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CRITICAL POINTS AND SUPERSYMMETRIC VACUA,
II: ASYMPTOTICS AND EXTREMAL METRICS

MICHAEL R. DOUGLAS, BERNARD SHIFFMAN & STEVE ZELDITCH

Abstract

Motivated by the vacuum selection problem of string/M theory,
we study a new geometric invariant of a positive Hermitian line
bundle (L, h) — M over a compact Kéhler manifold: the expected
distribution of critical points of a Gaussian random holomorphic
section s € H°(M, L) with respect to the Chern connection V. It
is a measure on M whose total mass is the average number NTi*
of critical points of a random holomorphic section. We are inter-
ested in the metric dependence of N, especially metrics h which
minimize N"*. We concentrate on the asymptotic minimization
problem for the sequence of tensor powers (LY h™) — M of the
line bundle and their critical point densities Kt (2). We prove
that IC%”;L(Z) has a complete asymptotic expansion in [N whose co-
efficients are curvature invariants of h. The first two terms in the
expansion of J‘i,“;“L are topological invariants of (L, M). The third
term is a topological invariant plus a constant ((m) (depend-
ing only on the dimension m of M) times the Calabi functional
I} M p?dVoly,, where p is the scalar curvature of the Kihler metric
wp, == $0,. We give an integral formula for B5(m) and show,
by a computer assisted calculation, that Ga(m) > 0 for m < 5,
hence that X}“ﬁ is asymptotically minimized by the Calabi ex-
tremal metric (when one exists). We conjecture that f2(m) > 0
in all dimensions, i.e., the Calabi extremal metric is always the
asymptotic minimizer.

1. Introduction

This paper is the second in a series of articles [11, 12] on the statis-
tics of vacua in string/M theory and associated effective supergravity
theories. Mathematically, vacua are critical points Vs(z) = 0 of a holo-
morphic section s € HY(M, L) of a line bundle L — M over a complex
manifold relative to a connection V, which we always choose to be the
Chern connection Vj, of a Hermitian metric h on L. Equivalently, they
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are critical points of the norm |[s(z)|; of s relative to h. Our motiva-
tion to study critical points of holomorphic sections in this metric sense
comes initially from physics, where critical points of this kind model
extremal black holes in addition to string/M vacua (cf. [13, 20, 22]).
But we also find the statistics of critical points to have an independent
geometric interest. A basic statistical quantity, the average number of
critical points of a random holomorphic section, defines a new geometric
invariant of a positive Hermitian holomorphic line bundle, and in this
paper we show that its asymptotic minima are given by Calabi extremal
metrics.

The physical setting for vacua of string/M theory (and for extremal
black holes) is a holomorphic line bundle over the moduli space of com-
plex structures on a polarized Calabi-Yau manifold. Supersymmetric
vacua are critical points of a holomorphic section (known as a superpo-
tential) relative to the Weil-Petersson metric. The program of studying
statistics of critical points of Gaussian random holomorphic sections was
proposed by the first author [1, 8, 10] as a means of dealing with the
large number of string/M vacua. There exists at this time no reasonable
selection principle to decide which superpotential nor which of its criti-
cal points gives the vacuum state that correctly describes our universe
in string/M theory, so it makes sense to study the statistics of vacua of
random superpotentials.

In our first paper [11], we gave explicit formulas for the expected dis-
tribution of critical points of sections of general holomorphic line bundles
over any complex manifold, including those which arise in physics. The
formulas, recalled in §2 (cf. Theorem 2.1), involve complicated complex
symmetric matrix integrals, and it is difficult to see how the expected
distribution of critical points depends on the metric h. The purpose
of this article is therefore to study a purely geometric simplification of
the physical problem where (L, h) is a positive Hermitian line bundle
over a compact Kéahler manifold M and where the Gaussian measure
on H°(M, L) is derived from the inner product induced by h. Our aim
is to understand the metric dependence of the statistics of the random
critical point set

(1) Crit (s,h) = {z: Vi(s) =0}

of a Gaussian random section of H(M, L). We note that Crit (s, h) U
Zs={z:d|s(z)|2 = 0} where Z is the zero set of s.

From the probabilistic viewpoint, the critical points of random holo-
morphic sections relative to the Chern connection Vy, of a fixed Hermit-
ian metric on L determine a point process on M, that is, a measure on
the configuration space of finite subsets of M, which gives the probabil-
ity density of a finite subset being the critical point set of a holomorphic
section. The process is determined by its n-point correlation functions
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K¢(21,...,2,), which give the probability density of critical points
occurring simultaneously at the points z1,..., 2z, € M.

In this article, we focus on the 1-point correlation, namely the ex-
pected distribution of critical points

2) kit= [| X a)ene

z€Crit (s,h)

where 9, is the Dirac point mass at z, and where v, is the Gaussian
measure probability v, on H%(M, L) induced by h and the Kéhler form
wp, == 20y, (see §2). We showed in [11] that K™ is a smooth form on
M if L is sufficiently positive. In particular, we are interested in the
expected (average) number of critical points

(3) NEE = /M Kt = / #Crit (s, h) dyn(s)

of a random section, a purely geometric invariant of a positive Hermitian
holomorphic line bundle (L, h) — M. The methods of this paper also
give results on general n-point correlations between critical points and
their scaling asymptotics in the sense of [3], but we do not carry out
the analysis here.

Since it is a crucial point, let us explain why the number #Crit (s, h)
is a (non-constant) random variable on H°(M, L), unlike the number of
zeros of m independent sections which is a topological invariant of L.
As indicated above, connection critical points are the same as critical
points of |s(z)|? for which s(z) # 0, or equivalently as critical points of
log |s(2)|n (see [11] for the simple proof). Hence, there are critical points
of each Morse index > m (see [5, 11]), and only the alternating sum
of the number of critical points of each index is a topological invariant.
Another way to understand the metric dependence of the number of
critical points is to write the covariant derivative in a local frame e, as

of 0K k0, _k of

4 Zj = a. a. = a. Y Z; = 5= Pl
(4) Vs <8zj azj> e, =e 7 (e™™ f)er, Vgs 5z er
where we locally express a section as s = fer, and K = —log |ler]?.
Hence, the critical point equation

0 0K
(3L

32’]' 32‘]'

in the local frame fails to be holomorphic when the connection form is
only smooth.

Although Crit (s, h) and #Crit (s, h) depend on h, it is not clear at
the outset whether N ,‘frit is a topological invariant or to what degree it
depends on the metric h. To investigate the metric dependence of K%rit
and N; ﬁrit we consider their asymptotic behavior as we take powers LV
of L. Asin [3, 21], it is natural to expect that the density and number of
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critical points will have asymptotic expansions which reveal their metric
dependence.
We therefore let K@ () denote the expected distribution of critical

points of random holomorphic sections sy € H°(M, N ) with respect
to the Chern connection and Hermitian Gaussian measure induced by
h, as given by (15)—(16) in §2. We also let

(©) = [ KR
M

denote the expected number of critical points.

We let ©), = 0K denote the curvature form of (L,h). Our first
result is a complete asymptotic expansion for the expected distribution
of critical points for powers LY — M in terms of curvature invariants
of the Kéahler metric wy, = %@h:

Theorem 1.1. For any positive Hermitian line bundle (L,h) —
(M, wy) over any compact Kdahler manifold with wp, = %@h; the expected
critical point distribution of holomorphic sections of LV relative to the
Hermitian Gaussian measure induced by h and wy has an asymptotic
expansion of the form

N—™ K‘j\rfﬁl(z) ~{bo+b1(2)N"t +by(2) N2+ ... }Hh"

where the coefficients bj = bj(m) are curvature invariants of order j of
wp. In particular, by is the universal constant

(7)
by = (") / |det(QHH* — |2*T)| e (F21H2) aF da,
Sym(m,C)xC

b1 = Bip, where p is the scalar curvature of wy and B1 is a universal
constant, and bs is a quadratic curvature polynomial.

Here, Sym(m, C) is the space of m x m complex symmetric matrices.
It follows that the density of critical points is asymptotically uniform
relative to the curvature volume form with a universal asymptotic den-
sity bo(m). The values of the constant by for low dimensions are:

5 59 -2 637 - 3!
bo(1) = 30 bo(2) = 35,3 bo(3) = 553
6571 - 4! 65941 - 5! 649659 - 6!
bo(4) = T bo(5) = 9.5 bo(6) = TR

(See Appendix 1.)

With only minor changes in the proofs, our methods give refinements
of the asymptotic results which take the Morse indices of the critical
points into account. By the Morse index ¢ of a critical point, we mean
its Morse index as a critical point of log || s||;,~; it is well known that m <
g < 2m for positive line bundles [5]. Thus we let Kﬁ\?gh(z) = K‘j\l}‘fl(z)
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denote the expected distribution of critical points of log ||sn ||~ of Morse
index ¢, and we let C“t ah denote the expected number of these critical
points. Thus we have

2m
crlt crit crit __ crit
(8) E KNgn(2) Nh = E Ng.h-
q=m

We obtain a similar asymptotic expansion for the distribution of critical
points of given Morse index:

Theorem 1.2. Let M,L,h,wh,K(j\l}igh be as above. Then the ezx-

pected density of critical points of Morse index q of random sections in
HO(M, L") is given by

m
wh

NTKGG A (2) ~ {bog + big(2)N T+ bg ()N 72 oD

m < g < 2m, where the bj; = bj,(m) are curvature invariants of order j
of wy. In particular, bog is given by the integral in (7) with the domain
of integration Sym(m,C) x C replaced by

(9)  Spk:={(H,z) € Sym(m,C) x C : index(2HH* — |z|*I) = k},
with k = q—m.

The coefficient integrals are in general quite complicated to evaluate.
In Appendix 1, we provide a table of numerical values of by,(m) (for
m < 6), which we computed using Maple. In dimension one, we have
the following formula for the first three terms of the expansion:

Theorem 1.3. Let (L,h) be a positive line bundle on a compact
complex curve C' of genus g. Then the expected number of saddle points
and of local mazxima, respectively, of random holomorphic sections of
LN are given by:

; 4 8 1

ot = (L)N+=-(29—2 —/ 20 | NV 4+ O(N2
Wia=ga@N+5eo-2+ (g [ ) N o),
T = 3D N =5 o=+ (5= [ s N+ oW
N.zh T3 9 271 Jo ’

where wp, = %@h; and p is the Gaussian curvature of the metric wy.

Hence, the expected total number of critical points in dimension 1 is

) 7 2
CI‘lt__ IYN (29 -2 _/ 2 N—l N—2 .
N,h 301( ) +9(9 )+(277T prh +O(N™)

In dimension 1, the coefficients in Theorem 1.2 are:

bo1(1) = 35, boa(1) = 3=, bui(1) = =& p, bia(1) = 5= p,
ba1(1) = baa(1) = 575 p*.
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In §4, we study the case where M = CP™ and (L, h) is the hyperplane
section bundle O(1) with the Fubini-Study metric. We show that in this
case the expected number N X,ryiqt,h of critical points of Morse index ¢ of
sections in H?(CP™, O(N)) is a rational function of N, and we provide
an exact formula (Proposition 4.1) for this expected number. In Ap-
pendix 1, we use Proposition 4.1 and a computer assisted computation
to give eXpllclt formulas for N crit g.h 1 dimensions < 3. For example, in
dimension 1, the expected total number of critical points is

5N? — 8N +4

3N -2
as we computed in [11]; in dimension 2, the expected total number is
59 N° — 231 N* + 375 N3 — 310 N2 + 132 N — 24
(3N —2)°

Thus we gain a quantitative sense of how many more critical points
there are in the metric sense in comparison with the classical critical
point equation df = 0. In the case of O(N) — CP!, whose sections
are polynomials of degree N, we may view this classical critical point
equation as a connection critical point equation by viewing the deriva-
tive % as a flat meromorphic connection with pole at co. Alternately,
it is the Chern connection of a singular Hermitian metric. The crit-
ical point equation being purely holomorphic, the number of critical
points of a generic section is a constant N — 1. All critical points rel-
ative to this connection are saddle points. By comparison, sections
sy € H°(CPY, O(N)) have, on average, an additional ~ % local max-

crlt (CPI )

crlt (CPQ )

ima and ~ % additional saddles relative to the Fubini-Study connection.
The study of critical points relative to meromorphic connections (known
as Minkowski vacua) is simpler than that relative to Chern connections
and will be explored further in a subsequent work.

As a corollary of Theorem 1.2, we find the rather surprising fact that
the asymptotics of the expected number of critical points is a topological
invariant of the bundle L — M to two orders in V.

Corollary 1.4. Let (L,h) — (M,wy) be a positive holomorphic line
bundle on a compact Kdhler manifold, with wy = %@h. Then the ex-
pected number of critical points of Morse index g (m < q < 2m) of
random sections in HO(M, LN) has the asymptotic expansion

Ncrlt

7q7

[”:ZOQ 01(L)m] N [( il fre@n - a@nt N

+ [ﬁQq / p*dVoly, + By, c1(M)? - ey (L)™ 2
M

+ [y ca(M) - Cl(L)m_2] N™2 4o
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where bog, B1q; B2g; Bag: By, are universal constants depending only on the
dimension m.

We recall that the alternating sum of the N ]f,“qt , is topological:

S ()TN, = (LY @ T = e (L) N -
and hence by Corollary 1.4,

2m
(10) S (1) by om) =

Since each by, is strictly positive and their sum equals by, it follows from

(10) that
(11) bg(m) > —.

Corollary 1.4 shows that the metric dependence of NM(RY) is a

‘lower-order’ effect, and hence renews the question to what degree ;r}it,

or at least the asymptotic expansion of ]‘i}ii;,h, is a topological invari-
ant. We see from Corollary 1.4 that the expansion is not topological
provided that the constant B2y = (24(m) does not vanish. Computa-
tions in dimensions < 5 show that (5, is positive in these dimensions
(see Corollary 1.7), and we conjecture that faq(m) > 0 for all m. As
we now explain, this conjecture is suggested by a connection between
extremals of N]‘{,“,s and Calabi extremal metrics [6, 7, 9, 24].

This connection involves a notion of asymptotic minimality of j{,“,‘;
To introduce it, we revisit the motivating problem of determining how
N, ,‘;rit varies as h varies over Hermitian metrics on L. One could consider
all Hermitian metrics on L, but we focus on the smaller class of positively

curved Hermitian metrics,
P(M,L) = {h : %@h is a positive (1, 1)—form} .

If we fix one such metric hg = e %0, the others may be expressed
as hy = ePhg with ¢ € C*°(M). It is reasonable to conjecture that
N, ;;;it is unbounded as h,, varies over P(M, L), since by (5) the number
of critical points of a section should be ‘large’ if the ‘degree’ of the
connection form —9K is ‘large’. Here, K = —logh = Ky — ¢ in a local
frame. On the other hand, N is bounded below by |, (L ® T*10)|,
and it is plausible that it has a minimum. It would be interesting to
determine this minimal metric (assuming one exists and is unique), but
it is difficult to solve the critical point equation dN; ,irit = 0.

We therefore consider the simpler asymptotic problem. Since the first

two leading coefficients in the expansion of ﬁ}“ﬁ are topological, we try



388 M.R. DOUGLAS, B. SHIFFMAN & S. ZELDITCH

to find metrics for which the first non-topological term is critical. The
first non-topological term is a multiple of the Calabi functional

/ o7 dVi,
M

where pj, is the scalar curvature of the Kéhler metric wy = %@h, and
dVy = %w,’f Thus the problem of finding metrics which are critical for
the metric invariant N ﬁ,“,ﬁ is closely related to the problem of finding
critical points of Calabi’s functional. In keeping with our intuition that

]‘{,“,2 should have a minimizer, we note that critical points of Calabi’s
functional are necessarily minima (cf. [6, 7, 17]).

Existence of critical metrics is one of the fundamental problems in
complex geometry, and we refer to [9, 24, 26| for background. It was
suggested by S.-T. Yau [25, 27| that existence of a canonical metric
should be related to the stability of M. One class of canonical metrics
are Hermitian metrics h for which © is a Kéhler metric of constant
scalar curvature, i.e. for which pp is constant. By a theorem due to
S. Donaldson [9, Cor. 5], there exists at most one Ké&hler metric of
constant scalar curvature in the cohomology class of 7¢i(L). Hence if
there exists such a metric of constant scalar curvature, there exists a
unique Hermitian metric minimizing Calabi’s functional.

This leads us to make the following definition:

Definition. Let L. — M be an ample holomorphic line bundle over
a compact Kéhler manifold. For h € P(M, L) and m < g < 2m, we say
that K,r’l(;’h (resp. ]‘i}“ﬁ) is asymptotically minimal if for all hy # h in
P(M, L), there exists Ng = Ny(hq) such that

crit crit crit crit
(12) N,q,h < N,q,h1 (I‘esp. N,h < N,hl) for N Z NO.

Assuming (M, L) has a Hermitian metric ~ minimizing Calabi’s func-
tional, we see from Corollary 1.4 that ]‘\}r";’h (resp. ]‘i}“}s) is asymptoti-

cally minimal as long as (24(m) > 0 (resp. B2(m) > 0). Since we believe
this to be the case for all dimensions, we state the following conjecture.

Conjecture 1.5. Let h € P(M, L), m < g < 2m. Then the following
are equivalent:
° ﬁ,“fb is asymptotically minimal, ‘
° ﬁ,r"qt’h is asymptotically minimal (and hence ]‘i}”,lqt,’ , 1s asymptot-
ically minimal V¢'),

e h minimizes Calabi’s functional.

In Lemma 6.1, we show that

(13)  Baylm) = e [t derizam — o)
4 Sm.,q—m

7r(2

. e~ ((Ha)(Ha) g do.
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where
1 4 2
Y(H) = §|H11\ —2|Hu1[" + 1.

It is unfortunately difficult to determine from this formula whether
Ba2q(m) is non-zero and (if so) what sign it has. In §6, we transform
(13) to a rather complicated, but more elementary, integral (Lemma
6.2), which can be evaluated by a routine (but long) calculation. For
low dimensions, we perform this calculation using Maple to obtain:

Theorem 1.6. The constants [fa4(m) are positive for m < 5, and
hence Conjecture 1.5 is true for dim M < 5.

The calculation in dimension 5 was done by B. Baugher [2]. In par-
ticular, we have:

Corollary 1.7. Suppose that dim M < 5 and that L possesses a
metric h for which the scalar curvature of wp, = %@h is constant. Then
h is the unique metric on L such that ﬁ,“,i is asymptotically minimal.

Thus, for instance, the Fubini-Study metric h on the hyperplane sec-
tion bundle O(1) — CP™ is the unique metric on O(1) such that N
is asymptotically minimal, at least for m <'5. 7

Additional evidence that (2,(m) > 0 was found by B. Baugher [2]. By
studying patterns in computer-assisted calculations of the terms arising
from the computation of the integral in (13), Baugher discovered an
identity for Bz, (m) for dimensions m < 5 which he conjectures is valid in
all dimensions. Baugher showed that this identity implies that Baq(m) >
0 in all dimensions, and hence Baugher’s conjecture implies Conjecture
1.5. Baugher’s conjecture and identity are stated in Appendix 2.

We close the introduction with some comments on the organization
of the paper. The proof of Theorems 1.1 and 1.2 is based on the Tian-
Yau-Zelditch asymptotic expansion of the Szegd kernel Iy (z,w) [19,
23, 26, 28] and on formulas from our previous paper [11] for the density
of critical points. We then need to evaluate the coefficients explicitly to
obtain concrete results linking geometry to numbers of critical points.
Once we know the leading coefficient is universal, we may calculate it
for O(N) — CP™ and this is done in §4 and Appendix 1. Unfortunately,
the Fubini-Study metric is not useful for finding the sign of 35 since it
is impossible to separate out the topologically invariant terms from the
Calabi functional for this metric. Hence in §6, we analyze instead the
case of M = CP' x E™~! for E an elliptic curve, where the relevant
topological terms vanish. This leads to an explicit integral which we
analyze by a variant of the Itzykson-Zuber formula in random matrix
integrals.

We thank X.X. Chen and Z. Lu for discussions of Calabi’s functional
and references to the literature.
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2. Background

Let (L,h) — M be a Hermitian holomorphic line bundle over a com-
plex manifold M, and let V = Vj be its Chern connection, i.e., the
unique connection of type (1,0) on L compatible with both the metric
and complex structure of L. Thus, it satisfies V”s = 0 for any holomor-
phic section s where V = V' + V" is the splitting of the connection into
its L ® T*9, resp. L @ T*%! parts. It follows that

(14) Crit (s, h) = {z : V) s(z) = 0}.

We denote by ©p, = ddlogh = —001log h the curvature of h and wy, =
LOy.

2

We now introduce the Gaussian measures vy, called Hermitian Gauss-
ian measures in [11], which we use exclusively in this paper. They are
determined by the inner product

(15) (51, 50) = /M h(s1(2), 52(2))dVi ()

on H°(M, L), where dVj, = - wp'. By definition,

m!
1 e d
(16) dyp(s) = —de*”c” de, s = g cjej,
T
i=1

where dc is Lebesgue measure and {e;} is an orthonormal basis for S
relative to (,).

Definition. The expected distribution of critical points of s € S C
HO(M, L) with respect to 7y is defined by

(17) Kt - [ o<M,L>[ ) (sz] d1n(s)

z€C'rit(s,h)

where 9§, is the Dirac point mass at z; i.e.,

(1) (K57 ¢) = [ S e duls),  pece(n).

HO(M,L) 2:Vps(2)=0
The density of K5 with respect to dV}, is denoted K§7(2); i.e.,
K = K (2) dVi.

2.1. Formulas for the expected distribution of critical points.
Let (L,h) — (M,wp) be a Hermitian holomorphic line bundle on an
m-dimensional compact Kéhler manifold. We say that H°(M, L) has
the 2-jet spanning property if all possible values and derivatives of order
< 2 are attained by the global sections s € H°(M, L) at every point of
M. In [11], we showed that if H°(M, L) has the 2-jet spanning property,
then K}’:Lrit is absolutely continuous with respect to dV}, and we obtained



CRITICAL POINTS AND SUPERSYMMETRIC VACUA II 391

an integral formula for Kt (zo) in terms of the Szegd kernel I1(z, w) for
H°(M, L) with respect to h. To describe this formula, we choose normal
coordinates about zg € M and define the following matrices:

(19)  A(z0) = (V;Va,10),
(20)  B(z0) = | (700 V=, Vo, Va, ) (V2,10)],

(quTj’q’ Vi Ve Vay, v@j/H) (qu Vz Vs, H)
Ce72% Vi, Vi I1) II

(22) where 7;, = V2 if j<q, T;;=1,

1<j<m, 1<j<qg<m, 1<5 <q¢ <m,

1) Cla) = [

and where the Szego kernel IT = TI(z, w) and its derivatives are evaluated
at (z0,0;20,0) (see §2.2 and (39)). In the above matrices, j, ¢ index the
rows, and j', ¢ index the columns. Note that A, B,C are m x m, m X
A, dm X dp, matrices, respectively, where

2
2
dy, = dime(Sym(m, C) x C) = %
We then let
(23) A(z) = C(z0) — B(z0)*A(20) ' B(20).

The matrices A, B, C give the second moments of the joint probability
distribution of the random variables Vs(zp) and V?s(zg) on S.

Theorem 2.1 ([11]). Let (L,h) — M denote a positive holomorphic
line bundle with the 2-jet spanning property on a compact complexr man-
ifold. Give M the Kdhler form wy, = %@h and volume form dVy, = %w,’f
induced from the curvature of L. Then the expected density relative to
dVy, of critical points of random sections of H°(M, L) is given by

(")

crit — HH* — 2[
K (2) det A(z) det A(2) /Sym(m,C)xC | det( [=[*1)]

. e—(A(Z)il(H,LL’),(H,:D» dH dl'

Here, H € Sym(m,C) is a complex symmetric matrix, dH and dx
denote Lebesgue measure, and A~! is the Hermitian operator on the
complex vector space Sym(m, C) x C described as follows:

Let S74, 1 < j < q < m, be the basis for Sym(m, C) given by

(87 1y = { v

ﬁ(éjjxcsqq/ + 6qj’5jq’) for j <q
(5]']'/(5(1(1/ for j = (.
Le., for j < ¢, $79 is the matrix with % in the jq and ¢j places and 0

elsewhere, while $77 is the matrix with 1 in the jj place and 0 elsewhere.
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We note that {$79} is an orthonormal basis (over C) for Sym(m, C) with
respect to the Hilbert-Schmidt Hermitian inner product

(24) (S, T)us = Tr(ST™).

For H = (Hjq) € Sym(m,C), we have

(25) H = Z Hijq E, Hjq = 7jqHjq,
1<j<g<m

where 7j, is given by (22). Lebesgue measure dH (with respect to the
Hilbert-Schmidt norm) is given by

dH = [ [ dReH;q A dimHj,.

J<q

Writing '
L[ )
() NS

we then define
(260)  (AG)N(H, o), (H,)) = Y (A HygHyy
+2Re Y (A™H), Hjg + (A7)0
To study the asymptotics, we consider powers LY and we let Iy (z, w)

denote the Szegd kernel for HO(M, L™); see (34)(35). We shall use the
following result.

Corollary 2.2. With the same notation and assumptions as above,
the density of the expected distribution K, of critical points of random

sections sy € HO(M, LN) relative to dVy, is given by
(%) / det(HH" — | ’21)‘
= e — |z
det Ay (2) det AN (2) Jsym(m,c)xC
e~ (AN He) (Ha) gpy dz,

K55 (2)

where

(27) An(20) = Cn(20) — Bn(20)* An(20) "' Bn(20),

(28) An(z0) = :(vzjij,nN)},

(2) Bx(z20) = (779 V2, Vi, Va Ty) (N V2, Ty) |,

[ (TiaTjr V2, Ve, Vi, Vi, TIn) - (7N V2, V2, Ty
(779 N Vi, Vi, IN) N2y

Tie=V2 if j<q, Tj=1,

1<j<m, 1<j<q<m, 1<j <q <m,

(30) Cn(20) =
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where Iy and its derivatives are evaluated at (29, 0; 29, 0); see §2.2.1.

Proof. Rescale z; = Z;/ V/N. Then the curvature of LV is given by
v = NO), = %Zdzj AdZ;,
so that the Z; are normal coordinates (at a point zg) for the curvature of
LY. Apply Theorem 2.1, using the coordinates {Z;} to obtain 4, B, C, A.
Since dV = N™dV and the transformation (A,A) — (NA, N2A) intro-
duces a factor N™™, we let Ay = NA, By = N3/2B, Cy = N2C to
obtain the desired formula. q.e.d.

We also have a formula for the density of critical points of specific
Morse indices:

Theorem 2.3. Under the above assumptions, the density relative to
dVy, of the expected distribution Kﬁ\r,fz’h of critical points of Morse index

q of log||sn||n for random sections sy € HO(M, L") is given by

Tr_(mg-z)

crit _ * 2
Kian(2) = det An(z) det An(2) /Sm,q_m |det(HH = I)‘

e~ NG H)(HD) gp gy

where
Sk = {(H,z) € Sym(m,C) x C : index(HH* — |z|*I) = k}.

Proof. The case N = 1 is given as Theorem 6 in [11]. The general
case follows immediately by rescaling as in the proof of Corollary 2.2.
q.e.d.

Recall that the index of a nonsingular Hermitian matrix is the number
of its negative eigenvalues, and the Morse index of a nondegenerate
critical point of a real-valued function is the index of its (real) Hessian.

2.2. The Szego kernel. As in our previous work, it is useful to lift
the analysis on positive line bundles . — M to the associated principal
S1 bundle X — M. Sections then become scalar functions and it is
simpler to formulate various asymptotic properties for powers N (3, 4].
The same analysis is also useful for general line bundles although the
asymptotic results no longer hold.

Given a holomorphic line bundle L and a Hermitian metric h on L,
we obtain a Hermitian metric h* on the dual line bundle L* and we
define the associated circle bundle by X = {\ € L* : ||\||» = 1}. Thus,
X is the boundary of the disc bundle D = {\ € L* : p(\) > 0}, where
p(A) = 1—||A|2.. When (L, h) is a positive line bundle, the disc bundle
D is strictly pseudoconvex in L*; hence X inherits the structure of a
strictly pseudoconvex CR manifold. When L is negative, as is the case
for the line bundles relevant to string theory, X is pseudo-concave. We
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endow X with the contact form o = —idp|x = i0p|x and the associated
volume form

1
(31) dVyx = s A (da)™ = a AT dVyy.

We define the Hardy space H?(X) C L2(X) of square-integrable
CR functions on X, i.e., functions that are annihilated by the Cauchy-
Riemann operator d, and are £2 with respect to the inner product

1 _
(32) <F1,F2> = %/ FiFhydVyx, Fi,Fs€ 52(X)
X

We let 79z = ez (z € X) denote the S' action on X and denote
its infinitesimal generator by %. The S! action on X commutes with
Jp; hence H*(X) = DN_oH%(X) where H3(X) = {F € H*(X) :
F(roz) = ¢™F(x)}. A section sy of LY determines an equivariant
function § on L* by the rule

SN(A) = (AN sn(2)), A€EL: z€M,

where A®V = A ® --- ® X\. We henceforth restrict § to X and then the
equivariance property takes the form 3y (rgz) = eN%y(2). The map
s+ § is a unitary equivalence between H°(M, L) and H3 (X).

We let er, be a nonvanishing local section, or local frame, of L. As
above, we write

(33) ler (=)l = &2,

Thus, a positive line bundle L induces the Kahler form w, = %85[(
with Kahler potential K.

The Szego kernel I1y(z,y) is the kernel of the orthogonal projection
Oy : £2(X) — H3(X); it is defined by

(34)  TyF(z) = /X My (2, y) F(y)dVx (y), F € L3(X).

Let {sév = f;e¥N j = 1,...,dy} be an orthonormal basis for
HO(M,LY). Then {éév} is an orthonormal basis of H2(X), and the
Szego kernel can be written in the form

dyn —
(35) Mx(z,y) = > 87 (2)5V (y).
j=1
It is the lift of the section
(36) ﬁN(ZaU_]) = FN(va) G%N(Z)(ge%]v(w)a
where

dn
(37) Fn(zm) =Y f;(2)fi(w).
j=1
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We let (z,0) denote the coordinates of the point = = €||er,(2)||nes (2)
€ X. The equivariant lift of a section s = fe%N c H°(M, L") is given
explicitly by
(38) a0 = VRN s () = N EIT (),

The Szegd kernel is then given by
(89)  In(=8iw,p) = N KEA K@M HO D by (2 ).

2.2.1. The connection. We denote by H = ker o and obtain a split-
ting Tx = H & C% into horizontal and vertical spaces. The Chern
connection V on L" then lifts to X as the horizontal derivative d™, i.e.

(40) (Vsy) = d7sy.
To describe the connection explicitly, we choose local holomorphic
coordinates {z1,...,2,} in M, and we write

V=V'+V" Visy=> dz@V.,sy, V'sy=)Y dz®Vzsy.

In particular, (V”sy) = dy8x, which vanishes when the section sy is
holomorphic, or equivalently, when sy € H]ZV(X ).
For a C™ section sy = fe%N of LV, we have

of 0K o, _
.. — (=L _ N2 RN — NK Y NK RN
v JSN <62j f@zj) eL © 8,2]' (6 f) eL ’

— QN :
Vzsn = 8—%6L (V is of type (1,0)).

(41)

We also write
42)  dMy(z,0;w,0) =Y dz; @ Vo, lly + Y dw; @ Vo, Iy,

where d* is the horizontal derivative on X x X. (We used the fact that
the horizontal derivatives of Iy with respect to the z; and w; variables
vanish.) By (39)-(41), we have

(43)
—L1K(z,2)- L K(ww)+i(0— > 7
V., Iy = N 3KEA -3 Kwo)+ie-o) (a%- - Ng—g(z,z)) Fn(z,w),
(44)
—1K(2,2)- LK (ww)+i(6— — —
Vo, Iy = e[ 2KED- 3 Kwn)+io—o) (8% _Ng%(w’w)) Fr(z,@).

3. Alternate formulas for the density of critical points

The integrals in Theorems 2.1-2.3 are difficult to evaluate because of
the absolute value sign, which prevents application of Wick methods.
To compute the densities, we shall replace our integral by another one
which can be evaluated by residue calculus in certain cases. This new
integral is given by the following lemma:
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Lemma 3.1. Let A be a positive definite Hermitian operator on
Sym(m,C) x C. Then

1
midm det A

(i X / de / d
=—>——— lim lim g

(27T)m H] 1]' e’—0t e—0t Jrpm m U(m)

A©) A [T, Ayl eHEe-ele—I?
det [iﬁ(é‘)p(g)/\p(g)* + I}

/ |det (HH* — |z[21)] e~ H2):(H2) g gy
Sym(m,C)xC

where
o A(A) =1Ilig; (X = Aj),
e dg is unit mass Haar measure on U(m),
e D(&) is the Hermitian operator on Sym(m,C) @ C given by

DO ((H).e) = (S5 1) - (Siae) o).
e p is the representation of U(m) on Sym(m,C) & C given by

p(g)(H,z) = (gHg', x).

The integrand is analytic in £, g but rather complicated. Its principal
features are:

o A(&),A(\) are homogeneous polynomials of degree m(m — 1)/2,
and [[]; A;| is homogeneous of degree m.

o Py (§) = det [iﬁ(ﬁ)p(g)[\(z)p(g)* —i—I] is a (family of) polyno-
mial(s) in & of degree m(m + 1)/2 + 1 with no real zeros £ € R™.

The proof of Lemma 3.1 is given in §3.1 below.
As a consequence, we have the following alternative formula for the
expected critical point density:

Theorem 3.2. Under the hypotheses of Theorem 2.1 and notation
of Lemma 3.1, the density of the expected distribution of critical points
of sections of HO(M LN) is also given by:

A(E) A IH A |e (€A —6|£|2—a A2
det [z (©)o(g)An (2)olg)" +1|

Y

where

(_i)m(mfl)/Q

Cm — ™
om 7I-2m Hj:l ]l
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Proof. The formula follows by combining Corollary 2.2 and Lemma
3.1. q.e.d.

In §4 we shall use Theorem 3.2 to calculate the density of critical
points for random sections sy € H?(CP™ O(N)) of the N-th power
of the hyperplane bundle. In this case the U(m) integral drops out,
and the integral can be evaluated as an iterated integral without the
Gaussian factor e—l€—¢'A?,

We also have an alternative formula for the Morse index densities,
which follows by a similar argument (given in §3.2):

Theorem 3.3. Under the above assumptions, the density of the ex-
pected distribution of critical points of Morse index q of log||sn||n is
also given by:

Kot micm / X i d /
N’q’h(Z) det Ay ¢ LIBI+ Youm 5—1>I(§l+ Rm E
‘ AE) AN |TT; )\ ;| eteN e—clEl?—€"IA?

Y

det [z (©)p(9)An(=)p(9)" +1]

where

Yy={AeR™: A >-->X>0> X1 > > A}

3.1. Proof of Lemma 3.1. We write

1
45 IT=—— det(HH* — |z|*I
) mdm det A sym(m,C)x(c| ( =)

- exp (—(A™Y(H,2), (H,2))) dH dz.

Here, H (previously denoted by H') is a complex m X m symmetric
matrix, so H* = H. The proof is basically to rewrite (45) using the
Itzykson-Zuber integral and Gaussian integration.

We first observe that

= hm hm T, o,
e’—0 e—0

where Z. ./ is the absolutely convergent integral,

46 T = det P
(46) E T (2m)mP pdm detA/m/m/Sym(m(C ><<C| e Pl

7€T7‘._.*:7€/TT‘P*P et (E,P—HH*+|z|%I)

- exp (—(A'(H,2),(H,z))) dH dz dP d=.

Here, H,, is the space of m x m Hermitian matrices. Absolute conver-
gence is guaranteed by the Gaussian factors in each variable (H, z, =, P).
If the d= integral is done first, we obtain a dual Gaussian which con-
verges (in the sense of tempered distributions) to the delta function
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5HH*—1|:E\2(P) as ¢ — 0. Then, as ¢/ — 0, the dP integral then eval-
2

uates the integrand at P = HH* — |z|?I and we retrieve the original
integral Z.

We next conjugate P in (46) to a diagonal matrix D(A) with A =
(AM,..., Am) by an element h € U(m). Recalling that
(47)

. A S en®
/Hm ©(P)dP = m/m /U(m) o(RDNR)AN)?dhdX, ¢, = T

(see for example [29, (1.9)]), we then obtain

T = det(D
B8 (2m)m? dedetA/ /sym(mc)xc/m/m| ©

—**'— . * 2 *H
—e(TrD(\ AN)+TrE*E) _,hD Yh*+|z|?I-H*H A()\)2

- exp (—(A_ (H,z),(H, x)}) d\d=dH dz dh.

ERDNI) dh is invariant under the conjugation

Since the factor fU(
= — g*2g with g € U( ), we apply the same identity (47) in the =
variable. We write = = g~ D(¢)g where D(&) is diagonal. This replaces
d= by A(¢)2d€. The inner product is bi-invariant so we may transfer

the conjugation to HH*. We thus obtain:

(chn)? dh d dH d
(2m)™ 7 det A g v
™ ™ U(m) U(m) Sym(m,C)xC

x| dg jaeD)] AXPAE? e
R™ R™

. ei<D(§)7hD(/\)h*+|x‘2lngH*g*>67<A71(H7I)7(H7x)> .

(48) T.. =

Next we recognize the integral fU(m) eUDERDNIT) qp as the well-
known Itzykson-Zuber-Harish-Chandra integral [15] (cf. [29]):

etleiribh]
(19) (DO, D(E) = (~i)™m V2 (T 1) %

We note that both numerator and denominator are anti-symmetric in
& and A\; under permutation, so that the ratio is well-defined.
We substitute (49) into (48) and expand

det[eing’“]jk - Z (-1)7 o)
0cESm

obtaining a sum of m! integrals. However, by making the change of
variables A’ = o()\) and noting that A(g(\)) = (=1)7A(N), we see that
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these integrals are equal, and (48) then becomes

( Z) (m—1)/2 / /
50 Leo = dH dx
( ) o (2 (H mdm det A Sym(m,C)xC

/ d)\/ dé A(N)A(E) |det(D(N))] o c(EP+IA1?)

&)|z?I—gHH*g*)—(A~' (H,x),(H,x))

Further we observe that the dHdx integral is a Gaussian integral. We
simplify the phase by noting that

(D(€), gHH"g" = |2*I) = Tr(D(§)gHg'gH" ") = TrD(¢) |o]*
= (D()plg)(H. ), plg)(H, 7)),
where D(£) and p(g) are as in the statement of the theorem. Thus,

(51) % ei(D(f),|I‘2[—gHH*g*>—<A71(H,I),(H,$)> dH dx
mém det A Sym(m,C)xC
1

detA det [ZP(Q) D(&)p(g) + Ail}

1
det [ip(9)* D(€)plg)A +1]
_ 1
det [iD(€)p(g)Aplg)* + 1|
Substituting (51) into (50), we obtain the desired formula. q.e.d.

3.2. Proof of Theorem 3.3. The proof is similar to that of Theo-
rem 3.2 above, with the modifications provided by Theorem 2.3. The
proof of Lemma 3.1 shows that

1
det A

(_Z')m(m—l)/Q

/ |det(HH* — |m|21)} e~ T Ha)(Ha)) gff dy
Sm,k

=——2——— lim dA lim df/ dg
@m)m [Ty 3t oot Jyr o e=0t Jrm Jugm)

. A AN |H] Ajle W(EN) g—elél?—¢'|A]?
det [z’ﬁ(g)p(g)/\p(g)* +I]

where Yp’ denotes the set of points in R” with exactly p coordinates
positive. Since the integrand on the right is invariant under identical
simultaneous permutations of the {; and the \;, it follows that the
integral equals m! times the corresponding integral over Y, . The
desired formula then follows from Theorem 2.3. q.e.d.

)
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4. Exact formula for CP™

To illustrate our results for fixed N, we compute the density IC%‘;(Z)
of the expected distribution of critical points of Morse index ¢ of
log ||sn ||~ for random sections sy € H?(CP™,O(N)), where hY is
the Fubini-Study metric on O(N). Here, the probability measure on
HO(CP™, O(N)) is the Gaussian measure induced from h" and the vol-
ume form V = %wlﬁf‘s on CIP™. Since this Hermitian metric and Gauss-
ian measure are invariant under the SU(m + 1) action on CP™, the
density is independent of the point z € CP™, and hence the expected
number of critical points of Morse index ¢ is given by

cri m " cri
(52) N,;(C]P) )= WICN,Z(Z)

These numbers turn out to be rational functions of N given by the
following integral formula:

Proposition 4.1. The expected number of critical points of Morse
index q for random sections sy € H°(CP™, O(N)) is given by

m2+m+2

27— (N _ 1)m+1

crit P — / d m oy A
N’q(c ) H;-nzljl (m+2)N —2 Yom—q A ‘H]:1 ]‘ (V)
(m+2—2/N)Am >
. 67 Z;nZI AJ . ¢ for q mn ,
1 for gq=m

for N > 2, where Yo,,_q is as in Theorem 3.3.

Thus, the expected number ]‘i}“ﬁl(CPm) of critical points of minimum

(N_1)7n+1
(m+2)N—-2"
is also easy to see from the form of the above integral that the expected

number j{}”i;((CIP’m) of critical points of each Morse index g is a rational

Morse index is of the form &, for some constant x,, > 0. It

function of N. In Appendix 1, we give explicit formulas for ]‘i}“qt (CP™)
in low dimensions obtained by using Maple to evaluate the integral in
Proposition 4.1.

4.1. Itzykson-Zuber formula on CP™. The following formula de-
rived from Theorem 3.3 is the starting point for our proof of Proposi-
tion 4.1.
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Lemma 4.2. The expected critical point density for random sections
sy € HY(CP™,O(N)) of Morse index q is given by
K5 (2)

_ m+1 m! |Cm’ . / ) —&' |\

= Jm, [ ’Hj AJ) A\ e
1' A(g) ei</\7£>e_€|€|2 dg

. 1m N - ]

e=0t Jrm (N2 3286 +9) [T1<jcpamli = NV = 1)(§ + &)}

where ¢, and Yo,—q are as in Theorems 3.2 and 3.3.

Proof. Since the critical point density IC;’\% is constant, it suffices to

compute it at z =0 € C™ C CP™, using the local frame ey, correspond-
ing to the homogeneous (linear) polynomial zy. We recall that the Szego
kernel is given by

N +m)! _
o (cpm 0(ny) (2, w) = %(1 +z-w)VeL(z) ® e (w).

(See, for example, [3, §1.3].) Since the formula in Theorem 2.1 is invari-
ant when the Szego kernel is multiplied by a constant, we can replace
the above by the normalized Szego kernel

(53) Oy (z,w) =14z @)V

in our computation.
We notice that

K(2) = —log ler()% = log(1 + [12]12),
2
K0 = 20 = T 0) =0

Hence when computing the (normalized) matrices A N, B N, C N, We can
take the usual derivatives of IIy. Indeed, we have

oll N vl
aZj :N(1+ZU)) 1’[,[)]'7
02Tl y e L
Sy = 6 N(1+z-w)" 1+ NN =1)(1+ 2 w)N?zw;,
Ol y

(3Zj82q3wj/8wq/ (Ov 0) = N(N - 1)(51‘]"5«1(1’ + 5j’q5jq’)'

It follows that

m+1)‘

where I is the identity matrix of rank ( X
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The stated formula now follows from Theorem 3.3 by observing that
p(9)An p(9)* = Ay, and

det [iD(€)x +1] = (i) (Mg +i)
I[I G-NV-1g+a)

1<j<k<m

q.e.d.

4.2. Evaluating the inner integral by residues. To complete the
proof of Proposition 4.1, we must evaluate the d¢ integral in Lemma
4.2. We begin by writing

(55) K (2) = ™l e, lim A \Hj Aj‘ AN eIy,
s e/ —0+ Y2m7q

where

Iny = lim L A9 el 8eeler de

e—0t N /Rm(N2 2.8 +1) ngjgkgm{i — N(N = 1)(&§ + &)}

To simplify the constant factors, we make the redefinitions §; = (¢; +

i)/2N(N — 1) and A; — 2N (N — 1)), after which (55) holds with

m(”;+1) 2(m+1)2<m+2) (N — 1)m+1
N

Iny = (-1) e" XN T(\e),

where
i) —e > |t)?
(56)  T(\i¢)= lim Alf)e Ter s
e=0+ Jr_iym Ot +i0) [[1<jcam (b + tr)
(57) c=m+2—2/N.

Recalling the definition of ¢, in the statement of Theorem 3.2, we there-
fore have:

dt,

m2+m+2
; 272 (N—-1pm*t!
(58) K%jg(z):i(m-i_l)z - 2m_1 . ( )
mm [T 5! N
R ‘Hj Aj‘ AN e PPe= TN () ¢),
2m—q

where Z(\; ¢) is given by (56)—(57). Proposition 4.1 now follows from
(52), (58), and the following lemma with p =2m —¢, c=m+2—2/N.

Lemma 4.3. Let 0 < p < m and let c > 0. Then for
AM> > A >0> Mg >0 > Ay,
we have

m
m2-1 T

1 — m

for p<m

i — for p=m
c
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where Z(A, c) is given by (56).

We note that Z(\, ¢), resp. i Z(\, ¢), is positive if m is odd, resp. even,
and thus by monotone convergence we can set ¢’ = 0 in (58).

Proof. We let
A(t) e
(Ot tio) [Ti<jcpam(ty +ti)

We note that f(Rﬂ.)m Z(\ t;c)dt is a tempered distribution (in \).
Furthermore, the map

(59) Z(\t;c) = dt, for ¢ > 0.

(Ely.vnyEm) — I()\,t;c)e_ZEJ"tj'th
(R—i)™
is a continuous map from [0, +00)™ to the tempered distributions. Here,
(R — %)™ is the change in the contour R™ obtained by translating R —
R — ¢ in each factor. Hence
(60)
I(\c) = / I(\tic)dt = lim --- lim IO\ tc) e Zeiltil gy,
(R—i)™ em—0"  e1—0% J(R—i)m

We now use (60) to evaluate Z(\;c) by iterated residues. We first
suppose that p > 0, and we start by doing the integral over t;. Since
the t; integral is absolutely convergent when €1 = 0, we can set €1 = 0
and do the integral by residues. If p > 0 we close the contour in the
upper half plane, and pick up poles at ¢t; = 0, and at ¢t; = —t; for j # 1.
The pole at ty = —ic — >, ,;t; is below the contour.

The residue of Z(\, t;¢) at the pole t; =0 is

(=)
(61) TI(}\Q,...,)\m7t2,...,tm;c).

The residue at the pole t1 = —t5 is
iei[(AQ—>\1)t2+)\3t3+“~>\mtm]2152(t2 +t3) - (o 4+ tm)Alta, ... tm)
(ts + - +tm +ci) 2ta(—t2 +t3) - (—t2 + tm) [ Locjcham(ty + tk)
+ i(A2—A1)t2 —62‘752‘2
- = c TN,y A3, oy b ).
29

When we then do the o integral and let e — 0T, we get zero. Indeed,

ei()\g—)\l)tg 6—€2|t2|2

lim dto =0,
e—=0+ Jr_; 2t2 2

since Ao — A1 < 0 and the pole at t3 = 0 is above the contour. Similarly,
when we compute the residue of the pole t; = —t;, j > 2, and then
perform the t; integration, we also get zero. Hence we can ignore the
residues of the poles t; = —¢;.
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Applying (61) recursively, the integral with p > 0 can be reduced to
the case with all A’s negative:

(62)  Z(A;c) = (—1)m D=2+ 0n=p) ()P T(X i1,y A ©).

We now treat the case p = 0 (i.e., 0 > Ay > -+ > \p,). This time,
we do the t,, contour integral first. We close it in the lower half plane,
picking up the residue at t,,, = —ic — Zngm tr. This residue is

(63) R()‘lw-'7>\m—17t17-”,tm—1;0) =
A(tla oo 7t’m—1) Hk<m(ic + Zl<m tl =+ tk)€C)\m+i Zj(Aj_Am)tj
2(—ic = 2 icm t) I cjenam—1(t; + 1) Hiam (=i = 21 pan ti)

(To simplify the discussion, we set ¢ = 0, and regard the integrals as
distributions, as above.) Next we perform the ¢; integration. Since A,
is the most negative eigenvalue, we close the contour in the upper half
plane. The terms in the denominator with ¢c all give poles in the lower
half plane, so can be ignored. And, the poles t; = —t; will be ignorable,
by the same type of reasoning we saw earlier. Indeed, after computing

the residue at t; = —t; we find that ¢; appears in the exponent as
ei(/\j—>q)t

3 with A; — A1 < 0 and the only factor of the denominator with
a zero below the contour is ic+to+ - - - +t,,; but this factor also appears
in the numerator and hence the ¢; integral gives zero.

This leaves the residue at all £; = 0 with 1 < j < m — 1. The residue
at t; = 0 of (63) is

Res |t1:0 R(Aye oy A1yt -+ s tm—1;C)

-1 m—1
= %R(}\Q,. . .,)\m_l,tQ, - ,tm_l;c).

Continuing recursively, for the case p = 0, we obtain (remembering that
the t,,, pole below the contour contributes negatively):

(64) T(he) = (—1)mm=1/2 (rjym <i) ¢,

Combining (64) (with m replaced by m — p) and (62), we obtain the
formula of the proposition. q.e.d.

4.3. Dimensional dependence: a conjecture. In this article, we are
studying the N-dependence of the critical point density and number
of critical points, but the growth rate of ]‘{,r‘qt (and the growth rate
of the total number of critical points) as the dimension m — oo is
of considerable interest as well. In the vacuum statistics problem in
string/M theory, one is interested in the total number of critical points
of certain holomorphic sections (known as flux superpotentials) of a
line bundle £ — C over a moduli space C of complex structures on a
Calabi-Yau fourfold X x T2 where X is a Calabi-Yau threefold and 7

is an elliptic curve. The relevant dimension is m = b3/2 — 1 where b3
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is the third Betti number of X. As we discuss in some detail in §7.3 of
[12], vacuum statistics involve integrals like (7) over certain subspaces
of Sym(bs/2 — 1,C). The growth rate in b3 of the number of vacua is
important to obtain an order of magnitude of string vacua, since b3 is
rather large for typical Calabi-Yau threefolds. In [12, §7.3], we state a
conjectural formula for the growth in b3 of such integrals which is based
on the explicit calculations in this article for O(N) — CP™ for fixed N.

We recall that by Proposition 4.1, the expected number of critical
points on CP™ of minimum Morse index is of the form &y, %
Our Maple computations given in Appendix 1 show that &, = 2(m+1),
and furthermore that the leading terms of the expansion are monotoni-
cally decreasing in the Morse index ¢, for each m < 6; in particular, on
average there are more critical points on CP™ of Morse index m than
there are of each index g > m (at least for m < 6). Recall that by our
universality results (Theorems 1.1-1.2 and Corollary 1.4), the leading
coefficient in the N-expansion of Ny ,(CP™) is the universal coefficient
% bog(m). Thus we make the following conjecture based on our Maple
computations:

Conjecture 4.4. Let ny(m) := 7% bog(m) denote the leading coef-
ficient in the expansion of ./\/']‘{,“qt p, from Corollary 1.4, and let n(m) =

S ng(m) = T~ bo(m), so that

q=m
W~ ng(m) er (L) N™, NE ~ n(m) er (D)™ N™.
Then 1
m
nm(m) =92 — > nm+1(m) > > an(m),
and hence )
1 1
m+ 2 m+ 2

Equivalently, ﬁ,“,tl ~ n(m) deg LY, where deg LV is the number of
simultaneous zeros of m generic sections of LY. This conjecture implies
that the expected number of critical points of Morse index m grows ex-
ponentially in the dimension, a growth rate consistent with quite anal-
ogous estimates of vacua in string/M theory [8, 12] and of metastable
states of spin glasses [14].

5. Asymptotics of the expected number of critical points

In this section, we compute the asymptotics of the expected density
and number of critical points of sections of powers LY of a positive
holomorphic line bundle. In particular, we prove Theorems 1.1, 1.3,
and 1.2 as well as Corollary 1.4.

5.1. Proof of Theorems 1.1-1.2. We begin with some further back-
ground on the Szeg6 kernel.
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5.1.1. Szego6 kernel asymptotics. We first use the asymptotic ex-
pansion of the Szeg6 kernel to show that K%it(z) has an expansion of
the type given in Theorems 1.1-1.2. It is evident from Theorem 2.1
and Theorem 2.3, respectively, and from formulas (27)-(30) for Ax
and Ay that the asymptotics of the critical-point densities KSt(2) and
Kf\r,ff](z), respectively, can be determined by canonical algebraic opera-
tions on the asymptotics of the following derivatives of the Szegt kernel
(1<j<m,1<j<qg<m,1<j <q <m)

ijHN(Za U)) |z:w;

vzj VIDj/HN(Zv W)|z=w;

VZqVZjHN(z,w)]z:w and V@q,V@j/HN(z,w)|Z:w;

vzj qu/ vﬂ)j/ Oy (2, w)|z=w;

vzq VZ]‘ vﬁ)q/ V@j/HN(Z, 'LU) |z=w

(Here we write II(z,w) = II(z,0; w,0).) We can obtain their asymp-
totics by differentiating the following Tian-Yau-Zelditch expansion:

Theorem 5.1 ([28, 23, 26]). Let (L,h) — M be a positive Her-
mitian holomorphic line bundle over a compact complex manifold M of
dimension m with Kdhler form wp, = %G)h. Then there is a complete
asymptotic erpansion:

m

N
(65) My (z,2) ~ — [1+ai(2)N" fag(z)N 241,
for certain smooth coefficients a;j(z).

To apply (65) to the differentiated Szegé kernel, we use (43)—(44).
By a change of frame in L, we can assume that K and its holomor-
phic derivatives up to any fixed order, as well as the anti-holomorphic
derivatives, vanish at zo. Writing 0; = 0/0%;, we then have:

OF
(66) V., 1y (20, 20) = a—z{v(zo, 20) = 0;Fn(2,2) 2
)
= 8]- [eNK(Z)HN(Z, Z)] )
20
#?Fy - _
szij/HN(ZO,ZO) = W(ZO’ZO) = 005 FN(2,2)]z

)

= 0;0; [eNK(Z)HN(z, z)}

20

Vs, quvmj,qu,HN(zo, 20) = ajaqéj/gq' [eNK(Z)HN(27 2’)]

20
Here, we used the fact that Fy(z,w) is holomorphic in z and anti-

holomorphic in w. (In these expressions, we have no V3, or V,,; deriva-
tives of Il (z,w).)
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It follows by substituting (65) into (66) that the components of A
and A have asymptotic expansions in powers of N, and hence by Theo-
rem 2.1, resp. Theorem 2.3, that R (2), resp. K{';(2), does. Next we

study the coefficients bg, b1, b2 of the expansion of K%it(z).

5.1.2. The first three terms of the expansion. Integrating the den-
sity of critical points, we find that the expected total number of critical
points has the expansion

m

N NG = T e (L) + N7 [ bidVi+ N2 [ bedVi +O(N).
’ m! M v

The leading order term is universal.
We will use Theorem 2.1 and the following result of Z. Lu [19] to
calculate the coefficients in these expansions:

Theorem 5.2 ([19]). With the notation as in Theorem 5.1, each co-
efficient a;(2) is a polynomial of the curvature and its covariant deriva-
tives at x. In particular,

1
ap = 35p
{ a2 = LAp+ L(RP? - 4|Ric]? + 3p?)

where R, Ric and p denotes the curvature tensor, the Ricci curvature
and the scalar curvature of wy, respectively, and A denotes the Laplace
operator of (M,wp,).

We now calculate Ay and Ay to two orders. The key point is to
calculate the mixed derivatives of IIy on the diagonal. It is convenient
to do the calculation in Kahler normal coordinates about a point zg in
M.

It is well known that in terms of Kéhler normal coordinates {z;}, the
Kahler potential K has the expansion:

_ 1 _
(67)  K(22) = 2l = 7 D Rigpg(#0) 2527 + O(12]°).

(In general, K contains a pluriharmonic term f(z) + f(z), but a change
of frame for L eliminates that term up to fourth order.)

We further use the notation K; = 0;K, K; = 9;K. We first claim
that

(68) A=NI+al+N"{axl + (9;05a1)} + - -
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Indeed, by (66),

0; [eNK(z)HN(z, z)] =M [NK;j(1+aiN™' + asN~?)
+0jai Nt 4+ 0jasN 2 + -+ -]
0,0, [eNK(Z)HN(z, z)] — NE[N2KK; (14 a1 N !+ asN~2)
+ K50;a1 + K5 0N~
+NEKj5;(1+aiN"'+aaN7?) + K;0;a1
+ Kjéj/agN_l + ajéj/alN_l .

Evaluating at zo using (67), we then obtain (68).
We now compute the expansion of A. Continuing the above compu-
tation,

6j5j/éq/ |:€NK(Z)HN(Z, Z):|

= eNK [Ng(qu/K§/ + KJE’KQI)(l + alN_l + G‘QN_Q)
+ Kj/gq/(h + Kq/ajéj/al + ij’éq’al + qu/gj'al
+ Nij,q/(l + alN_l) e ] + unimportant terms.

(The ‘unimportant terms’ are those which vanish at zy and whose holo-
morphic derivatives also vanish at zp.) We have

69)  Blz) = :(vzjv@j,v@q,nN(zo,zo)) (NijHN(zo,zo))}
= —((5]-]-/5(1/@1 + 5jq/5j/a1) ((53'(11)} + O(Nfl).

Differentiating again and evaluating at zy using (67), we obtain

0;050,0y |MKOMy (,2)| |
- [NQ(‘Sjj/dqq’ + Gjgr0gr) (1 + atN~! +aN7?)
+ 6jj/8q5q/a1 + 5qq/8j5j/a1 + 5jq/8q5j/a1 + 6qj/8q5j/a1

+N jj/qq/(l—i—alN_l)"'jH

20

20"

Noting that K51z = —Rjj4q(20), and recalling that A = C —

B*A~'B, where
(vzquj v’tf)q/ vﬂ)j/HN> (szqujHN)
(NV, Va, T1y) NTly
we obtain

3 1
A(z0) = N?AZ (I+ N'A i+ N2A o+ ) AZ

)
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with
(21 0
(70) n= ()
_ (] = §(Rjjrq) O
- e (91 Hw) 0
(72) Ay — agj + P __%(Rjj’q(j’) %(8]‘8,1@1)
- %(@aqal) a9 ’

where I is the identity operator on Sym(m, C), and
1 _ _ _ _
P = 5 (5jj/8q8q/a1 + 5qq/8j8j/a1 + (5jq/8q8j/a1 + 5qj/8q8j/a1).

To prove Theorem 1.1, we want the asymptotics of
m—+2

. =) ym
crit _ T * 2

e~ (AN (z0) T (H ), (H2) 1 dor.
Making the change of variables H — /2 NH, x — Nz, the integral is
transformed to
m+2
7'['_( 2 )Nm
- det 2{ det K Sym(m,C)xC
€—<K_1(H,CE),(H,$)> dH dCC,

(73) JCSHE () |det(2HH* — |2|*1)|

where

A=N24p(z ,
(74) - ivl( ) _
A= N_2A0 2AN(ZQ)AO
Next we observe that

~_ 1 1
A I:I—NA_1+W[—A_2+A2_1]+~-,

N|—=

=(I+N A +N2A 5 +--+).

hence

o~ (AHH) 67<H,H)6< [ A1+ (Aa=A2 )| HH)

1
—_ —(H,H) -
¢ {1 + (A1 H, H)

1 1
Nz [<A-2H, H)+ 5 (Ao H, H)* = (A2, H, H>] }
Furthermore

det A™'= 1—(TrA_ )N "'+ [%Tr(/@l) + %(TrA_l)Q - TrA_Q} N~2...
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and similarly for det A=, Altogether, we obtain:
K5 (2)

1
STr(AZ)

_(m+2 m 1 1
~ ("IN {1+N(—’IYA_1—T1"A_1)+—[2

N2

—TrA_5 + %Tr(A%l) —TrA_5 + %(TrA_l + TrA_l)Q} }
1
/ |det(2HH* — |2[*])] e_<H’H>{1 + —(A_H, H)
Sym(m,C)xC N

1 1 2 2
+ 5 (Ao H H) + S(A_ H, H)? = (A2, H,H)| | dH da.
Expanding, we obtain

(75) K§(2) ~ boN™ + by N™F 4+ by N2 .|

bo —/dﬂa

b1 = / [(A_lH, H) - TI“A_l - TI‘A_l] du,
1 2 1 2
by = iTr(Afl) —TrA_o + §Tr(A,1) —TrA_
+ %(Tm,1 +TrA_1)? — (TrA_ + TrA_ ) (A_H, H)

1
+<(A*2 - AQ—I)Ha H> + §<A*1Ha H>2 d:ua

where
(76) dp =7 ("2") |detHH* — |aT)| e~ HH) 4H da.
Recalling (68) and (70)—(72), we see that b; is of the form

by = Z Cjraq Rijrag

where ¢;5/, is universal. Since by is also invariant under the unitary
group, we must have
(77> bl = /Blpu

where (3 is a universal constant (depending only on the dimension m
of M). Similarly, by is of the form

by = Q(R, R) + 0 Ap,

where Q(R, R) is a universal quadratic form in the curvature tensor
R. But by is also U(m)-invariant and hence is a curvature invariant (of
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order 2). Thus,
(78) by = Y0Ap +1p” + 72| RI” + y3| Ric]?,

where the v, are universal constants depending only on m, which com-
pletes the proof of Theorem 1.1.

The proof of Theorem 1.2 is exactly as above, except we integrate over
Si.q—m instead of Sym(C, m) x C in the computation of the expansion
of K%lg q.e.d.

5.2. Number of critical points: proof of Corollary 1.4. The co-
efficient by, is of the form

(79) blq = /qu P,

by the above argument (or by the fact that p is the only curvature
invariant of order 1). Furthermore, it is well known (see, e.g., [18,
pp. 112-113]) that for any Kéhler metric w on M, we have

(p* — |Ric|))Q = c(M,w)?> Aw™ 2

80
(80) (|Ric |2 = [R>)Q = [c1(M,w)? —2co(M,w)] Aw™ 2
where = m w™. Therefore
c1(h)2 A w2
(81) baq = Y0gAp + (Y1g + V2 + 7311)/32 -+ const. 1<)w—mh
h

ca(h) Awp' ™2

+ const.
m
Wh,

9

where we now write ¢;(h) = ¢;(M,wyp) for the j-th Chern form of the
Kéhler metric wy, = —5001log h.

Integrating (77) and (81), noting that [ ApdV}, = % f@ép/\w}?‘l =
0, we obtain the asymptotic expansion of Corollary 1.4 with (o, =
Yig + Y2q + V3¢ q.e.d.

5.3. Asymptotic expansions on Riemann surfaces: proof of
Theorem 1.3. On a compact Riemann surface C' of genus g, Corol-

lary 1.4 says that ]f,“qt », has a universal expansion of the form

;{{ghwwboqcl(L)N—{—ﬂﬂlq (2—2g)+ﬁgq/ pPPup N7+
C

for ¢ = 1,2. There are several ways to compute the constants. A quick
way to find by, 31, B2, is to consider the case of CP! with the Fubini-
Study metric on L = O(1). By an elementary computation in [11] (or
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by §4), we showed that for this case
4N-1)? 4 16 4

crit — - N_ 1 = N
N-Lh 3N -2 3 9 "7
(expected number of saddle points),
; N? 1 2 4
]({[I"l%,h — —N+_+—N_]'...

3N -2 3 9 27
(expected number of local maxima).
Therefore,
mho1 = 37 mho2 = %, Tl = _Sa o2 = é

To find f321, B22, We note that [-p: wrs = me1(L) = m, where wrs is
the Fubini-Study Kihler form on CP!. Furthermore, since ¢;(CP!) =
% [ pwrs = 2, we have p = 2. (This can be checked directly as follows:
the Kéhler potential K = log(1 + [2[%) = [z|> — 1[z|* + - -+, where 2 is
the affine coordinate, and hence by (67), p(0) = Ry1;7(0) = 2.) Hence,
[ p* wrs = 4, and therefore

1
P21 = P2 = DY

which completes the proof of Theorem 1.3. q.e.d.

6. Proof of Theorem 1.6: evaluating the coefficient (3y,(m)

We have already shown that

o [y b1gdV}, is topological;

o | a1 024dV}, is the sum of a topological term plus a positive multiple
of [, padVi.

To complete the proof of Theorem 1.6 and show that the metric with
asymptotically minimal ]‘{{ﬁh (and ﬁ,“,‘;) is the one for which wy, has
minimal £2 norm of the scalar curvature, we must show that the (s,
are positive.

The proof consists of finding an integral formula for 35, and then
transforming it to one that is amenable to (computer) evaluation. We
first summarize the key results:

Lemma 6.1. In all dimensions,

(82) Bag(m) = %2) /S v(H) |det(2HH* — |z|*1)|

47r( 2
- e (H2)(H) g1 do.
where
_ L ?
H) = St =2,

and Sy, q—m 15 given by (9).
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After a sequence of manipulations as in the proof of Lemma 3.1, the
integral (82) will be rewritten in the following form:

Lemma 6.2.

= S [ s

-H|Aj|e AT\, €) dey - dm dN,

j=1
where
(83) Z(A,§) =

AN 9 1 2
F(D(N)) + |:m(m+1)(m+3) m+1} T ix,6) " (A1) (m+3) (1-2 5, &)

(1 —3 5]') ITj<r [1+ 58 + &)

Here, D(\) is the diagonal matriz with diagonal entries A= (A1, ..., Am),
A(N) =ILicj(N; — Aj) is the Vandermonde determinant and

4Tr P 4(Tr P)? + 8 Tr(P?)

F(P):l_m(m+1) m(m +1)(m +2)(m +3)’

for (Hermitian) mxm matrices P. The iterated d; integrals are defined
in the distribution sense.

The final step is the evaluation of faq(m). Having simplified the
integral as far as we could, we complete the computation for the cases
m < 5 using Maple and find that it is positive for these cases. The
resulting values of the constants fa4(m), m < 4, are given in §6.4.

6.1. Proof of Lemma 6.1. We use the case of M = CP! x E™~!
where F is an elliptic curve, and L is the product of degree 1 line
bundles on the factors (with the Fubini-Study metric on O¢pi(1) and
the flat metric on F). (The manifold M is a homogeneous space with
respect to SU(2) x T?™~2 so the critical point density is invariant and
hence constant.)

Since ¢1(h)? = c2(h) = 0, it follows from (81) that the coefficient by,
of the expansion N™"KS(2) = bog + bigN 1 + bogN™2 + O(N3) is
given by by, = ﬁgqu, and hence

1 1

(84) ﬂ?q = F b2q = b2q .

The Szego kernel for (M, L) is the product of the Szegd kernels on
CP! and E™~ 1. Since the universal cover of E™~ ! is C"™~!, the Szegd
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kernel on E™~ 1 is given by the Heisenberg Szegd kernel on C™~! (see
[3, §1.3.2]) modulo an O(N~%°) term, and we have:

(N +1)Nm-1
ﬂ-m

cep(z) @ep(w) + O(N™=).

Hopiyxpm-1(z,w) = (14 2y )NV eN G202t +zmbn)

As in §4, we consider the normalized Szego kernel

85 ﬁN Z7w = 1+le1 NeNZ/ﬂ]/’
(
Z/ = (2’27...,Zm)7 w/ g (w27"-7wm).
We have:
Il
N = N+ zw) VN
821
oIl
N _ N(l + lel)NeNz w We,,
0%q
9211
azlagl = {N(l + lel)Nfl—l—N(N — ]_)(]_ + lel)N*QZl,uf)l}eNz w7
911
oA (Nbur + Nz} (1 2y e
« o
Oy o -
0210Wq, - N2(1 + lel)N teNFattaz iy )
82ﬁN 2 N—-1 N2/
={N=(1 o)V o 2w
EWE A {N*(1 + z1w1)" ™ 2104 e ,

2<a,0 <m.

It suffices to compute the density at 0. From the above, we have:

(86)

Ny 0.0)= 4 2N .;q;j,:q,;l
872,02,00; 005 "’ N2 2
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Recalling (28)—(30), we then have:

(87)  An(0) = ( Pl (0,0>) = NI,

azjawj/

~ o311 o1l
(88) Bn(0) = [(qu WQI%W(O’O)) (N 5—5(0’0)>] =0,
(89) Cn(0)=
Oy 02Tl y
o N
(T“T” 02402;01y 0y, (0’0>> (TJ‘I 57,02, ")

TN ﬂ(o 0) N2TIx(0,0) |
7 37I)qlaﬂ)jl ’ ’

1<j<m1<j<q¢g<m,1<j<qg<m

It follows that

(m—1)(m+2)/2

- ,—/_
(90) An(0) = Cn(0) = D(2N(N —1),2N? ... ,2N? N?),

i.e., the diagonal matrix with diagonal entries 2N (N —1), 2N? repeated
(m — 1)(m + 2)/2 times, and N2.
We want to compute

crit _ W_(mém) * 2
K{e(0) = —= = |det(HH* — |z|*])|
’ det Ax(0)det An(0) JSpm.qgm

e—<KN(O)71(H7J3),(H,J))> dH d:[;

Making the change of variables H — /2 NH, x — Nz, the integral is
transformed to

m—+2

77*( 2 ) Nm
det A
e~ AN HD)HD) g1 dy.

(91) K3 (0) = /S |det(2HH* — |2|°1)|
m,g—m

where
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Therefore
NS 0)

m—+2

_ 1 1 2
=T ( 2 )<1+N+m+”'>/sm7q_m‘det(2HH*_|x I)‘

1 1
oxp (<P ol = G Hul = gl = ) aH do

11 S B _
—<1+N+m+"')/exp(—N|Hn! —ﬁ’Hn’ —"'>d/~6

1 1 1
= [ 1+=0Q—|Hul®» )+ (1-2/Hu|*+ =|Hu|* )| du
/{—I—N( |11|)+N2< |11!+2| 11|)]d#

1
+0 ().

where
dii = 7~ ("27) |det (H H* — |a|2T)| e\ H2H2) qF dy.
Therefore
1 ~
bag :/ <1—2|H11|2+§|H11|4> dp,
Sm,qu
and the desired formula then follows from (84). q.e.d.

6.2. U(m) symmetries of the integral. As an intermediate step be-
tween Lemmas 6.1 and 6.2, we prove:

Lemma 6.3.

92)  Bag(m) = —

—m+2)/ F(HH*) |det(2HH* — ||°])|

71'( 2
- e () (H2) g1 dy.
where
4Tr P 4(Tr P)? + 8 Tr(P?)
m(m + 1) * m(m + 1)(m + 2)(m + 3)’

for (Hermitian) m x m matrices P.

(93) F(P)=1-

Proof. Since the change of variables H — gHg' (g € U(m)) is unitary
on Sym(m, C) (with respect to the Hilbert-Schmidt inner product), we
can make this change of variables in (82), and then integrate over g €
U(m) to obtain

— 1 t
(94) B2q(m) - 47r(m;—2) /Sm,qm (/U(m),}/(gHg )dg>

- |det2HH* — |2*1)| e H@-(H0) g .
We now evaluate the integral fU(m) v(gHg") dg.
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Claim. For H € Sym(m,C),

2
95 / gHgH) 1P dg = ———
(95) oo [(gH g )11 mm 1)
8(Tr HH*)? + 16 Tr(HH*HH*)

m(m + 1)(m + 2)(m + 3)

Tr(HH™),

(96) / |(gHg") 11| dg =
U(m)

To prove the claim, we write v = (v1,...,vn) = (911, - - -, g1m) SO that
(9Hg')11 = vHv', and we replace fU(m) dg with [gs,,—1 dv(v), where dv

is Haar probability measure on S$?™~!. Next we recall that if p is a

homogeneous polynomial of degree 2k on R?™,

on [ wa =T [ de)
dvy(v) = ﬂ'im e IoI” gy,

We easily see using Wick’s formula that

£)2 7 -
/m [vHv'|*dy = Z HjHjip /m VU0 Uk dry
c Gk K ¢

ZZIHmz/ |vj|* dy
J
b2 HP [Pl

J#k c
=2Tr(HH").
Formula (95) then follows from (97) with k£ = 2.

Although the above approach can also be used to verify (96), we
find it easier to use invariant theory, since the integral in (96) is a
U(m)-invariant function of H € Sym(m,C), under the U(m) action
H +— gHg'. Indeed, it is a U(m)-invariant Hermitian inner product on
the symmetric product S?(Sym(m, C)) ~ S2(S%(C™)).

The action of U(m) on symmetric complex matrices defines a repre-
sentation equivalent to S?(C™) where C™ is the defining representation
of U(m). Tt is well known from Schur-Weyl duality that S?(C™) is
irreducible. We then consider the U(m) representation

S*(8%(C™)) = C{H, ® Hy + Hy ® Hy, Hp, Hy € S*(C™)},
with the diagonal action. Henceforth we put
1
Hy-Hy:= §[H1 ® Hy + Hy ® Hy.

We then regard F'(H) as the value on H ® H of the quadratic form

Q(Hy - Hy) = / | (gH1g" - gHag" e1 ® e1,e1 ® e1)|*dg.
U(m
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This defines the Hermitian inner product

((Hy - Ho, H3 - Hy))

:/( )(nggt -gHag'e1 @ e1,e1 ® e1)(gHsg" - gHagler ® e1,e1 @ e1)dg.
U(m

We next recall that S2(S?(C™)) decomposes into a direct sum of two
U(m) irreducibles, one corresponding to the Young diagram Y; with 1
row of four boxes and one corresponding to the diagram Ys with 2 rows
each with two boxes. See for instance Proposition 1 of [16]. The Young
projectors are, respectively,

Py, (H & H)ilizisi4 = 20654 Hia(nia(z)Hia(s)ia(zL)
_ orr. . S
PYz (H & H)ilizisi4 - zaeSQ><Sg(_l) HZo‘(l)ZO'(2)HZO'(3)Z0'(4)'

For Y5 the Sy x Sy permutes 1 <— 3,2 <— 4.
Since an irreducible U(m) representation has (up to scalar multiples)
a unique invariant inner product, it follows that

<<7>> = Cl<7>Y1 + 62<7>Y27

where (, )y, are the invariant inner products
(A, B)y, = Tr Py,(A)B*

for the irreducibles corresponding to the Young diagrams Y; as above.
We now calculate these inner products on H ® H. We have

||H ® H”%ﬁ = 20634 Zz,iz,i&uzl Hig(1)ig(2)Hia(3)ia(4)Hi1i2Hi3i4’
||H ® 1;1”21/2 = deszxsz ZZL,i27i37i4:1(71)UH7;0(1)2-0(2)Hia(S)ia(4)Hi1i2Hi3i4'

It is easy to see that each of these expressions is a linear combination
of the two quadratic forms

HeHw— Tr{{H® H|o[H*® H*|}, H®Hw~ [TrH o H*%.

Hence

/ (gHg ) 11| dg = c1 (Tr HH*)? + co Te(HH*HH*).
U(m)

To determine the constants ci, co, it suffices to consider the case where
H is diagonal. Let sq,...,s;, denote the eigenvalues of H. Then by
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Wick’s formula we obtain

lwHv | dy = E ;S5 Sk vjzv,%@]%ﬁ,%/d*y
e Gokog' K e

=Z\sjr4/ ;18 dy
j e

w2 ls Pl [ oty
i#k e
=4 st 8 sl Iskl?
j i#k
=8(Tr HH*)* + 16 Tr (HH*)%.
Formula (96) now follows from (97) with k£ = 4.

Having proved the claim, the formula stated in Lemma 6.3 now follows
from (94) and Lemma 6.2. q.e.d.

6.3. Proof of Lemma 6.2. We proceed exactly as in the proof of
Lemma 3.1. We rewrite the integral (82) as

1 o
99 Paalm) = o Gy Sy I e
where
1 -
99) To=— [ d= / P dH dx
™ JH, m(m—gq) Sym(m,C)xC

]. = *
- F (P + 5\x121> |det(2P)| &P~ HH +5x[*I)
- exp (—TrHH* — \x!Q) exp (—5Tr EEF — 5’TrPP*) ,

Hm(m —q) ={P € Hy, : index P =m — q}.

Recall that d,, = dimc(Sym(m, C) xC) = 2(m?+m+2). Asin §3.1, we
note that absolute convergence is guaranteed by the Gaussian factors
in each variable (H,z, P,Z). Evaluating [ i (EP—HH +5a]) (—eTr 22" j=
first, we obtain a dual Gaussian, which approximates the delta function
5HH*7%|I‘2(P). As € — 0, the dP integral then yields the integrand at

P=HH" - %|x|21; then letting ¢’ — 0 we obtain the original integral
stated in Lemma 6.3.

Continuing as in §3.1, we conjugate P to a diagonal matrix D(\)
with A = (A1,...,\p) by an element h € U(m) and we replace dP with
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A(N)? d\ dh. Recalling (47), we obtain:

2m /
To="3m / dh / d= / dA dH dx
= JU(m) m 4 Sym(m,C)xC

2m—q
m

AN T IMIF (DY) + 32T)
j=1

. HEs hD()\)h*+%\x|217HH*>e—[TrHH*—i—\a:lQ—',-eT ZE 4¢3 A2

Again using (47) applied this time to =, we obtain:

2" (¢}

Teor = —3— dg dh dé d\ dH dx
e U(m) U(m) m Y4 4/ Sym(m,C)xC
SAM2AE? [T INVIF (DO + 5l21)

j=1
. eigD(€)g", AD(NR* +5 [P I-HH*) ,~TrHH* —|z| =3 (e€7+e'A})
We then transfer the conjugation by g to the right side of the (,) in the

first exponent and make the change of variables h — gh, H — gHg' to
eliminate g from the integrand:

om ! \2
T.. = (Tc’n) / dh / de X / dH d
T U(m) m Y] Sym(m,C)xC

SAN?A©? [T F (DO + 5l21)
j=1

. ei(D(ﬁ),hD(A)h*+%|m|217HH*)e—TrHH*—\:vP—Z(a{?—i—a’)\?)'

Next we substitute the Itzykson-Zuber-Harish-Chandra integral for-
mula (49) into the above and expand

det[eigj/\’“]jk — Z (=1)7 ei<570(>\))7

0ESM

obtaining a sum of m! integrals. However, by making the change of
variables X' = () and noting that A(\) = (—=1)7A(\), we see as
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before that the integrals of these terms are equal, and so we obtain

dA / dH dx
Sym(m,C)xC

AW A© TL 29 F (D0 + a1 )
j=1

/!
(100) Lo = (im0 [ g
Rm™ Y2/m—

wdm
q

1
- exp (z <D(§), 5|;c|21 — HH> —TtHH* — |x|2>

o (=Yg -0 Y )
where
vo_ 2m2 ﬂ.m(m—l)
" T2, 4!

The phase

(101) ®(H, x;¢) =i <D(§), %WI — HH> —TrtHH* — |z

m .
. 1
= |IH s +i > glH? + (1 - 2})@) x]
J,k=1 J

=— Z<1+%(§j+€k)> [Hjl* + 1‘%251 Jof?
j

i<k
Thus,

(102) Lo = (g, |

m
2m—q R

AN AE) T Il
j=1

e T(N, €) e e EN ge d,

where
VIORIES i / / F <D(/\) + 1WI) IO dH dx
™™ Jc JSym(m,C) 2
_ 1
ngk (1 + %(fj + flc))

C
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To evaluate the dx integral, we first expand the amplitude:

437" N\
(o 3ee) - o+ [ T2

1
T EDmE3) af*

)

and then integrate to obtain (83).
To evaluate lim, .04 Z. ./, we first observe as in §4 that the map

(€1seerem) = [ A®E) MO T(N ) e 258 dg
Rm
is a continuous map from [0, +00)™ to the tempered distributions. Hence
by (98) and (102), we have:

103 (iymtn 2 I ! | d
( ) ﬁQ(I(m) T 4 q2m H;nzljl E/1_>H01+ 51,...;,{1—»0* m./ngq /m §

AN AE) T ] RO TN ) e ESG—EEN,
j=1

Letting ey — 0,...,&, — 0,&’ — 0 sequentially, we obtain the formula
of Lemma 6.2. q.e.d.

6.4. Values of (y,(m). We use the integral formula of Lemma 6.2 to
compute the constants faq(m). The &; integrals can be evaluated using
residues as in §4.2; the resulting A integrand is a polynomial function of
the A\; and e*. The integrals were evaluated in dimensions < 4 using
Maple 10.!

In dimension 1, we reproduce the result from [11]:

1 1
1 = 1 = .
(D) = 55— Bn() = 55—
In dimension 2, we have:
1 24 47
2 =— 2N =—"_ N=—o—
P22(2) 23.5. 72" P23(2) 34.5. 72" P24(2) 93.34.5. 12
In dimension 3, we have:
22 11-23 29.7
Pa(3) = o550 BuB) =5 5 5 60)= g5 53>
23563
B26(3) =

!The Maple program used for this computation (coefficient.mw) is included in
the source file of the arXiv posting at http://arxiv.org/e-print/math/0406089.
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In dimension 4, we have:

22 2.3-41 1056667

624(4):732.7.7[_47 ’825(4):456.7.774’ 626(4):W7
915 . 937 267828299
4 = 4 = .
/827<) 38,56_7.71-4’ 628() 26.38_56_7,7‘-4

This completes the proof of Theorem 1.6 for m < 4. B. Baugher
[2] used Mathematica to compute the constants (24(5), and found that
they are positive as well. q.e.d.

Remark. The values of the coefficients 32(m) for the expected total
number of critical points are:

2 32 25
1 = 0 2 = g
/82( ) 33'71_7 62( ) 4057‘(’2 34_5'71_2’
104 23.13 17152 28. 67
B2(3) 72973 36. ;3 Ba(4) 4592774~ 38.7. 74

Appendix 1. Explicit formulas for CP™

We used Maple 10 to evaluate the integral in Proposition 4.1 to obtain
precise formulas? for the expected numbers N it (C]P’m) of critical points
of Morse index ¢ of random sections of H O(CIP’m O(N)) for m < 6.
In this appendix, we state these formulas in dimensions 1, 2, and 3.
These formulas yield the universal leading coefficients ng(m) of ﬁfr’iqt’h
described in Conjecture 4.4. We give numerical values for these leading
coefficients in dimensions m < 6.

For m = 1, we reproduce the result from [11]:

N]ti]r’llt(cpl) _ 4(3]]\(]:12)2 , ﬁg(cpl) 3N oF Ncrlt(cpl) 5N§N8]\2[+4'

For m = 2, we obtain:

3(N—-1)° 16 (N —1)° N?
crlt (C]P’2 crlt (CIP2
2(CP7) = eN=1) 3(CP7) = BN 27
Ngy(ery) = BN =4

(3N —-2)°(2N —1)

Hence, the expected total number of critical points is:

59 N — 231 N* + 375 N3 — 310 N?2 4 132 N — 24
(3N — 2)

To check the computation, we note that

NFS(CP?) —NF5(CP?)+ N (CP?) = N2 3N +3 = (T35, @ O(N)).

Ncrlt (CPZ )

2The Maple program used for this computation (exactprojective.mw) is included
in the source file of the arXiv posting at http://arxiv.org/e-print/math/0406089.
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In the case m = 3, we obtain:

Y
crlt ((CIP)?)) _ 8(5(’)1;7\/_12)) :

it (Cp3 (N-1)*N2(63 N2—50 N+10)
(CP ) (2N-1)*(5N-2) ’
it (Cp3) = 26NN
(CP )= (5N-2)(3N-2)>’
N (451 N*—1248 N341280 N2 —576 N+96)
(2N-1)*(3N-2)°(5N-2)

crlt ((CI[D3>

The expected total number of critical points is:

crit 3\
NG CP?) =
637 N8 —3978 N74+11022 N®—17608 N5+17736 N*—11552 N34+4768 N2—1152 N+128
(3N-2)° )

Again, to check the computation:

Z SICP®) = N3 — AN 4+ 6N — 4 = c3(T75 @ O(N)).

By Corollary 1.4, the leading coefficients ny,4,(m) = %W,l boq(m) of
the N-expansion of N ]f,ryiqt?h are universal, and hence they are equal to
the leading coefficients of N X,“qt (CP™). We give in the table below ap-
proximate numerical values of these coefficients in dimensions m < 6:

Leading coefficients ny, 1, (m) of NFi¥ . (CP™)

o] o] 1 | 2 | 3 | a4 | 5 | 6 [ total]
m = 1|| 1.33333| 0.33333 1.66667
m = 2|| 1.5 0.59259 | 0.09259 2.18519
m = 3| 1.6 0.78750 | 0.21070 | 0.02320 2.6214

m = 1.66667| 0.93696 | 0.33019 | 0.06533 | 0.00543 3.00457
m = 1.71429| 1.05448 | 0.44235 | 0.11939 | 0.01844 | 0.00121 3.35015|
m = 1.75 1.14903 | 0.54457 | 0.17979 | 0.03884 | 0.00486 0.00026| 3.66734

Appendix 2. Baugher’s conjecture

In this appendix, we describe Baugher’s conjectured identity and its
implications for the positivity of Ba4(m). After calculating the integral
of each of the individual terms in Lemma 6.2 using Mathematica 5,
Baugher made the following conjecture [2]:
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Conjecture A.1.

Boglim) = wammr}" 1/5, [ [ faw <5>jﬁ1|Aj|

!N 7€) déy - - dém d,

where

7€) = :

(m -+ )(m+2)(m+3) (1 - §5,6) e [1+ 56 +80]

The conjecture has been verified in dimensions m < 5 [2]. Further,
Baugher evaluated this integral by a lengthy calculation:

Proposition A.2 ([2]). The integral on the right hand side of Con-
jecture A.1 equals

TS S, |2 |detQHHE" — |zP1)| e (0 (1) a1 de.

The expression in Proposition A.2 is obviously positive, and Conjec-
ture A.1 thus implies that Fa,(m) > 0.
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