = —5=~. We proceed as in the proof of

lemma 2.4 in [SETO01]: since the indicial equations 72 + a7 — ¢_5 and
v? — av — ¢_3 have a positive discriminant A = o? + 4¢_5 (because of
the hypothesis), we prove that, up to an isometry of H?, the Bryant

2TA1(z) zBi(2) VAo
27Ci(z) 2"Di(z) where 7 = =755,
v = # and where Ay, By, C1 and D are holomorphic functions
in a neighbourhood of 0 in {Imz > 0} that do not vanish at 0. Using

the identification of H? with the upper half-space model {(y1,y2,v3) €
R3|y3 > 0} described in [SET01], we get

representation of z is F' = <

4 12|27 A1Cy + |2|?YB1 D, 1
1Yo = s
YT = R4 P 1 2P B 2 22741 + [2[2°] Bi 2

(this is formula (1.2) of [SETO01]). Thus we have y3 — 0 when z — 0

(since T or v is negative), and y; + iy, — giggg or y; + iy — gigg;

Yys =

(depending on the sign of «). This proves the assertion. q.e.d.
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From now on we assume that 0‘72 > %, %2 > % and % > %
Thus the lines £i, £ and L3 are pairwise concurrent in O,H? at
the asymptotic boundary points. Applying Schwarz reflections with
respect to these planes and repeating the process with respect to the
new plip\ezs/ infinitely many tiwe get a conformal CMC-1 immersion
2°:C\ {0,1} — H? where C\ {0,1} is the universal cover of C\ {0, 1}.
This immersion z° is well-defined on C\ {0, 1} if and only if the planes
P1, P2 and P53 are equal.

Proposition 43. If immersion z° gives a trinoid by Schwarz reflec-
tion, then we have

Ao o -1 B_ﬂ_ﬂQ—l @_fyz—l

2 = - =
(8) 27 4 27 4 7 27 4

Proof. Assume that x° gives a trinoid by Schwarz reflection. Then
x° is well-defined on C\ {0,1}, and its ends are embedded. Let Q° be
its Hopf differential. We have QQ° = iQ.

Its Weierstrass data satisfy ¢°(z) = g(z) ~ goz® and w° = iw ~
woz 1 7*dz when z — 0, with go,wp € C*. Then by Proposition 40 the
form S,g° — 2Q)° is holomorphic at 0. In particular the order —2 term
vanishes, that is 1*20‘2 + 2‘3—7? =0.

The other two identities are obtained in the same way for the ends
at oo and 1. q.e.d.

A computation gives the following result.

Lemma 44. The complex solutions of system
2

PP -a’pra+r)? =
(29) ¢ -Fp+qg+r)? = 524_1

2= pt+qgt+r)? = T
are (—%, %, %), (%, —%, %), (%, %, —%), (U6, Vo, W§) and their opposites,
where

U=-3a"+2(1+ 8+’ + ' + 7" = 2(8* + 7 + 29°) + 1,
W ==37"+201+a®+ 829 + o’ + ' — 2(a® + 82 + a?F%) + 1,

and where § is a complex square root of — = with I defined by (13).

4
The complex solutions of system

2 2 2 _  1-o?
pP—a*(ptqtr) = i
(30) ¢ Fhtatr? = 5
r?=Pptgt+r)? = -

are (%,%,—%), (%,—%,%), (—%,%,% , (1U6,iV,i1W ) and their oppo-
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Remark 45. These solutions are distinct if and only if 1 —a? — 32 +
V#£0,1-a?+3 —+2#0and 1 +a? — 52 —~2 £0.

Remark 46. We compute that U +V + W is —4 times the discrim-
inant of ®.

Proposition 47. The immersion x° gives a trinoid by Schwarz re-
flection if and only if (28) holds, ¢ has no double root, and (p,q,r) =
+(U6, V6, W0) in the case where d € R or (p,q,r) = £(iU6,iV0,iW0)

in the case where § € iR, where U, V., W and § are as in Lemma 44.

Proof. We have

D+ 20 A 20" 9
S.° —2Q° = dz2 +S,
g - (z?(z—n?*w(z—l)* P A

with ((z) = [ ¢(r)dr, ® as in (8) and A as A in Lemma 38. By
Proposition 40, x° gives a trinoid if and only if S,¢° — Q° is holomorphic
at 0, 1 and oo. This holds if and only if ® = —2¢ (i.e., if (28) holds,
i.e., if (p,q,r) is a real solution of (29) or (30)) and A = 0 (we recall
that %sz + S.¢ is holomorphic at co).

By Lemma 38 we have A =0 if and only if p4+ g+ 7 =10 or

(31) { (V¥ =p)2p+aq+r)+(1=-a’)(g—r) = 0
(@ =B8)p+qg+2r)+(1-2")(g-p) = O

We notice that (U, V, W) # (0,0,0) (since (UJ, V3§, W) is solution
of (29)). Thus the set of the solutions of (31) is the complex line
C(U,V,W). Hence the only solutions of (31) that are also solutions
of (29) or (30) are (Ud, Vo, W), (iU6,iV§,iW ) and their opposites.

There is a solution (p,q,r) of (29) or (30) satisfying p+ g+ r = 0 if
and only if U +V + W =0, i.e., if and only if ¢ has a double real root
a; (by Remark 46 and since & = —2¢). In this case these solutions are
again (U6, VI, W), (iUJ,iV§,iW6) and their opposites.

Hence, in the case where ¢ has a double root a1, the solutions (p, ¢, )
satisfy p + ¢ +r = 0, which implies A = 0 by Lemma 38. Thus the
exponents of equation (7) at a; are 1 and 2. This implies that the
spinors k1 and ks associated to x both vanish at a1, and so x and x° do
have a singular point at a;.

Moreover, the numbers p, ¢ and r are required to be real, so the proof
is complete. q.e.d.

Remark 48. In the case where ¢ has a double root, the result still
holds except that the immersion giving the trinoid has a singularity at
the root of .

Theorem 49. Let pg, p1 and pieso be three positive non-integer real
numbers. Assume that

(32) (roll; [[pall; [uco]l) € K,



504 B. DANIEL

where [r] denotes the unique number in (—1,1] such that r — [r] € 2
(the set K is defined in Proposition 9), and that

(33) 11+ 11 + oo — 21817 — U0 30 — 2417 1120+ 2045 + 2417 + 2115, — 3 # 0.

Then there exists a trinoid T, ., u., whose ends are of growths 1 — po,
1—p1 and 1 — ps and having a symmetry plane.

The ends of T, 1y use have distinct asymptotic boundary points if and
only if 1—pg—pi+pde # 0, 1= pg+p7 —pd # 0 and 1+pg—pf —p, # 0.
More precisely, the ends of growths 1 — g and 1 — 1 (respectively 1 — g
and 1— oo, 1 —p1 and 1—pso) have distinct asymptotic boundary points
if and only if 1 — pd — p? + p2, # 0 (respectively 1 — pd + p3 — p2, # 0,
L+ pd — pud — p2, # 0). In particular the three ends cannot have the
same asymptotic boundary point.

Proof. We set a = pg if pg € |[po]| + 2Z and o = —pg if —po €
[[o]| + 2Z (in order to be compatible with the conventions of section
3.2). In the same way we set § = *tpus and v = £pu;. Let g¢ €
{1,—1}. By Proposition 9 there exists a triple (D1, Dg, D3) such that

. 2_
L(Dy, D3, D3) = (|[po]]: [[1]]; |[oo]], =A, =C, =B, gg) with 92 = &7,

B/B = ﬁ24 L (2); = T_l. Then by (33) the correspondmg ¢ has no

double root, and so by Proposition 47 there exists a minimal immersion
Y — R3 bounded by (D1, D2, D3) or its dual configuration whose
conjugate cousin z° gives a trinoid by Schwarz reflection; moreover the
growths of the ends of this trinoid are 1 — pg, 1 — g1 and 1 — peo
respectively (it suffices to consider the coefficient of the order —2 term
of Q° at each end). This proves the existence of the trinoid 7, i, o
(it has a symmetry plane by construction).

By Remark 41 and the proof of Proposition 47 we have S,G° =
S.¢+ 2%;/dzz. Hence, up to an isometry of H?, the hyperbolic Gauss

map of z° is G°(z) = z + 2(;‘;1_+2_)22) where a; and ay are the roots
of . Moreover, the limit of the hyperbolic Gauss map at a catenoidal
end is the asymptotic boundary point of the end (see [SETO01]). Thus,
to compare the asymptotic boundary points of the ends, it suffices to
compare G°(0), G°(1) and GO( ).

We have G°(0) = (Cz;l_(:z;), G°(1) =1+ 2((52;7?2;) and G°(c0) =
oo. Thus we have G°(0) = G°(1) if and only if a; + a2 = 2a;jaq, ie.,
1—pud —p3 +p% = 0; we have G°(0) = G°(o0) if and only if a; +az = 0,
ie, 1 — pd+ pu? — p2 = 0; we have G°(1) = G°(oc0) if and only if
a1+ az =2, ie., 1+ pd — p2 — p2 = 0. This also implies that we never
have G°(0) = G°(1) = G°(). q.e.d.

Remark 50. If (32) holds but (33) does not hold, then there exists
a “trinoid” 7, ., u.. With one singular point.
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Corollary 51. If (ko p1; poo) € K and po, 1, poo € (0,1) (i.e., if
the growths are positive), then the trinoid Ty, ., ... €exists and its ends
have distinct asymptotic boundary points.

Proof. In this case we have pu; = |[u;]| for j = 0,1,00, and so
(10, pi1, floo) € K. This implies that peo > 1 — pg — g1 and pee >
—1+po+p1, and 50 1 — pd — i + p2o > 1— g — i + (1 — po — p1)? =
2(1 — p10)(1 — p1) > 0. In the same way we have 1 — p3 + 3 — p2, # 0
and 1+ p3 — 3 — p2, # 0. Thus the asymptotic boundary points of the
ends are distinct.

Set (10, 11, fhoo) = g+ 1t + Hae — 20187 — 20813 — 21312 + 20 +
2u3 + 2p2, — 3. The derivative of d with respect to p2, is equal to
2(u2, — p2 — 3 + 1), which was proven to be positive. Without loss of
generality we can assume that pg > p1. We have poo < 1— pg+ 1, and

80 d(po, 1, poo) < d(pto, 11, 1 —po+p1) = 8(p1+1)(po—1) (o —pi1) < 0.
Thus (33) is satisfied, and the trinoid has no singularity. q.e.d.

Irreducible trinoids are classified by Theorem 2.6 of [UY00]. They
correspond to trinoids with non-integer growth ends. Theorem 2.6 of
[UYO00] states that there exists a trinoid 7,y i, u. (Without assuming
that it has a symmetry plane) if and only if (33) holds and
(34)
cos?(mpug) + cos? (1) + cos® (T poo) + 2 cos(mig) cos(mur ) cos(mies) < 1,

and in this case this trinoid is unique (in this theorem, the 8; (j = 1,2, 3)
2

correspond to our p; — 1 (j =0, 1,00), the ¢; to our 1_2“j ). Irreducible
trinoids are also classified in [BPS03]; it is also proved that (34) is
equivalent to (32) (in [BPS03] the A; (j = 1,2,3) correspond to our

H’;—j” ( = 0,1,00)). Pictures of trinoids can be found in [BPS03] and

[RUYO04].

Proposition 52. If the asymptotic boundary points of the ends of x°
are distinct and (28) holds then x° gives a trinoid by Schwarz reflection.

Proof. For j =1,2,3, the oriented curve £; and the mean curvature
vector of z° on £; induce an orientation of the plane P;. Denote by
o, p1 and ps, the asymptotic boundaries of the ends of z° at 0, 1 and
oo respectively. Then L1 goes from po, to pg, Lo goes from pg to p1,
and L3 goes from p; to ps. Denote by Q1, @2 and ()3 the asymptotic
boundaries of P;, P and P3. These are great circles in C. They are
given the orientation induced by Pp, P2 and Ps respectively. We have
Po € Q1NQ2, p1 € Q2NQ3 and po € Q3N Q1. Moreover, the circles are
pairwise tangent at these points, and their orientations at these points
are compatible (since the boundary lines have turned of an angle 7 at
each end, because of (28)). Since pg, p1 and ps are distinct, this is not
possible unless the three circles are equal (see figure 8). Consequently,
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the planes P;, P2 and Ps are equal, and doing the Schwarz reflection of
x° with respect to this plane gives a trinoid. q.e.d.

Poo

Po

Figure 8. The asymptotic boundaries of the boundary
planes; there is no orientation of )1 compatible with
those of @2 and Q3.

We now describe what the immersion x° looks like in the case where
(p, Q7r) = (%’ %a _%)a (p, er) = (%’ _%7 l) or (p, ‘L"") = (_%a %a %)
We first notice that (iU0,iV,iWé) = (5, %, —%), (1U0,iV §,iW6) =
(3,-3.3) and (iU6,iV6,iWé) = (1,4, 3) if and only if 1 — o® — 3% +
V=0, 1-a’+p2—~2=0and 1+ a?— 32—+ = 0 respectively.
Henceforth we assume that none of these conditions are satisfied.

If (p,q,7) = (3.3, —3), then by Lemma 38 we have A(0) # 0, A(1) =
0 and A(1) — A(0) # 0, so S,g° — 2Q° has poles of order 1 at 0 and oo
and is holomorphic at 1. This means that the end at 1 is embedded, but
the ends at 0 and oo are not: the planes P, and Ps are identical, and the
plane P; is tangent at infinity to Ps but different. Applying Schwarz
reflection infinitely many times, we get a surface that is invariant by
the parabolic isometry generated by the reflections with respect to Py
and Py. The ends at 0 and oo are not annular ends since z° is not

single-valued at 0 and oo.

If (p,q,7) = (5,—3, %), then we have A(0) # 0, A(1) # 0 and A(1) —

A(0) = 0, so similarly the end at co is embedded and the ends at 0 and
1 are not (and they are not annular ends).

2
i
2
)
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If (p,q,r) = (—4%, 3, 1), then we have A(0) = 0, A(1) # 0 and A(1) —

T2 202

A(0) # 0, so the end at 0 is embedded and the ends at 1 and oo are not
(and they are not annular ends).

Then by Propostion 52 the asymptotic boundary points of these im-
mersions are not pairwise distinct (otherwise these immersions would
give trinoids by Schwarz reflection).
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