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HITCHIN’S CONNECTION AND DIFFERENTIAL
OPERATORS WITH VALUES IN THE DETERMINANT
BUNDLE

XIAOTAO SUN & I-HSUN T'SAI

Abstract

For a family of smooth curves, we have the associated family
of moduli spaces of stable bundles with fixed determinant on the
curves. There exists a so-called theta line bundle on the family of
moduli spaces. When the Kodaira—Spencer map of the family of
curves is an isomorphism, we prove in this paper an identification
theorem between sheaves of differential operators on the theta line
bundle and higher direct images of vector bundles on curves. As an
application, the so-called Hitchin connection on the direct image
of (powers of) the theta line bundle is derived naturally from the
identification theorem. A logarithmic extension to certain singular
stable curves is also presented in this paper.

1. Introduction

Let M be a smooth variety over any algebraically closed field of char-
acteristic zero and S — M be a smooth, flat morphism. For a smooth
family 7 : X — § of curves and a vector bundle £ on X, A. Beilin-
son and V. Schechtman defined in [2] (see also [4]) the so-called trace
complezes ** A% Ve tr A% on X, together with algebra structures on

them, such that RO, (' A%, ) RO, ("™ A%,) are canonically isomor-
phic to the Atiyah algebras Ay, r, Ay of the determinant bundle
Ag = det Rm,E of the family (see Proposition 3.3 for details), where
A, as asheaf on S, is just D§1(>\ £ ), the sheaf of differential operators
of order < 1 with values in Ag, and similarly Ay, /,( C Ay, corresponds

to relative differential operators. It is generalized by Y.-L. Tong and the
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second author ([19]) to the families 7 : X — S of stable curves. In this
paper, we prove firstly, under the assumption that Kodaira—Spencer
maps of the families are isomorphisms, one can canonically produce lo-
cally free sheaves Gg, S(Gg) on X (resp. on X) instead of the above
trace complexes such that one has the following identification theorem:

Theorem 1.1.
i) If E is fiberwise stable and the Kodaira—Spencer map

KS: Tg/p — R'mi(E)

is an isomorphism, where E := End°(E) is the trace free part of
End(E), then there exists a canonical isomorphism

¢: R'm.(Gr) = D5\ (Ae).

ii) If KSg:Ts — leAOE/S is an isomorphism, then (after shrink-
ing M enough) ¢ extends to an isomorphism (cf. Theorem 2.5 for
details)

¢ =¢_»: R'm.S(Gp) = D' (Ax).

The most technical part of this paper is devoted to proof of the iden-
tification theorem and its generalization to stable curves 7 : X — S (cf.
Theorem 2.13). There is an interesting example of the families S — M,
m: X — S which satisfy the assumptions in our theorem. Let C — M
be a family of smooth curves of genus ¢ > 2 and f : S — M be the
associated family of moduli spaces of stable bundles of rank r > 2 with
a fixed determinant. Let m : X =C xS — 5, E a universal bundle
on X. Then KS : Tg/pg — R'm.(E) is an isomorphism. If furthermore,
for any b € M, Tap & HY(Cp, T,), then KSg : Ts — RITF*.A%/S is an
isomorphism (cf. Propsition 4.5). A family C — M as such (called good
family for convenience) does exist in algebraic category of characteristic
zero (in fact, M is a moduli space of curves with level structures, which
is a finite Galois cover of the moduli space M, of curves). We will fix
such a family in (the most part of) this paper. Let © be the theta line
bundle on S and, for any k, write ©F = Mg for some p € Q. Then our
identification theorem gives immediately a new construction of Hitchin’s
connection on Vi, = f,.(0%).

Corollary 1.2. There exists a unique projective heat operator,
H: Ty — £ D52 (0%)/Opm
which lifts Hitchin’s symbol map f.dg : Thy — f*S2TS/M.
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The construction of the above heat operator is purely algebraic by
playing diagram game. The map dyg : f*Ty — SQTS/M is a connect-
ing map in a long exact sequence of cohomologies, which coincides with
Hitchin’s symbol map over complex number field. The reason we restrict
ourselves in characteristic zero is: the theory of Beilinson—Schechtman
(thus our identification theorem) is in characteristic zero. On the other
hand, Tsuchiya—Ueno—Yamada [20] construct a conformal block space
associated to each pointed-stable curve, these spaces form a vector bun-
dle on the moduli space of stable curves. They also construct a loga-
rithmic projective connection (WZW connection) on this vector bundle
of conformal blocks. It is proved that the algebro-geometric analogues
of conformal block spaces for smooth curves are the spaces of global
sections of ©F. Y. Laszlo [13] proves that on the moduli space M, ;
of smooth curves with a point Hitchin’s connection coincides with the
WZW connection (note that M, is of dimension larger than our M).
However, for singular stable curves, the algebro-geometric analogues of
conformal block spaces are still unknown (by our knowledge). One rea-
son, among others, is simply that degeneration of moduli spaces of sta-
ble SL(r)-bundles is still an open problem (cf. [6], [7] for comments
on this problem). Thus it seems to us that a geometrically meaningful
extension of V; = f.(6F) to the boundary with logarithmic connection
would be interesting. Indeed, the question of studying the behaviour of
spaces of generalized theta functions under degeneration of the curves
was already mentioned in [10], p. 350, and the question of studying the
(logarithmic) extension of the connection was asked in an unpublished
manuscript of Beilinson and Kazhdan [1], p. 27, where they produced
the connection for the case of smooth curves.

Let S, M be smooth varieties and B = M \ M be a normal crossing
divisor. Let f S — M be a smooth flat morphism, w : X — S be
a family of stable curves and E a fiberwise stable vector bundle on X.
Let W = f~1(B) C S. Then the logarithmic identification theorem can
be proved similarly as in the smooth case.

Theorem 1.3.

i) If KS: Tg/ﬂ — R'7.(E) is an isomorphism, where E:= End’(E),
then there exists a canonical isomorphism

¢: R'm(Gp) = D5, - (M)

S/M
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ii) If KSg: Tg(logW) — RIW*AOE/S(log D) is an isomorphism, then
(after shrinking M enough) ¢ extends to an isomorphism (cf. The-
orem 2.13 for details)

¢ =0-x: R'm.S(Gr) = DS (Ae)(log ).

IfC— Misa family of stable curves, let U(r,d) — M be the family
of moduli spaces of semistable (for canonical polarization) torsion-free
sheaves of rank r and degree d. Fix a line bundle AV on C of relative
degree d, let f : S — M be the family of moduli spaces of stable bundles
of rank r with fixed determinant N{c ([C] € M). Let Z C U(r,d) be the
Zariski closure of S in U(r,d) and fz : Z — M the induced morphism.
Let f S CcCZ— /\/l be the open set of Z consisting of stable bundles.
Let m7: X =C X M S—Sand E the universal bundle on X. Note that
for general reducible stable curves Cp (b € B), the (open) moduli spaces
f_l(b) hasn’t been well understood yet, and in particular we do not
know if the Kodaira—Spencer map in Theorem 1.3 i) is an isomorphism.
On the other hand it is better understood for those irreducible stable
curves and reducible stable curves whose dual diagrams are trees. Thus
we will assume in this paper that the singular fibers of C — M are
(irreducible or reducible) stable curves with only one node. Then f:
S — M is smooth and the Kodaira—Spencer map in Theorem 1.3 i)

is an isomorphism (cf. Lemma 4.4). Let MV be the moduli space of
stable curves with level structures as in Loouenga s paper [14] with

the universal family II : C — M On a neighbourhood of m € /\/lg,
family is the versal deformation of C,. In particular, KS : TM(B) —
Rlﬂ*wci /1/\71 is an isomorphism, which implies that the Kodaira—Spencer
map in Theorem 1.3 ii) is an isomorphism (cf. Proposition 4.5). We
will fix M C ./\79 consisting of stable curves with at most one double
point and also fix the family C — M in this paper. It is known that
B = M\ M is a normal crossing divisor (cf. [14]).
Corollary 1.4. There exists a unique projective heat operator

H: Tiy(B) — [.D3*(0%) /04

that lifts Hitchin’s symbol map (in the extended sense)

Fidu : Ty(B) — f.S°T L
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Moreover, f.(0%) is a coherent sheaf on M.

After defining the extended Hitchin’s symbol map, the proof goes
through by using the logarithmic version of identification theorem. It
is important that the vanishing of R!f,Og is not needed in our proof
both for smooth case and singular case (so that our method can be
extended to some stable curves, where such a vanishing may not hold).
The nontrivial part is the proof of coherence of f*(@k) on M since
f S — M is not proper. To  prove it, we prove (cf. Proposition 4.9)
that the fibres of f S — M is dense in the fibres of fz 72 —
./\/l, which partially confirms a conjecture of D. S. Nagaraj and C. S.
Seshadri (cf. Conjecture (a) at page 136 of [15]). We believe that such
a coherent extension remains true on Mg of all stable curves; this is not,
however, proved in the present paper. On the other hand, if it can be
proved that the compactification Z is Cohen—Macaulay with vanishing
H'(f,;'(b),0F) (b € B), then the coherent extension is a vector bundle
whose fibers are spaces of generalized theta functions on certain moduli
spaces. This seems to be true for rank two case.

Basically our approach works equally well both for the general case
[10] (¢ > 3) and special cases (e.g., g = 2 and r = 2) [8], with the
difference arising from the fact that in ¢ = » = 2 case our approach shall
work with a Quot scheme R** which has a good quotient R** — S where
S is the family of moduli spaces of S-equivalence classes of semistable
vector bundles. As this will introduce additional details, we leave the
case g = r = 2 to future discussions.

Hitchin remarked in [10], p. 350, “Many aspects of the connection
have so far resisted attack by the methods presented here...”. Besides
the degeneration problem treated here, it seems that two major prob-
lems remain poorly understood:

i) the unitary structure of the connection,
ii) (local) monodromy representation of the connection,

although there are discussions on these problems in the literature. For
ii) we refer to [8] for interesting results for g = r = 2 case along the line
of Hitchin’s approach; for comments on more general cases, see [8], Sub-
section 4.5 and references therein. We content ourselves by remarking
that the methods for studying the monodromy representation (of the
mapping class group) have largely been confined to those of topology
and conformal field theory. An algebro-geometric picture is still lack-
ing for the understanding (note that [8] merely found local monodromy



308 X. SUN & I-H. TSAI

representation; “local” means at co). In the spirit of the work [10], [13]
and [8], we feel it worthy of being presented, among other things, the
present proof of the existence of the logarithmic Hitchin’s connection
(beyond the explicit ¢ = r = 2 case of [8]), as a further step towards
algebro-geometric aspects of these development. In our opinion it seems
plausible that some explicit information about the (local) monodromy
representation could be available via our approach. Indeed in the first
version of this paper we produced a more explicit formula of the con-
nection, at the expense that a lot more technical computations would
be performed, while the present approach simplified considerably via
use of Proposition 2.3 which we later discovered to be useful (in fact
we came to pay more attention to this proposition via discussions with
Hélene Esnault when we finished the first version including the case
g = r = 2). For the sake of conceptual simplicity we decided to take
the present approach, and leave the more technical treatment (includ-
ing the case ¢ = r = 2) to future discussions. We remark that there
has been a speculation about whether monodromy representations fac-
tor through a finite group; see [3] where this speculation was attributed
to M. Kontsevich. We had also met with mathematicians who asked
about (and/or suggested the study of) the characteristic p > 0 situa-
tion, including the related issues such as the notion of p-curvature of
the connection, in connection to the highly speculative relation between
the above Kontsevich conjecture and some conjectures of Grothendieck
(cf. [12]). Unfortunately at this time of writing we are not feeling com-
petent enough to comment on any one of these issues, based on results
of the present work. Perhaps some further studies along these direc-
tions might be interesting. Besides generalizing Beilinson—Schechtman
theory (thus our construction) to characteristic p > 0, the logarithmic
extension suggests that residue of the connection at the boundary gives
an operator on the (projective) space of generalized theta functions on
certain moduli space, which should be (direct sum of) spaces of gen-
eralized theta functions on moduli spaces of parabolic bundles over a
smooth curve of lower genus (normalization of the singular curve Cp). It
would be interesting to understand the relationship between the residue
operator and the above factorization of generalized theta functions.

Those who want to know some historical accounts of Hitchin’s con-
nection and its relation to other branches of mathematics, are referred
to [10], [8] and references therein.
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In Section 2, we construct Hitchin’s connection and its logarithmic
extension under assumption of Theorem 2.5, Lemma 2.4 and Theo-
rem 2.13. It is enough to read this section for a reader who is only
interested in Hitchin’s connection. Section 3 is devoted to the proof of
Theorem 2.5 and Lemma 2.4. In Section 4, we indicate the modifications
of arguments in Section 3 to prove Theorem 2.13. Most of Section 4 is
devoted to prove the coherence of f,.(©%) on M.

Remark that some ideas closely related to Section 3 of this paper
were briefly discussed in Sections 9, 10 of [9] where the subject matter is
considered for moduli space of (stable) G-bundles, with G being complex
semisimple, connected and simply-connected.

Acknowledgements. We would like to express our deep gratitude to
Hélene Esnault for the great impact of her ideas on this work. Indeed
countless discussions with her in an earlier stage of this work either
directly allowed us to grasp several key ideas, or contributed in an es-
sential way to shaping ourselves towards the present approach. This
joint work was initiated while both of us were visiting Essen (though
a few topics involved in this work had already been studied by three
of us independently). We wish to thank heartily Hélene Esnault and
Eckart Viehweg for their warm hospitality and the excellent working
conditions of Essen, that made our visit and this work possible. The
anonymous referees have given us a critical analysis of several related
topics that would be worth further pursuit; their thorough reading of
this paper and supply of some relevant information have led to substan-
tial improvement on our presentation. We thank them very much.

2. Heat operators and cohomology of sheaves

As in the introduction, M C M denote the smooth moduli spaces
of curves with level structures ([14]). Let M C M be the open
set consisting of stable curves with at most one double point (thus
codim (MV \ M) > 2). We will fix the families of curves C — M,
C — M which satisfy the assumptions on Kodaira—Spencer maps. Fix
a line bundle N of relative degree d on C— ./\/l let f:S — M be the
family of moduli spaces of stable bundles of rank r with fixed determi-
nant N := Nlg, (b € M) onCp. Let m: X =C xpq S — S be the
pullback of C = M via f: 5 — M.

Remark 2.1. If (d,r) = 1, there exists a universal bundle £ on X.
In general S is a good quotient of a Hilbert quotient scheme, denoted
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by R?®, such that there is a universal bundle E on Xgzs := C X R?.
E may not descend to X, but objects such as End’(E), Gg, ' A% (and
other relevant constructions that will be discussed later in this section)
do descend. Recall that a sheaf F on Xgs descends to X if the action,
of scalar automorphisms of E (relative to R®), on F is trivial, e.g., [11].

Without the danger of confusion we will henceforth be working as if
a universal bundle E existed on X.
Let © be the theta line bundle on S. For a sheaf 7 on X,

Af = ® det R97, F(=1*
q>0

denotes the Knudsen—-Mumford determinant bundle on S (cf. [2]). As
usual T, Kg denote tangent bundle, canonical bundle; Tg/nq, Kg/a
denote the relative counterparts. Assume that Kg g = O, where
A = 2(r,d) is the same notation used by Hitchin (cf. (2.8) in [10]). Let
D?(@k) be the sheaf of differential operators on ©F of order < 4, and
by € the symbol map of differential operators. Let W(OF) := Dgl(@k) +
DSS‘/QM(@k) (cf. [10], [8]), one has an exact sequence

(2.1) 0— Dg/?M(@k) — W(OF) L Ty — 0.

Definition 2.2 (cf. [8], 2.3.2). A heat operator H on ©F is an Og-

map [*T RN W(OF) which, while composed with o above, is the
identity. A projective heat operator H : Thg — fLW(OF)/Opy is an Opy-
map such that any local lifting is a heat operator. The symbol map of
HiseoH: f*Ty — SQTS/M. A heat operator H induces an Oa-map

(denoted by the same H) H: Thy — fIV(OF). The heat operator and
the preceding induced map will be used interchangeably throughout. A
(projective) heat operator on ©F determines a (projective) connection
VH on f,0F in a natural way [8].

We recall firstly a general result (forget moduli) of G. Faltings (cf.
Proposition IV.5 of [5]). Let Z — S be smooth and K = K,g. For any
line bundle £, consider

0— D,

z5(L) = D3/

Z/S(ﬁ) - S2TZ/S —0

S2e
0 — D7/4(L) = $°D54(L) = 52Ty — 0.
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For any p € H%(Z,5°Tys), let a(L,p), b(L,p) be the obstruction

classes to lift p to HO(Z, DE/QS(E)) and to H°(Z, SQD;S(,C)) respec-

tively. Then:

Proposition 2.3. Under D;}S(ﬁk) = D;}S(ﬁ), one has:

i) b(LF, p) = kb(L, p) for any k € Q.
ii) a(Oz,p) € H(Oz) ® H'(T5) has zero projection in H'(Oz).
iii) There is a class c¢(K,p) € H(Og), independent of L, such that

2a(L, p) = b(L,p) + (LT RK, p) + (K, p).
We come back to construct the projective connection. Recall that
X=CxpmS —— S
/| 7|
C — M.

For simplicity, we assume that there exists a universal bundle E on X,
let E = End’(E). We will arrive at a subsheaf Gy C " AL! (see [2] for
details of ™ A" fitting into an exact sequence

(2.2) 0— wx/s — G — E — 0,
which induces, by taking the 2-nd symmetric tensor, the exact sequence

m? (v i
0= Gp — S2(Gp) ® Ty)s UM, 2y & 1y g — 0.

Define S(Gg) := (Sme(res) ®id)~}(id ® TX/S), which fits into
(2.3) 0—Gp - S(Gr) 5 Txs — 0,

where ¢ = Sym?(res) ® id, ¢(a) = Sym?(a ® dt) ® 9; locally. Let
(2.4) 0 — R'm(wy/s) = R'm(Gr) = R'm(E) — 0
(2.5) 0 — R'7.(Gp) = R'7.S(Gr) 5 R'n(Tx/s) — 0

be the exact sequences induced by (2.2), (2.3). Let A C X xg X be the
diagonal, consider the induced diagram

0 —— GeXGg —— GpRGp(A) —— G K Gp(A)Ja —— 0

| | !

0 —— EXE —— EXEA) —— EKREA)a ——0
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on X xg X (EXE denotes pfE®p3E). All vertical maps are induced by

Gr > E — 0, thus (2.3) is a subsequence of the rightmost vertical map

above. Let F; C Gg X Gr(A), Fo C EXE(A) be subsheaves satisfying

0 —— GpXgg Fi S(Gg) —— 0
| | d
0 — ERE Fo Ty)g — 0.

Taking direct images, considering the connecting maps, we have

Rm8(Gr) —— S2Rlm.(Gp)

ql SQ(res)l

Rim(Tx/s) —— S*R'm.(E)
which induces the commutative diagram

R'r.(Gp) —2— R'7.(Gr)

Ll Sym? l

R'm.8(Gr) —— S2Rlm.(Gp)

‘ZJ/ SQ(res)l
R'm.(Tx/s) —— S*R'm.(E)
where 67 is defined such that the diagram is commutative, the first
vertical exact sequence is (2.5), the second vertical exact sequence is

induced by taking the 2-nd symmetric tensor of (2.4) (note that Og =
le*(wX/S)). For Sym? see Remark 2.6.

Lemma 2.4. The map 61 : R'7(Gp) — R'7.(GEg) is the identity
map.

Proof. See Lemma 3.18. q.e.d.
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Theorem 2.5.

i) There is an isomorhism ¢ : R'm.(Gg) = D?;M()\]E) such that the
following diagram is commutative:

0—— OS:Rlﬂ*wX/S —— R'1,.(Gp) —— R'7,(E) —— 0

o] |

0—— Og=R'muwy/s1] —— DE/IM()‘E) — s Tym ——0

where ¥ is a Kodaira—Spencer type identification.
ii) For any affine covering {M;}icr of M, on each S; := f~1(M,),
there is an isomorphism ¢; : R'7,.S(Gp) = Dgl()\]E) such that

0—— R'm(Gp) — R'1.S(Gr) —4— R'm(Tx)s) — 0

| o 1

0—— D5 (Ae) — D5'(de) ——  [fTm ——0

is commutative on S;. Moreover, {¢; — ¢;} defines a class in
H1 (04,

Proof. See Theorem 3.7, Corollary 3.12 and Remark 3.17. q.e.d.

By the above theorem, on each S;, we get commutative diagram

—1 r.
D5l (e) 2 R'm(Gp) —2 R'm(Gp) —% D5, (0)

[ |

1 ~

: 2
DS (e) 2 RImS(Gp) —— 2RI (Gp) - $2D5), (M)

| L el
T i>R17T*(TX/S)L> S?R7,.(E) = S52Ts/m-
Remark 2.6.

i) For a precise definition of Sym? above we refer to proof of Lem-
ma 3.18.

ii) The insertion of 2r in 2r - ¢ in the first row is due to Theorem 2.5
i) combined with the definition of Sym?.
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The above diagram gives the following commutative diagram on S;:

0 —— D?}M()\]E) —_— Dgl()\]g) —2 s Ty —— 0

s
Ag) —— SQD§/1M(AE) Fa, S*Tsjp — 0

where dy, gf{ are defined in a clear way such that each gf{ induces an
. . <1
identity map on DS/M()\E).

Proposition 2.7. Replace M by an affine open set. For any p =
ou(v) € H(S, S?Ts/r), where 0 # v € HO(S, f*T\), one has:

i) 2a(L,p) = b(L, p) + DL @ Kg/rq, )

ii) When L = KS/M, where p € Q and p # 1, one has

2u—1

Proof. To prove i), by Proposition 2.3 iii), it is enough to show that
¢(K,p) = 0. The class is independent of £. Thus, by taking £L = Og
and using Proposition 2.3 ii), it is enough to show that

‘(K p) € Hl(Dg/lM(Os)) = H'(0s) ® H' (Tg/pm)

has trivial projection in H'(Og) where K = Kg/am- Using Theorem 2.5
(we need here that M be replaced by an affine open set), we have (noting
K= Xg)

DS () — DulK)
pEl(K) $°D5)((K)
1 sl
on

fTv  ——  S*Tg/m.
Let {U;};c1 be an affine covering of S and v; € Ts(U;) be local liftings of
v € f*Twm(S). Let {d; € D5'(K)(Ui)}ier be such that e (d;) = v; (i €
I). Then, by above diagram, b(KC, p) = {d; — d; € D;;M(K)(L{i NnuU;)}.
Thus the class *b(K, p) € Hl(D§/1M(OS)) = HY(Og) & H (Tg/0) is
defined by the cocycle {*d; — d;}, where 'd; := A; —v; € D?l((’)g)(ui).
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Thus the projection of ‘b(K, p) in H'(Og) is defined by {A; —A;}, which
is a trivial class.

To show ii), we remark that for any nonzero u € Q, through canonical
isomorphisms ¢, : DS1(K) = D=!(K#), the above diagram induces

<1 oL <1
D§/M (KH) —— D§/M (k)

! |

DS (r) B 2D, (K¥)

1 e
PTv S*Tg/pm

where gﬁ = 521[}“ o gH o 1/);1. Using the above diagram, we can compute
th(KCI=H, p). Let {d; € DEI(ICI*“)(Ui)}Z-g be such that e;(d;) = v;
(i € I). Then b(K'7#, p) = (1 — p){d; — d;}, which implies that
DKL, p) = (1= p){ 'd; — 'y},
On the other hand, {—'d; € DEI(K“)(Z/{i)}ig are local liftings of v,
which means that b(KH, p) = —u{'d; — 'd;} = i th(KCE=+, p). Thus
_ 2u—1
2p
Theorem 2.8. Replace M by an affine open set, and let {U;};cr be

an affine open covering of S. Then, for any 0 # v € f*T\(S), there
are

L€ DEKH) W), disypg € DS (KU, Dy € DE2, (K91,
where K := Kg/a, such that

a(KCH, p) b(KCH, p). q.e.d.

i i 2 <2
form a global section H(v) € HY(S, Dgz(/C“)) with
2
(W) =0, ealH) = 5 ulo).
Proof. Let {d% € DEI(K“)(Z/{i)}ig be such that o(d%) = v|y,. Then

{uldl — dl) € DE}, (K*)(th N 14y))
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defines the class b(K*, oy (v)) € H(S, DE/IM (KH)), which is the obstruc-
tion for lifting oy (v) € HO(S, S*Ts/0) to HO(S, S?D5),,(KH)). Let

5/M
{Dfs//\/z € D§7M(K“)(Ui)}ief
be local liftings of dg(v). Then, by Proposition 2.7,
: , 2 . ,
{ds — d]s} = m{DS/M - qu/M}

as cohomology classes. Thus there are {d im € DE/IM(IC“)(L{Z-)}Z-Q

satisfying the requirements in the theorem. q.e.d.

Corollary 2.9. There exists a unique projective heat operator,
H: T — fV(OF) /O
(where M is global) such that (fiez) - H : Ty — foS*Tg/pm coincides
with fydq.

Proof. For any open set U C M and v € T (U), by Theorem 2.8, we
can construct a H(v) € £, W(OF)(U). If H(v)' is another such operator,
H(v) — H(v)" must have symbol in H(f~1(U), Tg/nm) = 0, so

H(v) — H(v)' € H(f7'(U),05) = f.0s(U) = Om(U).
Hence a unique map Ty — fLW(OF)/Op. q.e.d.

Now we construct the logarithmic extension of above operator. Let
C — M be the family in the introduction. Let U(r, d) — M be the fam-
ily of moduli spaces of semistable (for canonical polarization) torsion-
free sheaves of rank r and degree d. Fix a line bundle N on C of relative
degree d, let f : S — M be the family of moduli spaces of stable bundles
of rank 7 with fixed determinant M|¢ ([C] € M).

Notation 2.10. Let fz: Z — M be defined as the Zariski closure of
S inU(r,d) and fr : T — M be the open set of Z consisting of locally
free sheaves. Let f: S C T — M be the open set of stable bundles.

Then f: S — M is smooth (cf. Lemma 4.4).
Let E be the unversal bundle on X , where X is defined by

X:gXMgL §

QA —
Y
(—
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Let D C X be the divisor of singular curves. Then we have
Grp C " AL (logD)

fitting into the exact sequence

(2.6) 0—>wX~—>QEES—>E—5ndO( ) — 0.
Similarly, there is a sheaf S(Gg) C Sym?(Gg) ® w;{}g fitting into
(2.7) 0— G — S(Gg) &w}t{}g — 0.

They induce the following exact sequences:

(2.8) 0— R m(wx/s) — R'7,(Gg) = R'n,(E) — 0,

(29) 0= R'm(dr) = R'mS(Gp) = R'm(wi) ) = 0.

Let A ¢ X Xg X := P be the diagonal and O(A) be the dual of
its ideal sheaf. Then 0 — wp 5 — wp/g(A) — 5a:tP((’)A,wP/S) — 0,
one checks that the relative dualizing sheaf w, /3 ~1s iuX /3 Nws /3 and
Extp (05, wp/g) is the relative dualizing sheaf of A/S. Thus we have
(2.10) 0—>O—>O(£)—>w~/§—>0,
which similarly induces the commutative diagram

Rlﬂ'*(gE) L R! 7I'>|<(gE‘)

Ll Symﬂ

177*5(QE) L} SQRlﬂ'*(gE)

ql SQ(ICS)J(

R'm (w3l)) 2, S?R'7.(E)

X/S

where 1 denote the map induced by g, the first vertical exact sequence
is (2.9), the second vertical exact sequence is induced by taking the 2-nd
symmetric tensor of (2.8) (note that Og = Rlm, (w )?/5))
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Let B=M\ M and W = f~1(B) C S. Consider

af T
0—>T§//\~4—>T§—>fTA7—>0,
<1 <1 T e
0— D§/ﬂ(£) — D§ (L) — f TM — 0.

Notation 2.11. Let T';(B) C Tm be the subsheaf of vector fields
that preserve B. Let Tg(logW) C T, DM (L) (log W) C D;l(ﬁ) be the

S
subsheaves such that the following are exact sequences:

(2.11) 0 — Ty, i — Ts(log W) A FT(B) -0,
(2.12) 0= D3 (L) = D (L) (log W) = F*Ti(B) — 0.

Lemma 2.12. The map 81 : R'7.(Gg) — R7.(Gg) is identity.

Proof. Since S C S is dense in S by definition (cf. Notation 2.10),
the lemma follows from Lemma 2.4. q.e.d.

Theorem 2.13.

i) There is an isomorhism ¢ : R'm,(Gg) = D' _(Ag) such that the

S/M
following diagram is commutative:

0—— O§:R17r*w)~(/§ —_— RlW*(QE) &Rlﬂ(E)% 0

o |

0—>O§:R0ﬂ'*w)~(/§[1]—> D;;M(AE) — Tg/ﬂ — 0.

ii) For any affine covering {Mi}ie[ of M, on each S; := ~_1(Mvi),
there is an isomorphism ¢; : R'7,.S(Gg) = Dgl()\E)(log W) such
that the following diagram commutes on gz

0—— R'1.(Gp) —*~ RW.S(Gr) —1- Rlm (w3l

‘| “| |

0—— D3 () —— D5 Q) (log W) ——  f*T(B) ——0

) —0

and {¢; — ¢;} defines a class in Hl(Q}q(log B)).

Proof. See Proposition 4.5 and Theorem 4.8. q.e.d.
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Similarly, we have the commutative diagram on each S;

0—— D5 /M()\]E) —— D3 () (log W) —— [*Tz(B) —— 0

| il ol

<1 2 <1 SZe 2
0—— Dg/ﬂ()\g) — 8 Dgw//ﬁ()‘ E) ~ S Ts)pp ——0

Proposition 2.14. For any p = dy(v) € HO(S, SQTg/M), where M
is replaced by an affine open set and v € HO(S, [*T54(B)), one has:

i) 2a(L,p) =b(L,p) + B(L'® KS/M’ p).
ii) When L = Kg//q, where p € Q and p # 1, one has

2u—1
(K“ ): a b(K’f N,p).
S/M’ 24 S/ M
Proof. Note that we still have K = K3 i Mg, the proof is the same

as that of Proposition 2.7 by using Theorem 2.13. We just remark two
points:

(1) For any operator d of Dgl(ﬁ)(log W) C Dgl(ﬁ), its adjoint oper-
ator 'd is still in D?(ﬁ_l ® K)(log W).

(2) For any nonzero p € Q, the canonical isomorphism 1, : D ( )
= Dé% (K*) induces an isomorphism D? (K) (logW) &
Dil(/cu)(log w). q.e.d.

Theorem 2.15. Replace M by an affine open set, and let {U; }ier be
an affine open covering ofS Then, for any v € f* (B)(S) there are

4y € D3 (KM Qog W)@h), s, g € DS (K1) 1),

and DS/M € Dg/ﬂ(/C )(U;) such that

(i =ty - o 12508 € PR

i€l
form a global section H(v) € HO(S,D§2(K“)) with
2

oc(H(v)) =v, e(H(v)) = . 2M5H(v).
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Proof. Let {d% € Dgl(lC”)(log W)(U;) }ier be such that U(d%) = vy,
Then
i J <1 . .
(0 (s 2) e emianay)
defines the class b(K*, 6 (v)) € HY(S, Dg/lﬂ(lcﬂ)), which is the obstruc-

tion for lifting dgr(v) € HO(S, SQTg/ﬂ) to HO(S, SzDé/le(lC“). Let

i <2 (1R (1Y
{DS/M < D§/M(]C )(UZ)}EI
be local liftings of dg(v). Then, by Proposition 2.14,
. . 2 , .
(SN 7 Q- L Dl
{ds dS} 20— 1 {DS/M DS/M}

i <1 7 1.
as cohomology classes. Thus there are {dg 7 € D3 //\N/t(,C )(Ui) Yier

satisfying the requirements in the theorem. q.e.d.

Corollary 2.16. There exists a unique projective heat operator
o <2
H: Ti(B) — f.D5*(6")/04
such tiiat (feez) - H : Twy(B) — ﬁSi]ﬁg/ﬂ coincides with f,0u. More-
over, f.(©F) is a coherent sheaf on M.

__ Proof. The coherence of ﬁ(@k) follows from Theorem 4.10. Since
T3 M= 0 is still true, the rest follows the same proof of Corollary 2.9

if fxOg = Oy We will prove (cf. Proposition 4.9) that the fibres of
f: S — M is dense in the fibres of fz:7Z — M. Thus Z\§ has
codimension at least 2. By passing to the normalization ¢ : 7 — 7 ,
,~1(S) = S and codim(Z\ :71(S)) > 2 since S is the open set of smooth
points of Z and ¢ is finite. We have ﬁ(’)g =(fz-1):03 =05 qed.

3. First order differential operators of the determinant
bundle

We give at first a short review of what we need from [2]. Let 7 : X —
S be a smooth proper morphism of relative dimension 1 between smooth
varieties in characteristic 0. We write Kx/g or wy/s interchangeably
for the dualizing sheaf. One has an exact sequence

(3.1) 0 — Tx/5 — Tx 25 7°Ts — 0.



HITCHIN’S CONNECTION AND 2ND ORDER OPERATORS 321

As in [2], one defines the subsheaf 71Ty C 7*Ts and its preimage
Ty = dn~ T, C Ty, defining the exact sequence

3.9 0— Ty/q — Tp 5 7717y — 0.
X/5

Let E be a vector bundle on X, and A\ = det Rm, F be its determinant
bundle. The Atiyah algebra Apg is the subalgebra of the sheaf of first-
order differential operators on F with symbolic part in (id® Tx) = Tx.
The relative Atiyah algebra Ap,g C Ap consists of those differential
operators with symbolic part in T /g, and Ag, C Ag with symbolic

part in T,. Let " A! be the subquotient of the sheaf defined in [2]
ENog (E* @ wx/s)(2A)/ENog (B @ wx/s)(—A)

where A C X Xxg X denotes the diagonal, which fits into an exact
sequence
res

(3.3) 0> wy/s — TAR —> Aps — 0.
The trace complex is defined by

d
(34) trA%J . OX X/S trAEI ﬁ AE,W
with Ag - in degree 0. One has:

Proposition 3.1. ™ A%, carries an algebra structure for which

RO7. (" A%,) is canonically isomorphic to Ay, ([2], 2.3.1, see also [4]).

For the purpose of this paper it is more convenient to define the trace
complex concentrated only on ¢ = —1 and ¢ = 0 of the original trace
complex. This modified trace complex is still denoted by **.4%, whose
0-th direct image is easily seen to be the same as that of the original
one. With the modified trace complex, one has now an exact sequence

(3.5) 0—wysll] = "Ap — A%, — 0,
where the complex .A;;m is defined by
(3.6) Ap Agss — Agr,

and thus is quasi-isomorphic to 7~ 1Tg.

Notation 3.2. Let 7w : X — S be as before, and f : S — M be a
smooth morphism where M is a smooth variety. Denote by

Az/m CAEr, Thjm CTxym CTx
the pullback of 7T_1T5/M C 7 1Ts. Let

trA.E/M = (tr-Ail - AE,W/M)? A;E,W/M = (AE/S - AEJI’/M)'
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Proposition 3.3 ([2], Theorem 2.3.1). The exact sequences

tr qeo

0 — wyysll] = AL — Ay —0
0 — wx/sll] — trA;wM - A;E,w/M —0
have 0-th direct images (via 7) isomorphic to
0— Os —>D§1(AE) —Tg—0
0— 0g— D§/1M()\E) — Tgn — 0.
Furthermore, we need to review the description of ™ A% in terms
of local coordinates, [2], p. 660. Let ¢ be a local coordinate (along
the fiber), and a trivilization I : O% = E; s a local coordinate on S.

Note t naturally induces local coordinates (¢1,t2) around the diagonal
of X xg X. One has isomorphisms via ¢ and I,

(3.7) (t,])_l : Ox@Matn(Ox)@OX
= tr‘A;_*217 (t71)*1(X7Bv V) = (X737 V)(t,[)
x(t1) B(t1)
(t2—t1)>  (t2—t1)
(t,I)o : T ® Mat,(Ox)
o~ tr g0 — Ap . (t,1)o(1, A)
= (1, A)r = (t. D)o[7(t,5)0 + u(s)0s + Al.

For different choices of coordinates and trivializations, one has the gauge
change and coordinate change formulas: with ¢ € GL,.(Ox) and y =
y(t) (the notation below being slightly different from that of [2])

(3.8) (r,A):==a % (1,—7(9)g~ " + gAg™") := (& ary = B1);

=17

+ I/(tl) dtg;

(x, B,v) % (x, —xg'9g~ ' +9Bg ",

1, - -
Tr( —5x9"g '+ x(g'g7")? — By 19’) + l/>;

2 "
y(t) —1 1 y/l/ 1 y// 1 ,
(x, B,v) — <Xy ’B’TX<6y’2_4y’3 +§?TTB+V3/ .
The main result of this section is Theorem 3.7 which enables us to
take care of Theorem 2.5. Following the notation of Section 2, let

p: X=CxpyS—C
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be the projection.
Definition 3.4. End(E)~! :=res™'(End(E)) € AL, and
G :=res Y(R) C End(E)™!

where End(E) = E @ Ox with its trace free part E := End’(E) and the
trivial bundle Ox. There are exact sequences

0> wy/s > G — E — 0
0 — wy/s — End(E)™" =5 End(E) — 0.
Consider the natural morphism
S%(Gr) ®ox Tx/s — S*(E) ®oy Tx/s — 0

induced by G —> E. Denote the kernel of ¢ by K. There is a canonical
isomorphism ¢ : Gg = K, that is ¢(s) = Sym?(dt ® s) ® 9; locally.

Definition 3.5. ¢ '(id ® Ty/g) := S(Gg) where id € S*(E) is the
identity element. It follows that we have the exact sequence

(3.9) 0— Gp — S(Gg) — Tx/s — 0.

Locally, for choosen coordinate and trivilization (cf. (3.7)), any local
section s € S(Gg) is of the form

XD (0,J4,0) @ (0,Ja,0) + > _ 1a(0, 72, 0) ® (0,0, 1)
s — a “ ® O
+ " v4(0,0,1) & (0, Ja, 0) + w(0,0,1) & (0,0,1)

where J, is a (local) basis of E (which we assume to be orthonormal
under Trace(-)) such that >, J, ® J, = id (such a canonical choice of
J, will simplify computations later).

We will need the Kodaira—Spencer maps
(3.10) KSs: Ts — R'mAy s, Al = Aps/Ox;
KSM : f*TM — Rlﬂ'*TX/S.
They fit into the following commutative diagram:

0 —— R'7(E) —— leA%/S — le*TX/S — 0

] - o]

0 — Tyym —— Ts — Ty —— 0.
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Remark 3.6. One way to see KSg of (3.10) is via the natural map
(with cohomology) A%, . — A} sgll] from (3.6); similarly KSy is via
(Tejpm — Tr) — Teym(1] (with cohomology) combined with its pullback
via f: S — M. The diagram (3.10) via natural maps T's — f*T\ and
Rlﬂ*A% /s~ R'm,. Ty /s, for Kodaira—Spencer maps commute.

Theorem 3.7.
i) If the Kodaira—Spencer map KS : Tg/pg — R'm,(E) is an isomor-
phism, then there exists a canonical isomorphism

¢ : R'r.(Gp) = Rn,(End(E) 1 — Agx/m) = ROz, tr EEYIVE

ii) If KSg is an isomorphism and shrink M enough, then the above
¢ extends to an isomorphism

¢=¢_x:R'7.S(Gr) = ROm. (" Az — Ag.).
(The right-hand sides of 1), ii) are canonically identified with D?}M(AE),
D§1(>\]E) respectively, cf. Proposition 3.3.)
Remark 3.8.
RO (End(E) ™" — Ag r/m) = ROm(End(E) ™" — Ag r)
holds under Ag ;/r( — Ag x, cf. the proof of i) of Proposition 4.5.

Corollary 3.9. Assumptions being as in ii) of Theorem 3.7, suppose
e 22O (A =2(r,d)). For k € Z one has an isomorphism denoted by

¢r : R'm.S(Gg) = D5 (0F),
extending Theorem 3.7. (If k = —\, write ¢ for ¢_y.)

Proposition 3.10.

i) The morphism E — End°(E) induced by the adjoint representa-
tion extends naturally to a canonical morphism ad : Ap — Ag
(preserving algebra structures).

ii) The morphism ad has a natural lifting ad : Gg — Gg, which in-
duces (2r) -id on wx/g.

Proof.

i) For any D € Ag, L € E, ad(D)(L) := Do L — Lo D is a section
of E (note that Tr(Do L — Lo D) = ¢;(D)Tr(L)). Thus ad(D) defines
a map E — E, which is a differential operator since ad(D)(\ - L) =
A-ad(D)(L) + e (D)(A) - L.
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ii) This can be proved via the local formulas given in (3.7) Namely, a
local element of G is expressed as (0, B,v) (with B € Mat,(Ox) and
v € Ox). Define a lifting by sending (0, B, v) to (0,adB, 2rv). We will
show by using formulas in (3.8) that the above lifting is in fact globally
defined. Using x =0, TrB = 0 and Tr(adB) = 0 in (3.8), we have

(3.11)  (0,B,v) % (0,gBg™*, Tr(—Bg ') +v);

vy'):

(0,B,v) (0
(0,adB,v) <0 d(¢gBg™Y) Tr( —adB ad(g_lg')) + 1/);

(0,adB,v) ye), (0,adB, vy/).

If change the trivilization of E by g, the induced trivilization of End(E)

will be changed by e, : M, (OX) — M, (OX), where e4(B) = gBg~L.

It is easy to check that e/ = ad(g~'¢’), thus we obtain the term
( —adBad(g~! ')) in the 3rd row above. One knows that

(3.12) Tr(adM adN) = 2rTr(MN)

for traceless matrices M, N of rank r. Let (¢ '¢')o be the trace-
less compoment of g~'¢’. Note TrB = 0, ad(g~'¢’) = ad((¢ 19 )o),
and Tr(Bg~'g’) = Tr(B(9'g')o) etc. It follows that the morphism
(0,B,v) — (0,adB, 2rv) as given is well-defined (globally). q.e.d.

Lemma 3.11. Rt Ap . = Og and ROTF*.A%m = 0 provided KSg
being injective, where A%ﬂr = Ag./Ox.

Proof. 1t suffices to prove, by using an exact sequence similar to (3.2)
(with T replaced by .A®), that:

i) mer 1Ty — R17T*.AE/S is injective.
11) W*AE/S = OS.

But the map in i) composed with RITF*.AE/S — Rlﬂ'*.AOE/S is nothing
but KSg, hence i). ii) is from m.Tx/g = 0 (genus > 2) and m.End(E) =
Ogs (F is fiberwise stable). q.e.d.
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Proof of Theorem 3.7 i). First, we remark that morphisms in Propo-
sition 3.10 make the following diagram of complexes commutative:

(YA Ap ) —— (Arys — Apx/m)

B a

G — Agzm) —— (A%/s - ADEJT/M)'

Second, we observe that the commutative diagram

0 E AOE,n/M —— Ty —— 0
| | I
0 E A%/S — TX/S — 0

induces a commutative diagram

—— LM BN R'm.(E) —— RIW*A%,W/M

[ | I

0 —— R'm(E) — R'mAyq.

T's)m

Thus R'r.(E) vanishes in Rlﬂ*AOEJr /am since KS is an isomorphism.

We construct ¢ for any affine open set U* C S. Let {VU“ X;} be
an affine covering of 7 1(UY), let U; = U; N X;. For any Cech cocy-
cle r; € Gp(U;) in CY(GE), the class [res(ry;)] € R'7.(E)(U?) van-
ishes in Rlﬂ'*A%m/M(Ui). Thus there exists 7y, € A?E,n//\/t (Xy), 10, €
.AOEJ/M(Ui) such that 7y — 7y, = resry on U;. For given Ty, the
choice of 74 and 7y, is unique (by Lemma 3.11). Then

(3.13) {ad(r, ), ad(ry,);ad(rp;,)}

is a Cech cocycle in C%(Gg — Agx/m) (cf. [2], p. 673). It is easily
checked that the assignment

(3.14) ¢y — {ad(ry,), ad(y;);ad(ry )} € cow Az m)
preserves the respective coboundaries. Hence it descends to a map

o : RIW*(QE) — RO, trA]E/M.
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In the same way, we construct 9 : Rlm, (E) — ROW*AIE /M such that

0—— R'mwy)s —— R'm(Gg) —— R'm.(E) ——0

(2r)-idJ/ ¢l ﬁl
0 —— ROmwy/s[l] —— Rm, " A% m —_ RO?T*AI.EJT/M —0
is commutative. The map ¥ is the composition of

KS™: Rimy(E) — Ty = ROmu( A5 — A 2/ p0)

and the map R, (A%/S — AOEJ/M) — RO?T*AI.EJT/M’ which is induced
by the qusi-isomorphism ad of complexes at the begining of our proof (it
is a qusi-isomorphism since ad(D) has the same symbol with D € Ag).
Thus 1 is an isomorphism, then ¢ has to be an isomorphism. q.e.d.

Both R'm,(Gg) and R, (End(E) ™" — Ag ./pm) = ROm ™ AR de-
fine extension classes in H*(S, Qg /m)- One has (by the preceding proof
combined with proof of Proposition 3.10 for the constant 2r):

Corollary 3.12. The extension classes (e.c.[e] for short) satisfy
1
e.c.[R'm.(Gr)] = ﬂe.c.[D§}M(AE)]
in H'(S,Qg/p1), where D?;M()\E) = RO, (End(E)~! — Ag, /M)
For ii) of the theorem, our proof will need the following result:

Proposition 3.13. There exisits res : S(Gg) — AQE/S such that

0 —— wxs — S(Gk) =, Alyg —— 0

! H l

is commutative. If KSg in (3.10) is an isomorphism, then

0 — Og — R'71,8(Gg) — Ts — 0.

Proof. For any local section s € S(Gg) in Definition 3.5, we define

res(s) = (x0, % > (o + va)Ja),

a

which is independent of the choice of {J,}, thus well-defined locally.
To show it well-defined globally, we need to check the invariance under
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gauge and coordinate changes. The invariance under local coordinate
changes is straightforward. Under the gauge change g € GL,(Ox), the
section s € S(Gg) in Definition 3.5 becomes sy ® 0y, where s is

xZ 0,9Jag~",0 ®2+Z — XTr(Jag™9))(0,9ag™",0) ® (0,0,1)

+Z — XTr(Jag™ g))(0,0,1)®(0,gJag’1,0)

+ <X Z Tr(Jag~'g')* - Z(:U*a +va)Tr(Jag~ ') + w) (0,0,1)%?

Then 165 (53 ® ) = (X 5 Yoq (ta + Va = 2XTr (Jug'9')) 9Jag™")
coincides with (x0¢, —x0:(g)g~! + %Za(ﬂa + v4)gJag™!) in .AE/S =
Ags/Ox since x0i(9)g™" = xg'g™" = 2. xTr(Jag™'¢'))gJag™" mod-
ulo Ox. Thus res is gauge invariant and defined globally. Then the rest
of this proposition is obvious. q.e.d.

Remark 3.14.

i) Sym*(a®b) = 3(a®b+b®a) for a, b € Gg.

ii) Using Proposition 3.13 and assuming R! f,Os = 0 one has a quick
interpretation of ii) of Theorem 3.7: note both R'7,S(Gg) and

O, T AR o Dgl()\]g) contain a subsheaf R!7,(Gg) = Dg/lM()\E).

Given two extensions F, F’ of Ts by Og suppose their subsheafs
with symbolic part in Tg/ x4 are isomorphic. Then F = F' (non-
canonically) provided R!f,Og = 0 (since

H'(S,Qg) — H'(S,Qg/p1)

is injective if R! f,Og = 0 (and M is affine)). Theorem 3.7 ii) just
proves an isomorphism of this kind without reference to R! f,Og =
0.

In what follows we will choose an open covering of C (shrink M if
necessary), fix a local coordinate (along the fiber) on each open set of
the covering and use the local description (3.7). Recall that

X:CXMSL S

/| 7|

C — M.
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To simplify notation, we will cover C by two affine open sets V and
C. Let V C C be an affine open set and ¢ be a local coordinate (along
the fiber) on V. Let C C C be an affine open set containing C \ V.
Then we choose and fix the local coordinates (along the fibre) on V
and C. Let U = p~'(V), X = p~'(C) (they are not affine but affine
over S). We start with the construction of vg ¢ : S(Gg)ly — * A£1|U
(resp. g x : S(GB)lx — * Az ) such that the following diagram is
commutative over U (resp. over X):

0 — wyg —— TAF' 5 Agig —— 0

W ] ]

(%) 0 —— wx/s — S(Gp) —— AR —— 0

l H l

where ad : AQE /s Ag/s is induced by the morphism in Proposi-
tion 3.10 i) that maps Ox to zero. Note that, except yg 7 (resp. 71E,X>7
other morphisms in the diagram are well-defined over the global M (i.e.,
need not shrink M).

Let {U'}; be an affine covering of S. Then {U; := UNt—Y(U")}; (resp.
{X; = XN~ (U")},) is an affine covering of U (resp. X). We will define
YE,U (resp. 7E7X) on each U; (resp. XZ) using the local description (3.7),
then prove it is defined globally on U (resp. X ). It is important to
remark that on each U; (resp. XZ) we use the local coordinate pulling
back from V (resp. C). Thus, to prove it is well-defined on U (resp.
X ), we only need to check the independence of trivialization of E over
Ui (resp. XZ) On each U;, fix a trivilization I of £ on U; and use
the pullback coordinate (say, t) of V', we define the morphism by using
the local description (3.7). For any local section o € S(Gg)(U;), with
respect to I and ¢

XD (0,J4,0) @ (0,Ja,0) + > 11a(0, 72, 0) ® (0,0, 1)

o = ®8t
+ ) 1a(0,0,1) ® (0, J4, 0) + w(0,0,1) ® (0,0,1)
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(see the expression in Definition 3.5), one defines, where r = rank (E),

1 _
(3'15) 'YIE,U(O‘) - (Xv 5 Z(,U/a + Va)adjaa Tw)(t,[) S v AEI(UZ')7

a

where one uses the natural trivilization I of E induced from that of F.

Lemma 3.15. The assignment o — g u(a) constructed above is
bundle gauge-invariant; More precisely:

i) Under another choice of trivialization of E (on U;), such that J, —
gJag~ " so that a — oy, the assignment to og becomes equal to the
eq-transformation of g,y (), where eq is the gauge of E induced
by g (cf. Proposition 3.10).

ii) Under a coordinate change y = y(t), the difference of yr () is

1" 1 72
<0707TX(y - 7y )> € wX/S(U)
(t.1)

6y? 4y?
If 8 € Gr(U;), then vgu(L(B)) = %é&(ﬁ), where ad : G — Gg is the

morphism in ii) of Proposition 3.10.

Proof. The proof is to check a straightforward commutativity relation
caused by the gauge change, hence we simplify the notation if there is
no danger of confusion. As in the proof of Proposition 3.13, using the
explicit expression of ay = 54 ® 0y, one has

1

YU (0g) = (x, 3 > (ta +va — 2xTr(Jag ™ g'))ad(gJag ™),

rx Y Tr(Jag g =7 (ta+va)Tr(Jag™'g) + Tw> :

The goal is to show g 7(cy) equals the eg-transformation g ()¢ of
Ye,v (), which is

1, 1 _
X, —Xe’geg L+ B Z(,ua + va)egad(Ja)e, Lorw+
a

1 _ _ 1 _

Tr (—Qxegeg 1y x(ege, 12 3 Z(,ua + va)ad(Ja)e, 1e'g>
Recall that e, : M, (Ox) — M,(Ox) means e,(B) = gBg~!, we have
egad(Ja)e, ! = ad(gJ,g™"). Thus the second components of v i (ay)
and g,y (a)? will coincide if efe, ! = >, Tr(Jag~'¢')ad(gJag™ "), which
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is true since efqe;l =ad(g'g™ ), e;le; =ad(g~'¢’). To finish the proof,
we Wﬂl show that their third components coincide. Since

5 Z Ha + Va)Tr(ad(J ) . / - T’Z Ha + Va)Tr(Jag g)
it will be done if one can show the followmg identity:
r,
(3.16) ZTr w9 ) = Tr((e}, 1)2 - 56;/69 b,

Write eje ! = (e;e_l) —epe;l) = (ehe, ') +epe;tele, !, then

g
Tr(ege, ') = Tr((epe, )?) = Tr(ad(g'g~")ad(g'g ™))
(using (ege; ') = 0 and Tr((eje, )) = Tr(eje,') = 0 here). Let
(g’g_l) be the traceless part of ¢’¢g~*. Then R.H.S. of (3.16) equals

%Tr<ad(g’g*1)ad(g’9*1)) =rTr((g'g " o(g'g™ o).

By the choice of {J,}q, we have (7)o =3, Tr( 0~ g "YJa. Then
L.H.S of (3.16) equals 7Tr((g~ ¢ )og™'¢’) = rTr((9 9" )o(g7 ¢')0). Thus
(3.16) is true since g(g_lg’)og_l = (¢'g7")o. We are done with i). The
assertion ii) is a Straightforward calculation using the coordinate change
forrnula (3.8) and 9, = y/(t)710;. For B = (0,3, &uJa,w) € Gr(Uy),
%( 0,24 game) (0,0,1) +(0,0,1) ® (0,>_, {aJas w)) ® O

Z Le, (0, Ja,0) © (0,0,1) + > %ga(o, 0,1) ® (0, Ja,0)
: w(0,0,1) @ (0,0,1) '
Thus vg,1 (¢(3)) = 1(0,ad(X, €uJa), 2rw) = 2ad(B). q.e.d.

We have constructed g (the construction of 4y ¢ is similar) such

N |

® 0.

that the above diagram (x) is commutative over U (resp. over X ). How-
ever, on U := U N X, the difference (caused by the difference of coor-
dinates on U and X), Y = YEU — Vg x Vanishes on Ggly, but may
not vanish on S(Gg)|y; (cf. i) of Lemma 3. 15). It defines a morphism
Yir 0 S(GE)ly — wxysly that induces 7y Txy/gly — wX/S\U, ie., a
section ;; € Hom(TX/S,wX/S)(U) = wX/S( 1(V)) where V := V NC.
The [Y;;] defines a class of H(C, p.w% /S) = H'(C,w? /am)> which van-
ishes when M is replaced by an affine open set. Thus there exist

Yu € Hom(Tx/s,wx/s)(U), ¥y € Hom(Tx/g,wx/s)(X)
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such that 7, = 1ZU — @Z - Let ¢y, 1y denote the induced morphisms

Yu : S(Ge)lv — S(Gk)/9elv = Tx/slu Yo, wy/slu

Uy S(Gn)lx — S(Gr)/Trlx = Txysl 5 wyyslx
Then it is easy to see that v; = yEv — Ve x = Yy — Py Let
Pu =eu —vYu, Bx :=mx —Vx
Thus, by shrinking M, we have proved:
Proposition 3.16. The By and By define a morphism
B:5(Gr) — T AR

which induces (through ) %z;& on Gg, such that the following diagram
15 commutative:

0 —— wyys —— YA 5 Agg —— 0

] d e

0 —— wxg —— S(Gr) —— AOE/S — 0

l H l

0 —— G —— S(Gg) —— Tx;s —— 0.

Proof of Theorem 3.7 ii). The proof is similar to that of i) of the the-
orem. By

(3.17) 0— Apg = Ap =7 'Ts — 0

and by identifying its connecting map Tg — le*A% /s with the Kodai-
ra—Spencer map KSg (which will be treated more generally for log D
in Proposition 4.5), we see that RITI'*A%/S vanishes in RIW*A%,W if

KSg is an isomorphism. Thus, for any a € S(Gg)(U;), there exist
Tx, € A% _(X;) and 1y, € A% _(U;) such that T, — Tu; = res(a). Then,
by Proposition 3.16, we see that res(3(«)) = ad(res(«)). Thus

$(a) = {ad(r, ), ad(7,); B(e)}
is a cocycle in CO( " Azt — Ag ). Tt is clear that ¢ induces a morphism

¢: R'7.S(Gp) — ROm (T AGY — Ap ) = ROm, " A,
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Similarly, we construct ¥ : Rlﬂ'*A% /s~ ROTI'*.AI.E’W, which is the com-
position of

KSg': R'm.AY g — Ts = ROmu(Alyys — A )

and the isomorphism R, (A%, /s~ A%m) — ROW*AIEJ (induced by
ad). The 9 is an isomorphism such that the following diagram:

0 —— Rlﬂ*wX/S —— R'7.S(GEp) e RIW*A%/S — 0

r-idl ¢l ﬁl
0 —— Rmuwy/s[l] —— Rm, ' Ap B ROW*A]EJ — 0

is commutaive. Thus ¢ must be an isomorphism. q.e.d.

Remark 3.17. The ¢ in i) of Theorem 3.7 is defined globally over
M, but the one in ii) of Theorem 3.7 is defined only over an open set of
M. More precisely, there is an affine covering { M, };c; of M such that
on each C x o f~1(M;) we can choose a 3; : S(Gg) — ¥ Ag' as the 8
in Proposition 3.16. Then, by using (; and ii) of Theorem 3.7, we get
the isomorphism ¢; : R'7m,.S(Gg) — ROm, " Ap = D?l()\]g) on f~1(M,).
For another choice {f3}ics, the map 3; — 3; : S(Gr) — wx/s induces

¢i — ¢} R'1,.8(Gp) — Roﬂ'*wX/S[l] = Og

on f~1(M;), which vanishes on R'7,(Gg) (cf. Theorem 3.7 i, which is
global on M), thus (¢; — ¢;) € Qh(M;). Similarly, on f~H(M; N M;),
®ij = ¢; — ¢ induces 51-]- € Qh(M; N M;). Thus {%J} defines a class
in HY (M, Q}Vl), which is the obstruction of extending the isomorphism
in ii) of Theorem 3.7 to the global M.

To conclude this section, we describe the connecting maps § and prove
Lemma 2.4 (cf. Lemma 3.18).

Lemma 3.18. The map S induces the identity map on R'm.(GEg).
More precisely, 6 o 1(e) = Sym?((e) ® 1).

Proof. 1t is known (see Proposition 4.2 of [16]) that the connecting
map

§: R'm(Gr®Gp(A)|a) — R*(r x 7).(Gr K G)
is dual (under Serre duality) to the restriction map

r(mx TG NG ®wx/g Kwy/g) — m(Gr @ G ®W2A/s)'
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Working locally on S, we can assume that X is covered by affine open
sets U and X. Let w € wx/g(U) be a base of wy/g on U := U N X and

w* € Tx/5(U) be its dual base. Then, for any a € Gp(U),

1
«([a]) = [Sym* (e ®@ w) @ w*] = Jlladuwtw®a)@w].
We use the following identification:
(mx )« (G WL @uwx/s Rwx/g) = m(Gp @ wx/s) @ m(Gp @ wx)s)-

For any f3; € m(Gp ®@ wxys) (i = 1,2), let Bi|; = s; ® w, where s; €
Gu(U) (i =1,2). Then r(B1 ® Ba)|y; = s1 ® s ® w ® w. Thus

1

(3.18)  (3(c([a]), 1 ® B2) = 5l(s1(a)s2(w) + s1(w)sz(a)) - w].

By lewX/S =0g,let [f-w]=1€0g (f € Ox(U)), we have

(319)  (Sym*([a]® [f-w]), 1@ o)
1
= 5([s1(a) - wl[fs2(w) - w] + [fs1(w) - w][s2(a) - w]).
Note that s;(w) = Gily(w ® w*) (i = 1,2), we can see that s;(w) =
Bi(id)|;;, where the (global) section id is the image of 1 under Ox —
9p ® wyg- Thus si(w) € Og since F; (i = 1,2) are global sections

of (G ® whg)*. Then [sy(a)sa(w) - w] = [51(a) - w[fsz(w) - w] and
[s2()s1(w) - w] = [s2(a) - w][fs1(w) - w]|, which means that
(0(u([a])), ) = (Sym?([a] @ 1), 8). qed

4. Generalization to the singular case

Let7: X — Sbea proper morphism of relative dimension 1 between
smooth varieties in characteristic 0 such that each fiber has at most
ordinary double points as singularities. Let f : S — M be a smooth
morphism where M is a smooth variety. Let B = M \ M and W =
f~Y(B) such that D = 7' (W) consists precisely of singular fibres. As
before let w /5 be the relative dualizing sheaf (which is locally free as is
well-known). Let T';(B) C Tj; be the subalgebra of vector fields that
preserve B (cf. [2], Section 6).
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Notation 4.1. In the notation of Section 3, define the following:
Ti(log D) = d(fom) " ((fom) ' Ti(B)) C Tx;
Tx(log D) = T;(log D) Ndn ' (n~'Tg) C Tg;
Ts(logW) = dr(Tr(log D)) C Tg;
) =

log D NTx(log D).

X/S( X/S

Notation 4.2. Let E be a vector bundle on X. Define the following:
Ag(logD) = e_lT (log D) C Ap;
AE/S(logD) X/S(logD) C Ag;
Ay, (logW) = e 1T~(1og W) C Ay,

“e”s denote symbol maps.

where the

The " A" in Section 3 admits a generalization " A (log D) (cf. [19],
p. 593) such that

(4.1) 0—wg,s— TAz'(logD) — A

X/S (IOgD) _)Oa

E/S

is exact. Furthermore with ® A% in Section 3 replaced by A%, (log D)
(with Ag (log D) in degree 0), one has:

Proposition 4.3 (cf. [19]). There is a canonical isomorphism
RO7™ A% (log D) = Ay, (log W)
that extends Proposition 3.1.

Now go back to moduli situation, note X/S(log D) = w~/~ Recall
Notation 2.10 and Kodaira—Spencer map (cf. [20], Remark 3.2.7)
(4.2) KS: [*T(B) = R'm.Tx 5(log D).

As in the situation of smooth curves, we have:

Lemma 4.4. The morphism f: S — M is smooth and

Tg 5 = R'7,.End’(E).

Proof. When C is irreducible, its fibre f~1([C]) is the moduli space
of stable bundles with fixed determinant N|c. When C is reducible,
F7Y(C)) have a few disjoint irreducible components and each compo-
nent consists of bundles with a fixed determinant that coincides with
N|¢ outside the node of C' (cf. [18]). q.e.d.
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Proposition 4.5.
i) Assume the Kodaira—Spencer map KS (4.2) is injective. Then
Rm.(End(E)™" — Ag.(log D)) — R°m.(End(E) — Agx(log D)) — 0
s canonically isomorphic to

<1
DE/M()\E) — Tg

ii) Assume that KS (4.2) is an isomorphism. Then

R'm, A}, /5(log D) == Tg(log W)

//\NA—>O.

canonically, where .A%/g(log D)= AE/g(log D)/Ox.
The following is left to the reader:
Lemma 4.6.
(A 5108 D) — Ap 1 (log D)) =y, (Tg 5(log D) — Ty(log D))
= w_ng(log W)
as quasi-isomorphisms.

Proof of Proposition 4.5.
i) From the exact sequence

0 — (End(E)'— Ap(log D)) =" A%(log D) — T)}/g(log D)[1] — 0,
and passage to cohomology
0 — R7.(End(E)™! — Agr(log D)) — Ay, (log W) 5
ROF*T)?/g(lOg D)Y1] — .-,
one has, via the injectivity of KS, that ¢~ (0) has symbolic part in Ts it
This gives one of the isomorphisms in i) (the one with D%;M(AE)).
Further, by
0— w;(/g[l] — (gnd(E)_l — AE,W(log D))
— (End(E) — Agx(log D)) — 0
and Row*w;(/g[l] = Oy it follows
Rm,(End(E)™ — Ap(log D)) — R°m.(End(E) — Ag x(log D))

is nothing but the symbol map, completing the asserted isomorphisms.
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ii) Write B*(log D) for (énd(E) — Ag x(log D)) and AY, | (log D) for
L.H.S. of Lemma 4.6. The following exact sequence:

(4.3) 0 — B*(log D) — A} .(log D) — T)?/g(log D)[1] — 0

projects to

(44)  0—&nd (B)1] — A /5log D)[1] = T 5(log D)[1] — 0.

Computing direct images of (4.3) and (4.4), by i) just proved and
Lemma 4.6, yields that R, of (4.4) should be isomorphic to

0= Tg) 5 — Tg(logW) — f*T7(B) — 0,

/

implying the assertion. q.e.d.

Remark 4.7.
i) R'm.(Gr) = ROm.(End(E)~' — Ag.(log D)) = Dg/lﬂ()\ﬂg) holds,
cf. Theorem 3.7 and Remark 3.8.
ii) For the family C — M there is a Kodaira—Spencer map (cf. [20],
3.1-2)
L 1 ~ ~ M
(4.5) Py Ty — EXtOgb(ch’ ch), be M.
The family 5N — M: is a local universal family it py is an isomorphism
at each b € M. If C — M is a local universal family (cf. [20], Theorem
3.1.5 for the existence of such a family), then KS (4.2) is an isomorphism
(cf. [20], Theorem 3.2.6).

Combining the above with the second half of Section 3, we are now
ready to generalize Theorem 3.7 in the context of log geometry.

Theorem 4.8. Suppose KS in (4.2) is an isomorphism (cf. Remark
4.711). Then, over any affine open set U; of M, there is an isomorphism

¢i : R'm.S(Gp) = D5 () (log W).

Proof. Note the above assumption for KS is, via ii) of Proposition 4.5,
in correspondence to KSg in Theorem 3.7. It follows that all key in-
gredients in proof of Theorem 3.7 admit corresponding counterparts for
log geometry, such as Proposition 4.3 and Proposition 4.5. Thus the
generalization of Theorem 3.7 in log context is immediate. q.e.d.

To complete this paper, we prove the coherence of fr,0% (for defi-
nitions of fr and fz, see Notation 2.10), for which our proof needs a
result on the density of locally free sheaves.
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__Proposition 4.9. The fibre of fz : Z — M at any point of B =
M\ M has a dense open set of locally free sheaves.

Proof. Let Xg be a fibre of C — M at 0 € B. If X is reducible, the
lemma is known (see Theorem 1.6 and Lemma 2.2 of [18]). Thus we
assume that X is irreducible. Let U be the moduli space of semistable
sheaves of rank r and degree d (without fixed determinant) on Xy. We
need to show that Zy := f,'(0) (C U) contains a dense set of locally
free sheaves with the fixed determinant Ny. Let J(X() be the Jacobian
of Xy, which consists of line bundles of degree 0 (thus noncompact for
the singular curve Xy). Then we have a morphism

Qo : Loy X J(Xo) — Uy, where qbo(E, L) =FE®L.

Now we prove that ¢g has fibre dimension at most 1, namely, for any
[Fb] € Uy, the fibre

¢y ' ([Fo]) = {(F, L)|[F ® L = Fy} C Zy x J(Xo)
has at most dimension 1 (for simplicity, we assume that X, has only
one node xp). One can check that for any [F] € Zj it satisfies
AN'F N'F
torsion torsion

where my, is the ideal sheaf of the node xy € Xy and r(F) = d —
deg( AE ) Let p : Xo — Xo be the normalization and p~!(zq)

C Ny and m;gF)/\/'o C

torsion
{x1,x2}. Then the above condition implies that
*(NTF
L.) = p*No(—n1x1 — n2x2), ny + ng < 27"(F), ny > 0,n9 > 0,
torsion
where r(F) =d — deg(tg\:s%n) = r(Fp) since F'® L = Fy and thus
A" Fy _ AN F

T

torsion  torsion
Thus, for any (F, L) € ¢y ' (Fp), L has to satisfy
_ * AT g
I = * 1 P
(p*L)" = (p"No) ™" (n1z1 + ngwa) ® torsion

which is a finite set since there are only finitely many choices of (n1,n2).
The pullback map p* : J(Xo) — J ()?0) has 1-dimensional kernel. Thus
dim(¢y ' ([Fo])) < 1. We shall now prove the density of locally free
sheaves.
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Let Zé be an irreducible component of Zj, then
(4.6) dim(Z{ x J(Xo)) > dim(Z, x J(Xo)) = dim(Up).

If Z§ contains no locally free sheaf, then ¢(Z§ x J(Xj)) falls into the
subvariety U} C Up of nonlocally free sheaves. UF has a dense open set
UG (1) consisting of torsion-free sheaves F' of the following type, said to
be type 1. Namely:

F ® @Xo,xo — (;)(7”71) @ majo‘

Xo,ro
If ((F,L)) = Fo € U}(1), then F is also of type 1 (tensoring a line
bundle does not change its type). By Remark 8.1 of [15],
N'F
0= -
torsion

is a torsion-free (but nonlocally free) sheaf of degree d. But Ly C N,
thus Ly = Ny since they have the same degree, a contradiction with
that Lo is not locally free. Thus ¢(Z§ x J(Xp)) falls into a subvariety
of codimension at least two, which contradicts the dimension of fibres
and (4.6). q.e.d.

Theorem 4.10.
i) frOF is therent.
ii) fr.0F = f.0F if either g >3 orr > 3.

Proof. Let v : Z — Z be the normalisation of Z and © = ,*(©). Write
Iz 7Z — M and Sy o HT) — M. Then .~Y(T) = T since T is
normal, and F := fp,0OF = fol(T)*(@)k). On the other hand, since each
fibre of f; : Z — M contains a dense open set of locally free sheaves, we
have codim(Z \ T) > 2. Thus Z \ ¢~}(T) = .~1(Z \ T) has codimension
at least 2 since v : Z — Z is a finite map. By Hartogs type extension
theorem,

F= fol(T)*(ék) = fZ*((:)k)a
which is coherent, hence i). The claim ii) that f7,0F = f*@k follows

also from the Hartogs type theorem because T' is normal and 7"\ S is of
codimension at least 2 when g > 2 or r > 2 (cf. [10]). q.e.d.

Finally, we prove the following lemma, though not strictly needed for
this paper, which gives the relationships of S(Gg), Gg+ and Ag- /s We
remark that the morphism res in Proposition 3.13 can be induced by
pairings in this lemma.
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Lemma 4.11. There are canonical isomorphisms:

i) S(Gk)/wx/s = (Gr+)",
ii) (Gp)* = .A%*/S where .A%*/S = Ag-s/O0x.

Proof.
i) One constructs a nondegenerate pairing

Gp» x S(Gr)/wx/s — Ox

using local description (3.7) (also cf. [2]). We define
1
(4.7) (s1,52) = v + 3 za:(ua + pa)Trace(J, - 'B)

for s; = (0, B,v) and

X Z(o, Jay0) © (0, J4,0) + Z 11a(0, J5,0) @ (0,0,1)

S9 = ®(9t
+Zua 0,0,1) ® (0, Ja,0) + w(0,0,1) ® (0,0,1)

One sees that wy/g is contained in the kernel of the pairing (4.7). The
pairing is obviously invariant under coordinates change y(t). If the
trivialization of F is changed by a gauge ¢, then E* is changed by a
gauge (*g)~!. Thus the verification of (4.7) being g-invariant is easily
reduced to an identity

(4.8) ZTY Jag™'g) - Tr(Ja - 'B) = Te(B('g)(("9)™")").

The left-hand side of (4.8) equals Tr(—g~ !¢’ - !B) (B being traceless).
The right-hand side of (4.8), after transposition, is

Tr((g™")'g-'B) =Tr((—g 9’9 "y ' B).
ii) Define a nondegenerate pairing
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by ((0, B1,v),(x, B2)) = vx + Trace(B; ! By). We check that it is
independent of choices of coordinates and gauges.

(4.10) (0, By,v) :=s1 2 (0,gB1g~ ", Tr(~=Big'g') +v);
t,—1
(6 B2) =52 = (o =x(('g™) - 'g) + (‘g ™) B2 g):

s1 M (0, By, vy');

2 v, (Xylila By).

The y(t)-change is obvious. For g-change, we have

(4.11)  xv + Tr(By -t By) —xv + xTr(=B1g~'¢)
+Te(gBig ™ (—x((g™) +9))

+ Tr (gBlg_1 .t (tg_lBQ 2 g))
The first (resp. second) term in the last line equals
(412)  —XTr(9Big™' - g(g™")) = —xTx(9Big~" - 9(~g7'g'g™"))
=xTr(9(Big~'g")g™")
= xTr(Big~tg)
(resp. Tr(gBy ' Bag™') = Tr(B1 ' By)).

It follows from (4.11) and (4.12) that the pairing yv + Tr(B;'Bz) in
(4.9) is globally defined. q.e.d.
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