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Abstract

Let ¥ c R? be a smooth compact connected surface without
boundary and denote by A its second fundamental form. We prove
the existence of a universal constant C' such that

(1) b A= Mz < C A= S5 gy

Building on this, we also show that, if the right-hand side of (i)
is smaller than a geometric constant, ¥ is W22-close to a round
sphere.

1. Introduction

Let ¥ c R? be a smooth surface. A point p of ¥ is called umbilical
if the principal curvatures of 3 at p are equal. A classical theorem in
differential geometry states that if 3 is connected and all points of 3 are
umbilical, then either ¥ is a subset of a round sphere or it is a subset
of a plane. Thus, if ¥ is a compact surface without boundary, then X
must be a round sphere and therefore, its second fundamental form is a
constant multiple of the identity.

In the literature, some quantitative versions of this classical rigidity
theorem are available. For instance, in [11], it is proved that if ¥ is a
closed convex surface and the ratio of its principal curvatures are uni-
formly close to 1, then ¥ is close to a round sphere (see page 493). In
[16], the author proves a similar result replacing the L> condition by
some integral versions of it. We refer to Chapter 6 of [12] for a survey
of this and other results on convex surfaces which are almost umbilical.
More recently, in their investigations on the gradient flow of the Will-
more functional, in [§], the authors show that, without any convexity

assumption, if HA — tr2A IdH 12 1s sufficiently small, then X flows toward
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a round sphere (as usual, we denote by A the second fundamental form
of ¥).
The main theorem of this paper is the following. Here:

e Id denotes the identity (1, 1)-tensor and the (0, 2)-tensor naturally
associated to it;

e A denotes the traceless part of A, i.e., the tensor A — trQA Id;

e id : S? ¢ R? — R? is the standard isometric embedding of the

round sphere.

Theorem 1.1. Let ¥ C R? denote a smooth compact connected sur-
face without boundary and for convenience normalize the area of X by
ar(X) = 4m. Then,

(2) ”A_Id”L2(E) S CHAHLQ(Z)’

where C' is a universal constant. If in addition HAH;(E) < 8w, then

there exists a conformal parameterization ¢ : 8> — ¥ and a vector
ey € R? such that

(3) [t = (es +id)ly22(g2y < C HAHLQ(E) '

Note that (2) is a very natural estimate, since ||A]| r2(x) is scaling
invariant. Indeed (2) can be easily converted into the following scale—
invariant estimate

ar(2)

[A=reldfl 2 < C HAHLQ(Z) where 7y =1/ ="

In order to have the second estimate of Theorem il.1I, it is sufficient to
assume HAH; < 167 — . In this case, C in (&) must be substituted by
C(g), where C(e) T oo as e | 0.

Remark 1.2. Consider the conformal parameterization 1 of Theo-
rem i.I. Let us denote by g the metric of ¥, and by ¢ the standard
metric on S2. For the conformal parameterization 1 : S2 — ¥, we have
Yug = h2c, where the positive smooth function h is the conformal fac-
tor of g in the coordinates induced by 1. Then, suitably generalizing
some arguments of [10)], in [B] we prove that

(4) [h=1llco < C|lA—=1d[ 25,
for some universal constant C.

In Section i, we show that these estimates are optimal. More pre-
cisely, we construct a sequence of smooth connected compact surfaces
>, without boundary such that
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° HAHLP — 0 for every p < 2;
e 3, converges to the union of two spheres with different radii.

The starting point for proving Theorem {[.1 is the following observa-
tion. Let us fix an orthonormal frame ej, ez on X and denote by Aj;;
the quantities A(e;, e;) and by V A;j;, the quantities [V, A] (e;,ex). The
Codazzi equations imply that VA;;, = VAj;;,. Hence, the symmetry of
A gives that V A is a symmetric tensor. In view of this fact, straightfor-
ward algebraic computations give that V., [A11 + Agg] can be written
as a linear combination of Ve, [A11 — Ag] and V., [A12] plus some error
terms of type A(Ve ey, e;). Moreover, these error terms can be written
as non-linear expressions involving A.

If A were identically 0, then tr A would be constant. Roughly speak-
ing, a control on A gives some control on the oscillation of tr A =
Aq1 + Ags. Thus, if A is small in a C* sense, then > would be close to a
round sphere. This remark was used in [7] to give a definition of center
of mass for isolated gravitating systems in General Relativity. In view
of our result, one should be able to weaken the hypotheses under which
Huisken—Yau’s construction is possible.

1.1. Structure of the proof. In our case, the difficulties in getting the
bound (%) are considerably increased by the weakness of the right-hand
side of (2) and the non-linearity of the error terms of type A(Ve,ex,e).

The outline of our proof is the following.

e First, we show that, when HAH 12 1s sufficiently small, ¥ is a sphere
and there exists a good parameterization by a conformal map
1 : 8? — ¥. By “good”, we mean that, after a suitable rescaling,
the conformal factor h satisfies uniform L> and W2 bounds (in-
dependent of ). In order to get these bounds, we derive Hardy
space estimates on the Gauss curvature, using some ideas of [10].
This is accomplished in Section .

e We then perform the computations outlined above in the coordi-
nate charts naturally induced by 1. The control on ) is sufficient
to get an L' bound on the non-linear error terms. We use this
bound and the regularity theory for the Laplacian to prove the
existence of a universal constant C' such that

(5) f\félff{l [tr A= All 200y < C HAHLQ(Z) ’

where L% is the weak Marcinkiewicz space (see Appendix B for
the precise definition). This estimate is proved in Proposition 4.1
e In Section 5, we show that the weak estimate (§) can be improved
to the desired stronger estimate (). This improvement heavily
relies on some algebraic computations which exploit the special
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structure of the tensor A. The proof uses Hardy space estimates
for skew—symmetric quantities and the duality between the Hardy
space H' and BMO.

In Section &, we use (2) and the information derived in the previous
sections to prove the existence of a conformal parameterization v
which satisfies (8). The main difficulty here is due to the action
of the conformal group of S?. The existence of 9 is proved into
two steps: In the first one, we prove that there is a conformal
parameterization with conformal factor W12-close to 1; In the
second step, we use the formalism of moving frames to show that
this map is W22 close to a smooth isometric embedding of the
standard sphere.

2. Preliminaries

2.1. Notation. Throughout this paper, we will use the following nota-
tional conventions:

S? standard sphere

by compact connected smooth surface in R3
without boundary

7,5, T tangent space in p, tangent bundle

ar(X), g(X) area of 3, genus of ¥

D,(z), 0D, (x) distance disk and distance circle of radius
r and center x in 2d Riem. manifolds

D1, 0D, unit disk and unit circle in R?

g, o Riemannian metric on ¥, standard metric
on S?

0ij, A, N Kronecker symbol, second fundamental

form, Gauss map

tr B, det B, |B|, Id trace of B, determinant, Hilbert—Schmidt

norm, identity matrix

K1, k2, Kg principal curvatures, Gaussian curvature

Deg (I', X, u) topological degree of the map u: ' — X

LP, HY(Q) LP spaces, Hardy space

Ay Laplace operator on the Riemannian
manifold ¥

Let ¢ : ¥ — I' be an immersion and g a metric on I'. Then, we denote
by ¥*g the metric on ¥ which is the pull back of g via . That is

(W g)p(v,w) == 9i(p) (d(v), dip(w)) for every v, w € T)(X%).
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A system of coordinates on an open set U C X can be regarded as a
smooth diffeomorphism 1 : R? D Q — U. Hence, writing the metric in
these coordinates is equivalent to calculating the pull-back metric 1*g.
In the rest of this paper, we assume that ¥ is compact, connected, and
without boundary. Moreover, we assume that ar(X) = 47 and we set

(6) % :_/EW.

We will make a frequent use of some elementary relations between dif-
ferential geometric quantities, in particular, the identities

(7) |A|* = k3 + K3 — 2r1k0 = |A]? — 2det A = |A]? - 2K,
combined with Gauss-Bonnet Theorem:
(8) / |A? _/ |A|2+2/ Kg _52+2/ Kg = 6% +81(1 —g(%)).
) ) ) )
Remark 2.1. Note that
A —1d|]2, < 2/ |A|? + 2ar ().
by
Since g(X) > 0, by (&) for every ¢ > 0 there exists C' > 0 such that
2 .

A —=1d[[2s) < C HAHLQ(Z) for every 3 with § > c.

Thus, it suffices to show (2) for § sufficiently small.

2.2. Y is a sphere. In the following lemma, we show that, when ¢ is
sufficiently small, ¥ is a sphere. The proof uses well known elementary
facts of differential geometry of surfaces. We report it for the reader’s
convenience.

Lemma 2.2. If §° < 167, then X is a sphere.
Proof. Set 1 := 167 — §2 and note that

(9) /Z |det A| < %/X |AJ? ® 81 — g +4n(1 —g(R)) < 47(3 — g(%)).

Hence, g(X) is either 0, 1, or 2. Let N : ¥ — S? be the Gauss map,
which to every point € 3 associates the exterior unit normal to ¥ in
x. Since A = dN, the area formula gives

(10) [raerar= [ #n-igeyas

Note that N is surjective. Indeed, let ¢ € S? and consider the largest
real number a such that the set Ex := {x € ¥ : - £ = a} is not empty.
For any y € Ex, we have N(x) = ¢.
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This implies that #N~1({¢}) > 1 and hence gives [ |det A| > 4,
which thanks to () rules out the possibility g(¥) = 2. Moreover, if
g(X) = 1 (ie., if ¥ were a torus), the degree Deg (3, S? N) would
necessarily be 0, which implies #N~1({¢}) > 2. Hence, ({0) and (%)
rule out the possibility g(X) = 1. This gives g(¥) = 0 and completes
the proof. q.e.d.

3. Existence of a good conformal parameterization

In this section, we show that, if § is sufficiently small, then the surface
> has a conformal parameterization which enjoys good bounds.

Definition 3.1. Denote by ¢ the metric on the standard sphere S?
and by ¢ the standard metric on ¥ as submanifold of R3. If ¢ : 82 — ¥
is conformal, then h denotes the unique function h : S? — R* with
h2o = ¢*g.

Proposition 3.2. Let 62 < 87 and set  := 87 — §%. Then, there
exists a constant C(n) and a conformal parameterization i : S? — %
such that

(11) (Cn)~ ' <h<Cln) [dhl[r2 < C(n).

A classical theorem (see for example [9]) implies the existence of
conformal parameterizations v : S> — 3. However, we cannot hope to
have the bounds of Proposition 8.2 for all such 1 (due to the action of
the conformal group). The choice of a good v is based on the following
remark (cf. [10]). If h = €%, then

(12) / e = 4r — Agou = Ke?" — 1,
S2

where Ago is the Laplace operator on S? and K (z) = Kx(¢(z)). If we
can bound the norm of the right-hand side of (12) in the Hardy space
H!, then the proposition follows from the results of Fefferman and Stein
[6] (for the definition of H! and for a precise statement of the result of
[6] needed here, see appendix ). Hence, it suffices to show the existence
of a constant C(17) and of a conformal ¢ such that || K e |31 g2y < C().
To derive this estimate, we will use some ideas of [10] and the following
result of [2]:

Theorem 3.3. Let u € WH(R™, R"). Then, there exists a constant
¢ (depending only on n) such that

(13) ||detdu||H1(Rn) < cHduHLn
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As already pointed out, in order to get the estimates ([1), we have
to mod out the action of the conformal group of the sphere. This is
accomplished in the following

Lemma 3.4. Assume that 6> < 87 and set 1 := 8t — 6%, Let 1, xa,
and 3 be standard coordinates on R? and set SZAjE = {+x; > 0} N S2.
Then, there exists a conformal ¥ : S — X such that

(14) / A =871 — n for all j € {+,—} and every i € {1,2,3}.
v(s)) 2

Proof. Thanks to Lemma 2.2, ¥ is a sphere. Hence, equation (%)

implies
/ |A]> = 167 — 1
b

Denote by e; the vectors of the standard basis of R? relative to the
system of coordinates z;. For each i, we denote by S': 8? — C U {oc}
the stereographic projection which maps e; to the origin and the equator
{xz; = 0} N'S? onto the unit circle {|z| = 1}. For each r > 0, we define
O, : CU{oo} — CU{o0o} by O,(2) = rz. For every i € {1,2,3}
and r > 0, we denote by F! : S — S2 the conformal diffeomorphism
(8)™ 100,08

Choose a conformal parameterization ¢ : S2 — X. Note that

lim /|A|2 and lim |A]? =
tToo (F1 tl0 QO(Ftl(ST))

By continuity, there exists a t such that

2 1 2 _gr_1
(15) / sy =3 14k sz 3.

Define @1 := p o I} and again note that for some 7, we have

(10 [ sy A= 1=

Note that F? maps Si onto itself. Thus, we have f (F2(st)) |A]?2 =

8t —n/2. A similar choice of F2 shows that ¢ o F}! o FT2 o F2 has the
desired properties. q.e.d.

Below, we adopt the following convention. Let a be a 2—form on X
(resp. on S2, on R?), let 3 be the standard volume form on ¥ (resp. on
S2, on R?), and denote by f the function such that o = f3. If H is any
function space, then we write |||z for || f||z. When H = H', i.e., the
first Hardy space, the maximal function of f will be sometimes called



82 C. DE LELLIS & S. MULLER

“maximal function of &” (here and in what follows, we assume to have
fixed a mollifier ¢ and a finite atlas, see Appendix A).

Proof of Proposition 8.2. Fix 1 as in Lemma 3.4 and let N : ¥ — S?
be the Gauss map. Set N’ := N o and note that K’ := Ke*" is the
Jacobian determinant of dN’.

The proof of the H! estimate is based on some arguments of Section 3
of [10]. We first fix some notation. We denote by w the standard volume
form on S%. Then, K'w is the pull-back of w via the map N’, that is
K'w = (N")*w. Moreover, any disk D,(z) C S? will be identified with a
disk Dy = D,(0) in the complex plane via the standard stereographic
projection which maps x onto 0.

We will show that there are constants r and C(n) with the following
property. For any = € S?, there exists a map M : C — S? such that

() M =N on Dy (= Dy(a));

(ii) M is constant on C\ D(y,;
(iii) [ M*w = 0;
(iv) 1M wlly—sa + |2 < C().

Step 1. From (i)—(iv) to the H' bound.

We first prove that the existence of M as the above gives an H! bound
for (N")*w. We make the usual identification S? = P1(C) and denote by
7 : C? D S3 — PY(C) the Hopf fibration. Then, Proposition 3.4.3 of [10]
implies that M lifts to a map F : C — S® C C? (that is M = woF) with

(17) [dF |2 = [|dM |2 + [ M wlly-12.

Note that the existence of liftings is guaranteed by condition (iii) (see for
example [13], Chapter 8). If [} and F5 denote the components of F in a
standard basis of C?, then 2M*w = 2F*1*w = idFy ANdF 1 +idF> NdFs.
Writing F); as F}/¢ + ZFZ””, it is easy to see that idF A dF +idFs N dFo
can be written as linear combination of forms of type dfi A df2, where
df1,dfs € L*(C) = L*(R?). Clearly, dfi Adfz = (det df )dz1 A dxa, where
r1, T2 are standard coordinates in R2. Hence, we can apply Theorem 8.3
to derive

W
=

o (iv)
[M*wllzp < C||dF|| 2 ¢ ClldM| e + [[M wllyy-12 < C(n).

Let g be the maximal function of M*w (in the sense of equation (0%)).
Then

(18) 19l 1D, @) < N9l g2y = [M @]l < C(n).

Let f be the maximal function of (N')*w. Since dN’' € L2, clearly,
detdN’ € L' and hence, (N')*w € L'. By the definition of maximal
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functions, we have
Izt (D, o) < 191lL1 (D, o)) + CIHN) @l L1,

where the constant C' depends only on r. Since S? can be covered
with finitely many disks of radius /2, we find that [|(N')*w||p1(s2) is
bounded by a constant depending on n and 7.

Step 2. Construction of M and W12 estimate.

We now come to the proof of the existence of constants r and C(n)
which satisfy (i)—(iv) above. We first construct an intermediate function
¢ : C — S2. The constant r is chosen so small that the disk Dy, () is
contained in one of the half spheres S of Lemma 5.4. Thus,

1
(19) / |det dN'| < —/ AN'|2 = 47 — 1.
Doy (z) 2 Jst 4
Using the Fubini—Tonelli Theorem, we can find a p € |r, 2r[ such that
4
(20) [ e <
9Dy (x) r

We identify D,(x) with D, C C (using the stereographic projection,
see the discussion above) and we define ¢ : C — S? by setting:

(=N onDy and C(z) =N’ (p’é) on C\D,.

Clearly, ¢ satisfies (i). We now show that
(iv) Hf*wuw—l,?(l)plﬂ) and HdCHLQ(Dp,H) are bounded by a constant

Cmn).
The bound on HdC”LQ(D,J/H by
uniformly bounded and by the choice (20)). We retain

(21) 142, ) < Cl).

We now come to the W12 bound. Note that

) is given by the fact that ||dN,HL2(si) is

ar(¢(C)) < / |det dN'| < 471 — 2.,
Day () 4

Thus, S? \ ¢(C) has area at least 77/4. This means that we can find a
closed set E C S?\ ((C), with area 1/8. Arguing as in the proof of
Proposition 3.5.5 of [10], we can find a 1-form ag on S? \ E such that

(22) lag|lpe(s2) < 2 (E) and dap =w on S?\ E,
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where C' is a universal constant. Using ap, one finds (*w = d((*ag).
Let ¢ € W2(Dy41). Then, since ¢ takes values in S? \ E, we have

/D @C*w:/a @C*a—/ do A Crau.

ol 1 Dp/+1 Dp’+1
Recall that C|8Dp’+1 = N’IaDpw Thus, recalling that HQOHLQ(

_ 6Dp’+1) =
CH‘pHWL?(Dp, ) from (22), we get

+1

. C
/ oC o
8'Dp/+1

e eliaom, €l o,

(20)
<

<

C(n) H ‘PH Wh2(D, )
Analogously,

/ dp N C*a

p/+1

C
< MHdgﬁHLz(Dp,_H)HdCHLQ(Dp/.H)

(

ALY

)
CHSOHWL?(D,)/H)'
This establishes the W2 bound of (iv)’.

Step 3. The existence of M.

In this step, we modify ¢ so to reach (ii) and (iii), while keep-
ing (i) and upgrading (iv)’ to (iv). Consider the restriction of ¢ to
D,y and define for every regular value z € S? its degree deg((,x).
Standard arguments give that deg((,z) is constant on the connected
components of S%\ ¢ (0D,). Thus, by continuity, it can be extended to
an integer valued piecewise constant function on S%\ ((8D,/). Define

(23) Uy := {x € S| deg(¢,z) = 0}.

Then, Uy is an open set contained in S*\ ((9D,/). The idea is to choose
y € Up and to take a retraction R : [0,1] x S?\ {y} — S? onto the
antipodal of y. Then, we define M = ¢ on Dy and on Dy, \ Dy
we put
M(z)=R(p'+1—|2],{(2)).

Since ((Dy41 \ Dy) = ((0D,), we have Uy N ((Dpyi1 \ Dy) = 0.
Thus, M is well defined. From the definition of (23), we clearly have
deg(C,S%, M) = 0, and thus M satisfies (iii). Moreover, Mlp, = ¢
and M ]C\DP/H is constant; hence, M satisfies (i) and (ii). The only

difficulty is to choose y and the retraction R so as to achieve the
bound (iv).
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Clearly, Uy contains S?\((C) and thus ar(Up) > 1. Moreover, Up is an
open set bounded by a subset of the curve v = ((9D)) = N'(9D,(z)),
which, in view of (20f) has bounded length. Thanks to Lemma .1, there
exists a d, depending on ar(Up) and length(v), such that Uy contains a
ball Ds(y). Thus, 6 can be chosen bigger than a constant which depends
only on 7.

Fix such a y and such a § and define a C! map R : [0,1] x (S?
Ds(y)) — S? which retracts on the antipode % of y. This can be done
so that ||R||c1 depends only on 7. Thus,

(iv)’
M wlw-r2c) < OISl 12, @) = Cal):
An analogous estimate holds for ||dM|| ;2. This gives (iv) and completes
the proof. q.e.d.

4. An L*>*> estimate for (A — H1d)

In this section, we prove the following.

Proposition 4.1. There exists C > 0 such that, if
(24) ar($) =47,  and / |A]? < 62,
b

then

o e (f)

For the definition and properties of the Marcinkiewicz space L**°,
we refer to Appendix B.

< .
L2:50(%3)

Proof. Below, we will prove the existence of a universal constant C
such that, for every ¥ with 62 < 47, there exist two conformal parame-
terizations ¢ ™, ™ : D; — ¥ with the following properties:

(8) (D) U™ (D) = 33
(b) ar(p*(D1) N~ (D1)) = C74
(c) |ltr A= A5 1200 (o2 (py)) < C6 for some constants A*.
We first show how this would give (23). Note that
e ) .
CTIAT =27 < AT — A7
et (D1)Ne~ (D1)

S/ \trA—)\”L]—l—/ [tr A— 7|
ot (D1) ¢~ (D1)

< Chlltr A = M| 20 (o (1))
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+ Ch||tr A— )\7||L2,oo(<p—(’l)1))

(c)
< 2C40C6.

Hence, [\T—X"[ < 2C1C?4. This means that || tr A=XT[| ;2.0 (5 < Ca6,
where C5 is another universal constant. Let us set 2H := fE tr A. Then,

42T — 3| < / e A= AT < Oyl tr A— A2y < Cab.
>

This gives || tr A — 2FHL2,00(Q) < (4. Then,

_ 1/2 _
1A — T 2w < </Z \AE) V|| ]| ) < o

Subsections 4.1 and {f.2 are devoted to prove the existence of p® as
above. To explain the underlying key idea, we have to set some notation.
Let ¢ : Dy — 3 be a conformal parameterization of ¢(D;). We denote
by 21,22 a system of orthonormal coordinates in R?. Thus, in these
conformal coordinates, the metric of X is given by h25¢j. We denote by
e; € TS the unit vectors %a%i and we set A;; = A(e;, e;).

Set f:=tr A, fq:= A1 — A, and f,, := 2A;2. In Subsection 4.1, we
use the Codazzi-Mainardi equations to control V f in terms of f,,, fq,
V fm, and V fy (here, if w: 3 — R, then Vw denotes the gradient of g
in the Riemannian manifold 3J; that is, for any vector field X : ¥ — T3,
we have g(Vw, X) = dw(X)).

Potentially, this control will depend in a rather subtle way on the
conformal parameterization ¢. This is not a surprise, since the functions
fa and f,,, depend on ¢ (whereas tr A depends only on the immersion
of ¥ in R3). In Subsection 4.2, we use the results of Sections & and 3
in order to choose p® which satisfy (a) and (b) and enjoy good bounds.
We then show that these bounds and the relation derived in Subsection
4.1 are sufficient to prove (c).

4.1. Key calculation. Let ¢, ¢;, A;;, f, fq, and f,, be as above. When
w is a function, D.,w denotes the Lie derivative of w with respect to e;,
whereas we will use the notations 0,,w and w; for a%i[wmp] =D o W=
hD,w. Z

If X is a vector field on X, then we denote by V., X the covariant
derivative of X with respect to e;. For every (2,0)-tensor B on ¥, VB
denotes the usual (3,0)-tensor given by

VB(X,Y,Z) = Dx(B(Y,Z)) — B(VxY,Z)— B(Y,VxZ).
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We set VBj;, = VB(e;,ej,¢er) and recall the Codazzi-Mainardi equa-
tions:

(26) VAijk = VAji.

To compute Vf, recall that Vf = (D, f)e1 + (De, f) e2. Straightfor-
ward calculations give

De, f = De, (A11 + Aso)
= VA1 + VA +2A(Vee1,e1) + 2A(Ve, €2, €2),
De, fo = De, (A1 — As2)
= VA1 — VA +2A(Vee1,e1) — 2A(Ve, €2, €2),
Dey frn = 2De, A2
= 2V Ag1a + 2A(Ve,e1,e2) + 2A(e1, Ve,e2).

Thus, De, f = De, fq + De, frm + 2R1, where
(27) Rl = 2A(V61 €9, 62) — A(v62€1, 62) — A(el, v6262).
We set h; :== hD., h =D 2 h. Straightforward computations give:

h h
(28) Vel €1 = —h—362 v62€1 = h—;CQ
h
(29) Ve, €2 = h—gel Ve, €2 = —h—;el.
Plugging these relations into (27), we get
~ 2h h h h
(30) Ry = h—;Au + h_;(AH — Ag) = h—gfm + h—;fd-

A simil@r computation for D, f yields De, f = —De, fa+ De, fm + 2R2,
where Ry is given by an expression similar to the one of (30f). Recall
that hy = D o f = 0., f. Hence,

ox;

(31) { &vlf - &vlfd + aaczfm + 2hj%k
8£E2f = _amfd + aaclfm + 2hRs.

Denote by R the vector

(32) R := (Ry, Ry) := (2hRy,2hRy),

by divgR the “Euclidean” divergence 0, R1 + 0,,R2 and by Agf the
“Fuclidean laplacian” 8%1 f+ 8%2 f. Then,

(33) Apf =02 fa— 02, fa+ 204, 0u, fm + divgR.
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4.2. Choice of ¢*. Thanks to Lemma 2.2 and Proposition 8.2, ¥ is a
sphere and there exist a universal constant C' and a conformal parame-
terization v : 82 — 3 such that

(34) Yrg=h'c cl'<h<cC dR| 2 < C.

Clearly, there exist a universal constant C'y and two conformal parame-
terizations 1, ¢y : R? — S? such that

(a') 1(D1) U pa(D1) = S%

(b') ar(p1(D1) Np2(D1)) > 1

(") llwillcoy +llpillor ey + lpilloz(xy < C1(K) for every compact set
K.

Let us define ¢t := tpop; and ¢~ := 1popy. Clearly, ¢* are conformal
and for some universal constant C, they satisfy (a) and (b). It remains
to show (c). Without loss of generality, we show it for p = pT. We
fix a system of orthonormal coordinates x1,z2 in R?> O D; and we
adopt the notation of Subsection 4.1 Thus, in this system of conformal
coordinates, the metric g on ¥ is given by h25ij. Set f :=tr A as in
Subsection #.1.

Our goal is to bound [|f — Al|f2.00(y(p,)) for some A € R. Since the
conformal factor enjoys L™ estimates from above and from below, this
is equivalent to show that |[f — Al|z2.0c(p,) < Cd. Thus, from now on
we work in the Euclidean disk D;: in order to achieve our estimate, we
use equation (33).

First estimate. Let us denote by w the Fourier transform of w and
by w the inverse Fourier transform. Moreover, let & be the frequency
variables. Recall that since ¢ : R? — S?, the functions f, f, and
fa are defined everywhere on R?. Let ¢ be a smooth cut—off function
supported on D3/, and such that ¢ =1 on D;. Define fas

2 2 o o .
fo= %qd T 2%fi<fm /=

By Plancherel theorem, there exists a constant C' (which depends on
the cut—off function ) such that

112 < C (I fall2py) + Il fmllL2(ps)) < Chd.

Moreover, on the set D5, we have

(35) Apf =02 fa— 07, fa+ 200,00, fin-
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Second estimate. Let K (z) = 5- log(|z|) be the fundamental solution
of the Laplacian in R? and set f” = K * divg R. Thus, " = (9,, K) *
Ry + (0., K) * Ro. Recall the definition of R in (33). By (8(), we have

Hence, the estimate (34) gives that ||Ri]|;1 < C6. An analogous esti-
mate holds for Ry. The locality of convolution, Lemma 3.1 and Lemma
B:2 give that || || 2.0 (p,) < Cd. Moreover,

(36) Apf" = divR.

Third estimate. Let o := f — f” — f'. Then, thanks to B3), (85), and
(86), o is harmonic on Ds /5. Moreover, the relations (81) give

axloé = a:mfd"‘axzfm"‘Rl_811(f/+f”)
ama = _8x2fd+8x1fm+R2_aétz(f/"_f”)
Let ||| - |HD3/2 be a norm which is controlled by both the LI(D3/2)

norm and the W 1’2(D3/2) norm. Then, the various estimates give
that [|[Val|[p,,, < Cd. Since a is harmonic and Dy CC Dj), there is a
universal constant C such that [|[Val|pe < C19. Thus, for some A > 0
and for some universal constant Cy, we have [[a — A||pec(p,) < Cod.
Since f = f'+ f” + a, we get

(37) I1f = All2oo(pyy < Csllf 'l 2y + Call | 1200 (my)
+ C5HC¥ — )\HLoo('Dl) S 066
5. Proof of the L? estimate for A — Id

_In the previous section, we have achieved the following: If we define
2H := [otr A, then ||[A — HId|| ;20 < Cd. The goal of this section is
to use this information to prove

(38) / |A—IdJ*> < C6%
P

In order to do this, we will show that |1 — ﬁ2| < C62%. This is sufficient
to get (38). Indeed

(39) |tr A —2H|* = k3 + K3 + AT + 2Ky ko — AH iy — AH ks
= k1 — ko> + 4T — 4H tr A + 4ddet A.
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Integrating (89) and taking into account [y detA = 47 = ar(¥) and
Js tr A =2Har(X), we have

/ |tr A — 2HId|> = %/ \AF +167(1 — ).
P P

Thus, |1 — H'| < C5? would imply Js |A — HId]* < C§%. Moreover,
for ¢ small enough, [1 — FQ\ < C6* implies (1 — H)?> < C¢°. Since
|A —1d|? < 2|A — HId|?> + 2(1 — H)?, this would give (38).

For later purposes, we collect the inequality

(40) |A—HId|2, < C8*+ Cy|1 — H,

which is a direct consequence of the computations above. Moreover, we
will make use of the following generalization of Wente’s estimate:

Lemma 5.1. Let o, 3,7 € C*®(S?). Then, there exists a universal
constant C' such that

(41) [, d8 ny < Cldal e 48] 2l 12

Proof. In local charts, thanks to Theorem 3.3, we have the H! esti-
mate

1453 A d 3Dy < ClldBll2(py) 47|21

in the Euclidean disk D;. A finite covering of S? with smooth coordinate
patches yields

[dB A dyl[31(s2) < ClldB L2(s2)lldv 12 (s2)

Denote by @ the average of o on S2. Recalling that [ dBAdy =0, we get

/Sgozdﬂ/\d'y:/ (o —@)dfB A dry.

S2

Thus, the duality between H! and BMO (see Theorem A.6 and Corol-
lary A7) gives

(42) [, ads iy < Clalsaoll48]2 41

Thanks to Lemma [B.3, we have |a|gro < Cl|dal|p2.- q.e.d.
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5.1. Setting. Using the Gauss-Bonnet formula and the identity S7H =
[ tr A, we get that

(43) 4w(1—ﬁ2):/detA—ﬁ/trA+F2/1.
% % %

We denote by N : ¥ — S? € R? the Gauss map. Fix a conformal map
¥ : 8% — ¥ C R3 satisfying the requirements of Proposition 3.2 and a
conformal map ¢ : R? D D; — S2. Denote by

e U:D; — ¥ C R? the conformal map 1 o ¢;

e 12 and h? the conformal factors of ¥ and v;

e M and N’ the maps N o ¥ and N o).
Fix an orthonormal system of coordinates y1,v2,73 on R? and an or-
thonormal system 1,22 on Dy. If @ and b are two vectors of R?, then
a x b denotes the vector of R? which is the standard vector product of
a and b.

5.2. Algebraic computations. As a first step, we give some formulae
for h%, h?(detdN) o ¥ and h2(tr dN)o .

First Computation. Since ¥ is conformal, we have
(44) detdV = |V, X VU 4|,

where V¥ .. denotes the map g—i : D; — R3. In equation (:_4-4), we make
a slight abuse of notation. Indeed
e On the left-hand side, we consider ¥ as a map taking values on
Y. Thus, det dV¥ has the usual meaning, since d¥,, is a linear map
from TpR2 — Ty(p)2.
e On the right-hand side, we consider ¥ as a map taking values on
R3.
We now fix the convention on the wedge product of vectors of R? in
such a way that

(45) M-V, X W, =V, x W]
Hence, we can write
(46) B2 =M U, xV,,.

Second Computation. The normal M is perpendicular to both Mz,
and M ,,. Moreover, the orientation convention which yields (45) gives
(47) det dM := M - M 5, x M ,,.

Similarly to (44), equation (47) must be understood in the following
way:



92 C. DE LELLIS & S. MULLER

e On the left-hand side, we consider M as a map taking values on
S2. Thus, det dM has the usual meaning;
e On the right-hand side, we consider M as a map taking values on
R3.
The discussion above gives the equality

(48) h2(det dN) o W = det dM = M - M, x M ,.

Third Computation. Note that M ,, = [dN o U](¥ ). Thus, thanks
to the conformality of W, we have

v, v,
(trdN)o\IJ:[dNo\Il< ’1>] —

Vil /] [Vl
v Y
+ [dNo\ll( 2 ﬂ o
Waol /] |¥ s
1
= ﬁ [M,:vl W+ Mg, - \117352] :

Since W is conformal, we have
Mg, Vg =My, - (‘Il,xQ x M) =M - Mgy XV g,
Thus, we get
(49)  A2(tr dN) oW = (M - My X W 4y + M-V, x M,,).
Combining (46), (#8), and (), we get
(50) / (det A—THtr A+ F2) ¢
W¥(Dy)

_/ h? ((deth)o\I/_F(trdN)o\I/+F2) (oW
D

- / (M- (M=), x (M=), ) Co ¥,
D1
for every ( € C°(¥(Dy)).

5.3. Skew—symmetric quantities. Consider two smooth maps «, [ :
D; — R3. Denote by «y, 3, i € {1,2,3} the components of a and 3
in a system of orthonormal coordinates of R3. Then, straightforward
computations give the following identity:

3
(51) [ Bay X Bay) day Ndzg = Y eijrey dB; A dp.
ij,k=1
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where g;;, is the totally antisymmetric tensor given by
1 if (4,4, k) is an even permutation of (1,2, 3)
gij = —1 if (4,7,k) is an odd permutation of (1,2,3)

0 otherwise.

Thus, equations (pU) and (b1) give

(52) / (detA—ﬁtr A+ﬁ2> ¢
V(D)
2:5@%/ (M — HW)MMHM%—E@MDCo%
i,5,k=1
for every ¢ € Cgo(\I!(Dl)). Since ¢ : D1 — ¢(D;) C S? is a diffeomor-
phism, we can use ¢! to pull back the forms on the right-hand side of

(52) on (Dy). Recalling that N’ = M o¢~! and ¢ = W o p~ !, we get

(53)
— —2
/ @mA—HmA+H)g
Y(¢(D1))

3
=Y e /@ o (NEAIOV =TT (N =TT ) o

ij,k=1
Hence, thanks to the arbitrariness of the conformal map ¢, the previous

equation gives that, for every ¢ € C°°(S?) which is supported in a set
of diameter strictly less than 47, we have

(54) /111(82) (det A—Htr A+ ﬁ2> Corp?

_ Y e / (N[N~ )] Ad [N~ F))) ¢

i,5,k=1

A partition of unity on S? gives

(55) /QMA—FHA+Fﬂ
by

= Y e [ VAV <0 AN - Tl

,jk 1
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Integrating by parts, we can write

9 N d[(N' = H);] Ad[(N' — H))

= [~V =), N A d (N = T

5.4. Final estimates. Thanks to Lemma 5.1, we have

(56)

LI = TE0), N7 A d (= T

< |d(N" = H)| oo [|dN"| 2| d(N" — H) || 2.

Thus, we conclude that

(57)

/(detA—ﬁtr A+F2)‘
3

< ClldN"|[p2(s) ld(N" — Hy) | 2(s2) |d(N' — HY)|| 2.2 (s2),

for some universal constant C'. Since 9 is conformal and satisfies the
bounds given by Proposition 3.2, we have that there exist universal
constants C7, Cy such that

[dN"]|2(s2) < CilldN||2(s) < C2
[d(N" — Hy)| 12(s2) < CilldN — HId|| 125

[d(N" = Hy)|| 20052y < C1[[dN — HId]| 2,005y < Ca.
Thus, taking into account (43) and (57), we get
(58) 1 H’| < C36]|A — HId|| 125
Recalling ({0), we conclude
1A = HId|[325;) < C62 + C10]| A — HIA| 2(x,,
which, by Young’s inequality, yields
c252 |4 - HId|7sy,

|A — HId|[72 5y < C6% + 5 5

Hence,
|A = HId|[72 (5 < C50°

and plugging this into (58), we get |1 — ﬁ2| < Cg6%, which completes
the proof.
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6. ¥ is W22 close to a round sphere

To complete the proof of Theorem il 1 it remains to show the estimate
(8), under the assumption that HAHiQ < 8m. The difficulties in getting
a conformal v satisfying (3) are considerably increased by the action of
the conformal group of the sphere. In order to choose 1), as a first step,
we impose the normalization conditions of Lemma 3.4 and we show that
these conditions imply that the conformal factor of 1) is W2 —close to 1
(see Subsection 6.1). In a second step, we prove that this, together with
the bound on [|A —Id|[z2(p,) implies that 1 is W22—close to a smooth

isometric embedding of S? (see Subsections 6.2, and 6.3).

6.1. The conformal factor of ¢ is close to 1. Fix ¢ as in Lemma
8.4 and Proposition 3.2 and denote by h = e* its conformal factor. The

goal of this subsection is to show the existence of a universal constant
C such that

(59) lle® — 1|z + |lullwe < C6.

To do so, we first show that for 6 | 0, the map ¢ must converge to
a conformal map, in fact a rigid motion in view of the normalizations.
Then, we use a linearization of the equation —Ag2u = Ke?* — 1 to get
the optimal estimate.

First, we gather all the information acquired in the previous sections
(see (12) and Proposition g.2):
(60)  w satisfies —Ageu = Ke* — 1 and [ e** = 4r
(
(

61)  ||ullzee + ||ullpr.2 < C for some universal constant C

62)  Let S be as in Lemma J.2. Then, / N |A]2e?* = 47 4 62/2.
S:

K3

(63) / |A —1d)* < C8?
X

Step 1. We begin by proving the following statement
(64) Fixp<ooandn>0.Ifd >0is
sufficiently small, then |e®* — 1| 1» + |ullzr < 7.

Since €2V is a locally Lipschitz function, thanks to (61}), there exists a
constant C, independent of u, such that

(65) ‘62“—1| < Clul.
Thus, we have [[e?* — 1||z» < C|lul|z». Assume, by contradiction, that

(64) were false. Then, there exist 7 > 0 and sequences &, | 0, {u,} C
C>°(S?) such that
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e ¢ are the conformal factors of the conformal diffeomorphisms
Pp 82— 3%, CR?;
e (B0), (b1), (p9), and (63) hold (with wu,, Ky, d,, Sy, and A™ in
place of u, K, 0, ¥, and A);
o lunllzr = 5> 0.
Thanks to these assumptions, Agz2u, is a bounded sequence in L!. Let
D(A) be the set of functions f € L*(S?) with zero average. Recall that
Ag% : D(A) — W is a compact operator for every ¢ < 2. Thus, a
subsequence of u,, not relabeled, converges strongly in W4 to some
Uoo. Equations (B3) and (b2) give that K, —1 converges to 0 strongly in
L'. Since e?*» is bounded and converges strongly in L9 to e*“>, by the
dominated convergence Theorem, we conclude that K,e?“" converges
strongly in L' to e*“>. Passing to the limit in (60), (b1), (62), and (63)
we get

(66) — Agrtgy = €29 — 1,

(67) /Si et = 2,

From [1}], every solution of (66) is the logarithm of the conformal factor
of a conformal diffemorphism 9 : 8> — S2. Thus, the normalization
condition (67) implies that us, = 0.

Step 2. Consider the space of functions S := {||(||cc < C}. Then, we
claim the existence of a universal constant C; such that

/,e2<—27r> V(e S.
s/

/'62<—27T
s/

K= {¢] — Ag26 =2¢}.

Note that, if we extend ¢ to a 1-homogeneous function € on R?, we
get that & is harmonic in R? \ {0}. Since ¢ is bounded in every ball,
0 is a removable singularity and £ is an entire harmonic function with
linear growth. By the Liouville Theorem, we conclude that € is a linear
function. Thus, K is the three-dimensional space given by the restriction
to S? of linear functions of R3.

(68) lclzz < Cu (HAszc + 2] 1 + max
Indeed, set

(69) n = |[Ag2¢ + 2¢|| 1 + max
(25

and consider the space
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For ¢ € S, we denote by P the L?—projection of ¢ on K and by P¢
the L?-projection on the orthogonal complement of K. Using Sobolev
embeddings, it is easy to check that

(70) |1PCl 2 < Con.
Since K has finite dimension, we have
1P¢lloo < [[¢lloo
and thus, for some universal constant C'3, we get
(71) IPClloo + [P ¢lloe < C3 Y ES.
Clearly,
2¢ _ 2P¢ 2P¢| | 2P¢ @) 2P+¢
(72) ‘e —e ‘:‘e He —1‘ < C’g‘e —1‘.

Moreover, since the exponential is a locally Lipschitz function, the
bound (¥1) gives also

@[

Thus, (BY) and (r3) give

a5
(=] |
=

P 1] < Gl Pl £ G Pl 2 Con

/ 2P —or
st

Since P( is the restriction of a linear function, it is straightforward to
check that

(74) < Cm.

1PCl2 < Csn,

for some universal constant Cs. This completes the proof of (68).

Step 3. We rewrite the first identity of (50) as
(75) — Agou—2u = (e —2u — 1) + (K — 1)e*".
Since ||ul|o is bounded by a universal constant (see (61)), we have
(76) HeQ“ —2u — 1HL1 < O1|ul3e
for some universal constant C7. Moreover,
(77) (K = 1)1 = [detA — 11 gy

< [ldet(A = Id)|z1 () + [[tr A = 2{[s

(
< A =Td|[Zogsy + CollA = 1d|| 2wy < C6,
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and similarly, from (61i), (62), and (63), we get

/ 2t — o
s+

Hence, applying (68) and collecting all these inequalities, we get

(78) Jullz2 < Csllull3s + Cyd.

Thanks to the first step, when § is sufficiently small, we have Cs|ul|;2 <
1/2. Plugging this into (78), we get

(79) ull 12 < 2C46.

< Co.

Step 4. 'We multiply by u the equation
—Agou = e* — 14 (K — 1)e*
and we integrate by parts to get
2 2u 2u
80)  |[Veeu|% < / ] |2 — 1] +/ | det A — 1]e
S2 S2
Notice that
J1ulle = 1] <

Moreover, |detA —1| < |k1 — 1||k2 — 1| +|k1 + K2 — 2|, and recalling that
||u]|oo is uniformly bounded, we get:

(81) /S Julldetd — 162 < Coll A~ 1d|32(5) + Callull 2|4 — 1] 2.

Recalling (B1), (B3), and (79), we get

(82) [Vseul|2, < Cad?,
which, together with (79), gives
(83) l|ullyye < Cs.

Since ||ul|oo is bounded by a universal constant, the fact that the expo-
nential map is locally Lipschitz gives (5Y).

6.2. Cartan formalism. Let D, be a disk of S? and let (eq,e2) be
an orthonormal frame on D,. We assume that this orthonormal frame
is generated by a conformal map ¢ : D, — D, via the relations e; =
Oz, 0/ |0z, ¢|. Moreover, we assume that ||¢||c1 is bounded by a universal
constant (which is certainly possible if, for instance, p < w). We define
two maps ®,¥ : D, — SO(3) in the following way

(84) O := (e1,e9,61 X €3).
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(85) W= (e*udw(el), e~td(es), e 2dip(er) x dw(eQ)).

Note that e=2“dy(e;) x dip(ez) = N o1p. Hereby, we fix a system of
coordinates in R? and we regard the elements of SO(3) as matrices:
Thus, according to definition (84), for x € D,, ®(x) is the matrix which
has e1(x), ea(z), and e1 () X ea(x) as row vectors. We endow SO(3) with
the operator norm and we denote by B - F and by B~! respectively the
matrix product of B and F', and the inverse of B.

We want to show that there exist constants p > 0 and C > 0 such
that
(86) Rgslgl(:s) |®—R- \I/HLQ(DP) < (O4.
Note that the left-hand side of (86) is actually independent of the choice
of the frame. Thus, though the estimate is derived for the particular
frame of T'D, chosen above, we would conclude:

e Let (e1,e2) be any orthonormal frame and ®, ¥ as in (84), (85).
Then (86) holds.

An easy covering argument would yield a constant C” such that, for
some R € SO(3):
(87) For every V and for every frame (ej,e2) on TV,
we have [|® — R - W12y < 6.

One basic property of moving frames (see for instance vol. 3 of [14]) is
the existence of unique 1-forms with values in skew—symmetric matrices
U and W such that

A= -U

av =v - W.

Alternatively, U and W can be regarded as matrices of 1-forms on S2.
We define the norm of |U,| (for x € D,) as

|Uy| := sup |U (v)],
veT,S?,|v|=1

where |Uy(v)| is the operator norm of the matrix Uy (v) € M3x3,
We now come to the proof of (86). Consider A := ®-W~! and compute

dA=d®- 0! —&. v qu. y!
=0 U- V-0 WU =0 (U-W)- 0L,

The following Lemma is a standard Poincaré inequality (for the reader’s
convenience, we report its proof in Appendix D):
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Lemma 6.1. There exists a universal constant C' such that for some

R € SO(3), we have
A = Rl[z2(p,) < CplldAllL2(p,)-
Thus, since p < m, there is a constant C' such that
A = R|[2(p,) < CIIU = Wll2(p,)-

To complete the proof of (86), it is sufficient to show that there is a
universal constant C' such that

(89) 10 = Wiy, < C6.

Let 61,605 be the basis of the cotangent space T*M which is dual to
(e1,€2). Moreover, recall that

e ¢' is the conformal factor of ¢ : D, — D,;

e 11,9 is an orthonormal basis for D,;

® & = aﬂfz(p/‘awz(p‘ - eivaivi(/)'
Since the second fundamental form of the sphere is the identity, we have
(see e.g., p. 97 of Volume III of [14])

W1 = Wiz = A(e "dip(er), e “dip(er)) s
+ Ae™"dy(er), e "di(e2)) b2
~Wsy = Was = A(e “dip(er), e "dip(ez))b:
+ A(e*“dw(eg), e*“dw(eg))Hg
—Us1 =Uiz3 =061
—Usg = Uz = 6s.

Since ||A — Id||z2 < C4§, the previous equations give ||[W;3 — Us| < C6.
Thus, it only remains to show that ||[Uja — Wia|| < C4. Recall that

Wiz(ej) = 9(Vitugy(e;) (€ dib(e2)), e dip(er))
Urale;) = 6" (VS e2),
where g is the Riemannian metric on . Thus

Uiy = e {[02,0] 601 — [0,0] 02}
Wiy = e ¥0¥P7Y { [&m (v +wuo @)] 0, — [&El(v +wuo (p)] 02}.

Recall that |||/ is bounded by a universal constant, that ||e™"—1| 2+
||lullpie < C6 and |Jul|o < C. Hence, we conclude that

U2 = Whzllr2(p,) < C6.
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6.3. Conclusion. Let us compose ¢ with the inverse of the rotation R
appearing in (8%). By abuse of notation, we denote this map by  as
well. Then, the previous subsection shows the existence of constants C'
and p such that:

e For every disk D of radius p in S? there exists a conformal map ¢
such that [|¢]|c2 < C and, if we define e; := 0,,¢/|0x,| and @, ¥
as in (84), (85), then:

(89) dav =v .- W dd = - U

¥ — @|p2(py < CO U = W{lr2py < C6.
Hence, we easily get that
(90) [[d¥ —d®||p2(py < V- (U =W)[r2py + (@ = W) -Ullp2(py < C6,

where we have also used the fact that ||U||~ depends on ||¢||c1, which
is bounded by a uniform constant (recall the choice of ¢). Denote
by id : 82 — R? the standard embedding of the round sphere in the
Euclidean space. Note that (8Y) gives that [[dy — d(id)||2(p) < C9.
Thus, (since p is a fixed constant), by an easy covering argument, we
get [|dy — d(id)|r2(g2y < C16 for some universal constant C7. By the
Poincaré inequality, there is a vector cx; € R? such that

I — (cs + id)”WLQ(S?) < C99.

It is not difficult to see that (90) and (8d) give an estimate on the second
derivatives of ¥ — (cx +id), yielding the desired bound

H¢ — (Cz + id)HWz,Q(Sz) < C30.

Indeed fix a system coordinates on R? and call ¢, id;, the components
of 1,id. Since ||¢||c2 is bounded by a universal constant, it is sufficient
to check

(1) |
Note that

< Oy6.
L*(D)

02 ., (r — idy)|

Ou; i = |On; 0| [do(e))], = h W5
where W, denotes the jk entry of the matrix W and h is the conformal
factor of . Thus,

07,00k = (hOp.h) W + B2 dW i (e;).
Analogously
07,1k = (R Oy, h) Dy + h* d®jp(e;).

Hence, thanks to the uniform bounds on ||A[[L~ and [|0;;h[ L, the
estimates (D0) and (8Y) give (91).
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7. Optimality
In this section, we prove the optimality of Theorem [.1.

Proposition 7.1. There exists a family of smooth connected compact
surfaces ¥, C R3 without boundary such that:

(92) C >ar(3,) > c¢>0 for every r
(93) lim MVD =0 for every p < 2
10 2,
>, converges, in the Hausdorff topology,
(94) to the union of two round spheres
(95) lim <inf / A )\Id|p) > 0.
|0 A b

Proof. The idea of the construction is the following. Let us take two
round spheres ¥ and Y9 of radii 1 and 1/2. Then, we can glue them
with a small hyperbolic neck T so that the integral [|A[P is as small
as we want. We now give the details of this construction. The estimate
of the quantity [.|A[? will be simplified by using catenoid necks.

Detailed construction. Consider the family of curves {v,} known
as catenaries, i.e., the graphs of the functions f,. : R — R given by

fr(x) := rcosh (%) :

The surface generated by a revolution of 7, around the z—axis is called
a catenoid and will be denoted by I',.. It is well known that catenoids
are minimal surfaces (see for instance page 202 of [4]). Thus, tr A =
K1 + ko = 0 everywhere on I,
Let z,y,z be a system of coordinates in R? and assume that the
catenoid T', is given by |(z,y)| = rcosh (2). For every r > 0, we take:
e A round sphere of radius 3 centered at a point (0,0, 21) with z; >0
and tangent to ', in a circle 7.
e A round sphere of radius 1 centered at a point (0,0, z2) with zo < 0
and tangent to ', in a circle 2.
Consider the closed surface Y, which is made of:
e The part of the sphere ¥ lying above v! (which we denote by S2);
e The part of the sphere ¥ lying below 72 (which we denote by S}!);
e The portion of catenoid lying between ! and 72 (which we denote
by T}).
See Fig. Wi below.

Step 1. Behavior of %, for r | 0.
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by

Figure 1. Construction of the surface X,.

The circles 4% are given by
Irn{z=z(r)}

and straightforward computations give that

z1(r) is the unique positive solution of cosh (

21(7“)> 1
22(7“)> 1

r

z9(r) is the unique negative solution of cosh <

Hence, 2;(r) | 0 as r | 0. Moreover, the radius of 4. is 1/r/2, whereas
the radius of 72 is /7. Hence, we conclude that

The surfaces S} and S? converge, respectively,

(96)  to a sphere SL of radius 1/2 and to a sphere S% of radius 1,
which are tangent at (0,0,0).

(97)  The area of the neck T, converges to 0.

Step 2. Estimates.
We now prove that

(98) nm/\Aﬁza
T

rl0
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Since T, is a portion of a minimal surface, tr A = 0 on 7). Thus, (O8)
is equivalent to

(99) lim / AP = 0.
Ty

10

Again, because of the minimal surface equation, 2det A = —|A|? on T;.
Thus, by Gauss—Bonnet Theorem:

(100) &r:/ 2det A = 2det A — [ |A]?.
r Stus? T

Since S} and S? are both portions of round spheres, we have

/ 2det A < 167.
Stus?

Thus, [, |A|? < 87 and, by Holder inequality,

oy [ jap < @) ( / \Aﬁ)g < (3m)5 (ar(T3)) 2"

By (96), the inequality ({07) yields (89). Thus:

e The bound (99) is trivially satisfied.
e Since S} and S? are subsets of round spheres, we have

L1y = [ 14r,

and (03) follows from (98).
e Thanks to (97) and (99)

lim (inf/ A )\Id]p) — inf (/ A — AP + / A )\Id]p>
rl0 A 2, A S1 52
1 2
= inf [% (5 - )\> 481 — )\)2] >0,

which gives (95).

Note that the surfaces just constructed are C' and piecewise C?2.
However, they are all surfaces of revolution: The curves which generate
them are C'!' and piecewise C*°, where the higher derivatives have four
points of jump discontinuity. Hence, a standard smoothing argument
yields a family of surfaces of revolution which are C'* and satisfy all
the requirements of the Proposition. q.e.d.
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Appendix A. Hardy and BMO spaces

We recall here the definitions of Hardy and BMO spaces (see for
example [15], sections 1,2,3 and 4). We fix a ¢ € C°(R") with [( =1
and we define (. as ((z) =7 "¢ (%) Then, for every f € L}, .(R™), we
define the maximal function M. f as

(102) M f(2) = suplf # (@)
r>0

In a similar way, for M > 0, we define a local maximal function
M f(z):= sup |f*G(x)l.
M>r>0

Definition A.1. The Hardy space H!(R™) consists of the functions
f € Ll (R™) such that M f € L'(R™) for some (. Similarly, if @ C R",

HL () is the subset of L{ . consisting of those functions f such that
MCMf € L} for some ¢ and some M.

loc

Having fixed ¢, we can endow H'(R") with the norm || M f|l 11 (rn),
thus getting a Banach space (see [15]). Different choices of ¢ induce
equivalent norms. Moreover, if f € H{ (Q) and @ is a diffeomorphism
of Q, then fo® € Hl (). Hence, using a finite atlas of coordinate
patches, it is possible to define H!(X) for any compact Riemannian
manifold ¥. Similarly, after fixing a {, an M > 0, and a finite atlas,
one can define a local maximal function M f for f € H(X) and a norm
[ fll#1 () == [[M fl|z1. Different choices induce equivalent norms.

We recall the following celebrated result of [6]:

Theorem A.2. Let w € H'(R?). Then, the equation Ag2u = w
admits a continuous solution uy : R?> — R which satisfies
IV%uol| 1 + [lduoll 2 + [fuollz < Cllwllza,

for some universal constant C'.

Using a partition of unity and local coordinate patches, Theorem A.2
yields the following

Corollary A.3. Let w € H'(S?). Then, the equation Ageu = w
admits a continuous solution ug which satisfies

(103) luollw21(s2y + llduollp2(s2) + lluoll e < Cllw|l3 (s2)-

Remark A.4. Since harmonic functions on S? are constant, the gen-
eral solution of Agzu = w can be written as u = ug + ¢. Thus, the
normalization condition

e = 4,
S2
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yields an estimate like ({03) also for w.

In Section 5, we use the duality between BMO and H!, due to Fef-
ferman.

Definition A.5. Let f € L} (R"). We say that f € BMO if

loc

1
|flBrmo = sup sup ————— lf = fo" is finite,
zeRn >0 |Br(7)] B, (z)

where f®" denotes the average of f on B,.(r). We can extend the
definition to compact surfaces by taking the second supremum among
disks of radius smaller than the diameter of X.

Theorem A.6. Let f,w € C°(R™). Then,

/[

where C¢ depends only on the kernel ¢ € C°(R™) which defines || f|1n1 =
1M fllzr

Again, using local charts and a partition of unity, we get

Corollary A.7. Let f,w € C°°(S?). Then, there exists a constant C
(depending only on the choices involved in the definition of | f| w1 (s2))

such that
\ / fw‘SCllfllnl(s2> [|w|BMo<sz)+\ f “’H
S2 S2

Appendix B. The space L*™

< C¢l[fllar wlBmo,

Given a measure space {2 with a o—finite measure p, the Marcinkiewicz
space L?>°(Q, 1) is defined as the set of functions

{f ‘there exists C' > 0: u({f2 > k}) < % for every k > O} )
For every f € L?%, it is natural to define

(104) | f| 2.0 := inf {C cp({f2>k}) < % for every k > 0} .

|| is not a norm. However, it is possible to define a norm || - || 72,.c which
endows L?> of a Banach space structure and such that

1
(105) 2l llzzee < J-fp2ee < k- flp2ee,

see e.g. Section 1.8 of [17]. For the Proof of Proposition 4.1, we need
the following two lemmas:
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Lemma B.1. If f € L>*(R"),w € L*(R"), then
(106) 1S * wllpzee <[ fll 200 lwllzr-

Lemma B.2. Let K be the fundamental solution of the Laplacian
in R? given by K(z) = 5=log(|z|). Then, VK € L>*°(U) for every
bounded open set U C R2.

Lemma B.1 follows easily from the fact that || || ;2.0 is a norm, while
Lemma B3 is obtained directly from the definition of | - |;2... Finally,
in the proof of Theorem il I, we need the following

Lemma B.3. Let u € C®(S%,R). Then, there exists a universal
constant C such that

[ul paro(s?y < Clldul| 2.0 (g2).-

Proof. Lemma B3 follows from the Sobolev embedding W11(S?) —
L?(S?) and the fact that |ulgz and |u|;2.00(r2) are both invariant un-
der the rescalings x — rxz. We recall the argument for the reader’s
convenience.

Using local charts, it suffices to prove

(107) lul garop,) < Clldul| 2,00 (D))
where D is the Euclidean unit disk. Recall that
1
(108)  |ulprro(py) = sup sup 7/ lu —u?"],
PO by | redist (g.000) 2 (Pr (1)) o)

In view of the definition of |u|gpro(p,), it would be sufficient to prove
1
ar(Dr(y))

By invariance under translations, we can assume y = 0. Moreover, we
can assume that r = 1. Indeed, define u,(x) := u(rz). Then,

1 o 0,r| __ 1 o 0,1
ar(D,) /D i ‘_ar(Dl)/Dl e = |

ull 2o (p,) < Klulp2oe (D) = Klue| 200 (py) < K [luel|z2.00 (1)

/ i — 7| < Clldull o ip,y  forall 7 < 1.
Dy (y)

and

Thus, the proof reduces to the inequality

/ ‘u — uo’l‘ < C|ldul| 2,00 (D, )-

D
Clearly, for some universal constant C'; we have

|dull 1 (p,y < Clldul|p2.0(py).-
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Moreover, the Poincaré and Schwartz inequalities give

| lu= ) < w2 = e,
Dy

< Ol dull oy < CLOTY2 | dull 2.0 (-
This completes the proof. q.e.d.

Appendix C. Lemma on open sets

Lemma C.1. Let U C S? be an open set and assume that OU C =,
where v is a closed curve. Then, there exists a constant § > 0, depending
only on ar(U) and len (y) such that U contains an open disk of radius

J.

Proof. We argue by contradiction. Then, there exist a sequence of
open sets U, and a sequence of closed curves =, such that:

1) limy len (v,) = Cy > 0 and lim,, ar(U,,) = Cy > 0;
2) For every § > 0, there exists N such that, for every n > N, U,
does not contain any disk of radius d.

Let us parameterize +,, by arc-length. Then, there is a subsequence, not
relabeled, which converges uniformly to a Lipschitz curve v,,. Hence,
up to subsequences, U, converges, in the Hausdorff topology, to a closed
set Us whose boundary is contained in 7y,,. Due to 2., the set Uy, has
empty interior and thus ar(Us) = ar(0U) = 0. But 1. implies that

ar(Us) = C2 > 0. This is the desired contradiction. q.e.d.

Appendix D. Poincaré inequality for SO(3)—valued maps
Here, we give a proof of Lemma 6.1. We embed SO(3) ¢ M3*3 = R?

and we set
1

A=
ar(D,) D,

A,

Since the operator norm on M?3*3 is equivalent to the Euclidean norm
on R?, the Poincaré inequality yields a constant C such that

IA = Allr2(n,) < ColldAllzz(p)-
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Note that
ist (A 2_ 1 ist (A 2
dist (K, S0(3))? = (D)/Dpd ¢ (&, SO(3))
1 - . 2
D )/ (JA — & + dist (A, 5O(3)))
1

_ X2
- ar(Dp) HA - A”LQ(Dp)
Thus, there exists a map R € SO(3) such that
A = Rllr2p,) < \/§CIOHdAHL2(Dp)'
empty
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