J. DIFFERENTIAL GEOMETRY
60 (2002) 389-453

GAUGE-FIXING CONSTANT SCALAR CURVATURE
EQUATIONS ON RULED MANIFOLDS AND THE
FUTAKI INVARIANTS

YING-JI HONG

Abstract

In this article we introduce and prove the solvability of the gauge-fixing con-
stant scalar curvature equations on ruled Kaehler manifolds. We prove that
when some lifting conditions for holomorphic vector fields on the base mani-
fold are satisfied the solutions for the gauge-fixing constant scalar curvature
equations are actually solutions for the constant scalar curvature equations
provided the corresponding Futaki invariants vanish.

In this article we will prove that the vanishing of certain natural Fu-
taki invariants would imply the existence results for Kaehler metrics on
ruled manifolds with constant scalar curvature. This work extends that
of [10, 11] to the case where the base m-dimensional compact Kaehler
manifold (M : wys) with constant scalar curvature may admit nontrivial
holomorphic vector fields while the holomorphic vector bundle F over
M with Einstein-Hermitian connection may not be simple.

In order to state our results properly we recall some facts about
the structure of the groups of holomorphic automorphisms of compact
Kaehler manifolds with constant scalar curvature. More background
material can be found in [15].

Theorem 0. Assume that (M : wyr) is an m-dimensional com-
pact Kaehler manifold with constant scalar curvature. Here wys is the
Kaehler form of M. Let h(M) denote the complex Lie algebra of holo-
morphic vector fields on M. Then we have the following direct sum
decomposition (in the Lie algebra sense) of the Lie algebra h(M):

(M) = bo(M) & ¢(M)
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in which

ho(M)={Z € (M) : izwy = Of
for some smooth C-valued function f € T(M:C) on M}

and

(M) = {Z € (M) : izwy € HOV(M C)} .

Note that the complex Lie algebra ¢(M) is commutative and is a Lie
subalgebra of the Lie algebra of the isometry group of (M : war). Also,
bo(M) is the complexification of the intersection €(yr.,,,) of bo(M) with
the Lie algebra of the isometry group of (M : wyy).

Remark. Elements of h,(M) can be characterized intrinsically
as the holomorphic vector fields on M with nonempty zero loci. This
characterization of b, is valid for any compact Kaehler manifold (not
necessarily with constant scalar curvature) and is due to Andre Lich-
nerowicz.

Remark. Note that the Lie algebra of smooth vector fields on M
preserving the complex structure of M is isomorphic to (M) (in the Lie
algebra sense). This interpretation of h(M) is already used implicitly in
the statement of Theorem 0 and will be used in the rest of this article.

Let Aut (M) denote the group of holomorphic automorphisms of M
and G the connected component, containing the identity map of M, of
the Lie subgroup of Aut (M) generated by h,(M). Let K(p.,,) denote
the compact connected component, containing the identity map of M,
of the Lie subgroup of Aut (M) generated by the intersection €yr.,,,) of
ho(M) with the Lie algebra of the isometry group of (M : wys) so that
G is the complexification of K(pr..,,,)-

Assume that 7 : E — M is a holomorphic vector bundle of rank n
over M with Einstein-Hermitian metric Hg. Let A denote the Einstein-
Hermitian connection on E induced by Hg. Let P(E) denote the projec-
tivization of E over M. Then P(FE) is a compact complex manifold with
(—14+m+n) dimensions. Let L be the universal line bundle over P(F).
Then the Einstein-Hermitian metric Hg induces a Hermitian metric
Hp- on the dual L* of L over P(E). Let Ar+ denote the Hermitian
connection on L* induced by Hy+. Thus there is a representative

1-Fy,,

A i
o = %‘aalogHL* = —ﬁ-ﬁalogHL
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of the Euler class e(L*) of L* on P(F) induced by the Hermitian con-
nection Ap«. Here Hp is the Hermitian metric on L over P(FE) induced
by the Einstein-Hermitian metric Hg on £ over M. Note that the rep-
resentative “;/;L* of e(L*) on P(E) induces the Fubini-Study metric on

each fiber P(C") of 7 : P(E) — M. Thus, for each k € N large enough,

i Fa,.

o -I—k:-fr*wM

is a Kaehler form on P(E).
[t]: Suppose that, for each k € N large enough, there exists a corre-
sponding Kaehler form on P(F), lying in the Kaehler class

i Fa, .

o + ™ WM

carrying constant scalar curvature. Then, for each k € N large enough,
the corresponding Futaki character must be zero.

Let Aut (P(E)) denote the group of holomorphic automorphisms of
P(E). Let Aut (E) denote the group of holomorphic automorphisms of
E over M. Let Gg denote the natural image of Aut (E) in Aut (P(E))
preserving the holomorphic projection map 7 : P(E) — M. Then we
have
_ Aut(B)

-~

Let gr denote the Lie algebra of Gg. Our Theorem A shows that
the converse of [{] is true when the elements of h,(M) can be lifted to
holomorphic vector fields on P(E) preserving the holomorphic projection
map 7 : P(E) — M.

Theorem A. Assume that the elements of ho(M) can be lifted to
holomorphic vector fields on P(E) preserving the holomorphic projection
map

Gk

7:P(E) — M.

Suppose that, for each k € N large enough, the corresponding Futaki
character associated with

gr + (the lifted action of) Ho(M)

and the Kaehler class [i'};f;” +k- ﬁ*wM] on P(E) is zero. Then, for

each k € N large enough, there exists a corresponding Kaehler form on

391
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P(E), lying in the Kaehler class

1-Fy, .,

o + T WM |

carrying constant scalar curvature.

Corollary A. Assume that the holomorphic vector bundle E with
Einstein-Hermitian connection A over M is simple while the elements
of ho(M) can be lifted to holomorphic vector fields on P(E) preserving
the holomorphic projection map

:P(E) — M.

Suppose that, for each k € N large enough, the corresponding Futaki
character associated with (the lifted action of) ho(M) and the Kaehler

Z"I;jr” +k- ﬁ*wM} on P(E) is zero. Then, for each k € N large

enough, there exists a corresponding Kaehler form on P(E), lying in the
Kaehler class .
[Z - Fa,.

2

class

+ k-7 fwpml,

carrying constant scalar curvature.

Corollary B. Assume that the compact Kaehler manifold (M : wyy)
with constant scalar curvature does not admit nontrivial infinitesimal
deformation of Kaehler forms in the Kaehler class [wys] on M with
constant scalar curvature. Suppose that, for each k € N large enough,
the corresponding Futaki character associated with gg and the Kaehler

i.};‘jr” +k- ﬁ*wM} on P(E) is zero. Then, for each k € N large

enough, there exists a corresponding Kaehler form on P(E), lying in the
Kaehler class
[i - Fy,.

2T

class

—|—l<:-7?*wM ,

carrying constant scalar curvature.

In view of Theorem 0 it might seem necessary to add the following

invariance assumption of “;ir” to Theorem A: Z'Ff;L* is invariant under
the lifted action of €(yr.,,,) on P(E). Our Theorem B shows that it
is unnecessary to make such extra assumption in Theorem A because
trap can be inferred directly from the vanishing of

2
e
Futaki invariants. In particular, in Corollary A, : 2';” is automatically

the invariance of
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invariant under the lifted action of €(5/.,,,) on P(E) because there is
only one possible lifting of h,(M).

Theorem B. Assume that the elements of Ho(M) can be lifted to
holomorphic vector fields on P(E) preserving the holomorphic projection
map

7:P(E) — M.

Suppose that, for each k € N large enough, the corresponding Futaki
mvariants associated with

gr + (the lifted action of ) €(ar.w,,)

iFa,.

and the Kaehler class { o+ k- fr*wM} on P(E) are zero. Then the

lifting of the intersection €yr.,,) of bo(M) with the Lie algebra of the
isometry group of (M : wpr) can be properly rearranged such that

1 Fa,.
2T

is invariant under the rearranged lifted action of €(nr..,,,) on P(E).

Let ¢g denote the maximal compact Lie subalgebra of gg. Actually,
in Theorem B, the rearranged lifting of €., is, modulo
Hom (P,( Mwn) € E), uniquely determined. Precise version (Theorem I1.B)
of this result can be found in Section II.

We will prove Theorem A through solving the “gauge-fixing constant
scalar curvature equation” depending on k large enough. (The gauge-
fixing constant scalar curvature equation and its solvability, when the
parameter k is sufficiently large, will be introduced in Section V.) With
the solvability of the gauge-fixing constant scalar curvature equation we
will then show that the solvability of constant scalar curvature equa-
tion can be inferred from the vanishing of Futaki invariants. Actually,
by incorporating the vanishing of the corresponding Futaki invariants,
we will show that the solutions to the gauge-fixing constant scalar cur-
vature equation are actually solutions to the constant scalar curvature
equation, when the parameter k is sufficiently large, in Section VI.

I. Futaki invariants

Here we summarize some basic facts about the Futaki Invariants.
The reader can find more background material in [7, 15].
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Theorem I.A. Assume that (B :wp) is a b-dimensional compact
Kaehler manifold (not necessarily with constant scalar curvature). Let
h(B) denote the complex Lie algebra of holomorphic vector fields on B
and [wp] the Kaehler class associated with the Kaehler form wp on B.
Let ¢i,,) € R denote the constant associated with [wp] satisfying the
following equality:

m . (—14m)
W [ipy  w
“ln] /B m! _/B o (—1+m)! Vw € [wal.

Here p,, is the curvature form of the holomorphic line bundle /\bT(LO)(B)
on B (the highest degree wedge product of the holomorphic tangent bun-
dle TO)(B) of B) defined by w € [wp]. Let

§:5(B) X [wp] — C
be defined as follows:

mo (—14m)
W) = e P
F(Z:w)= /BWZ:w) ( ) R * 2 " (—1+ m)!)

V(Z :w) € h(B) x [wp]
in which the smooth function vz..,) € I' (B : C) on B satisfies
ﬁzw = 258 ’l/)(Z:w).

Then § only depends on h(B): F(Z : e) is constant on |wpg] for each
Z € h(B). Besides we have

S(Z:W]:w)=0 V(Z:W:w)eh(B)xh(B) X [ws].

§ is called the Futaki character associated with (h(B) : [wg]).

It is obvious that when B carries constant scalar curvature the Fu-
taki character associated with h(B) and (B : wp) must be zero. We will
apply Theorem I.A to the compact complex manifold P(E).

II. Lifting of the elements of h,(M)

In this section we discuss the lifting of the elements of h,(M) to
holomorphic vector fields on P(E) preserving the holomorphic projection
map

7:P(E) — M.
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We will consider the Real aspect of h,(M): Given a holomorphic vector
field Z on M with nonempty zero locus we will consider the lifting of
the corresponding smooth vector field Xz on M preserving the complex
structure of M. Here the smooth vector field Xz on M is defined as
follows:

XZ =7+ Z

Our immediate purpose is to lift Xz to a smooth vector field on F
preserving the vector bundle structure and the holomorphic structure
of E over M.

Given the connection A on E there is a convenient lifting of X
(induced by the distribution of horizontal spaces on E specified by A)
to a smooth vector field on E preserving the vector bundle structure of
FE over M. But this lifting does not necessarily preserve the holomorphic
structure of E over M. Thus we add a smooth section s of Hom (F : E)
over M to this lifting. Let F'4 denote the curvature form of F induced
by the connection A. Then it is easy to see that this modified lifting of
Xz preserves the holomorphic structure of £ over M if and only if

—Oas+Fa(Z:)=0.

In particular we infer that Xz can be lifted to a smooth vector field on
FE preserving the vector bundle structure and the holomorphic structure
of E over M if and only if

0=[Fa(Z: )€ H%A(M :Hom (E : E)).

Thus we have the following:

Theorem I1.A. Assume that E is a holomorphic vector bundle with
Hermitian connection A over a compact Kaehler manifold (M : wyy).
Let F4 denote the curvature form of E over M induced by the connection
A. Then for any holomorphic vector field Z on M we have

0=[F4(Z: )€ H%A(M :Hom (E : E))

if and only if the corresponding smooth vector field Xz = Z + Z on
M, preserving the complex structure of M, can be lifted to a smooth
vector field on P(E) preserving both the complex structure of P(E) and
the holomorphic projection map

7:P(E) — M.
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Remark. Theorem II.A is valid for any compact Kaehler manifold
(not necessarily with constant scalar curvature). Note that for any
holomorphic vector field Z on M the equation

0=[F4(Z: )€ H(%A(M : Hom (E : E))

only depends on the holomorphic structure of £ over M. It does not
depend on the Hermitian connection A on F over M.

Now suppose further that the smooth vector field X7 on M actually
preserves the Kaehler form wys on M. Since 0 = [F4 (Z : )] € H(% (M -
A

Hom (E : E)) there certainly exists a lifting of Xz to a smooth vector
field Xz on P(FE) preserving both the complex structure of P(E) and
the holomorphic projection map 7 : P(E) — M.

Theorem II.B. Suppose that the Futaki invariant associated with

the lifting Xz (of Xz) and the Kaehler class [”;if +k- ﬁ*wM} on

P(E) vanishes for any sufficiently large k € N. Then there exists a lifting
of Xz, preserving the holomorphic projection map 7 : P(E) — M, to a
smooth vector field Xz on P(E) preserving both l'};f;’“* and the complex
structure of P(E). Note that the smooth vector field Xz on P(E) is,

modulo the compact Lie subalgebra ¥y of g, uniquely determined.

It is obvious that the converse of Theorem II.B is true. Proving
Theorem II.B requires more knowledge and will not be given in this
section. The reader can find it in Appendix II.

ITI. Splitting of holomorphic vector bundles with
Einstein-Hermitian connections over compact Kaehler
manifolds

In this section we will consider the splitting of the holomorphic vec-
tor bundle E with Einstein-Hermitian connection A over a compact
Kaehler manifold M. Since the assumption that (M : wy) carries con-
stant scalar curvature will not be used the results of this section are
valid for any compact Kaehler manifold.

We begin with some basic facts about the structure of holomor-
phic vector bundles with Einstein-Hermitian connections over compact
Kaehler manifolds. The reader can find more background material in
[12].
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Note that E can be expressed as the direct sum of certain simple
holomorphic vector bundles Fy over M

E = ®gLy.
Besides the Einstein-Hermitian connection A on F can be expressed as
A= PAp

with each connection Ay on Ey being Einstein-Hermitian. Since any
nontrivial holomorphic map between slope-stable holomorphic vector
bundles over a compact Kaehler manifold must be an isomorphism it
is easy to understand the structure of Aut(E) completely through the
following examples:

Example I. When all the bundles Ey are lying in the same isomor-
phism class of a slope-stable holomorphic vector bundle E, over M we
have

n
Aut (F) = GL : .
ut (B) =G (rankEo C)

Example II. Let d denote the number of the isomorphism classes
defined by these slope-stable holomorphic vector bundles Fy over M.
When the isomorphism classes defined by these bundles Ey over M are
all distinct we have

Aut(E)=C" x---xC*
in which there are d copies of the multiplicative group

C'={zeC:2z+#0}.

Actually let d denote the number of the isomorphism classes defined
by these slope-stable holomorphic vector bundles Ey over M. Then
Aut (E) is the product of d complex general linear groups. Each com-
plex linear group is acting on the direct sum of those slope-stable holo-
morphic vector bundles Ey over M lying in the same isomorphism class.

IV. Some basic facts and kernel identification

Since the restriction of “;% on each fiber P(C") of 7 : P(F) —
M is simply the Fubini-Study Kaehler form there is a well-defined

397
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smooth vector bundle W over M whose fiber (vector space over R)
W, over z € M is the eigenspace of the lowest nonzero eigenvalue
of the (Fubini-Study) Laplacian on the fiber P (C") of P(E) over M.
Note that the eigenspace of the lowest nonzero eigenvalue 4mn of the
(Fubini-Study) Laplacian on P (C") simply consists of the quotients of
traceless Hermitian quadratic functions on C™ by the usual Hermitian
metric ) dag - Wo - Wg on C™. It is well-known in Kaehler geometry
that this eigenspace represents the tangent space at the Hermitian met-
ric Y 0ap - Wq - Wa of the moduli space of Einstein-Kaehler metrics on
P (C"):
sl(n: C)
su(n)

On the other hand integration along the fibers of 7@ : P(E) — M
maps a smooth function on P(F) onto a smooth function on M. Let
I' (M : W) denote the space of smooth sections of W over M. Then for
each smooth R-valued function f € I'(P(E) : R) on P(E) we have the
following corresponding decomposition:

f=a()oa(f)®a(f)

in which (6(f) : o(f)) e I'(M :R)® T (M : W) while the restriction of
a(f) on each fiber P(C") of 7 : P(E) — M over z € M is orthogonal
to both the space W, and the space of constant functions on that fiber
(over z € M).

Let ', (P (C™) : R) denote the space of smooth R-valued functions f
on P (C") satisfying

(=14n)
/ it = R

Now we introduce a basic result about a special kind of quadratic com-
binations of elements of the eigenspace of the lowest nonzero eigenvalue
(47n) of the Fubini-Study Laplacian Ap.g on P (C").

Proposition IV.A. Assume that C" and P (C™) are respectively
endowed with the standard Hermitian metric Hen = ) 048 - Wa - Wa
on C" and the Fubini-Study Kaehler form wp.g = —ﬁgalog Hen on
P (C™). We define a symmetric quadratic operation @ on the eigenspace

of the lowest nonzero eigenvalue (4wn) of the Fubini-Study Laplacian
Ap.g on P(C") as follows:
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Given X € sl(n: C) let fx € I',(P(C") : R) denote the smooth R-valued
function on P (C™) satisfying

Lxwp.g = igafx.
Then we have fx =0 when X € su(n). Besides we always have
Apsfx =4mn - fx.

We define Q (fx : fx) through the following equality:

wig™ wpg ™
Q(fx: fx)- m =100 fx Ni00fx A m

Then for each element fx of the eigenspace of the lowest nonzero
eigenvalue (47n) of the Fubini-Study Laplacian Ap.g on P (C™) the fol-
lowing smooth function:

—2m-n-fx) 2ron- fx)+Q(fx : fx)

on P (C™) is orthogonal to the eigenspace of the lowest nonzero eigen-
value (4mn) of the Fubini-Study Laplacian Ap.g on P (C").

This result has been proved in [11] through direct computation. Ac-
tually it can be inferred from the vanishing of the Futaki character
associated with sl(n : C) and the Fubini-Study Kaehler class [wp.g] on
P(C™).

Proof of Proposition IV.A. Let p., , denote the curvature form of
the dual of the canonical line bundle of P (C") defined by wr.g. Then
we have

i Pups 4 00logdet Hpg

e =N - Wpr.-<.
2T 2T F-S

Here Hy.g is the Einstein-Kaehler metric on P (C") induced by wp.s.
Let

Wr.st = wp.s +t-100fx VYVt eR.

Then for each ¢t € R with |¢t| > 0 being small wp_g.; is a Kaehler form on
P (C™) lying in the Fubini-Study Kaehler class [wp.g]. We define a sym-
metric quadratic operation Q on the eigenspace of the lowest nonzero
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eigenvalue (47n) of the Fubini-Study Laplacian Ap.g on P (C") through
the following equality:

wig ™
Q(fx: fx)- —1+n)
(—14n) . (—=2+n)
__jf j{ _ _ WE.S:t U Pwp_si WF_s:¢
S @l ( O O A o e TR = A sy .
It can be checked readily that
o
Q(fx: fx)- “iin)l
. (—2+n)
s Arsfx Apsfx . wr-s
_277(96( 2 y T QUi /x) N o)
and thence
Ar. Ar. Af.
O(f ) =2 (-2 B g 1)
:AF-S

5 (2 fx) - (20 fx) +Q (Fx + fx)].

Now for any Y € sl(n : C) the Futaki invariant associated with Y
and the Fubini-Study Kaehler class [wp.g] on P (C") vanishes. Thus we
have

0=7% (Y : wF—S:t)

Ly log Hen
:/ <_Y0g@+t.ﬁyfx>
P(Cn) 2

Whga ) ivp g
. — . _1 . - WE-S:t -5
O o s VAN S ey

for t € R with [¢| > 0 being small. Let us now consider the equality

d d
= ﬁoﬁg(y-wF-S:t)

t=0
Since X € sl(n : C) preserves the Einstein-Kaehler condition (equiva-
lently the constant scalar curvature condition) on P (C"):

(—14n) . (—2+n)

Wp_ 1 Pwp. Wp_
X< St O o wryes RS wan AN S Srupes |
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and
ﬁXwF_s = Zgafx
we have
(—14n) . (—=2+n)
d Wp_g. U Pop.g. Wr_g.
(-1 - Wrgt wr_s:t F-S:t -0
dt( ne L T T T N2 =0
Thus
d d
= —o—F§(Y rwrs:
0=Gicq S wrsi) o
_ / _LylogHen d d
~ Jeen 2 dt ~ dt
(=14n) . (=24n)
N . _YP-su U Pupsy , YRS
( O O A G e T A(—Z—i—n)!)‘
(=14n)
. ﬁlegH(cn . Wpg_g
e e e
(=14n)
AF.s Wi g
= . —_— 2 . . 2 . : - —_——
[ S e e £+ QU £0)

for any Y € sl(n : C). Since Ap.g is symmetric with respect to the
Fubini-Study Kaehler form wp.g on P (C") we conclude from the last
equality that for any Y € sl(n : C)

(—=14n)
0= / BESIY [ omn. fx) - @mn- fx) +Q (fx: fi)] - SES
B(Cn)

A (=1+n)!
wé—sil+n)
= n-fy-[—2mn- - (2mn - +Q : e Y]
Jn om0 )+ QU 1) (R
and thence the assertion of Proposition IV.A is true. q.e.d.

Corollary IV.A. Assume that C" and P (C™) are respectively en-
dowed with the standard Hermitian metric Hen =) 048 Wq - Wg on C"
and the Fubini-Study Kaehler form wp.g = —%58 log Hen on P (C™).
We define a symmetric quadratic operation Q on the eigenspace of the

lowest nonzero eigenvalue (4mn) of the Fubini-Study Laplacian Ap.g on
P(C™) as follows:
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Given X € sl(n : C) and Y € sl(n : C) let fx € T'o (P(C") : R) and
fy € T, (P(C™) : R) denote the smooth R-valued functions on P (C™)
satisfying

Lxwp.g = i00fx and  Lywp.g = i00fy.
We define Q (fx : fy) through the following equality:

wpg ™ wig ™
Q(fx: fr)- m =100 fx Ni00fy A m

Then for each pair (fx : fy) of elements of the eigenspace of the
lowest nonzero eigenvalue (4mn) of the Fubini-Study Laplacian Ap.g on
P (C™) the following smooth function:

—@2r-n-fx) - @2ron-fy)+Q(fx : fy)

on P (C") is orthogonal to the eigenspace of the lowest nonzero eigen-
value (4wn) of the Fubini-Study Laplacian Ag.g on P (C").

Note that the Einstein-Hermitian connection A on E over M defines
a smooth distribution H of horizontal spaces on P(E):

T(P(E)) =V & H.

Here V is the subbundle of T'(P(E)) over P(F) consisting of tangent
vectors which are tangential to the fibers of 7 : P(E) — M. Let V¥
denote the maximal subbundle of T (P(F)) over P(E) whose action on
‘H is identically zero. Then the decomposition T (P(E)) = V @& H of
T (P(E)) over P(FE) induces the following corresponding decomposition:

T (P(E)) = VI @ 7 (T"(M))
of T* (P(FE)) over P(FE). Thus we have the following decomposition:
NT* (P(E)) =Cv & Cm & Cn

of A*T* (P(E)) over P(E). Here Cy = A*VI and Cyy = A*7*T*(M)
while C,, is the subbundle of A*T™ (P(E)) over P(F) consisting of the
mixed components of A*T™ (P(E)). Thus we have the following diagram:

1T II
Cy —Y AT*(P(E)) —2 Cy

.

Cm



CURVATURE EQUATIONS 403
of projection maps over P(E) such that id = Il¢, @ Il¢,, @ Il¢,, on
A*T* (P(E)). Since the decomposition

T (P(E)) = VI @ & (T"(M))

of T* (P(F)) is defined by the Einstein-Hermitian connection A on E
over M we note that the representative

1-Fy,.
2

of the Euler class e (L*) of L* on P(E) has no nontrivial mixed compo-
nents of A*T* (P(E)):

i Fap. i+ Fap. i Fy,.
oA L I L= .
27 CV( 27 >@ CM( 27

Now we introduce a Hermitian form (metric) @ on P(E) by setting

J):HCV <27TAL> + T wp.

Remark. It should be noted that

Py (=1+m+n)
MmN — iy g <12AL + k-um) :
T

- F
Actually @ can be realized as a modified limit of : 2“;” + k- wy, as

k — 400, with the base directions of P(F) being properly rescaled.

Note that the derivation operator
d:T(P(E):R) —T'(P(E): T (P(FE)) ®R)
can be expressed as
d=dy +dy

in which dy : ' (P(E) : R)—T (P(E) : R VI) and dys : T (P(E) : R)
— I'(P(E) :R@ @ (T*(M))). Let dj, and dj; be respectively the
adjoint operators of dy and dj; with respect to the Hermitian form
(metric) @ on P(E). Then we have

A:d*OdZAv—i—AM
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in which Ay = dy, ody and Ay = dj; o dpyy. Similarly we have 0=

Oy + 0y and O = Oy + Oyr. Let Ay and Ajs be respectively the adjoint

operators of

i Fa,.
27

N e

@ H——> HCV
and
o — Trwy N e
on P(F) with respect to the Hermitian form (metric) @. We use the
symbols (99),, and (89),, to denote respectively Il¢, o (99) and Il¢,, o
(00): ~ ~ ~ ~
(09),, =g, 0 (30) and (99),, = Ilc,, o (39).

Similarly we use the symbol (58)m to denote Il¢, o (99): (56)m =
¢, ©(09). Then we have the following results (proved in the Appendix
of [11]):

Proposition IV.B. Given f € I'(P(E) : R) we have the equalities

iAo (99), = 2V
and N
i-AMo(éa)Mf:%.

Proposition IV.C. Aj;oAy = Ay oAy,

In particular we have
Apro(—4mn-id+ Ay) = (—4mn-id + Ay) o Ay

and thence Ay preserves I' (M : W). In [11] it is shown that the invert-
ibility of the linear partial differential operator A,; acting on I' (M : W)
is equivalent to the simplicity of the holomorphic vector bundle E over
M. Actually each smooth section s of W over M can be realized as a
smooth Hermitian section of Hom (E : E) over M. Using the Einstein-
Hermitian condition of A on E over M it can be checked readily that
the smooth R-valued function s on P(E) satisfies Apss = 0 if and only
if its corresponding smooth Hermitian section of Hom (E : E) over M
is harmonic (and thence holomorphic by the Einstein-Hermitian condi-
tion of A on E over M). Thus the kernel of Ay acting on I' (M : W)
is isomorphic to

L2

tp
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It should be noted that the linear partial differential operator Ay, acting
on I' (M : W) is both nonnegative and symmetric (with respect to the
Hermitian form (metric) © on P(FE)).

We can realize this picture more concretely as follows. Let Gg de-
note the natural image of Aut (E) in Aut (P(E)) preserving the holo-
morphic projection map 7 : P(E) — M. Then we have

Aut (E
Gy ML E)

Let gp denote the Lie algebra of G over C. Let 5 denote the compact
Lie algebra generated by the elements of gg preserving the representa-
tive
1 Fy,.
27

of the Euler class of L* on P(F) so that gg is the complexification of ¢z.
Let Kg denote the compact subgroup of G generated by ¢g. Given a
smooth vector field Y € gg on P(E) we denote by fy € T' (M : W) the
corresponding smooth R-valued function on P(F) satisfying

Ly <z : FAL*> — id0fy.
27

(Note that when Y € g we have fy = 0.) Let Ny denote the kernel
of Ay acting on I' (M : W). Then we have

s -
NW—{fyef(M:W):ﬁy <Z 2AL*) —iac‘)fyforsomeYeiE}.
™ E

We can now decompose the function space I' (M : W) into the direct
sum of Ny and the orthogonal complement of Ny in I' (M : W). Thus
for f e I' (M : W) we have

f=m,,(f) & ™y (f)

in which T§W (f) is orthogonal to Ny while 7, (f) is the Ny -compo-
nent of f.

Let Vjs denote the infinitesimal deformation operator for the con-

405
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stant scalar curvature equation on (M : wys):

(=14m)
_ .5 AMO Whr
VMO—Z68< T )/\ (_1+m)!
. (—1+m)
i Fly, = Wy
+ |:_AMtraC6 (271_):| -100 ® /\m
. (=2+m)
. A v FWM Whr
+2~88./\trace< o )A(—2+m)!
:AMOAM.%—F —AMtrace i‘FwAI AMO%
8T m! 27 2 m!
. (=2+m)
. = v Fy, Wy
+1-880/\trace< o >/\(—2+m)!'

Here F,,,, is the curvature form of the holomorphic tangent bundle of
M induced by the Kaehler form wjy; on M while

o
Ajstrace <Zw“>
2m
is the scalar curvature of (M : wyy):
. . (=14m)
Z'FwM WT/[_ Z’FWM Wyt
[AMtrace( 5 ﬂ o = trace o A Clrm)
Let T', (M : R) denote the space of smooth R-valued functions f on M

satisfying
/ f-Qu=0.
M

Here we set Q) = %‘Tf Then the linear partial differential operator

Vv  Vu
Qu  “n
m!

acting on I', (M : R) is both nonnegative and symmetric (with respect
to the Kaehler form (metric) wys on M). Note that the kernel of the
linear partial differential operator V), acting on T, (M : R) is isomorphic
to the vector space
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over R. Let Ny,, denote the vector space over R of the kernel of V,s act-
ingonT', (M : R). We can now decompose the function space I', (M : R)
into the direct sum of Ny, and the orthogonal complement of Ny,, in
Iy (M :R). Thus for f € T', (M : R) we have

f =18, (1) & ™, (f)

in which T§v (f) is orthogonal to Ny,, while 7n,, (f) is the Ny, -
M

component of f:

VM (TNVM (f))

=0.

Vi (TNVM(f)> =0

V. Gauge-fixing constant scalar curvature equation

In this section we will introduce the gauge-fixing constant scalar
curvature equation, depending on the parameter k£ € N, and prove its
solvability when k is large enough.

Let ,H,, denote the Kaehler metric on P(E) induced by the Kaehler
form ]

i Fa,.
w,, =
o H#k 27‘(’
Suppose that, for each k£ € N large enough, w,, is a Kaehler form on

#k
P(E) lying in the Kaehler class | | so that

+k-ﬁ*wM.

ow#k
Wy = Wy, 1009y

with ¢ € I' (P(E) : R) satisfying

/ ¢k'QP(E)=0<:>/ o (Yr) - Qum =0
P(E) M

i‘FAL* (—1+4n)
s ()

in which Q; = %‘,4 and Qp(py = Cirmany = ESE L. Let
¢t € R, depending on the parameter k£ € N, be the topological invariant
satisfying the following equality:

. / 0w¢£;1+m+n) B / i - 80logdet H,, N Uw;;2+m+n)
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Let H,, be the Kaehler metric on P(E) induced by the Kaehler form
W,,- Then the Constant Scalar Curvature Equation for w,,, is

#k
S (w#k) =0
in which
S (wy) = —6- e TR L v D0logdet H,, — wiFFm
#) = T L Y m )l 27 (—24+m+n)l’

Based on the work [10, 11] we might want to solve the constant
scalar curvature equation, depending on k£ € N large enough, directly.
However it is impractical to do so as there exist nontrivial kernels of
linear partial differential operators associated with the constant scalar
curvature equation. These nontrivial kernels exist simply because the
constant scalar curvature equation is invariant under the action of the
group Aut (P(E)) of holomorphic automorphisms of P(E). In order to
tackle this difficulty we add the following “gauge-fizing” term:

n-TNy 00 () TNy, ©0 (V) m
( Wk + Mk.k -k 'QIP(E)

to the constant scalar curvature equation and define the “gauge-fixing
constant scalar curvature equation” as

Sa-r (w#k) =0
in which
Sa.F (w#k)

=S (wy) + (n w00 (V) 1+ v OU(wk)) k™ Qpepy

k k-k
—1+m+n ) —24+m+n
& w;&k,Jr +n) i-d0logdet H,, w;kJr +n)
(=1+m+n)! 27 (=2+m+n)!

+ (n.TNW 20 ), Mo O&(m)) K™ Qpp.-

k k-k

Let T', (P(E) : R) denote the space of smooth R-valued functions f
on P(E) satisfying

/P(E)fQP(E) —0<:>/M6(f)'QM—O.
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We will solve the gauge-fixing constant scalar curvature equation for k£ €
N large enough by considering ¢ € T, (P(F) : R) admitting asymptotic
expansion of the following form:

¢k~¢0+2%

0eN

as k — +oo. Here each ¢ € T', (P(E) : R) is a smooth R-valued func-
tion, independent of the parameter k, on P(E). Besides the following
induction condition:

o (o) =0 (o) =0=107(¢1) < ¢o € I', (M : R)
and ¢, € Ty (M :R) @ T (M : W)

is imposed on the leading terms ¢y and ¢;.

Before solving the gauge-fixing constant scalar curvature equation,
for k large enough, we collect some relevant basic facts which can be
checked readily. Note that it is virtually better to rewrite the term

i-ddlogdet H,,
27

of the gauge-fixing constant scalar curvature equation Sq.p (w #k) =0
as

i 3 i w;—kl-i-m-i-n)
%-8810g (k -detH)—l—%‘aBlog o i) |
Here H is the Hermitian metric on P(E) induced by & and thence

E™ - det H

is a Hermitian metric on the dual of the canonical line bundle of P(E).
It can be shown that

(- m .
7 - 00 log (k -detH)

=n- AL + *trace oA + 7*trace U lom .
2 2 2T

Here F4 is the curvature form of E induced by the Einstein-Hermitian

connection A on E over M while F,,, is the curvature form of the
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holomorphic tangent bundle of M induced by the Kaehler form wj; on
M. Since

i-ddlogdet ,H,,

2
w( 1+m-+n)
_ - ~ #k
—W-aalog(l{ -det H) + 2 -001log (k o 1+m+n)>
we have
—14+m+n)
e - / - #k
B / i - 001og det OH#k A owé;Hern)
= o o (=2 +m+n)!
; (=2+m+n)
— — - 9dlog (K™ - det H) A —2~
oy 01 0 e ) 2
F - F w
:/ n AL + trace <ZA> +trace< M)} A
P(E) 27 2
wﬁ(ﬁ;2+m+n)
(=24+m+n)!

Thus the topological invariant ¢ is a rational function of the parameter
k. By using the Einstein-Hermitian condition of the connection A on F
over M

. (—14+m) . (—14+m)
1-Fy . w 1-Fy w
I Lt ) A —M t A —M =0
" CM( T ) (=1 +m)! + race( 2r ) (=14 m)!

it can be shown readily that the power series expansion of ¢ in % is

Apstrace (ZZ;M)
k + k k: + higher order terms

= (-1+n)-n+

in which ¢.o is a constant, independent of the parameter k, while

iFuy, \
Aprtrace ( QWM) is the scalar curvature of (M : wyy):

. . (=1+m)
Z'FwM wﬁ_ Z'FwM Wyt
|:AMtrace <27T>:| . W = trace o A (_1 T m)' .
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Now let us consider the asymptotic expansion of 9y as k — +oc.
By substituting

= = 100
Wyp = Wy + Zaawk ~ Wy + Z88¢0 + Z ! k0¢0 as k — +oo
0eN
into Sa.r (w #k) we have
m BG
SG_F(w#k)Nk . B0+Zﬁ ask — +oo
0eN

in which each B, is independent of the parameter k. In order to show
that the asymptotic expansion of 1 (as k — +00) exists we simply
need to show the solvability of the following system of equations:

By
P(E)

By=0<— =0

for any integer 6 > 0. By using the induction condition
po €T (M:R)and 1 €T, (M:R)yaT' (M : W)

it can be checked readily that

We can then find
6 (¢9) © o (9o+1) © 7 (Po+2)

through solving the equation
B B B - (B

6+2 :&< 9+2) @J< 9+2) @0< 9+2) 0
Qp() Qpe) Qpe) Qpr)
by induction on integers # > 0. Actually we have the following result
(proved in Appendix I):

Proposition V.A. By choosing the induction condition
po€lo(M:R) andpr €Ty (M :R)dT'(M : W)

there exists a wunique family of smooth R-valued functions ¢g9 €
I, (P(E):R) on P(E), depending on integers 6 > 0, such that Bg = 0
for any integer 6 > 0.
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Now for each large N € N we define a Kaehler form ,w,, on P(E),
depending on k € N large enough, as follows:

= 100y
NWyp = Wy, 10090 + Z 0
0N with 0<N
7 - FAL* = i58¢9
:T‘Fk"wM—FZaa(ﬁo—i— Z 0
0eN with 6<N

Here each ¢, is taken from the unique family of smooth R-valued func-
tions on P(E) of Proposition V.A. Then we have the following result:

Corollary V.A. Given v > 0 we denote by || ® ||cv(p(E)w) the C7-
norm of @ with respect to the Hermitian form (metric) © on P(E). Given
p € N there exists a corresponding constant C(.,) > 0 such that for each
N > p we have

Sa-F ( Nw#k)

< Clyp)

kp

CV(P(E):@)
whenever k > k(.,.ny. Here the choice of k(y.p.n) € N depends on N.
Actually when N > p we have, by Proposition V.A,

By=---=B,=0

Sa-
and therefore the smooth R-valued function m on P(E) must

carry the factor ﬁ intrinsically when k& > 0 is large enough (equiva-
lently when % > 0 is small enough). Corollary V.A then follows imme-
diately from standard results of calculus.

We define for each large k£ € N a functional R on the Kaehler class

[ow#k] = [i'};f;“ +k- OJM} as follows:

=\ (=1+m+n)
= (—1+m-+n) (ow#k—i-i@ao)
R (,w,, +i00e) = (o + zv(?(?o) — (—T+m+n)!
# km . o(=1+m+n) Em . QIF’(E)

for any Kachler form (,w,, +i0de) on P(E) lying in the Kachler class

[Ow#k]. Then the gauge-fixing constant scalar curvature equation for

Wy = (W + 1001, can be expressed equivalently as follows:

Sar (w,)

=0
k™ - Qp g
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in which
Se-F (W)
-89 logR(w#k) Wiz
_ o (—2+m-+n)!
i I w(_2+m+n)
[n . % + ft*trace (l FA) + 7*trace ( Z;M )} A (f2im+n)g
+
LN oo (V) n ™Ny,, ©9 (¥r)
k kE-k '

Now for each large N € N we define a corresponding 4" order (elliptic)
linear partial differential operator Ly, depending on the parameter k,
acting on ¢ € I', (P(F) : R) as follows:

_ (—24m-+n)

00 ALN(¥) A Nk

2 !
m R(N“‘)#lc)

- QOp ()

Ly (¢) = —¢p - aLy (¥) +

i-é@logR(Nw#k) it
Wik
— A 100y N

(—3+m-+n)!
L
+ P Orm) + Ly (V)

+ (n TNy ©0 (¥) TNy, O]j (w)> '

k * k -

Here 4Ly is the corresponding 2°4 order linear partial differential op-
erator (without the 0' order part) acting on ¢ € T', (P(E) : R) defined

as follows:
_ Nw#;2+7n+n)
100U N =5 T

ALy (¥) =

while gLy is the corresponding 2" order linear partial differential op-
erator (without the 0' order part) acting on ¢ € T', (P(E) : R) defined
as follows:

LN (¥)
w( 34+m+n)

00015 () 5 () by
k™ - Qpg)
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Proposition V.B. Let || o ||2(p(g).c) denote the L?-norm of e
with respect to the Hermitian form (metric) © on P(E). Then for each
large N € N there exists a corresponding ky € N such that for any
P ey (P(F): R) we have

A A ~
C- Ly (WD)l r2ep)e) 2 H <AV + ];VI> ° <AV + kiw> oY
L2(P(E):0)
+ Hw—{_ld) o (Av+ AM) o
k k L2(P(E):0)
. H (Aps +id) o (Aps +id) 69
k-k L2(P(E):®)

whenever k > ky. Here the constant C > 0 depends on (M : wpr) and
the FEinstein-Hermitian structure of the holomorphic vector bundle E
over M but not on N € N.

Let P}, denote the 4™ order (elliptic) linear partial differential op-
erator, depending on the parameter k, acting on ¢ € T', (P(E): R)
defined as follows:

A
P () = 877? o (—4mn -id + Ay) ¥

Apr0A Ay oA
N M87T vy + VSWMw n - TNy © 0t
k k
X Buoduy 4 [_ Ayytrace (Z'};‘;’rM):| Ay
k-k
(3 i Fu W(72+m>
z(d@)M@/)/\ {trace( 5 )] A (J_”2+m)!
Oy
_|_
k-k
TNy,, © oy
k-k

Actually, for each large NV € N, it can be shown that Ly is dominated
by P when the parameter k is sufficiently large.

Corollary V.B. Given integer v > 0 we define the Sobolev norm
| |21 (b)) Of @ as follows:

| o | men@E)e) = @ 2@ + [(Av + Au) ol 2pg)0)
+ (A + Aum)Y ol 2 gy -
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Then for each large N € N there exists a corresponding k(.ny € N such
that for any ¢ € T'y, (P(E) : R) we have

: HLN( )HH 29(P(E):w)

(o 2
2 o 22)e

H (Apr +id) o (Apr +1id) 690

HE2N(P(E):w)

’ H2(P(E):w)

k-k

’ H2(P(E):@)

whenever k > k,.n). Here the constant C, > 0 depends on v but not
on N. In particular we have for any ¢ € T', (P(E) : R) the following
estimate:

[(Av + Anr) o (Av + Anr) ¥l g b5y
Cy - Iy ()] o sy > — SR

whenever k > k(.n)-

Remark. Note that the linear 2" order elliptic linear partial
differential operator Ay is coercive when acting on I', (M : R). Besides
the linear 2" order elliptic linear partial differential operator Ay + Ay
is coercive when acting on I', (P(E) : R).

We will prove these results in Appendix III.
Given v > 0 we denote by bzastl (P(E) : w) the Sobolev space con-
sisting of R-valued functions f € HI*Y (P(E) : ©) on P(E) satisfying

/ [ Qpg) =
P(E)

Note that Corollary V.B implies the invertibility of the 4" order (ellip-
tic) linear partial differential operator

Ly : H2(P(E) : ©) — HPV(P(E) : @)

whenever k is sufficiently large. Let Iy denote the inverse of L. Then
we have, for any f € o (P(E) : w), the following estimate:

HINfH 2’Y+4] E)LZJ) S C’Y kK- ||f||HL[;2’Y](P(E)(Z))
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whenever k > k(,.y). Note that in this estimate for Iy the constant
Cy > 0 does not depend on N € N though £(,.) must be chosen larger
for large N.

Given ¢ € T',(P(E) : R) we note that, for t € R,

d [SG_F (ywy, +1- i@&/})]

=~ - aLly (¥) + Ly (¢)
_ (—24m+n)
@ ALﬁ\/(w) /\ (Nw#k+tz83¢) e
2\ R( ey 1000 (=2+m+n)!
4
— — — (=34+m+n)
i00log R ey, +i00%) (s 1000
+ 27 A 2881/1 A (=3+m+n)!
k™ . Q]P’(E)
LN oo (¢) n T™Ny,, © 0 (¥)
k k-k

in which ALR, and BLf\, are the corresponding 27d order nonlinear par-
tial differential operators acting on ¢ € I', (P(E) : R) defined respec-
tively as follows:

- (e +ti009) (T
ath () = N T
kM. QP( E)
and
LYy (¥)
0w [ T 4 trace (H4) 4 v trace (1zar )|  Lart o) ST

km . Q]P(E)

Sar ( ywyy, +ti000)

From the shape of % it is easy to see that, for

bounded ¢ € R, the nonlinear partial differential operator

d d [SG_F(Nw#k—i—t-iaf)w)] _d_d [S(Nw#kﬂ.iaaw)]
Cdt o dt

dt ° dt k- Q) dt - Qp)
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is genuinely nonlinear. Actually, by the Sobolev Embedding Theorem,
for each sufficiently large v € N there exists a corresponding k(,.n) € N
such that for any pair (f : g) of elements of jzisl (P(F) : w) satisfying
1| pevia ey < 2 and 191l iz p( By < # we have the following
estimate:

d d [SG-F (Nu}#k +t- Zaaf)]

dt o dt k™ - Qp()

Ldd
dt dt

Sa.r (Nw#k +1- Zéag)
km . Q]P’(E)

HE (P(E):)
<Cy- <||f”H[2v+4](IP’(E):JJ) + ”g”H[27+41(IP(E):dJ)) =F + gl g @)

whenever k > k(,.n). Here the constant C; > 0 can be chosen to be
independent of NV € N.

Now we note that for ¢» € T, (P(E) : R) the gauge-fixing constant
scalar curvature equation for ( NWap T ié&b) lying in the Kaehler class
[ow#k] can be expressed as

0= Sa.p (Nw#k + Zgalb) _ Sa.r (Nw#k)
km . QIP’(E) km . QIP’(E)

+ Ly (¥) + GNy (¢)

in which GNy is the genuinely nonlinear partial differential operator
acting on ¢ € I', (P(F) : R) defined as follows:

! d d |ScF (yw,, +1t-i00))
GN z/ —t+1) —o— #k - dt
N (¥) ; ( ) 7 ° @ [ O

1 )
:/ (—t+1)-ioi S (ywy, +1-i00y)
0 dt ~ dt Qp(p)

- dt.

Since for any Kaehler form ( NWap T z'g@o) lying in the Kaehler class
[Dw#k] the integral

Scr (yw,, + i00e _
/ (NQ #k ) . Q]P’(E) = / SG_F (Nw#k =+ 2860)
P(E) P(E) P(E)

always vanishes we can apply the inverse Iy of Ly to the last expression
of the gauge-fixing constant scalar curvature equation and obtain the
following equivalent

Sa.
0=1Iy M + 9 +InyoGNy (v).
k- Qppy
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We will now solve this equation through the Contraction Mapping
Theorem. Given sufficiently large v € N we may choose large ¢ € N
such that the genuinely nonlinear operator Iy o GN, when acting on
the complete metric space

. 1
{0 e HEMI @) 00 Wllysrsaioierer < 37 ]

is contractive with contraction constant < % whenever the parameter
k is large enough. On the other hand, by Corollary V.A and Corol-

lary V.B, we may choose sufficiently large N € N such that
In Sa-r (Nw#k)

whenever the parameter k is large enough. Thus by the Contrac-
tion Mapping Theorem we conclude that for each suitable choice of
(v:q:N)eNxNxN the gauge-fixing constant scalar curvature equa-
tion can be solved uniquely, whenever the parameter k is large enough,
by a Kaehler form ( yw,, +i081) on P(E) with ¢ € b7/t (P(E) : @)
satisfying

1
k- k4

<
HEyHI(P(E):w)

1
HT/JHH[%H]([P(E);@) < ka
With standard results of partial differential equations it can be
shown readily that the solutions ¢ € H([,27+4] (P(E) : @) to the gauge-
fixing constant scalar curvature equation, depending on sufficiently large
k, found in this way are actually smooth because we already have high
regularity and good approximation results. Hence we have:

Theorem V.A. When the parameter k € N is sufficiently large the

corresponding gauge-fixing constant scalar curvature equation

SG-F (ow#k; + 158¢k) .
k™ - Qpg)

can be solved by some smooth R-valued function ¢y € T, (P(E) : R) on
P(E). Besides this family of smooth R-valued functions iy, € I'o(P(E) :
R) on P(E) admits asymptotic expansion of the following form

¢k~¢o+2%

0eN
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as k — +o0o. Here each ¢o is taken from the unique family of smooth
R-valued functions on P(E) of Proposition V.A. Actually, for each pair
(v:q) € N x N of large enough integers, we may even require, when
N € N is chosen sufficiently large, that

PL +Zaa¢k = NWyp +235¢ (k:N)
with Y. ny € To (P(E) : R) satisfying

1
Hw(k:N) HH[2w+4l (P(E):®) < ka

whenever k is large enough. In this case the choice of the solution
NWypr T 23311} k:N)

to the gauge-fizing constant scalar curvature equation

S-F (N Wik +Zaa¢k’N )
km . QP( E)

with w(kz:N) el (P(E) : R) Satisfying Hw(kN) HH[QWJ,-4] (P(E):@) < kiq is, fO?"
each sufficiently large k, unique.

Now we conclude this section with a remark. Suppose that, for each
k € N large enough, the corresponding Futaki invariants associated with

gr + (the lifted action of) €(/.,,,)

FAL*

and the Kaehler class [

Theorem II.B, we may assume that

+k-7 wM} on P(E) are zero. Then, by

1 Fa,.
2T

AL*

is invariant under the lifted action of €.,y on P(E). Thus both -
and wys are invariant under the action of ({?E + the lifting of &/, M))
on P(E). In particular the gauge-fixing constant scalar curvature equa-
tion is invariant under the action of

(EE + the lifting of E(M:wM))

on P(E). (Note that [gE: the lifting of E(M:WM)] C gp.) Hence, by
Proposition V.A and the uniqueness result of Theorem V.A the solu-
tions

oWy, T 100y, = N Wy T 100
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to the gauge-fixing constant scalar curvature equation, depending on
sufficiently large k, are invariant under the action of (E g+ the lifting of

E(M:wM)) on P(E)

VI. Solving the constant scalar curvature equation

In this section our main purpose is to prove Theorem A based on the
solvability results for the gauge-fixing constant scalar curvature equation
— Theorem V.A.

By Theorem II.B we may assume that the lifting of €(,;..,,,) on P(£)

preserves Z‘F;:TL* . Moreover such lifting of €.,y on P(E) is, modulo
the compact Lie subalgebra tg of gg, uniquely determined. Thus, by
complexification, there is a preferred lifting of h,(M) on P(E) which
is essentially uniquely determined. In this section will fix one such
preferred lifting of h,(M). Besides, for each smooth vector field X on
M preserving the complex structure of M, we will use the same symbol
X to denote the lifting of X on P(F) when there is no confusion.

Now we fix respectively a K(pr.,,,)-invariant metric on h,(M) and a
Kp-invariant metric on gg. Here Kg is the maximal compact subgroup
of Gg. By doing so the R-linear subspace of h,(M), orthogonal to
€(Mwyy)s 18 isomorphic to the R-linear space Ny, while the R-linear
subspace of gg, orthogonal to £g, is isomorphic to the R-linear space
Ny In particular, for each f € Ny, [/fllcop(m)e) i comparable
with the C%norm of its correspondent in the orthogonal complement
of €(a1:0sy,) 0 Ho(M). Moreover this comparability is uniform on Ny, .
Actually fixing a K(yy.,,)-invariant metric on h,(M) simply means that
we have fixed the uniform comparability between Ny, and

ho (M)

(M)
Similar results are valid for Ny,,.

Let wy, = ,w,, + 1001y, denote the solution of Theorem V.A to the
gauge-fixing constant scalar curvature equation. We will denote by ( : )
the inner product on L? (P(E) : @) defined by the Hermitian (metric)
form @ on P(E):

<f:g>z/M)f-g-ﬂp(E)

Y(f:g) € L>(P(E) : ©) x L? (P(E) : ©). Besides we will use the sym-
bol ¢ to denote a sufficiently large constant > 0 independent of the
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parameter k.

Suppose that X; € I'(M : T(M)), orthogonal to ¥.,,), is the
smooth vector field on M, preserving the complex structure of M, such
that

L, wis = 0 (TNVM o &wk) .

Let fx, € ', (P(E) : R) be the corresponding smooth R-valued function
on P(F) satisfying

Z.'F * -a
Lx, <2;‘L> = iD0fx, .

Then we have
Lxwy,, = i00 (k: TNy, © o+ fx, + EX,Jﬁk) .

Since the Futaki invariant, corresponding to Xj and the Kaehler
i-Fa

27rL
the gauge-fixing constant scalar curvature equation, the following equal-

ity:

class { + k- ﬁ*wM} on P(E), vanishes we have, by incorporating

/ <k “TNy,, © 0k + fx, + /JXM/%)
P(E)

n-TNy ©0¢r TNy, o Yy,
' k pe | e =0

Since I' (M : R) is orthogonal to I' (M : W) with respect to the inner
product {:) on L? (P(E) : @) we note that the term

R n--T™ oa¢k
/P(E) ™y, ©0 (Vk) 3 P(E)

of the above equality vanishes. Thus, when the parameter k is suffi-
ciently large, we infer from Theorem V.A that there exists a constant
c > 0, independent of k, such that

I fx5 lco(mya) + 1£xVkllco@imya) < € [ Xklleo@(r):w)-

On the other hand
| Xkllcop(E):w)
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is comparable with [|7w,, 06 (Vk) [lcop(g).w)- Thus, by using the Schwarz
inequality, we infer from the above equality

[ (ko o 0
P(E)

n-TNy © 0% TNy, © X
k k-k

] - Qpgy =0

that, when k is sufficiently large, there exists a constant ¢ > 0, inde-
pendent of k, such that

HTNvM 06 (Yr) HgO(p(E);a,) < €Ity 00 (V) H(zzo(IP(E):JJ)'

Suppose that Yy € gg, orthogonal to g, is the smooth vector field
on P(E) such that

i-Fg,. =
L (Mg ) = 09 (i 00,

Then we have
Ly,w,, =1i00 (Tny, © oty + Ly, V) -
Since the Futaki invariant, corresponding to Y; and the Kaehler class

i'FAL*
2w

gauge-fixing constant scalar curvature equation, the following equality:

+k- fr*wM] on P(E), vanishes we have, by incorporating the

/ (TN © oY) + Ly, Vi)
P(E)

n-TNy © 0% TNy, o Ty
k k-k

Since I' (M : R) is orthogonal to I' (M : W) with respect to the inner
product (:) on L? (P(E) : @) we note that the term

TNy, © 0%k
/P(E) Ny © 0 (Yr) —E Qp(k)

of the above equality vanishes. Since the zeroth order term ¢g in the
asymptotic expansion of 9, as k — +o0,

+OO¢
%N%Jrzka
6=1
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satisfies

o (¢0) =7 (¢o) =0 <= ¢o € I', (M : R)

we infer from Theorem V.A that, when the parameter k is sufficiently
large, there exists a constant ¢ > 0, independent of k, such that

1Ykllcoe(z):0)
1Ly, ¥kllco@(E)w) < € —

because Ly, ¢9 = 0. On the other hand

1Ykllco ()0

is comparable with ||7n, 00 (Yk) |lcop(g).c)- Thus, by using the Schwarz
inequality, we infer from the above equality

n'TNWOU¢k TNVM ° 5g
k k-k

/ (TN © 0k + Ly, Yi) - Qpg) =0
P(E)

that, when k is sufficiently large, there exists a constant ¢ > 0, inde-
pendent of k, such that

Ny, 06 (V) Hﬁo(p(E);@)
[T~ © 0 (Vi) ||(220(1P>(E);w) <c: = Lk :

By comparing this inequality

~ HTNV y o0 (¢l€) ||(2:0(P(E):Jj)
||7_NW oo (¢k) ||g’0(Ip>(E):w) <c- M P

with the previous inequality

170y, © G (V) G0 e(mymy < € 1Ty © 0 (k) 2o gm0

we conclude immediately that

vy © 0 () = 0= Ty 00 ()

when the parameter k is sufficiently large.

Hence the (uniquely determined, for each k) smooth R-valued solu-
tions 9y, of Theorem V.A to the gauge-fixing constant scalar curvature
equation are actually solutions to the constant scalar curvature equa-
tion, without gauge-fixing, when the parameter k is sufficiently large.

q.e.d.
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Appendix I. Induction scheme

We will prove Proposition V.A by induction on integers § > 0. Be-
fore proceeding we note that the integral of Sg.rp(e) on P(FE) is always

7Z€ero:

Sa.- . (Sa-

Scip(e) = SFM - Qp(g) = / & (GF(°)> - Qp(g) = 0.
P(E) P(E) *“P(E) P(E) P(E)

Let us start with solving the equation

B
By =0« 2 —0.
Qp(m)
Assume that
(—14+m+n) (=1+m-+n)
w oW R R
#k #h Ly 2 higher order terms

Em . o(—1tmin)  pm . o(—1tmin) E O k-k

in which Ry and Ry are independent of the parameter k. Since the
connection A on E over M is Einstein-Hermitian we have

. (=14+m) . (=14m)
i Fa, . Y 1-Fy Wiy B
n.HCM< )/\( '—l—trace( Gy /\( =0

2 —1+m)! —1+m)!
and thence
i-Fy
(—14+m+n) AMtrace( T )
0%k _ Qo) | — n
km . o(=14+m+n) Q]P’(E) k
Fy 0\ (0D
ﬁ% wg\;2+m)
(nt1)! N ZaFmy
Q
+ HE) + higher order terms
k-k
in which A, trace (%) is the constant associated with the Einstein-

Hermitian connection A on E over M:

. . (=1+m)
i Fy wir i-Fy Wy
{AMtrace< . ﬂ -m!—trace< . ) A Clrm)

Besides it can be checked readily that
_ Audo n Aver Ao n Avo(¢1) _ Bmo

2 2 2 2 2

Ry

+2mn - o (¢1)
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and
_Avge Qo (1) :0(d1) | Audo Avés
Fp=——+ 21 T 2
i'FAL* "
i i UJ< 2+m) = Dr w(72+m)
88(]50/\ 9d¢o A (1\/[2+ y i00¢ N < = ) A (_1\/[2+m)!
+ +
Qur Qp(k)
i (=1+n)
. e ST
N 1001 N ~— 1oy /\( Gl
Qpr)

Here the symmetric quadratic operator @ (e : ) is defined along each
fiber P (C™) of the holomorphic projection map 7 : P(F) — M as in
Proposition IV.A and Corollary IV.A. Thus

B2 _ B 1 - FwM
Q) = (( 14+n)-n-Ry+ {AMtrace ( o >] Rl)
A
i (—=1+4n)
90 - wig ™
100¢1 N — A PA—
+n-(=1+n)- (=14n)! (—1+m)!
Qp(p)
_ (1 FAWL* > w(72+m)
100¢0 N o A (f§+m)!
+n-n-
Qp(p)
fn-(-34n)- 20 (¢1;‘¢ o (61))
A A
Yn-(=24n)- J\gﬁbo ' 1;¢1
zaa¢omaa¢0 A w2t
(—2+m)!
+n- a
M
{AMtrace > + Apstrace <Z o ﬂ (Aver
2 2
FW]\/[ 88 wgu 24m)
[trace( ) +trace< )] A 100¢g N o

+

Qnr
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By substituting the formulae for R; and Re into the above expression

YING-JI HONG

iFa, (=1+n)
i90R; 5 < 2r A )
27 (—1+n)! (—1+m)!
+
Qp(E)
o(R) Ay Ri Ao
+Q< o O'(gf)l)>—i— . 5
Av R A Apstrace (i'FA> 2
- 2T
4 Avit | v _ VR
4 8 n

+n- TNy 00 (¢1) + TNy, © & (¢o) + known terms.

of QBQ we see that
P(E)

B2

Qp(E) -

Since

— [AMtrace <Z Foy )] A ¢0 (—n) - Av s

2
-~ 7. FAL* ) 2+m>
1000 N\ - ( 2+m)'
+n-
Qp(p)

+ [AMtrace <Z : FA)] . Ay
27 2

[trace (Z2FA) + trace ( bhy
Qum

2+)

)}Azaa¢0A o

_l’_

iFaL (=1+n)
27 w(_1+m)

AppoApgg . i000 (¢1) A ( (—1+n)! N CiFmy
+ +
87T QP(E)
n Ay Ry n {AMtrace <Z : FA)} Ayo (¢1)
47 27 2
Ayvgo Avo(¢1)
2 2

Ay
> [0 (¢1) - o (¢1)]
1)

+ 7Ny, 00 (¢0) + known terms.

+ (—n) -

+(-n-n-m)-

+n-TNW (

- . .
Z 21er* = llgy, (Z AL*) @ llc,, (%) we have (by using the

2w s
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Einstein-Hermitian condition of A on E over M)

i-Fyp . (=1+n)
‘7 L (1Em)
1000 (¢1) N (—1+n)! A (—Ml+m)!
Qe
i-Fa_, w<*1+m)
_Buo(9)  Avald) Hey < 7 ) (—Ltm)!
2 2 Qnr
iF
Ay (f1) [_AMtrace< 2;;)] Ayo (¢1)
= + .
2 n 2
and thence
B> i-F, Ao Ay oo
— _|A M| _p) . V72
Op(p) [ prtrace < 2 ﬂ 2 Ty
_ (i-F;:TL* >n L(=2m)
100¢g N o1 A (i\éer)l
+n- - '
Qp(m)
trace (E4) 4 trace (25200 )] A B9 A L
[ race (7) + trace (7)} 1000 (—2+m)!
_l’_
Qu
A A A
L AuoAudy o Ano(é1)
8w 2
A -
. v Ry N [AMtrace (Z FA)] Ayo(¢1)
4 27 2
A A
(—n). M¢o Avo(¢1)

2 2
Fennem) S o (60) 0 (61)]

+n- TNy 00 (¢1) + TNy,, ©0 (¢o) + known terms.

Now we note that

i-F n
- ) L(=2Hm)
A

/ 1000 ( ~ oFm)!
n .
P(C™) Qp(E)

_ i wi=2+m)
/ i00¢o N, ( Z?f) N o)
n .
P(C") Qur

427
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(=2+4m)

i00¢q A trace ( o ) A ((UMQ_HH)!
fren™

Qr

along each fiber P (C") of 7 : P(E) — M. Thus

&<B2> :_[AMtrace< vhy )} Ao
Qp(E)

2m
2
2+m)
) A Zaa(ﬁo /\ 2+m) AM o AM¢0
8

trace (
_|_

+ 7Ny, %0+ O (known terms)

\ %%

= <QM + TNVM> ¢o + o (known terms).

Remark. Let {4 denote the smooth (—1 + m + n)-form on P(E)
defined by A as follows:

;. n+1
(ZF;FL*)( +1) w](\f*m)
a=ntn) = N e m)
. i.FAL* " —24m
4+ 7*trace i Fa A ( il ) w](w )

7;'F‘AL* n 2
i - F, ( 2 ) wi2tm)
+ 7¥trace (Z 5 wM) A il A —M )
T !

Let Qi(“m denote the smooth R-valued function on P(FE) satisfying

§a

o=
Qpr)

. Q]P)(E) .

Then, using the constancy of the scalar curvature of (M : wys) and the
Einstein-Hermitian condition satisfied by A, it can be shown that

. ( B2 Vm . §a
7 (%(E)) <QM - TNVM) Pt o < % QIP(E)>

in which ¢¢, € R is the constant satisfying

CSA'/ Qp(g) —/ A
P(E) P(E)
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Thus in the equality

5 < . ) __ [Austrace (5520) |- A
Qp(p) 2
w2
trace ( ) N i00¢0 N iy AM o Apgo
" 8T
+ 7Ny, P0+ O (known terms)
= <;;i\\/[/[ + TNVM) ¢o + o (known terms) .

the phrase “known terms” simply means

£a
Qp(p)

—Cey t

which is, given A, obviously a known smooth R-valued function on M.

Since the elliptic linear partial differential operator (g—ﬁ + TNVM>
acting on I', (M : R) is both symmetric and positive we infer that

¢o € Ty (M : R)

can be uniquely solved from the equation & <Qf(2E)> =0

With ¢g € T', (M : R) being known we have (by the Einstein-Hermi-
tian condition of A on E over M)

Aver  Q(o(¢1):0(¢1)  Amdo Avo(¢)

Rp=——+ 2l 2 2
+AMc;(¢>1) +[ AMtfa;e( )] ‘AV02(¢>1) +AM6;(¢1)

+ known terms

and thence
B, Ay .
= —o(—4m-id+ A
QIP(E) 8 o (—4mn -id + Av) ¢
A
+ 877‘: [—(27mn-o¢1) - (2mn-0¢1) + Q (0p1 : 0¢1)]

+n-(Ay + 8171y, ) 0 (¢1) + known terms.
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Now by Proposition IV.A we have

o < B2 ) =n-(Ay+87 -1, )0 (¢1) + o (known terms).
p(p)

Since the elliptic linear partial differential operator (Aps + 87 - TNy, )

acting on I' (M : W) is both symmetric and positive we infer that o (¢1)
B

Q}P(ij)

With both ¢g € T, (M : R) and o (¢1) € I'(M : W) being known we

have

€ I'(M : W) can be uniquely solved from the equation o (

5 By )\ _ Ay o (—4mn -id + Ay) 7 (¢2) + & (known terms)
QIP’(E) 8w

and thence & (¢2) can be uniquely solved from the equation (Q:]]EI’;(QE)> =
0 fiberwisely.

Now given € € N we will solve the equation

By.o

=0
Op(E)

Byio =0«

under the hypothesis that

6 (bu) © 0 (Put1) ® 0 (Pp+2)

is already known for any integer 0 < p < #. In particular 6 (¢g) ©
(1) ® G (¢o) and Ry = Suo 4 Svel@) _ Audo | 9y . g (¢y) are
already known.

Suppose that

-1 -1
W;k +m+n) N ow;k +m+n) . &
km . o(—1+m+n) km . o(=14+m-+n) k
R R,
4t keef;: + 7 ‘91:% o+ higher order terms

in which each R, is independent of the parameter k. Then by our
induction hypothesis we have R, being known for any p € N satisfying
w < 0. It can be checked readily that

AMU2(¢0) " Avo (29259“) + known terms

Roy1 =
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and
' (*14’")
- doL L)
Avggyn | 1000041 N 1 /\( I+m)!
R9+ - 2 + Q
P(E)

(=24m)

1006 (¢g) N Ilg,, (ZI;‘;‘TL*) A LM

24+m)!
+ O ) +Q (01 : 0Pot1)
M
Ayo (o1) Ano (dg) | Amdo Avo (dps1)
2 2 2 2

5060 A 806 (6g) A L

i 1006 (g —
+ ° 2+ ) + known terms.

Qn
Note that o (Rg1) is already known. Thus

L E,
Bo.io = — <(—1 +n)-n-Rpio+ [AMtrace (l M)] : Re+1>
QP(E) 27
A
+n-(=24n)- V;beﬁ
i (=1+mn)
909 L wh
'L. 041 A — n A _ m
+n-(=14n)- (Q;E))! (—1+m)!
mAa - Fa o, w(=2+m)
1006 (¢g) Ny, ( o ) A (721+m)!
M
+n-(=34+n) -Q(cp1:0¢ps1)
A A
+n-(=2+n)- ]g% ' VU;¢0+1)
A Apo
Cn(c24m). vff2(¢1) . M;(%)
8060 A iD0G (89) A B0
1 0 A 100G (Pg 7m
+n-(—=14n)- Q 2m):
M
. . " A
+ [AMtrace (Z 25:‘4) + Apstrace (Z ;M>] Lave ;¢9+1)
i F w wi
[trace ( 5 A) + trace ( A )} A 006 (¢g) N o
+ O

+0 < o (I ) o (Gos1 )> AZfl _ AMZ(%)
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iFg L, (=14n)
iOOR, 2m Wi tm)
1) ——F—
QIP(E) 27'['

Apoo AvRer1  AvRego

+ 2 47 + 4
i-Fp

_A Apstrace (W)
+ v — + Ri| - Roy1

4 n

+n TNy 00 (Pp11) + TNy,, ©0 (¢9) + known terms.

Substituting the formulae for Ry, and Ryys into this expression of
Boi2

=22 we have
Qp(m)

B2 i F, Apn6 (o) Ay dgyo
= — |[Ayt M . —_n). LT
Qe [ atrace ( 5 )] 5 + (—n) 5

1906 (69) Aley, (ot ) A €550

n 2T (—=24m)!
n .
Qu
+ [Aartrace iRy, Avo (Jo+1)
27 2
Na i-F, LA A~ w<72+m)
[trace (Z%“‘) + trace (71”)] N 100G (¢g) N (f{%m);
+
Qu
Ao Ap6 (dg)
+
8w
i (=1+n)
. n - 1000 (¢g11) N ~——ttmr— " Cirmy
Qp(m)
iFy
AuR A Apstrace ( ~ )
42V TV >/ 4R Ryt
47 47 n

+ 1Ny 00 (dpt1) + TNy, ©0 (¢p) + known terms.

j-F i-F -F,
Since - L = I, (Z ;;L*) & Ie,, (Z ;;“) we have (by using the
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Einstein-Hermitian condition of A on E over M)

PFa (—=14n)
- - W1
1000 (¢o41) N (—1+n)! A (_MH_m)!
Op(p)
_ Fy
_ Awo(ge41) | [ AMtrace( 2 )} Avo (¢e11)
2 n 2

and thence

Boo [Athce <Z ‘jom)] ELACONN (=n) - Ay o2

Q) 2 2
LR A~ - F « W(72 m)
1006 (¢g) N1y, ( 21er ) A (—2-1:71)!
+mn- 0
M
o i F — w(—2+m)
[trace ("27;“) + trace ( ha )} N 100G (pg) N Chmmyr
+ s
L Ao Auo (o) | Auo (do41)
8T 2
AvRpy —Ay Apstrace <%)
+ 24 — + Ryi| - Roy1
47 4 n

+ 1 TNy 00 (¢p11) + TNy,, ©0 (¢9) + known terms.

Since

= Fa., w2t
/ n - 006 (¢p) N ley, ( ;rL ) N

_ . (—2+m)
1006 (¢g) N trace ("FA) A T

4 27
97,

along each fiber P (C") of 7 : P(F) — M we have:
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p (Be) o [ ()] 2ur oo
Qp(z) 2

iF . w(72+m)
trace (#) N i005 (dg) N (i”2+m)1
Qe

A Ao
n M © 8MU (¢9) + TNy, © & (¢g) + & (known terms)
7T

+

V . .
- (Q?\j + TNVM> 7 (¢pg) + & (known terms).

Thus 6 (¢g) € I'p (M : R) can be uniquely solved from the equation
5 (7‘3“2) —0
= =0.
P(E)
With 6 (¢9) € T (M : R) being known we have (by the Einstein-
Hermitian condition of A on E over M)

A A Ao
Rpsy = V;%urzJr MU§¢9+1)+ M0'§¢9+1)

iF
[—AMtrace (2—;‘

ﬂ Avo (do41)
n 2

1 Qo6 : ogpsr) + 2uf0 Avo (Go4)

5 5 + known terms

_|_

and thence

B A
042 _ 2V o (—drn -id + Av) dpas + 1 - Argo (doi1)
Q]P(E) 8

+ 47‘: [—(27n - 0¢1) - (271 - 0¢ps1) + Q (001 : 0¢oy1)]
+n - TNy, ©0 (¢p4+1) + known terms.

Now by Corollary IV.A we have

” (B9+2) =n-(Ap+ 87 1N, )0 (¢o4+1) + o (known terms).
$p(E)

Thus o (¢g+1) € T'(M : W) can be uniquely solved from the equa-

tion o % = 0. With both 6 (¢g) € I'o (M :R) and o (¢g41) €

I'(M : W) being known we have

(B A G
5 ( 9+2) 2V, (—4rn -id + Ay) ¢gr2 + o (known terms)
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and thence 7 (¢g42) can be uniquely solved from the equation & (gﬂf—(g)

= 0 fiberwise. q.e.d.

Appendix II. Proof of Theorem II.B
Since

0=[F4(Z: )]eH(%A(M:Hom (E:E))

there exists, by Theorem II.A, a smooth vector field Xz on P(E) preserv-
ing both the complex structure of P(E) and the holomorphic projection
map 7 : P(E) — M such that

Xz =Xz,
Since X5 preserves the Kaehler form wys on M we have
L XZwM =0.

Let fg, € I'o (P(E) : R) denote the smooth R-valued function on P(E)
satisfying

i Fa,. 5
‘CXZ < 27TL > = laanZ.

Since the Futaki invariant associated with the lifting X » (of Xz) and the
i'FAL*
27

large k € N we have, for any smooth R-valued function g on P(FE),

g+ 29, 09
/P(E) (fXZ-i-Ug-i— i +k:~k>

.S <Ow#k +i00 0 69 +

Kaehler class [ + k- trw M] on P(E) vanishes for any sufficiently

i00oog 0000y
=0
k + k-k )
whenever the parameter k£ € N is large enough. Thus, by the expansion
results of Appendix I, we have, by choosing 6g = 0 = g, the following

S

power series expansion result for

18005 _
S <ow#k +° k.kag) _ %—7‘; o(—4mn-id+ Ay)og  known terms

Qp(E) k-k + k-k
+ higher order terms
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for any smooth R-valued function g on P(E) with 6g = 0 = 0g. Hence
we infer from the vanishing of Futaki invariants:

) a9 ' i00 0 o g B
/]P(E)<fXZ+k-k‘) S<°w#’“+ k- k >_0

for any sufficiently large k € N

that
1%

8T
Similarly, by using the expansion results of Appendix I, we have, by
choosing 6g = 0 = og, the following power series expansion result for

S< ow#k+ iBB;ag)

o (—4mn-id + Av) fx, :0<:>5(sz) ~0.

1

QJP(E) in E:
10000
S (0w#k + k' g) - n AMO_g
Qp() T k-k
| A [(2mn-0g) - (2mn-09) + Qo9 : 0g)]

k-k
known terms

ek + higher order terms

for any smooth section g € I' (M : W). Thus we infer from Proposi-
tion IV.A and the vanishing of Futaki invariants:

) a9\ i00 o og B
/p(E)<fXZ+k) S(”w#’“Jr k >_0

for any sufficiently large k € N

that
Ay o (fXZ> =0<=o0 (ff(z) € I'(M : W) is a harmonic section.
Now we consider the isometry condition of X :
Lx,wy =0 'CXZWM =0.

Since Ay o ( sz) = 0 there exists a corresponding element Yy € gp
such that
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(Note that Yy, € gp is uniquely determined modulo the compact Lie
subalgebra tg of gg.) Let X, = <_YXZ + XZ). Then we have

/L-'FAL* Z.'FAL* /I:'FAL*
£x, < 27 ) - _LYXZ ( 2 TLx, 27

We claim that Ap;é <sz> = 0. To see this we note that

[,XZ(UM = —ﬁyXZwM + EXZLUM =040=0
and thence
A6 (fXZ>
7'QIP’(E)
(vifL*>(*1+n) c1em)
_ 4 9 A . M
= 1) /\Z@@oa(fXZ> A Clrm)
iFa 0\ (—141)
_ ( 2”L> AL i Fa,. A wl(\ZH_m)
 (=1+n) Xz \ 2n (—1+m)!
iFa, . \" Cim
[ e
Xz n! (=1 +m)!

However, by the Einstein-Hermitian condition of A on E over M, we
have

(LZAL* )" (<14m)
w

n! (=1 +m)!
i-FA * (_1+n)
_ () o (1 Fa e
T (C1+n) o\ "o (—1+m)!
. iFa 0\ (—14n)
[Aaace (52)] (%) o

n (=1+n)! m!
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Thus
o [AMtrace (@i"‘ﬂ '[:XZ W Wiy -0
n (=1 +n)! m!
because

Yy
x| T Nt
i Fa % (_2+n)
_(27?) re (1 FALY @R
(=24 n)! Xz \ 2n m!
(i‘FAL* )(*2+n)
. 27 . %
(2 +n)! niooos (fx, ) n Tk

naturally vanishes. Hence Aps6 ( f Xz) = 0, as claimed, and so & ( sz)

i F . .
— 0. That is : - ;TL* is invariant under the action of X7 = Yy, +Xz.
q.e.d.

Appendix III. Large k behavior of Ly

In this section we will investigate, for each large N € N, the behavior
of the 4" order elliptic linear partial differential operator Ly as the
parameter k goes to infinity. Here the 4" order (elliptic) linear partial
differential operator Ly, depending on the parameter k, acting on ¢ €
[, (P(E) : R) is defined as follows:
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_ (—24+m-+n)

00 ALN(¥) A N Y%k

2 !
™ R(Nw#k)

km . QIP(E)

Ly (¢) = ¢ - aLn (¢¥) +

i-é@logR(Nw#k) N“’( 3+mn)
itk
o A 100 A

(=3+m-+n)!
L
+ O, + Ly (V)

n (TL"TNW oo (1)) TNy, O:(w)) .

k * k-

in which the 2" order linear partial differential operators 4Ly and
gLy (both without the 0™ order parts), acting on ¥ € T, (P(E) : R),
are respectively defined as follows:

UJ( 24+m+n)
100y N E T
ALy () = k- Qe

and
LN (¥)

_ i- w( 3+m+n)

100 N\ [ 7FAL* +7*trace (z FA)—{—ﬂ'*trace ( F;;r )} A ]z ’;j_m+n)
- km . Q]P’(E)

Note that

(—=14+m+n)
ow Rl R
R (yw,,) = o t;(_HmJF”) + s + Tk + higher order terms
Q]p(E) R, Ry
= — 4+ —= + high der t
QP(E) + A + ok + higher order terms
in which
[ AMtrace( 2}; )} A A
R, — n MPo L Bve (¢1)
n 2 2
and - (’i'FAL* ) i'FAL*
Cp 27 AHC]M( o > A ( 24+m)
Ry = 2 & 2+m)' + Ry
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are smooth R-valued functions, independent of the parameter k, on
P(E). (More expansion results for R ( Nw#k) can be found in Ap-
pendix I.) We define a symmetric operator Qy (e : ®) as follows:

<1FA . >(—3+n)
iBOf NidIg A~ L A hr

—3+n)! m!
Quv(f:9) = Q]P’(E() D)

for any pair (f : g) of smooth R-valued functions on P(E). In particular
we have

Qv(f:9)=Q(f:9)

when both f and g are smooth sections of W over M. It should be noted
that Qy (f : g) only depends on the fiber-directional differentiation of
f and g:

Qv(f:9)=Qv(cf+af:09+0g).

Let gLy denote the 2°d order linear partial differential operator
(without the 0" order part) acting on ¢ € T', (P(E) : R) defined as
follows:

P00 ) s p b
= 2m (=3+m+n)!
Ly (V) =

Then gLy depends on % in the polynomial manner and we have

Qv (% : w) L ELna (¥)

Ly (¥) = A e

1
+ those terms of gLy (¢) carrying higher order powers of z

~ n-Qu(ogr:7) n L2 (¢)
N k k-k

1
+ those terms of gLy (¢) carrying higher order powers of z
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in which

eLn:2 (V)
iFaL (=2+4n)
27

(—2+n)!
Qp ()

Lo 1Hm)

M
N

DIRy A i DR A ( e

; —4
ZAFAL* (—4+n)
27

N wg}maawmaa@w((_wAﬁ

Qp(E)
Ao Qv (AVU¢1 1¢) L Qv (_Rl‘Rl

Am o 2 +R2:¢>'

150 AL (1) . JZ’ 7&;24»7714»;)
2T —24+m+n)!
+ gLy (¥

_ (—24m+n)

n-Qu(odr:v)  S2[-Ri- aLln ()] A o

+ +

k k- k™ Qpg
N TNy ©0 (V) n TNy,, 05 (¥)
k k-k
100 N“’;E&;Hmﬂl)
97 [(FR2+ Ry - Ry) - ALy (V)] A =

_l’_

_l’_

LN (¥)
k-k
+ those terms of Ly (1) carrying

_l’_

1
higher order powers of z intrinsically

Ly

= —é,- ALy () + 2o 4Ly (¢) + 5Ly (4)
n-Qy(op1:¢) A [-Ry- ALy (¥)]

- ; + ;
+ n-TNg 00 (Y) | TNy, © G (¥)
k k-k
N AEN [(—Rp + Ry - Ry) - ALy (1)) N gLy (V)
k-k k-k

+ those terms of Ly (¢) carrying

1
higher order powers of z intrinsically.

441



442 YING-JI HONG

Now we note that the 2™ order linear partial differential operators

ALy and gLy both depend on % in the polynomial manner. Actually
we have

[—AMtrace( i;;A )] Ave

AVO Ane + .
L — 2 n 2
Aliye 9 + A
" Qu (0¢1 : o) n % L Bye + ALpyoe
k k k-k
1
+ those terms of 2Ly e carrying higher order powers of %
and
A
sLy () = n- (-2+n) - 227
Ay 4 [7AMtrace(i‘2€rA)] CAyy
ne(=3+n)-Qu(or:9)  n-(2+n) 2y e
- +
k k
[AMtrace (gj;‘) + Ajstrace (Z'I;“;FM )] . #
_|_
k
Ly.
+ W + those terms of gLy (v)) carrying
1

higher order powers of z
in which sLy.2 and gLy.o are 274 order linear partial differential oper-
ators (both without the 0" order parts), independent of the parameter
k, acting on T', (P(E) : R). Let 4L denote the 274 order linear partial
differential operator acting on I', (P(F) : R) defined as follows:

™
Apre [—AMtrace (12“ )} Aye Apgo Aye
_ALe = . . _MP0 =V
c-aLe 5 T - 5 +Qu (01 : o)+ 5 5
so that
Aye o aLe  sLy.oe
ALye =

2 k k-k

1
+ those terms of 4Ly e carrying higher order powers of =
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Then (by substituting
o= [—Rl - aLpn <w)] and e = [(_R2 + R - Rl) - ALy (w)]
respectively into the last formula for 4Lye) we have

—& - ALy (V) + A217‘rN o oLy (¥) + gLy (1)

Ly (¥) =
LT TN oo () n n-Qy (01 : )
k k

N —2Y [Ri- ALy ()] | TNy, 06 (¥)
k k-k

- cé;arL [Ri- 4Ly (¥)] . Av[(—R2+Ri7~TR1)'ALN(w)]
k-k k-k

+ W + those terms of Ly (1) carrying

higher order powers of z intrinsically

and thence (by substituting e ALy (¢) into the last formula for

ALye)
Ly () =~ - aLoy (1) + AN ) gy 4 1w 0 (0)

%al o 4Ly ()

n-Qy (o¢1 : 1) o
+ . + ’
A A R
Bl Ll o Y
k k-k
k-k Lk
—t [Re AP avCmesmmA ()
+ k-k * k-k + Lk

+ those terms of Ly (¢) carrying

higher order powers of z intrinsically
n - TNy, © 0

:—ék:'ALN@ﬁ)‘*‘W‘FBLN(w)‘*’ 2
n-Qy (o1 : ) n %‘{ o c.aL (v) n c-aL Okﬁ,‘r/ (¥)

* k k
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A Avy 5
—Av [Rl . %] TNy,, © o %‘: o aLn:2 ()

+ k k-k k-k

N calb o o 4L () Alxz o Ay (y) N —Y [R1 - ceaL (¥)]
AL A

(RS | ademememaand )

+ those terms of Ly (¢) carrying

1
higher order powers of z intrinsically.

Hence by using the detailed formulae for gLy (¢) and gLy (¢) we have

Ay ApoAy + AyoAn
LN(¢):§O(_4m.id+Av)¢+ 8 ? 8z
n-TNy ©0¢  yLna (¢¥) Lo ()
+ k + k + k-k

+ those terms of Ly (¢) carrying

1
higher order powers of z intrinsically

in which yLy.; and Ly.o are the 4" order linear partial differential op-
erators (both without the 0" order parts), independent of the parameter
k, acting on T, (P(FE) : R) defined respectively as follows:

L () A (22254 Qu (06 0)
koo k
Qv (ror + ez
k

—Apstrace tra
[ M n<2w )}_%o(leﬂ-n-id*FAv)@b
+ k
Aygo | (“Amnid+Ay) | Ayy

2 A7 2

k

_l’_

+
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and
Ly (v) _ TNy, © o1 %‘{ o ALn:2 (¥) n C@;‘}L o caL(v)
N A2 0 Ay N =" [Ri- AL (¥)]
k-k k-k
_ L [Rl . Agﬂ Ay[(-Re Ry Ry v
+ k-k + k-k
eLn2 ()  —(=14+n)-n- sLya (¢) BLn:2 ()
+ k-k + k-k + k-k
— [AM'GI‘&CG (ZZ;M)] - c-aL (¥) —Gpg - ALY
+ k-k + k-k

We are particularly interested in those parts of L. acting nontriv-
ially on I', (M : R). Note that

A
c-aLe = TM. + c.AL"e

in which the 2" order linear partial differential operator

[—AMtrace (Z;;A)} _AVO
n 2

Ao Aye
2 2

c-aLl¥e = + Qv (0¢1:0) +
has trivial action on I' (M : R):

c-aL*(f) =0

for any f € T'(M : R). Similarly for the 2°¢ order linear partial differ-
ential operators aLpy.o and pLpy.o we have

. = ©Fa, . wi At
. 7- (aa)M o N, ( QWL ) A (f§+m)! n Ay ooy ) Aye
(86), o AiDOG0 N e
i- o Al 0\ =55t
+ M (2im) + alj.o e

Qu
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and

(=24m)

i-(00),, e Allg,, (i’FAL*> A EM

2m (=2+m)!
Qnr
Ayopr Apre

2 2
3 = (=2
i-(00) ;0 NidDGo N Moy
Qum
0 J ) (=2+m)
H00) ¢ fer (4] e (£50)]
Qum

pLyoe=mn-n-

+n-(=2+4n)

+n-(=14n)-

+

+ BL?V:Q b

in which both 4L% ., and gL}, act trivially on I" (M : R):
AL?;V:Z (f) =0= BL?V:Q (f)

for any f € I' (M : R). Besides we note that

Ale AM. *
4r 2 +plyae
Ayopr Ape

2 2

LN =

+ EL}(V:2 i

in which gL%., acts trivially on I (M : R). Thus

L= i-F, w(—2+m)
B AMOAM¢+ z(@f))Ml/J /\trace( 27rM)/\(j‘/é+m)!
N 8 QM

i-F, A R
+ [—AMtrace< 27TM>:| . ]\2/1w "‘TNVM 069+ yLpy.a (1/1)

Ly ()
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in which
vLn:2 (V)
. AV AM o C—AL* (w) C—AL*OAMw
T 4r o aliva (V) + 47 + A7
AL* _AL* Ly. AN
e 020A (), 4 N2 oA+ Z2Y Ry - L ()]
T 4 4
— 4Ll A Ay [(-Ro+R;-Ryp) - A
L TcaA [Rl' v¢]+ vI[(-R:+Ri-Ry) - Ay
2w 2 8w
/5 iFa . {o2Hm)
i(00),,1 N [n-HcM ( ;rL ) —I-trace( 2%‘)} A rey
Qu

+ [—AMtrace (Z .QF‘”M” < oAL” () + <—ék:2 : A;”ﬁ) .
s

Let Py, denote the 40 order elliptic linear partial differential operator,
depending on the parameter k, acting on ¢ € T', (P(E) : R) defined as

follows:
Py (¥)
ApoAyy | AyoAy
A M 1% _l’_ .
:8—Vo(—4ﬁn-id+AV)¢+ ST L = : TN‘];VOO-w
T
W + [_AMtrace (i'ngM )] : %
+ k- k
_ iF W72t

z‘(aa) YA |trace fTM A (y 1 A

N M [ SIMQ ﬂ 2t TNy,, © 0
k-k k-k

Then we have
ULN:l (w) + ULN:2 (1/})

Ly (¢) = Py (¢¥) + ? ok
+ those terms of Ly (¢) carrying

1
higher order powers of z intrinsically.

We will show that Ly is dominated by Py as the parameter k is
sufficiently large. Before doing so let us look at P, more closely. Note

that, for any ¢ € ', (P(E) : R), we have
Pui (V) = Pyr (6¢) + Py (09) + Py (09)
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and thence
P (¥)
Ay AMOSAV&P + AVOSAJVI&¢ ApoApn T
= —o(—4mn-id+Ay)o s s s
gy °(TAmn-id+ Av)oy 4 k TR R
o Yy 5
nebwow | momy ooy | Supuer (B4, )ov
k k k-k k-k
- iF w(2tm)
;. ~ i(00)  FYA|t OM ) A -
. [—AMtrace (Z};L;M>} . Az»gm/} + i(99) [raceSgM% )] (—2rm)!
k-k
- iF, w(=2+m)
3 i(00), oPAlt CM ) A
N [—AMtrace (z};:,rM>} ) A]%m,b " z( )Ma [raceSgMQ,r )] (—2+m)!
k-k

in which V) is the infinitesimal deformation operator for the constant
scalar curvature equation on (M : wys). Now we set

Ay AproAy o) + Ay oA 51
OP#k (7/1) = 87 o (—47T7’L -id + AV) o + 8 ; Sr
T
+ Bueludl . Ao | neTNy 0 0%
+ AM%AWMMZ} (;;711@ + TNVM) a1
k-k k-k
so that
5 = i-Fy L(=24m)
(i(aa)M&TZJ‘H(aa)MO’dJ)/\[trace( I;WM )} A (1l/12+m)!
— Py (V) + Py (V) = ;Mk
. [—AMtrace (i'I;jTM )} . AMW;AMW
k-k

Let C' > 0 denote a sufficiently large constant independent of k (and
N € N). Then it is obvious that

. |I(AM + AV) TV 12 pem)
= 0Pt () + Pt ()l sy < € )

[(Av + An) oYl L2 b))
k-k '
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Let (: ) denote the inner product on L? (P(E) : @) defined by the Her-
mitian form (metric) © on P(E):

<f:g>=/ME)f-g-Qp<E)

V(f:g) € L?(P(E):w) x L? (P(E) : ©). Note that the decomposition

T, (P(E):R) = 6T, (P(E) : R) @ oT, (P(E) : R) & 5T, (P(E) : R)
of T, (P(E) : R) is orthogonal with respect to this inner product (:) on
L? (P(E) : ©). Moreover, by Proposition IV.C, this orthogonal decom-

position of T', (P(E) : R) is preserved by Ay (and Ay). Now, by using
the Stokes Theorem, it can be shown readily that

C |G o Pyr (¥ M2 @m0

o) (o2

C|loo Py (D) 22 ()0

> H(AM]:id) <A +A};\4> o1

L2(P(E):®)

and

L2(P(E):®)

Remark. Note that, on each fiber P (C") of 7 : P(E) — M, the L?
norm of Ay is always bounded by some universal multiple of the L2
norm of (—4zn - id + Ay ) 0. Besides we always have Ay o) = 4mn-o1p.

Similarly, by standard results of Partial Differential Equations or
the Stokes Theorem, we have

H(AM+id)o(AM+id)&¢
ko k

C- H& o oP#k (w)HL2(P(E):JJ) = LQ(P(E).V).

Thus, by the Schwarz inequality, there exists a constant C' > 0, inde-
pendent of the parameter k, such that, when k is sufficiently large,

A YANY;
C [Py (¥ )HLz H(AV"‘]{> <Av+k> oy

(Ay +id A
+HM+1> (Av+M> -

(Apr+id) o (Apr +1id) 6
k-k

L2(P(E):@)

L*(P(E):w)

L2(P(E):@)
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is true for any ¢ € I', (P(E) : R).
We can now use similar ideas to derive estimates for [|[ Ly (¢) 12 (p(g)
Actually, by Corollary IV.A, we have

vLna (¥)  yLya (09) n vLn.1 (07))

W)

k k k
_ o <_AV2U¢1 S+ Qu (0 - m/’)> vLn: (o9)
= +
k k
_ 0o yLnu (09) n vLn: (0¢)
k k
in which
oo yLy. (o¢) < [Av o (Ay +id) oY L2 (b))
k L2(P(B):@) k
o oYl 2p(m)0)
k
while
vLn.1 (07)) <C [Ay o (Av +id) 09| L2 p(g).0)
k L2(P(E)w) k

Here the constant C, is defined as C, = C - (4mn - 47n 4 47n). On the
other hand we have

vLn2 (v)  uvLna (69) n vLn:2 (01 + o7)

k-k k-k k-k
00 yLya (6¢) + oo yLy:a (67)) n vLn:2 (09 + 01))
because 6 o yLy.2 (6¢) = 0. (Actually we have
vLn:2 (&@b)
AV N _AV AM&w
1 O Al (69) + i [R1 >
_ i - wi=2+m)

i (00),,6¢ A [n ey, ( F{;L* ) + trace (’;A)} N By

+

Qu

However the integral of the term

09030 1 [ Moy () + troce (£2)] 1 Py
Qnr
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along each fiber P (C") of 7 : P(E) — M simply vanishes.) Note that

g 0o ULN:2 (5'@0) oo ULN:2 (571@

k-k L2(P(E):©) k-k L2(P(E):©)
<o 1AM L2 (p(2))
- k-k
while
vLn:2 (09 +79)
K-k L2(P(E):®)
<C [(Ay +id) o (An + ivli (¢ + 5¢)HL2(IP’(E):<D)‘

Let C = 2C - (2C - C,) and C=2C- [C’- (2C + CA')} We claim that,
when the parameter k is sufficiently large, the following estimate:
2C - 1|5 o Liv (V) p2(p(ycy + € - 1o 0 Liv ()| p2p(y.0)
+C -6 oLy (V)| p2p(m)w)

> (av+5) e (av+ 5 )aw

L2(P(E):w)
A id A
B (v )
k L2(P(E):@)
HAM+m (Aps +id) G4
k-k L2(P(E):©)

is valid for any ¢ € T', (P(E) : R). To see this we simply note that

ot |20 ULg:l (o) B % loo oPuk (¢ )HL2(P(E):LD)
while
s || 7o v (5) 5 ||o o vLn2 (69)
ko k L2(P(2)) k- k L2(P(E):)
Q

|60 oPyr (¢ )||L2(]P(E):<.D)'

With these estimates it can be shown readily, by using the Schwarz
inequality, that our claim is true. Proposition V.B then follows imme-
diately.
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To prove Corollary V.B we simply apply (Ay + Ajy) iteratively to

Ly (). Since the orthogonal decomposition

T, (P(E):R) = 6T, (P(E) : R) & oT, (P(E) : R) & 5T, (P(E) : R)

of I', (P(E) : R) is preserved by Ajs (and Ay) we can establish Corol-
lary V.B easily through the same method as demonstrated above.
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