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1. Introduction

Let X be a smooth, projective, geometrically connected curve over the finite field IF;, and
let G be a split semisimple algebraic group over F,. Let G denote the dual group of G,
considered as a split semisimple group scheme over Z. Fix a prime [tq and an algebraic
closure Q; of Q;. In the Langlands program, one considers a conjectural duality between
the following two kinds of objects:

e Everywhere unramified automorphic representations of the adele group G(Ak):

these appear as irreducible subrepresentations II of the space of functions
F: 6\ G/ [Tox. ) — .

e G-local systems on X: equivalently, G (Qy)-conjugacy classes of continuous homo-
morphisms
o (X) — G(Q).

(We omit here the extra conditions required in order to get a conjecturally correct
statement.) In a recent work [LafV1], V. Lafforgue has established one direction of this
conjectural correspondence: he associates with each everywhere unramified, cuspidal

automorphic representation IT of G(Af) a corresponding homomorphism
o m(X) — G(Q).

The goal of this paper is to establish the following ‘potential’ converse to this result.

THEOREM 1.1. Let o:m1(X)—G(Q)) be a continuous homomorphism which has
Zariski dense image. Then, we can find a finite Galois extension K'/K and a cuspi-
dal automorphic representation H:®; I, of G(Ak) satisfying the following condition:

(Ok:)

G
for every place v of K', one has 11, v"#0, and 1L, and olw,., are matched under the

unramified local Langlands correspondence.

One expects that this theorem should be true with K'=K, but we are not able to
prove this. The theorem is already known in the case G=PGL,,, for then the entire global



G-LOCAL SYSTEMS ARE POTENTIALLY AUTOMORPHIC 3

Langlands correspondence is known in its strongest possible form, by work of L. Lafforgue
[LafL] (and in this case one can indeed take K'=K). Moreover, it is likely that analytic
arguments used to establish functoriality for classical groups over number fields can be
extended to function fields. Combined with the results of [LafL], our main theorem
would then follow easily for split classical groups, again with K'=K.(!) However, for
semisimple groups in the exceptional series, this is the first theorem of this kind. We
note that using the deformation-theoretic techniques that we develop in this paper, one
can construct plentiful examples of Zariski dense representations o to which the above
theorem applies, for any group G.

We comment on the hypotheses of the theorem. Zariski density of the representa-
tion is convenient at several points. From the automorphic perspective, taking Arthur’s
conjectures into account, it removes the possibility of having to deal with automorphic
representations which are cuspidal but non-tempered. Zariski density also has the im-
portant consequence that o can be placed in a compatible system of G-local systems that
is determined uniquely up to equivalence by the conjugacy classes of Frobenius elements.
Without this density condition, it is not even clear what should be meant by the phrase
‘compatible system’, and the definition we use here (see Definition 6.1) should therefore
be regarded as provisional. (For a possible solution to these issues, see [Dr].) A related
point is that it is subtle to define what it means for a Galois representation to be au-
tomorphic; this is discussed further (along with the simplifying role played by Zariski
density of representations) in §8.2.

The condition that o be everywhere unramified (or in other words, that X be pro-
jective) is less serious. Indeed, V. Lafforgue’s work attaches Galois representations to
cuspidal automorphic representations with an arbitrary level of ramification, and The-
orem 1.1 immediately implies an analogue where o is allowed to be finitely ramified at
a finite number of points. It seems likely that one could prove the same result with
no restrictions on the ramification of o (other than ramification at a finite number of
points), using the techniques of this paper, but we leave this extension to a future work.

The proof of Theorem 1.1 uses similar ingredients to existing potential automorphy
theorems for G=GL,, over number fields (see e.g. [BLGT]). Among these, we mention:

(i) The construction of G-valued Galois representations associated with automorphic
forms on G.

(ii) Automorphy lifting theorems for G-valued Galois representations.

(iii) Existence of local systems with ‘big mod-I monodromy’.

(1) Either the descent method of Ginzburg, Rallis, and Soudry [GRS] or Arthur’s more general
approach using the twisted trace formula [A] would yield automorphy under the hypotheses of our main
theorem.
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(iv) Existence of ‘universally automorphic G-valued Galois representations’.
Once these ingredients are in place, we employ the ‘chutes and ladders’ argument
diagrammed in [E, pp.1136-1137] in order to conclude Theorem 1.1. We now comment

on each of these ingredients (i)—(iv) in turn.

(i) As mentioned above, V. Lafforgue has constructed the Galois representations as-
sociated with cuspidal automorphic forms on the group G [LafV1]. In fact, he goes much
further, constructing a commutative ring of endomorphisms B of the space Ag of cusp
forms, which contains as a subring the ring generated by Hecke operators at unramified
places, and which is generated by so-called ‘excursion operators’. Lafforgue then defines
a notion of pseudocharacter for a general reductive group (in a fashion generalizing the
definition for GL,, given by Taylor [Ta]) and shows that the absolute Galois group of
K=F,(X) admits a pseudocharacter valued in this algebra B of excursion operators.
Furthermore, he shows that over an algebraically closed field, pseudocharacters are in
bijection with completely reducible Galois representations into (A;, up to é—conjugation.
This leads to a map from the set of prime ideals of B to the set of completely reducible
Galois representations. This work is summarized in §8.

A well-known result states that deforming the pseudocharacter of an (absolutely)
irreducible representation into GL,, is equivalent to deforming the representation itself
(see e.g. [Car], [Ro]). The first main contribution of this paper is to generalize this
statement to an arbitrary reductive group G. The key hypothesis we impose is that
the centralizer in G of the representation being deformed is as small as possible, i.e. the
centre of G. If G =GL,,, then Schur’s lemma says that this condition is equivalent to
irreducibility (i.e. that the image be contained in no proper parabolic subgroup of CAT'), but
in general this condition is strictly stronger. Nevertheless, it means that after localizing
an integral version of Lafforgue’s algebra B at a suitable maximal ideal, we can construct

B-valued Galois representations, in a manner recalling the work of Carayol [Car].

(ii) Having constructed suitable integral analogues of Lafforgue’s Galois represen-
tations, we are able to prove an automorphy lifting theorem (Theorem 8.20 and Corol-
lary 8.21) using a generalization of the Taylor—Wiles method. The key inputs here are
an understanding of deformation theory for G-valued Galois representations (which we
develop from scratch here, although this idea is not original to this paper) and a workable
generalization of the notion of ‘big’ or ‘adequate’ subgroup (see e.g. [Th] for more dis-
cussion of the role these notions play in implementations of the Taylor-Wiles method).
It seems likely that one could get by with a weaker notion than this (indeed, the notion
of ‘G-abundance’ that we introduce here is closer to the ‘enormous’ condition imposed
in [CG], [KT2] than ‘big’ or ‘adequate’), but it is enough for the purposes of this paper.
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(iii) A key step in proving potential automorphy theorems is showing how to find
extensions of the base field K over which two given compatible systems of Galois represen-
tations are ‘linked’ by congruences modulo primes. The reader familiar with works such
as [SBT], [HSBT] may expect that in order to do this, we must construct families of G-
motives (whatever this may mean). For example, in [HSBT] the authors consider a family
of projective hypersurfaces over I%; the choice of a rational point ZGP}@(F) (F a number
field) determines a compatible family of Galois representations of I'p=Gal(F*/F') acting
on the primitive cohomology of the corresponding hypersurface. By contrast, here we are
able to get away with compatible families of G-Galois representations (without showing
they arise from motives). The reasons for this have to do with the duality between the
fields whose Galois groups we are considering and the fields of rational functions on our

parameter spaces of Galois representations; see for example the diagram (9.2) below.

(iv) Informally, we call a representation o:I’ K%é(@l) universally automorphic if
for any finite separable extension K’/K, the restricted representation o|r,,: Ik %6’(@1)
is automorphic (in the sense of being associated with a prime ideal of the algebra B of
excursion operators). Of course, this is conjecturally true for any representation o (say
of Zariski dense image), but representations for which this property can be established
unconditionally play an essential role in establishing potential automorphy. We define
a class of representations, called Coxeter homomorphisms, which satisfy the condition
of ‘G-abundance’ required to apply our automorphy lifting theorems and which can be
shown, in certain circumstances, to have a property close to ‘universal automorphy’ (see
Lemma 10.12).

This class of Coxeter homomorphisms generalizes, in some sense, the class of repre-
sentations into GL,, which are induced from a normal subgroup with quotient cyclic of
order n. Such representations of absolute Galois groups of number fields into GL,, are of-
ten known to be automorphic, thanks to work of Arthur—Clozel [AC] which uses the trace
formula. In contrast, we deduce the automorphy of Coxeter homomorphisms from work
of Braverman—Gaitsgory on geometrization of classical Eisenstein series [BG1]. Thus
the geometric Langlands program plays an essential role in the proof of Theorem 1.1,

although it does not appear in the statement.

We now describe the organization of this paper. We begin in §3 by reviewing some
results from geometric invariant theory. The notion of pseudocharacter is defined using
invariant theory, so this is essential for what follows. In §4, we review V. Lafforgue’s
notion of é—pseudocharacter and prove our first main result, showing how deforming
pseudocharacters relates to deforming representations in good situations. In §5, we give
the basic theory of deformations of G-valued representations. We also develop the Khare—
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Wintenberger method of constructing characteristic-zero lifts of mod-l Galois represen-
tations in this setting. This is a very useful application of the work of L. Lafforgue [LafL]
for GL,, and the solution of de Jong’s conjecture by Gaitsgory [G].

In §6, we make a basic study of compatible systems of G-valued representations.
The work of L. Lafforgue again plays a key role here, when we cite the work of Chin
[Chi] to show that any G-valued representation lives in a compatible system. We also
make a study of compatible systems with Zariski dense image, and show that they enjoy
several very pleasant properties. In §7, we make some local calculations having to do
with representation theory of p-adic groups at Taylor—Wiles primes. These calculations
will be familiar to experts, and require only a few new ideas to deal with the possible
presence of pseudocharacters (as opposed to true representations). In §8, the longest
section of this paper, we finally discuss automorphic forms on the group G over the
function field K, and review the work of V. Lafforgue. We then prove an automorphy
lifting theorem, which is the engine driving the proof of our main Theorem 1.1.

The remaining three sections are aimed at proving this potential automorphy result.
In §9 we introduce some moduli spaces of torsors; it is here that we are able to avoid the
detailed study of families of motives that occurs in [HSBT]. In §10 we give the definition
of Coxeter homomorphisms, make a study of their basic properties, and deduce their
universal automorphy from the work of Braverman—Gaitsgory. Finally in §11 we return
to the ‘chutes and ladders’ argument and apply everything that has gone before to deduce
our main results.

At the end of the paper are two appendices, written by D. Gaitsgory, which establish
two key properties of the automorphic functions attached to the geometric Eisenstein
series constructed by Braverman—Gaitsgory. The role played by these is discussed more
in the proof of Theorem 10.11.
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2. Notation and preliminaries

If K is a field, then we will generally write K* for a fixed choice of separable closure
and 'k =Gal(K*/K) for the corresponding Galois group. If K is a global field and S is
a finite set of places, then Kg will denote the maximal subextension of K?®, unramified
outside S, and I'x s=Gal(Kg/K). If v is a place of K, then I'x, =Gal(K}/K,) will
denote the decomposition group, and I', -+I'x the homomorphism corresponding to a
fixed choice of K-embedding K°*<— K?. If v¢S, then Frob, €l'k s denotes a choice of
geometric Frobenius element at the place v. If K=F,(X) is the function field of a smooth
projective curve X, then we will identify the set of places of K with the set of closed
points of X. If ve X is a place, then we write g, =#k(v)=#(Ok, /w,Ok,) for the size of
the residue field at v. We write |- |, for the norm on K, normalized so that |, |,=g¢; *;
then the product formula holds. We write Artg, : K*—I'%" for the Artin map of local
class field theory, normalized to send uniformizers to geometric Frobenius elements. We
write @K:Hve x Ok, . We will write Wi, for the Weil group of the local field K.

In this paper, we consider group schemes both over fields and over more general
bases. If k is a field, then we will call a smooth affine group scheme over k a linear
algebraic group over k. Many classical results in invariant theory are proved in the
setting of linear algebraic groups. We will also wish to allow possibly non-smooth group
schemes; our conventions are discussed in §3.1. A variety over k is, by definition, a
reduced k-scheme of finite type.

If G,H,... are group schemes over a base .S, then we use Gothic letters g,0,... to
denote their Lie algebras, and Gr,gr,... to denote the base changes of these objects
relative to a scheme T—S. If G acts on an S-scheme X and z€X(T), then we write
Za(x) or Zg,(x) for the scheme-theoretic stabilizer of z; it is a group scheme over T.
We denote the centre of G by Zg. We say that a group scheme G over S is reductive if
G is smooth and affine with reductive (and therefore connected) geometric fibres.

When doing deformation theory, we will generally fix a prime [ and an algebraic
closure Q; of Q;. A finite extension E/Q; inside Q; will be called a coefficient field; when
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such a field E has been fixed, we will write O or O for its ring of integers, k or kg for
its residue field, and @ or wg for a choice of uniformizer of Op. We write Co for the
category of Artinian local O-algebras with residue field k; if A€Cp, then we write m4

for its maximal ideal. Then, A comes with the data of an isomorphism kA /my.

2.1. The dual group and groups over 7Z

In this paper, we will view the dual group of a reductive group as a split reductive group
over Z. We now recall what this means. We first recall that a root datum is a 4-tuple
(M, ®, MY, ®V) consisting of the following data:

e A finite free Z-module M, with Z-dual M. We write (-,-): M x MY —Z for the
tautological pairing.

e Finite subsets ?C M\ {0} and ®¥C MY\ {0}, stable under negation, and equipped
with a bijection a<sa", P« PV.

We require that, for all a€®, (a,a")=2, and the reflections s,(z)=z—(x,a")a and
sqv (y)=y—(a,y)a" preserve ®CM and ®VC MV, respectively. In this paper, we also
require root data to be reduced, in the sense that, if a, na € ® for some n€Z, then ne {£1}.
A based root datum is a 6-tuple (M, ®, R, MY, ®V RY), where (M,®, MV, ®V) is a root
datum, RC® is a root basis, and R¥={a":a€R}. (See [Conl, §1.4].)

If S is a connected scheme, a reductive group G over S is said to be split if there exists
a split maximal torus T'CG such that each non-zero root space g, Cg (ae M =X*(T)) is
a free Og-module of rank 1. See [Conl, Definition 5.1.1]. This condition follows from the
existence of a split maximal torus if Pic(S)=1, which will always be the case in examples
we consider. Associated with the triple (G, T, M) is a root datum (M, ®, MV, ®V), where
®CM=X*(T) is the set of roots and &Y C MY =X,(T) is the set of coroots. If NCM
is a subgroup containing ®, then there is a subgroup QCT such that X*(Q)=M/N.
In fact, we have QCZg, the quotients G'=G/Q and T'=T/Q exist, and T is a split
maximal torus of the split reductive group G’. The morphism G—G’ is smooth if and
only if the order of the torsion subgroup of M/N is invertible on S. In particular, if we
take N to be the subgroup of M generated by ®, then the quotient has trivial centre,
and is what we call the adjoint group G of G. The formation of the adjoint group of a
split reductive group commutes with base change. (See [Conl, Corollary 3.3.5].)

The further choice of a Borel subgroup T'C BCG containing the split maximal torus
T determines a root basis RC®, hence a based root datum (M, ®, R, MV, ®Y, RY). When
this data has been fixed, we will refer to a parabolic subgroup P of G containing B as
a standard parabolic subgroup of G. These subgroups are in bijection with the subsets
of R. If ICR is a subset, then the corresponding parabolic P; admits a semidirect
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product decomposition Pr=M;N;, where N; is the unipotent radical of P; and Mj is
the unique Levi subgroup of Py containing T (see [Conl, Proposition 5.4.5].) We refer to
M as the standard Levi subgroup of P;. It is reductive, and its root datum with respect
to T is (M, ®;, MY, ®Y), where ®;C® is the set of roots which are sums of elements
of I. The intersection BNMj is a Borel subgroup of M;, and the based root datum of
TCBNM;CMyis (M, ®;,I, MY, ®Y,IV).

We now define the dual group. Let k& be a field, and let G be a split reductive
group over k. (We will only need to consider the split case.) With any split max-
imal torus and Borel subgroup TC BCG, we have associated the based root datum
(M,®, R, MV, ®" RY). The dual group G is a tuple (é, B, f) consisting of a split reduc-
tive group G over Z, as well as a split maximal torus and Borel subgroup fCECé7
together with an identification of the based root datum with the dual root datum
(MY,®V, RV, M,®, R). Then G is determined up to non-unique isomorphism. For any

split maximal torus and Borel subgroup 7" C B’ CG, there are canonical identifications

1%

XH(TH2X*(T)2 X (T) and X, (T')2X.(T)=X*(T).
If ICR is a subset, then the standard Levi subgroup M IC@ of based root datum
(MY, ®Y,IV,M,®;,I) contains the split maximal torus and Borel subgroup

~

TCEQM{CM{

and can be identified as the dual group of M;. (See [Bor, §3].)

2.2. Chebotarev density theorem

At several points in this paper, we will have to invoke the Chebotarev density theorem
over function fields. Since this works in a slightly different way to the analogous result
in the number field case, we recall the statement here. We take X to be a geometrically
connected, smooth, projective curve over F,, K=F,(X), S a finite set of places of K,
and 'k g the Galois group of the maximal extension unramified outside S. This group

then sits in a short exact sequence
]-HFK,SHFK,S*)Z*)L

where the quotient i/ corresponds to the everywhere unramified scalar extension F,- K /K,
and the element 1€Z acts as geometric Frobenius on F,. The theorem is now as follows
(see [Cha, Theorem 4.1]).
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THEOREM 2.1. Suppose given a commutative diagram of groups and continuous ho-

momorphisms
1 Tk.s Tk.s 7 1
1 Go G—= T 1,

where G is finite, Ao is surjective, and T" is Abelian. Let CCG be a subset invariant
under conjugation by G. Then we have
#{ve X :q,=q", A\(Frob,) e C} _ #(Cnm=(y™))
#{veX:q=q"} #Go
where the implicit constant depends on X and G, but not on n.

+0(q7"/?),

COROLLARY 2.2. (i) The set {Frob,} of Frobenius elements, indexed by places of
Kg not dividing S, is dense in ' g.

(ii) Let | be a prime not dividing q, and let o,0": Tk s—GL,(Q;) be continuous
semisimple representations such that tr o(Frob,)=tr ¢/ (Frob,) for all v¢S. Then 0=¢'.

Proof. The second part follows from the first. The first part follows from Theo-
rem 2.1, applied to the finite quotients of I'k g. O

3. Invariant theory

In this section we recall some results in the invariant theory of reductive groups acting
on affine varieties. We describe in these terms what it means for group representations
valued in reductive groups to be completely reducible or irreducible. We first consider
the theory over a field in §3.1, and then consider extensions of some of these results for

actions over a discrete valuation ring in §3.2.

3.1. Classical invariant theory
Let k be a field.

LEMMA 3.1. Let G be a linear algebraic group over k which acts on an integral
affine variety X. Let x€ X (k). Then, the following statements hold:

(i) The image of the orbit map p,: G—X, g—gx, is an open subset of its closure.
We endow the image G-x with its induced reduced subscheme structure, and call it the
orbit of x. It is smooth over k, and invariant under the action of G on X.

(ii) The following are equivalent:

(a) The map G—G-x is smooth.

(b) The centralizer Zg(x) is smooth over k.
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If these equivalent conditions hold, then we say that the orbit G-x is separable.

Proof. By Chevalley’s theorem, the image p,(G)CX is a constructible subset of X,
so contains a dense open subset U of its closure ZC X. We can find a finite extension &' /k
and g€G (k') such that gr=y lies in U(K’). Let z€u,(G) be a closed point; then we can
find a finite extension k" /k', a point 2" € u,(G) (k") lying above z, and he G(k”") such that
hx=z". Then hg~'y=2", and hence hg~ Uy~ is an open subset of Zj» which contains 2.
Its image under the flat morphism Zj»— Z is therefore an open subset containing the
closed point z, which also lies in p,,(G). This shows that u,(G) is indeed open in Z. The
same argument using generic flatness shows that the induced map G— G-z is faithfully
flat, hence (since G is smooth) G-z is geometrically reduced. The same argument once
more implies that G-« is even smooth over k. The second part of the lemma now follows

from the differential criterion of smoothness. O

Now let G be a reductive group over k, and let X be an integral affine variety
on which G acts. We write X//G=Speck[X]¢ for the categorical quotient; since G is
reductive, it is again an integral affine variety, which is normal if X is (see e.g. [BR, §2]).

The quotient map 7: X — X /G has a number of good properties.

PROPOSITION 3.2. Let notation be as above. Then, the following statements hold:

(i) Let K/k be an algebraically closed overfield. Then, 7 is surjective and G-
equivariant at the level of K -points.

(ii) If WCX is a G-invariant closed set, then w(W) is closed.

(iii) If Wy, WaCX are disjoint G-invariant closed sets, then w(W1) and m(Ws) are
disjoint.

(iv) For any point x€(X//G)(k), the fibre 7= (x) contains a unique closed G-orbit.

(v) For any affine open subset UCX//G, there is a natural identification

U=r"YU)/G.

Proof. See [Ses, Theorem 3]. O

Richardson studied the varieties G™, with G acting by diagonal conjugation [Ri].
His results were extended to characteristic p by Bate, Martin, and Rohrle [BMR]. We

now recall some of these results.

Definition 3.3. Let G be a reductive group over k, and let HCG be a closed linear
algebraic subgroup. Suppose that k is algebraically closed.

(i) We say that H is G-completely reducible if, for any parabolic subgroup PCG
containing H, there exists a Levi subgroup of P containing H. We say that H is G-
irreducible if there is no proper parabolic subgroup of G containing H.
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(ii) We say that H is strongly reductive in G if H is not contained in any proper
parabolic subgroup of Z¢(S), where SCZg(H) is a maximal torus.

When the overgroup G is clear from the context, we will say simply that H is

completely reducible (resp. strongly reductive).

THEOREM 3.4. Let G be a reductive group over k, and suppose that k is algebraically
closed. Let x=(g1,...,9n) be a tuple in G™(k), and let HCG be the smallest closed
subgroup containing each of gi,...,gn.

(i) The G-orbit of = in G™ is closed if and only if H is strongly reductive if and
only if H is G-completely reducible.

(ii) The G-orbit of = in G™ is stable (i.e. closed, with Zg(z) finite modulo Zg) if
and only if H is G-irreducible.

Proof. The characterization in terms of G-strong reductivity or irreducibility is [Ri,
Theorem 16.4, Proposition 16.7]. The equivalence between strong reductivity and G-
complete reducibility is [BMR, Theorem 3.1]. O

We apply these techniques to representation theory as follows.

Definition 3.5. Let I' be an abstract group, and let G be a reductive group over k.

(i) A homomorphism o:T—G(k) is said to be absolutely G-completely reducible
(resp. absolutely G-irreducible) if the Zariski closure of o(T') is G-completely reducible
(resp. G-irreducible) after extension of scalars to an algebraic closure of k.

(ii) A homomorphism g: T'—G(k) is said to be absolutely strongly G-irreducible if it
is absolutely G-irreducible and for any other homomorphism ¢': T —G(k) such that, for
all f€k[G]¢ and all y€T', we have f(o(v))=f(0'(7)), ¢ is also absolutely G-irreducible.

We observe that the Zariski closure of o(I') is always a linear algebraic group, and
that formation of this Zariski closure commutes with extension of the base field. The
notions of G-irreducibility and G-complete reducibility have been studied by Serre [Ser2].
We will occasionally use the word ‘semisimple’ as a synonym for ‘G-completely reducible’.
The notion of strong G-irreducibility is slightly unnatural, but we will require it during
later arguments.

We now assume for the remainder of §3.1 that k is algebraically closed and that G
is a reductive group over k. If o:T'—G(k) is any representation, then we can define its
semisimplification p* as follows: choose a parabolic subgroup P containing the image of
o(T), and minimal with respect to this property. Choose a Levi subgroup LCP. Then
the composition ¢*:T'— P(k)— L(k)—G(k) is G-completely reducible, and (up to G(k)-
conjugation) independent of the choice of P and L (see [Ser2, Proposition 3.3]). This

operation has an interpretation in invariant theory as well.
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PROPOSITION 3.6. Let g=(g1,...,9n) €G"(k), let z=m(g9)e(G"//G)(k), and let P
be a parabolic subgroup of G minimal among those containing g1, ..., gn. Let L be a Levi
subgroup of P. Then, the following statements hold:

(i) There exists a cocharacter A\: G, —G such that L=Zg(\) and

P={zcG:limy o A(t)z\(t)"" exists},

with unipotent radical {x€G:limy o A(t)z\(t)"1=1}.
(i) Let ¢'=(g4, ..., gl), where gi=lim; o A(t)g;A(t)~L. Then g’ has a closed orbit in
G" and 7(g')=m(g). Therefore, G-g' is the unique closed orbit of G in 7~ 1(x).

Proof. The first part follows from [BT, Théoréme 4.15]. For the second part, it
follows from the definition of ¢’ that ¢g’€n~!(x)(k) and that ¢’ equals the image of
g€P(k) in L(k) (viewing L as a quotient of P). The minimality of P implies that the
subgroup of L generated by the components of ¢’ is L-irreducible, hence G-completely
reducible (by [Ser2, Proposition 3.2]), and hence ¢’ has a closed orbit in G™. O

PROPOSITION 3.7. Let T'CG(k) be a subgroup. Then, the following statements hold:

(i) Let PCG be a parabolic subgroup which contains T', and which is minimal with
respect to this property. If T is G-completely reducible, and LCP is a Levi subgroup
containing ', then I'CL is L-irreducible.

(ii) The parabolic subgroups PCG which contain T, and which are minimal with

respect to this property, all have the same dimension.

Proof. See [Ser2, Proposition 3.3] and its proof, which shows that if P and P’ are
parabolic subgroups of G containing I', minimal with this property, then P and P’ contain
a common Levi subgroup; this implies that P and P’ have the same dimension, because
of the formula dim P= % (dim G+dim L). O

We conclude this section with some remarks about separability. A closed linear
algebraic subgroup H CG is said to be separable in G if its scheme-theoretic centralizer
Zc(H) is smooth. If H is topologically generated by elements g1, ..., g, €G(k), then H
is separable if and only if the orbit of (g1, ..., gn) inside G™ is separable.

THEOREM 3.8. Suppose that one of the following holds:

(i) The characteristic of k is very good for G.

(ii) G admits a faithful representation V' such that (GL(V),G) is a reductive pair,
i.e. gCgl(V) admits a G-invariant complement.

Then, any linear algebraic closed subgroup of G is separable in G.

Proof. This is [BMRT, Theorem 1.2] and [BMRT, Corollary 2.13]. O
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We recall that if G is simple, then the characteristic [ is said to be very good if it

satisfies the following conditions, relative to the (absolute) root system of G:

Condition Types
ltn+1 Ap
1#£2 B,C,D,E, F.G
1#3 E FG
l#£5 Eg

Then, g is a simple Lie algebra, which is self-dual as a representation of G (because there
exists a non-degenerate G-invariant symmetric bilinear form on G; see for example [SS,
Lemma 1.5.3]). In general, we say that [ is a very good characteristic for G if it is very
good for each of the simple factors of G. In this case g is a semisimple Lie algebra and
the map G—G?! is smooth; indeed, its kernel is the centre of G, which is smooth by
Theorem 3.8.

We will often impose the condition that [=char k is prime to the order of the Weyl

group of G; this is convenient, as the following lemma shows.

LEMMA 3.9. Suppose that l=char k is positive and prime to the order of the Weyl
group of G. Then l is a very good characteristic for G.

Proof. Inspection of the tables [Boul, Planches I-1X]. O

3.2. Invariants over a DVR

Let [ be a prime, and let ECQ; be a coefficient field, with ring of integers O and residue
field k. If Y is an O-scheme of finite type, and y€Y (k), then we write Y for the
functor Cp—Sets which sends an Artinian local O-algebra A with residue field & to
the pre-image of y under the map Y (A)—Y (k). This functor is pro-represented by the
complete Noetherian local O-algebra @yvy. We observe that if f:Y —Z is a morphism
of O-schemes of finite type over O, then f is étale at y if and only if the induced natural
transformation Y'Y — Z"/(®) is an isomorphism.

Let G be a reductive group over O. Let X be an integral affine flat O-scheme of
finite type on which G acts, and let x€ X (k). We write G =G for the completion at
the identity; it is a group functor, and there is a natural action

G x XMy X7, (3.1)
We define the categorical quotient X //G'=Spec O[X]“ and the quotient morphism

mx: X — X//G.
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This space has a number of good properties that mirror what happens in the case of field

coefficients.

ProprosSITION 3.10. Let notation be as above.

(i) The space X//G is an integral O-scheme of finite type, and the quotient map
m: X = X//G is G-equivariant. If X is normal, then X//G is normal.

(ii) For any homomorphism O— K to an algebraically closed field, the map

™ X(K) — (X//G)(K)

is surjective and identifies the set (X//G)(K) with the quotient of X (K) by the following
equivalence relation: x1~wo if and only if the closures of the G-orbits of x1 and xo
inside X o K have non-empty intersection.

In particular, each orbit in X (K) has a unique closed orbit in its closure, and 7
induces a bijection between the closed orbits in X (K) and the set (X//G)(K).

(iii) For all closed G-invariant subsets W C X, m(W) is closed; and if Wi and Wo
are disjoint closed G-invariant subsets of X, then m(Wy) and w(Ws) are disjoint.

(iv) The formation of invariants commutes with flat base change. More precisely, if
R is a flat O-algebra, then the canonical map O[X]¢ @0 R— R[XR|% is an isomorphism.

In particular, if G acts trivially on X, then there is a canonical isomorphism
(GxX)//G=X

(where G acts on itself by left translation).
(v) Let z€X (k) have a closed Gy-orbit, and let UCX be a G-invariant open sub-
scheme containing x. Then, there exists f€O[X]|Y such that f(x)#0. Let

Dxya(f)CcX//G

denote the open subscheme where f is non-vanishing. Then, we can moreover choose f

so that Dx (f)=mx"(Dxyc(f))CU, and there is a canonical isomorphism

Dx(f)//G=Dxya(f)-

Proof. We first observe that X admits a G-equivariant closed immersion into V,
where V' is a G-module which is finite free as an O-module. Indeed, we choose O-
algebra generators f1,..., f,€0O[X]. Then, [Ses, Proposition 3] shows that we can find
a G-submodule VCO[X] containing fi, ..., f, which is finite as an O-module. Since
X is flat, V is free over O, and the surjection S(VY)—O[X] then corresponds to the
desired G-equivariant closed immersion X < V. Most of the above now follows from [Ses,
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Theorem 3] and the fact that O is excellent, hence a universally Japanese ring (see [Spa,
tag 07QS]).

The fact that formation of quotient commutes with flat base change is [Ses, Lemma
2]. For the final part, we observe that the complement X —U is a G-invariant closed
subset disjoint from the orbit of z, so 7x (X —U)CX//G is a closed subset not containing
7x (x). We can therefore find f€O[X]¥ such that Dy (f) has trivial intersection with
wx (X —U). Then Dx(f) satisfies the desired properties. O

Note that (ii) shows that for any homomorphism O— K to an algebraically closed
field, the natural map Xg /Gx—(X//G)k induces a bijection on K-points. This obser-
vation will play an important role in our study of pseudocharacters below. However, the
algebras O[X|9®p K and K[Xx]9% are not in general isomorphic.

We must now establish a special case (Proposition 3.13) of Luna’s étale slice theorem
([BR, Proposition 7.6]) in mixed characteristic. It seems likely that one can prove a
general version of this result using the arguments of [BR], but to do so here would take
us too far afield. We will therefore use these arguments to prove just what we need here.

LEMMA 3.11. Let X and Y be normal affine integral O-schemes, flat of finite type,
on which G acts. Let ¢:Y —X be a finite G-equivariant morphism, and let yeY (k) be
a point satisfying the following conditions:

(i) ¢ is étale at y.

(ii) The orbit G-y is closed in Y.

(iii) The orbit Gi-P(y) is closed in Xj.

(iv) The restriction of ¢ to G-y is injective at the level of geometric points.

Then, the induced morphism ¢//G:Y//G—X//G is étale at 7y (y).

Proof. Let E=Frac H(Y, Oy), let K=Frac H°(X,Ox), and let L denote the Galois
closure of E/K. Let G=Gal(L/K) and H=Gal(L/E). We observe that Y is identified
with the normalization of X in F; we write Z for the normalization of X in L. Then, Z
is a normal integral flat O-scheme. It is of finite type, because O is universally Japanese.
We also note that Y//G is identified with the normalization of X//G in E. Indeed, the
normality of X implies the normality of X//G, and similarly for Y, by Proposition 3.10,
and the morphism Y//G— X//G is finite, because it is integral and of finite type. We
give the argument for integrality: let a€ H(Y, 0y )%, and let

f(T)=T"+a;T" ' +...4+a, € K[X]

denote the characteristic polynomial of multiplication by a on E. Since a€ H(Y, Oy ) is
integral over H(X, Ox), all of the a;’s lie in H°(X, Ox) ([Bou2, Chapter 5. §1.6, Corol-
lary 1]). We also see that the a;’s lie in K¢, hence in KNH(X, Ox)=H%(X,0x)%,
showing that a is integral over H°(X, Ox)%.
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We write Z’ for the normalization of X//G in L. Then, Z' is also a normal integral
flat O-scheme of finite type. Both Z and Z’ receive natural actions of the group G,
and there is a natural map Z— Z’ respecting this action. Moreover, we can identify
OY=0[Z|", 0[X]|=0[2])9, O[Y//G]|=0[Z"T", and O[X//G]=0[Z']9. (Here we need
to use the fact that O[X]% is integrally closed in O[X], and similarly for Y; compare
[BR, 4.2.3].) In order to show that the map Y//G— X //G is étale at the point 7y (y), we
will make appeal to the following lemma (cf. [BR, 2.3.1], where it is stated for varieties
of finite type over a field).

LEMMA 3.12. Let A be an excellent normal domain with field of fractions K, and let
L/K be a Galois extension of group G. Let HCG be a subgroup, and let E=L" B the
integral closure of A in E, and C the integral closure of A in L. Let ¢ be a geometric
point above a closed point of SpecC, and let b and @ denote its images in Spec B and
Spec A, respectively. Then, the morphism Spec B—Spec A is étale at b if and only if
Stabg (¢) CH.

Proof. For such extensions, being étale is equivalent to being unramified [Spa, tag
OBTF]. The desired characterization then follows from [Bou2, Chapter V, §2.3, Proposi-
tion 7]. O

We fix a geometric point z of Z above y, and write z’ for its image in Z’, 3’ for its
image in Y//G, and Z’ for its image in X//G. We let x=¢(y). We get a commutative
diagram

z—Yr 7

T

Yy —5 V)G

q{ Jore

X 75 X/G.

Since ¢ is étale at the point y, Lemma 3.12 implies that Stabg(zZ)CH. On the other
hand, we have v)(Stabg (z')-2) Cmy ' (§')Né~ (G -x). Since ¢ is finite, Gy, -r=p(G-y) is
a closed orbit, and hence ¢~!(Gy-x) is closed, and a union of finitely many Gy-orbits
each of which has the same dimension as G -2. Therefore, ¢~ (Gj-z) is a disjoint union
of closed G-orbits. The inverse image 71;1 (§') contains a unique closed G-orbit, namely
Gy, so we find that ¢ (Stabg(z')-2) CGy-y.

By assumption, the restriction of ¢ to G-y is injective at the level of geometric
points. Since ¢y (Stabg(Z')-zZ)={z}={¢(y)}, it follows that ¢ (Stabg(z')-z)={y}. The
group H acts transitively on the fibre ¢ ~(y) ([Spa, tag OBRI]), so we find
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Stabg(Z')-ZCH-Z, and hence Stabg(z')CStabg(zZ)H=H. The result now follows from

one more application of Lemma 3.12. O

PROPOSITION 3.13. Suppose that X is an integral affine smooth O-scheme on which
G acts. Let x€ X (k) be a point with G-z closed, and Zg, (x) scheme-theoretically trivial.
Then, the following statements hold:

(i) The action GMx X — XN (as in (3.1) above) is free (i.e. free on A-points
for every AeCp).

(ii) The natural map m: X = X //G induces, after passage to completions, an isomor-
phism

X/\,a;/G/\ ~ (X//G)/\,TI’(I).

Proof. We apply [BR, Proposition 7.6] to obtain a locally closed subscheme SoC X},
such that x€Sy(k) and the orbit map Gy xSo— X, is étale. In particular, Sy is smooth
over k, and we can find a sequence fi, ..., ﬁe@xmx of elements elements generating the
kernel of Ox, ,—+0Os, . and with linearly independent image in the Zariski cotangent
space of Ox, .. We lift these elements arbitrarily to fi,..., fr€Ox .. Let U be a Zariski
open affine neighbourhood of « in X such that fi, ..., f,€Ox(U), and let S=V (f1, ..., fr).
After possibly shrinking U, S is an integral locally closed subscheme of X, smooth over O,
such that Og,/(A\)=0s, ;. In particular, the action map GxS—X is étale at x: it is
unramified at z, by construction, and flat at by the fibral criterion of flatness [Spa, tag
039B]. This shows the first part of the proposition.

After possibly shrinking S, we may assume that ¢: GxS— X is étale everywhere;
in particular, it is quasi-finite. We let G act on G x .S by left multiplication on G; then,
the map ¢ is G-equivariant. Let X’ denote the normalization of X in GxS. Then,
i:GxS—X' is an open immersion (by Zariski’s main theorem [Spa, tag 03GS]) and
n: X' — X is finite. Moreover, X’ is integral, affine, and flat of finite type over O. There
is a unique way to extend the action of G on G xS to an action on X’ (the key point
being that normalization commutes with smooth base change [Spa, tag 03GV], so the
action map G x X’ — X’ exists by normalization).

We now apply Lemma 3.11 to the point i(1,z) of X'(k); it follows that the induced
morphism 7//G: X' //G— X //G is étale at i(1,z). In order to be able to apply the lemma,
we must check that Gj-i(1,z) is closed inside X’. Indeed, Gj-¢(z) is closed inside X,
by hypothesis, and 7 is finite, so 171 (Gy-#(z)) is a closed subset of X, consisting of
finitely many Gyg-orbits, each of the same dimension. They must therefore all be closed,
implying that Gy -i(1, ) is itself closed.

This also shows that

mx(i(1,2)) & mx: (X —i(G % S))
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(using the third part of Proposition 3.10). The set mx/ (X' —i(GxS))CX'//G is closed,
so we can find a function f€O[X']¢ such that f(X'—i(G'xS))=0 and f(i(1,2))#0. It
then follows that i: Do s(f)—Dx/(f) is an isomorphism, and

Dxyc(f)=Dx:(f)//G= Daxs(f)//G=Ds(f),

and hence //G induces an open immersion Dg(f)—X'//G. The set Dg(f) contains
maxs(1, x), so this completes the proof that

¢//G=(n/j/G)=(i)/G)

is étale at maxs(1,x). O

In the next section, we will apply this proposition in the following situation: Gisa
split reductive group over O, X =G" for some n > 1,and G =G24 acts on X by simultane-
ous conjugation. If gy, ..., gn eqd (k) are elements which generate a G-irreducible subgroup
with scheme-theoretically trivial centralizer in G*d, then the point x=(g1, ..., gn) €X (k)

satisfies the conclusion of the proposition.

4. Pseudocharacters and their deformation theory

In this section, we define what it means to have a pseudocharacter of a group valued in a
split reductive group G. We also prove the fundamental results that completely reducible
representations biject with pseudocharacters (when the coefficient ring is an algebraically
closed field); and that representations biject with pseudocharacters (when the coefficient
ring is Artinian local) provided the residual representation is sufficiently non-degenerate.

Let G be a split reductive group over Z.

Definition 4.1. Let A be a ring, and let T" be a group. A é—pseudocharacter O of T
over A is a collection of algebra maps ©,,: Z[é"]é%Map(F”, A) for each n>1, satisfying
the following conditions:

(i) For each n,m>1 and for each map (:{1,....,m}—{1,....,n}, er[ém]é, and
Y1, -, Yn €L, we have

On(f) (V15 ¥0) = Om (F) (Ve (1) - Ve (m))

where fc(gla7gn):f(gC(l)77gC(m)) R
(i) For each n>1, for each 71, ..., y,+1 €T, and for each f€Z[G™]“, we have

en-i-l(fl)(vl’ "'a’YTH-l) = @n(f)(’Yl, "'avn—la’}/n’yn-‘rl)a

where (g1, s Gnt1)=F(g1s s Gno1s GnGnt1)-
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Remark 4.2. Let O be a flat Z-algebra, and suppose that A is an O-algebra. Then
it is equivalent to give a pseudocharacter © over A or a collection of O-algebra maps
o: O[é”}é%Map(F”,A) satisfying the same axioms with respect to fEO[CA?"]é. In-
deed, this follows from the fact that O[CA}’”]@:Z@"]@@ZO ([Ses, Lemma 2]). It is
important to note that this may fail to be true when O is no longer flat (for example,
if O is a field of characteristic p>0), but nevertheless Theorem 4.5 below is still true in
this case.

The following lemma justifies our initial interest in pseudocharacters.

LEMMA 4.3. Let A be a ring, and let T' be a group. Suppose given a homomor-
phism Q:F—)@(A). Then, the collection of maps ©,(f)(y1, - Yn)=f(0(71), -, 0(Vn)) is

a pseudocharacter, which depends only on o up to @(A)—conjugation.
Proof. Immediate from the definitions. O

If ¢ is a homomorphism as in the lemma, then we will write tr o=(0,,),>1 for its
associated pseudocharacter.

We can change the ring and the group.

LEMMA 4.4. Let A be a ring, and let T be a group.

(i) Let h: A=A’ be a ring map, and let ©=(0,),>1 be a pseudocharacter over A.
Then h.(©)=(h°O,),>1 is a pseudocharacter over A’.

(ii) Let ¢: A—T be a homomorphism and © be a pseudocharacter of T over A.
Then the collection ¢*©=(0,,°¢),>1 is a pseudocharacter of A over A.

(iii) Let NCT be a normal subgroup, and let ¢:T'—T /N be the quotient homomor-
phism. Then the map ©—@*0O defines a bijection between the set of pseudocharacters of
I'/N over A and the set of pseudocharacters Z=(Z,)n>1 of T’ over A such that, for all
n>=1, the map =, takes values in Map((I'/N)"™, A)CMap(T'™, A).

Proof. Immediate from the definitions. O

THEOREM 4.5. Let T" be a group, and let k be an algebraically closed field. Then the
assignment o—O=tr o induces a bijection between the following two sets:

(i) The set of (A;(k:)-conjugacy classes of é-completely reducible homomorphisms
0:T—G(k).

(ii) The set of G-pseudocharacters © of T over k.

Proof. The proof of this theorem is due to V. Lafforgue [LafV2, §5]; we review it
here as preparation for the infinitesimal version of the next section, and because some
modifications are required in the case of positive characteristic. Before reading the proof,
we invite the reader to first become reacquainted with Proposition 3.2.
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We first show how to construct a representation from a pseudocharacter (©y)n>1.
For any n>1, the map G™(k)—(G"//G)(k) induces a bijection between the set of G(k)-
conjugacy classes of tuples (gi,...,gn) which generate a @—completely reducible sub-
group of G, and the set (G"//G)(k) (as follows from part (iv) of Proposition 3.2 and
Theorem 3.4). The datum of O,, determines for each tuple y=(~1, ..., 7)€" a point
576(@" J/G)(K), these points satisfying certain compatibility relations corresponding to
conditions (i) and (ii) of Definition 4.1. We write T'(vy) for a representative of the orbit
in G (k) corresponding to &

Let H(v) denote the Zariski closure of the subgroup of G(k) generated by the entries
of T(y). For every €™, we define n(y) to be the dimension of a parabolic PCGy,
minimal among those containing H(v); by Proposition 3.7, this is independent of the
choice of P satisfying this condition.

Let N=sup,,>1 ,er» n(7). We fix a choice of integer n>1 and element 6=(01, ..., 6,) €
I'™ satisfying the following conditions:

(i) n(d)=N.

(ii) For any n’'>1 and & €T also satisfying (i), we have

dim Zg (H(9)) <dim Zg (H(d")).
(iii) For any n/>1 and & €I also satisfying (i) and (ii), we have
#m0(Zg, (H(0))) <#mo(Zg, (H(S'))).

Write T'(6)=(g1, ..., gn). We are going to show that, for every y€I, there exists a
unique element ge@(k) such that (g1, ..., gn,9) is é(k)—conjugate t0 T(O1, ey Oy Y)-

We first show the existence of such an element g. Let T(01, ..., 6, ¥)=(h1, ..., hn, B).
We claim that in fact (hq,...,h,) has a closed @k—orbit in @Z, this is equivalent, by
Theorem 3.4, to the assertion that the elements hy, ..., hneé(k) generate a @—completely
reducible subgroup. Note that (hy, ..., hy) lies above &€ (G™//G)(k) (by (i) of Defini-
tion 4.1), so this claim will show that (hy, ..., hy) is G(k)-conjugate to T'(d).

To this end, let P Cék be a parabolic subgroup minimal among those containing
H(d1,...,0,,7). We can find a Levi subgroup Mp of P which contains H(d1, ..., 0n,7)-
Let Np denote the unipotent radical of P, and let @ be a minimal parabolic subgroup
of Mp containing hq, ..., h,. Let Mg be a Levi subgroup of @, and let R}, ..., hj, e Mg(k)
denote the images of the elements hq,...,h, in Mg(k). Then the elements hf,...,h],
generate an Mq-irreducible subgroup, which is therefore @—completely reducible (by
[Ser2, Proposition 3.2]). It follows from Proposition 3.6 that the tuple (hf,...,h}) is

~

G(k)-conjugate to T(6)=(g1, ..., gn)-
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In particular, @ contains a conjugate of T'(§), which implies that QNp contains a

conjugate of T'(9). Since QNp is a parabolic subgroup of G, we obtain
n(6) =N <dimQNp <dim P < N.

It follows that equality holds, Q Np=P, and hence Q=Mp and h;=h for each i=1, ..., n.
This shows that (hq, ..., h,) has a closed G’k—orbit in é}; Consequently, we can find an
element xeé(k) such that z(hy, ..., hy)z " =(g1, ..., gn). We can now take g=zhx~!.

This shows the existence of an element geG(k) such that (gi, ..., gn,g) is G(k)-
conjugate to T(d1,...,0n,7). To show that this element is unique, suppose ¢’ is another
such element. Then we can find ye@(k’) such that y(g1, .., 9n, )y =(91, s gn, g'). In
particular, we have y€Z5(g1, ..., g9n)(k). We therefore need to show that

Zg(915 0 9n) (k) = Z (915 -+ Gns 9) (F).

The first group obviously contains the second. The defining properties (i)—(iii) of §&€I'™
then show that these groups must in fact be equal.

This establishes the claim, and defines a map yEl'—g=0(y)€G (k). We must now
show that this map o:T—G(k) is a homomorphism. Let v,7'€L. We claim that there
exist g, €G(k) such that (g1,...,9n,9,9") is @(k)—conjugate to T(d1,-.-,0n,7,7"), and
that the pair (g,¢’) is unique with this property.

Let (hi,...,;hn, h, ' )=T(01,...,0n,7,7'), and let P be a parabolic subgroup con-
taining the elements hi, ..., h,, h,h’, and minimal with respect to this property. Let
Mp be a Levi subgroup of P also containing these elements, and Np be the unipo-
tent radical of P. Then we have dim P=n(dy,...,0n,7,7)<n(d1,...,0n). Let Q be a
minimal parabolic of Mp containing hq,...,hy,, and let Mg be a Levi subgroup, and

Ys.., A, be the images of hi,...,h, in Mg(k). Then the tuple (h},...,h),) is G(k)-
conjugate to (g1,...,g9n) (again by Proposition 3.6 and (i) of Definition 4.1); it fol-
lows that n(d,...,d,)=N<dim QNp<dim P<N, so equality holds, Mo=Q=Mp and
QNp=P, and we can find yeG(k) such that y(h1, ..., hn)y~ =(g1, ..., gn). We then take
(9,9")=y(h,h')y~t. The argument that this pair is unique is the same as above.

We claim that the tuples (g1,...,9n,9); (91,--s9n,9"), and (g1, ..., gn, gg’) all have
closed orbits in G"*1. This claim will show, together with parts (i) and (ii) of Def-
inition 4.1, that o(v)=g, o(v')=g¢’, and that o(yy')=gg’. We just show the claim in
the case of (g1,..-,9n,99"), the others being similar. Let PGy be a parabolic sub-
group minimal among those containing g1, ...,gn,9,¢9’. Then P contains ¢y, ..., gn, SO
n(0)=N <dim P<N. Therefore equality holds, and P is also minimal among those par-
abolic subgroups of @k containing g1, ..., gn-
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Let Mp be a Levi subgroup of P also containing g1, ...,9n,9,9’. Then the tuple
g1, -y Gn 18 Mp-irreducible, thus g1, ..., gn, g9’ is M p-irreducible, and hence é—completely
reducible. It then follows from Theorem 3.4 that g1, ..., gn, g¢’ has a closed orbit in G,
This shows that o(yy')=0(7)o(®').

We have now shown how, given a pseudocharacter © over the algebraically closed
field k, to construct a representation o: I‘—)@(k). This representation moreover satisfies
the condition tr o=, or equivalently that for any m>1, y=(y1,...,Ym) €™, and f€
Z[é”]é, we have the formula

fe(11), s 0(9m)) = Om (f)(7)-

The proof of this is very similar to the verification that ¢ is a homomorphism, so we
omit it. In order to complete the proof of the theorem, it remains to show that if o and
o' are two é—completely reducible homomorphisms with tr p=tr ¢/, then they are in fact
G (k)-conjugate.

Let us therefore fix a é—completely reducible homomorphism p: F%a(k). We will
show that we can recover p from its associated pseudocharacter ©=tr g; given the
constructive argument above, this is no longer surprising. We let the elements £, €
(G"//G)(k) and T(v)eG"(k) be as defined above. By [BMR, Lemma 2.10], we can
find elements 41, ...,d, €T’ such that for any parabolic subgroup Pcak, and for any
Levi subgroup LC P, P contains o(T") if and only if P contains 0(d1), ... 0(d,), and like-
wise for L. In particular, our assumption that p is @—completely reducible implies that
(0(61), ..., 0(0r))=(91, .., 9n) (say) has a closed Gr-orbit in éz After possibly augment-
ing the tuple (01, ...,d,), we may assume moreover that Zs(g1, ..., gn)(k)=Z5(0(T)) (k).

Let yeI'. We claim that o(y)=g is uniquely determined by the condition that
(915, 9n,g) is @—conjugate to T'(d1,...,0n,7). It satisfies this property as (g1,... gn, g)
has a closed orbit, by construction, and because p has associated pseudocharacter ©. On
the other hand, if ¢’ is another element with this property, then we can find z€ Z5(o(T'))
such that zgz~1=g’. Since g€ o(T), this implies that g=¢’, as required. O

Definition 4.6. Let R be a topological ring, and let I" be a topological group. A
pseudocharacter ©=(0,,),,>1 over R is said to be continuous if, for each n>1, the map

©,, takes values in the subset Map,(I'", R) CMap(I'", R) of continuous maps.

PROPOSITION 4.7. Suppose that T' a profinite group, that k is an algebraically closed
topological field, and that Q:F—)é(k}) is a é—completely reducible representation with
tr 0=0. Then, the following statements hold:

(i) If o is continuous, then © is continuous.

(i) If k admits a rank-1 valuation and is of characteristic zero (e.g. k=Q;) and ©

is continuous, then o is continuous.
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(iii) If k is endowed with the discrete topology (e.g. k=IF;) and © is continuous,

then o is continuous.

Proof. The first part is clear from the definition of tr o. The proof of the second part
is contained in the proof of [LafV2, Proposition 5.7]. For the third part, we mimic the
proof of uniqueness in Theorem 4.5 to show that p factors through a discrete quotient
of I'. First, we can find elements 7, ...,7, €L such that if g;=o(v;), i=1,...,n, then
o(T) is contained in the same Levi and parabolic subgroups of @k as (g1,---,9n), and
we have Zz(g1,...,9n)=Zg(0(I')). The proof of Theorem 4.5 shows that we can then
recover ¢ uniquely as follows: for each y€T', o(y) is the unique element geG(k) such
that (g1, ..., gn, g) has a closed orbit in G(k) and, for all er[CA?”“]é, we have

f(gl7 7g’n7g) = ®n+l(f>(71a a,Y’rL?’Y)

We now observe that, for any fEZ[@”H]é, themap I'—k, y—= O, 11(f) (Y1, -y Vs ),
is continuous. On the other hand, Z[@"“]é is a Z-algebra of finite type ([Ses, Theo-
rem 3]). It follows that we can find an open normal subgroup N CT such that, for all
er[é”“]é and for all ye N, we have ©,,+1(f) (71, -+, Yy, V) =On+1(f) (71, -o, Yn, 1), and
hence f(g1, ...y gn, 0(7))=f(g1, -, gn, 1). The above characterization of ¢ now shows that
this forces o(y)=1, and hence p factors through the finite quotient I'/N, and is a fortiori

continuous. O

THEOREM 4.8. Let [ be a prime, and let T be a profinite group.

(i) Let © be a continuous @—pseudachamcter of T over Q. Then there exists a
coefficient field ECQ; such that © takes values in Of.

(ii) Let ngﬁé(@l) be a continuous homomorphism. Then, after replacing o by a
é(@l)—conjugate, we can find a coefficient field ECQy such that o takes values in @(OE)

(iii) Let g:F%@(@l) be a continuous homomorphism. Choose a conjugate o' with
values in @(OE) for some coefficient field ECQ,. Then the semisimplification 9:T —
é(Fl) of 0o mod wOg is continuous and, up to a(E)—conjugacy, independent of any

choices.

Proof. The first part of the theorem follows from the second: given ©, we can find a
continuous representation g: F—)é(OE) such that ©=tr g, hence © takes values in Og.
To prove the second part, we will use Bruhat—Tits theory (see [Ti]). Let us first note that
a standard argument using the Baire category theorem shows that o(T") is contained in
G(E) for some finite extension £/Q;. (Indeed, o(T') is a Baire space which is exhausted
by the closed subgroups o()NG(E), as E varies over all finite extensions of Q; inside
Q; therefore one of these contains an open subgroup of o(I'), and thus of finite index.
Enlarging F, it will then have the desired property.)
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Let DG denote the derived subgroup of G. Then G(E) acts on the building B(DG, E).
Let G(E)° denote the subgroup of elements g€ G(E) such that for all ye X*(G) we have
x(9)€0f. The maximal compact subgroups of G(E) can all be realized as stabiliz-
ers in é(E)O of centroids of facets in B(DCA}’, E). There is a unique hyperspecial point
20€B(DG, E) such that Stabg, g0 (20)=G(Og).

If E'/E is a finite extension, then there is an inclusion ig g: B(DG, E)—B(DG, E’)
that is equivariant for the action of G(E)CG(E'). According to [Lar, Lemma 2.4], we
can find a totally ramified extension E'/E and a point z€B(DG, E) such that ip. g (x)is
hyperspecial and stabilized by o(T"). Since all hyperspecial vertices are conjugate under
the action of G4 (E’), this means that after replacing ¢ by a Q;-conjugate, and possibly
enlarging E’ further, o(T')CG(Og). This establishes the second part of the theorem.

After reducing modulo the maximal ideal of Ops and semisimplifying, we get the
desired representation p: F—)é(fF;). It remains to check that this representation is con-
tinuous and, up to G (IF;)-conjugacy, independent of any choices. It is continuous because
¢ mod mg is continuous. Its isomorphism class is independent of choices by Theorem 4.5
and because tr p=0 depends only on the original representation p. O

Definition 4.9. Let [ be a prime, and let I" be a profinite group.

(i) If o: T—G(Q) is a continuous representation, then we write g:T—G(F)) for the
semisimple residual representation associated with it by Theorem 4.8, and call it the
reduction modulo [ of p.

(ii) If © is a continuous pseudocharacter over Q;, then we write © for the continuous
pseudocharacter over F; which is the reduction of © modulo the maximal ideal of Z;, and
call it the reduction modulo [ of ©.

It @:GLH, then these notions of reduction modulo ! are the familiar ones.

4.1. Artinian coefficients

Now fix a prime I, and let ECQ; be a coefficient field. Let I' be a profinite group.
Let @:F—>@(k) be a representation with associated pseudocharacter ©=trg. In this
situation, we can introduce the functor PDefg:Co—Sets, which associates with any
A€eCp the set of pseudocharacters © over A with © mod m4=0. We also introduce the
functor Def;: Co — Sets which associates with any A in Cp the set of conjugacy classes of

homomorphisms g: F—)CAT'(A) such that ¢ mod m4=p under the group
ker(GP(A) — G*(k)).

(This deformation functor will be studied further in §5 below.)
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We then have the following infinitesimal version of Theorem 4.5, which is an analogue

of Carayol’s lemma for pseudocharacters valued in GL,, [Car].

THEOREM 4.10. With notation as above, suppose further that the centralizer of g in
(A?Zd s scheme-theoretically trivial and that o is absolutely @—completely reducible. Then
the map o—tr g induces an isomorphism of functors Def;—PDefg.

Proof. If n>1, let ané’é and Yn:Xn//é%d, and let m: X,,—Y,, be the quotient
map. We will use the following consequence of Proposition 3.13:

o Let z=(g1, ..., gn) € X, (k) be a point with scheme-theoretically trivial centralizer
in ézd and closed G-orbit in é}; Then @%d’A acts freely on X/»® and the map X% —
YnA’W(m) factors through an isomorphism XQ“/@?’A%Y,LA’”(@.

Suppose that A€Cp, and let ©€PDefg(A). We will construct a preimage o:I'—
(A?(A) Let 71, ..., €T be elements such that g1 =0(71), ..., gn=0(7») cover g(I"). Then
Zgaa(G1, -, Gn)=1{1}. Let 2=(g1, ..., gn). Then ©,, determines a point of YnA’W(x)(A), and
we choose (g1, ..., gn) EX®(A) to be an arbitrary pre-image of this point. By the above
bullet point, any other choice is conjugate to this one by a unique element of (?%d’A(A).

Let v€I be any element, and let y=(gu, ..., gn, 0(7)). We have a commutative dia-

gram, given by forgetting the last entry:

Ay Ay (y)
Xn+1 Yn+1

|

XA Yn/\’ﬂ(w).

The horizontal arrows are both é?gd’A—torsors, which implies that this diagram is even
Cartesian, hence there is a unique tuple (g1, ...,gn,g)EXﬁfl(A) which lifts (g1, ..., gn)

and which has image in YnA_ﬂ(y)

corresponding t0 Op41 (Y1, ey Yn, Y)-

It is now an easy verification that the assignment y~»g=p(7) is a homomorphism
o F—>@(A) with tr o=0©. This shows that the natural transformation Def;—PDefg is
surjective. It is clear from the construction that it is also injective, so this completes the

proof. O

5. Galois representations and their deformation theory

Let G be a split semisimple group over Z. We fix a prime [ which is a very good
characteristic for CAJ, as well as a coefficient field ECQ;. Let I' be a profinite group
satisfying Mazur’s condition ®; [Ma]. In this section, we consider the deformation theory
of representations of I' to G with l-adic coefficients. We first describe the abstract theory,
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and then specialize to the case where I'=I'g 5 is the Galois group of a global field of
positive characteristic.

In this case there are many effective tools available, such as the Galois cohomology
of global fields, the work of L. Lafforgue on the global Langlands correspondence for GL,,
[LafL], and Gaitsgory’s solution of de Jong’s conjecture [G]. We will apply these results
to get a good understanding of Galois deformation rings, even before we begin to make

a direct connection with automorphic forms on G (see for example Theorem 5.14).

5.1. Abstract deformation theory

We start with a fixed absolutely G-irreducible homomorphism g: T —G (k).

LEMMA 5.1. The scheme-theoretic centralizer of o(I') in éid 1s étale over k, and
HO(T, gr)=0.

Proof. Since H°(T, g.) can be identified with the group of k[e]-points of the scheme-
theoretic centralizer Zgz.q4(0(I')), it is enough to show that this centralizer is étale. By
Theorem 3.8, this happens exactly when this centralizer is finite; and this is true, by
Theorem 3.4. O

Definition 5.2. Let A€Co». A lifting of g over A is a homomorphism QZF—)@(A)
such that ¢ mod my=p. Two liftings ¢ and ¢’ are said to be strictly equivalent if there
exists g€ker(G(A)—G(k)) such that gog~'=¢'. A strict equivalence class of liftings over

A is called a deformation over A.

Remark 5.3. In the definition of strict equivalence, it would be equivalent to consider
conjugation by ker(G*(A)—G*(k)), since the natural map é@—)é?gd’A is an isomor-

phism (because G is semisimple and we work in very good characteristic).

Definition 5.4. We write Def;: Co — Sets for the functor which associates with A€Cp

the set of deformations of p over A.

PROPOSITION 5.5. The functor Defy is pro-represented by a complete Noetherian
local O-algebra Rj.

Proof. Let Defg denote the functor of liftings of . Then the group functor é%d’/\

acts freely on Def?, by Lemma 5.1, and there is a natural transformation Defg—)Def o
that induces, for any A€Cp, an isomorphism DefE(A)/@?Od’A(A)EDef@(A). It is easy to
see that the functor Def%I is pro-represented by a complete Noetherian local O-algebra
with residue field k. It now follows from [KW, Proposition 2.5] (quotient by a free action)
that Def; is itself pro-representable. O
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PROPOSITION 5.6. There exists a presentation Rz=0[ X1, ..., Xg)|/(f1, ..., fr), where
g=dim, HY(T', a;) and r=dimy H*(T,gx). (These dimensions are finite because we are

assuming that the group T' satisfies Mazur’s property ®;.)

Proof. This follows from a well-known calculation with cocyles, which exactly par-
allels that done by Mazur [Ma]. O

We now suppose that we are given a representation i:CA}’%GL(V) of finite kernel
(V being a finite free Z-module) such that ig: ' —GL(V}) is absolutely irreducible and
[>2(dimV-1).

LEMMA 5.7. With these assumptions, gl(Vy) is a semisimple k[T']-module and the
map §r—gl(Vi) is split injective.

Proof. The semisimplicity of gl(Vy) follows from [Ser2, Corollaire 5.5, the irre-
ducibility of ip, and our hypothesis on [. Since ig is absolutely irreducible, we see that
Vg is an irreducible highest-weight module of @@. Our hypothesis on [ then implies that
it is of low height, in the sense that for a given set of positive roots ®* such that Vg
has highest weight \, we have 41 (A, @")<l. (This condition can be checked on the
principal SLs, and we have an explicit bound on the dimension of the SLs-submodules
that can occur.) This, together with our hypothesis that i has finite kernel, implies that
the map gr—gl(V%) is injective (apply for example [LS, Lemma 1.2]). O

The map g+—ip leads to a natural transformation Def;—Def;;, hence (by Yoneda)
a map Rig-}Rg.

PROPOSITION 5.8. The map R;5— Rj is surjective.

Proof. Since we deal with complete local O-algebras with the same residue field, this
can be checked on the level of tangent spaces: we must show that the map H* (T, gj)—
H(T', gl(V)) is injective. This follows from Lemma 5.7. O

We record a lemma which generalizes an observation of Wiles for GLy (see [W,

Proposition 1.2]).

LEMMA 5.9. Let E'/E be a finite extension, and suppose given a homomorphism
f:Rs[1/l]=E’" of E-algebras. Let Qf!F-)é(E/) denote the specialization along f of
a representative of the universal deformation of 0, and let p=ker f. Then there is a
canonical isomorphism

p/p*@ppy E'=H (L, gp)"

of E'-vector spaces. In particular, if H'(T',§p/)=0, then Spec R;[1/l] is formally un-
ramified over Spec E at p.
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Proof. Let R} denote the universal deformation ring as defined on the category Co,,, -
Then there is a canonical isomorphism R;=R;®0,Op/, and a calculation shows that
after this extension of scalars, we are free to assume that the prime ideal p€Spec Rz[1/1]
has residue field k(p)=E=E’. Let q=ker(R;— E); then q[1/l]=p and q/q? is a finite

O-module. For any n>1, there is an isomorphism

Homo(a/q®,0/(w")) = H'(T, §0,/(wm)),

both sides being identified with the set of O-algebra maps R;/q*>—0O®e0/(w™). The

result now follows on passing to the inverse limit and inverting [. O

5.2. The case I'=T'k g

We keep the assumptions of §5.1 and now make a particular choice of I'. Let IF; be a finite
field of characteristic not [, and let X be a smooth, projective, geometrically connected
curve over Fy, K=F,(X), and S a finite set of places of K. We now take '=I'k g to
be the Galois group of the maximal extension of K unramified outside S (see §2). This

group satisfies Mazur’s condition ®;, so we immediately obtain the following result.

PROPOSITION 5.10. The functor Def; of deformations [p: I‘K,S%@(A)] is repre-
sented by a complete Noetherian local O-algebra R; s.

We add S to the notation, since we will later want to vary it.

We note that, if M is a discrete k[I" k g]-module, finite-dimensional as k-vector space,
then there are two natural cohomology groups that can be associated with it: the usual
Galois cohomology H'(T'k g, M), and the étale cohomology H*(X\S, M) of the associ-
ated sheaf on X\ S. These groups are canonically isomorphic if either S is non-empty
or X is not a form of P'. Since we are assuming that o exists, one of these conditions
is always satisfied. In particular, we have access to the Euler characteristic formula and
the Poitou-Tate exact sequence for the groups H(I'k g, M), even in the case where S is
empty.

PROPOSITION 5.11. There is a presentation Rz s=O[X1,... Xg]/(f1,...., fg), where
g=dimy H*(Tk s, 6 )-

Proof. Let hi=dimy H'. The Euler characteristic formula ([Mi, Theorem 5.1]) says
hO(Tk,s,0k)—h' (Tk.s, %) +h*(Tk.s, 8k)=0. Lemma 5.1 implies that h°=0. The result

then follows from Proposition 5.6. O

PROPOSITION 5.12. Let E'/E be a finite extension, and suppose given a homo-
morphism f: Rzs[1/l|—~E' of E-algebras. Let op:T—G(E') denote the specialization
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along f of a representative of the universal deformation of p, and let p=ker f. Then,

Spec R g[1/1] is formally unramified over Spec E at p.

Proof. We may again assume that £’=F. By Lemma 5.9, it is enough to show that
the group H'(T'k s, §r) vanishes. We will show this using the theory of weights. Let
K=F, K, a subfield of K*, and let ['x s=Gal(Ks/K). Then we have a short exact

sequence of profinite groups
1—)1:‘;(,5 —)F}gs—)i—)l,

where the element 1€7 is the geometric Frobenius. Corresponding to this short exact

sequence, we have an inflation restriction exact sequence
0— H1<Z7 HO(fK,Sa gE)) — Hl(FK,Sa gE) — Hl(f‘K,S7 gE)

Let X =Xg,, and let SCX be the divisor living above S. Then there are canonical

isomorphisms for j=0,1:
H’(Tk,s,8m) = H/(X\S,F),
where F is the lisse E-sheaf on X\ S corresponding to the representation gz of
T (X\S) =Tk s.

(The implicit geometric point of X\S is the one corresponding to the fixed separable
closure K* of the function field of X.) We note that the representation g is absolutely
G-irreducible, because g is. Let H denote the Zariski closure of gf(Tx.g)CG(E). It
follows that the identity component of H is a semisimple group. Indeed, H is reductive,
because oy is absolutely @—irreducible; and then semisimple, because G is semisimple.
In particular, the irreducible constituents of the E[I'k s]-module §r have determinant of
finite order.

We find that the sheaf F is punctually pure of weight zero [LafL, Théoréme VII.6],
so Deligne’s proof of the Weil conjectures [De] shows that each group H’(T'k s, 8r),
endowed with its Frobenius action, is mixed of weights >j. In particular, we get
HO(Z,Hl(f‘K’S,ﬁE)):O. On the other hand, the space Hl(i,HO(fK,&@E)) is isomor-
phic to the space of Frobenius coinvariants in H°(I'k g, §x), which can be non-zero only
if the space of Frobenius invariants, otherwise known as H°(I' s, §x), is non-zero. How-

ever, this space must be zero because the space H(T'k s, §x) is zero, by Lemma 5.1. [

THEOREM 5.13. Suppose that @zSLn. Then, Rs s is a reduced finite flat complete

intersection O-algebra.
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Proof. If n=1, the result is trivial, so we may assume n>2, hence [>2 (because
we work in very good characteristic). We first show that R; s is finite flat over O. By
Proposition 5.11, it suffices to show that R; g/(w) is a finite k-algebra, as then Rj s/(w)
is a complete intersection and w is a non-zero divisor on R g, hence R g is finite over
O and O-torsion-free, hence flat (see for example [BrH, Theorem 2.1.2]). We follow a
similar argument to [dJ, §3]. We first observe that de Jong’s conjecture, [dJ, Conjecture
1.1], was proved for [>2 by Gaitsgory in [G, Theorem 3.6]. It asserts that the image of
the group T s under any continuous representation g: T'jc s —GL, (k((t))) is finite.

Suppose for contradiction that R s/(w) is infinite. After perhaps enlarging k, we
can (asin [dJ, 3.14]) find a k-algebra homomorphism a: R; g/(w)— k[[t]] with open image.
Let p: T—SL,, (k[[t])) be the pushforward of a representative of the universal deformation.
By the above theorem of Gaitsgory, g factors via a quotient I'x g—I'y that fits into a

commutative diagram of groups with exact rows:

1 Tks I'k.s T 1
1 T Ty 7 1

where Ty is finite. In particular, the second row of this diagram is split and the centre
Zr,CIy is open. By the absolute irreducibility of p the centre of I'y is mapped to the
centre of SL, (k[[t]]) under p. This centre is finite, so we deduce that o(T'g) is finite, hence
(applying [dJ, Lemma 3.15]) that o is strictly equivalent to the trivial deformation of
0 to k[t]. From the universality of Rz g/(w) for deformations to complete Noetherian
local k-algebras with residue field k, one deduces that « factors via k, contradicting the
openness of the image of « in k[t].

We have shown that R; s is a finite flat complete intersection O-algebra. In par-
ticular, it is reduced if and only if it is generically reduced, e.g. if R;g[1/] is an étale

FE-algebra. This follows from Proposition 5.12, and this completes the proof. O

We now combine this theorem with Proposition 5.8 to obtain the following result

for a general semisimple group G.

THEOREM 5.14. Suppose that there exists a representation i:é—>GL(V) of finite
kernel such that ig: Tk s—GL(Vy) is absolutely irreducible and 1>2(dimV —1). Then
R s is a reduced finite flat complete intersection O-algebra. In particular, there exists
a finite extension E'/E and a continuous homomorphism Q:FK,S—>@((’)EI) such that

o mod (wpg/)=p0.

Proof. Our assumptions imply that [ is a very good characteristic for SL(V'). The-
orem 5.13 implies that R;5s is a finite O-algebra. Proposition 5.8 then implies that
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Rj s is a finite O-algebra. Proposition 5.11 then implies that Rp g is in fact a finite flat
complete intersection O-algebra. Proposition 5.12 then implies that Rz g[1/1] is an étale
FE-algebra; in particular, it is reduced. Since a complete intersection ring is reduced if and
only if it is generically reduced, we find that Rz g is in fact reduced. (This is the same
argument we have already applied in the case G=SL,, in the proof of Theorem 5.13.)
This completes the proof. O

5.3. Taylor—Wiles places

We continue with the notation of §5.2. Thus G is semisimple, S is a finite set of places of
K=F,(X), and ¢ I‘K’S%é(k) is absolutely G-irreducible. We can and do assume, after
possibly enlarging E, that for every regular semisimple element h€g(I'x g), the torus
Z@(h)°Cék is split. Let QS:I‘K,S%@(R@S) denote a representative of the universal
deformation. We fix a split maximal torus T'C G, and write T for the split torus over 7Z
with X, (T)=X*(T).

LEMMA 5.15. Let v€S be a prime such that gl is unramified, ¢,=1 mod [, and
o(Frob,) is regular semisimple. Let T,=Zg(0(Frob,))°, and choose an inner isomor-
phism go:fk%Tv (there are #W possible choices). Then, the following statements hold:

(i) There exists a unique torus TUC@R@S lifting T, such that os|r, takes values
in ﬁ,(ngg), and a unique isomorphism @: fR@ngv lifting .

(ii) The homomorphism (ﬁ*logshKU:IKU%f(R@_’S) has finite l-power order.

Proof. Any two split maximal tori of @k are @(k)—conjugate, so we can choose
geé(k) such that gfkgf1 =T, (this is what we mean by an inner isomorphism). We take
i to be conjugation by this element.

The representation os|r,, factors through the tame quotient Fﬁ(u of I'k,. Let
qbvel“ﬁ(u be an (arithmetic) Frobenius lift and tDGFtKU a generator of the [-part of tame
inertia, so that ¢,t,¢, 1:153“. Then there exists a unique maximal torus i)CCAJ Ry.s
containing the element gs(qﬁq,)GCA}(R@S) (apply [ABD™, Exp. XIII, 3.2]). This torus is
split, and we can even ([ABD™, Exp.IX, 7.3]) find an element ge CA;’(RE,,S) lifting g such
that §7A“R§Y Sﬁflz’fq,. We take ¢ to be conjugation by this element. We will show that
0s(T'k,) takes image in TU(RQ,S). In particular, this image is Abelian, and the first part
of the lemma will follow. The second part will then follow by local class field theory.

To do this, we will show by induction on i>1 that gg(t,) mod m' lies in T, (R, g/m’),
where m denotes the maximal ideal of R5 s. The case i=1 is clear, since g is unramified
at v. For the inductive step, we assume that og(t,) mod m? lies in T,, and show that the
same is true mod mit!. Let ) €T, (R,.s/m*™!) be an element with og(t,)=t, mod m'.
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Thus 05(¢,) mod m**! and ¢/, commute. We can write ¢/ =ps(t,)e, for some element
e €ker(G(Rps/m™™") = G(Rgs/m')) = gp@m’ /m L.

(For the existence of this isomorphism, see for example [P, Proposition 6.2].) The conju-
gation action of G(Rj.g/m*1) on the subgroup § ®;m’ /m*! factors through the adjoint
action of G(k) on §x. Thus the elements ¢/, and ¢ commute, because #, mod m=p(t,) is
trivial.

In particular, we see that the relation ¢,t,¢, ' =t% implies a relation

0s(v)os(to)os(du) ™ = 0s(d)tie ™ 0s(00) T =t,05(u)e ™ 0s(d0) !
= 0s(te)™ = (the ™)™ = (t;) e,

and hence ()%~ 1=pg(¢,)e L os(¢,) te. We write e=X, for some X €gp@rm’/mit1,
and decompose X:X0+Za@(ék ) X, with respect to the Cartan decomposition of

g (with respect to the torus T, CGy). We finally get

0s(¢v)e ™ 0s(d0) e =~ Ad a(y)(X)+X = (£,)" 7",

and the a-component of this is (1—a(g(¢y)))Xo=0. Since g(¢,) is regular semisimple,
we find that X,=0 for each a€®(Gy,T,), or equivalently that e€t, ®pm! /mi*!, where
t,=LieT,. It follows that g (t,) mod m*'eT,(R;.s/m**1). This is what we needed to
prove. O

With this lemma in hand, we make the following definition.

Definition 5.16. A Taylor-Wiles datum for g: I‘K,g—>§(k) is a pair (@, {¢v}veq) as
follows:

(i) @ is a finite set of places of K, disjoint from S, such that, for each v€@, g(Frob,)
is regular semisimple and ¢, =1 mod .

(ii) For each vEQ, @,: fk%Z@(é(Frobv)) is a choice of inner isomorphism. In par-
ticular, the group Zg(o(Frob,)) is connected.

If @ is a Taylor-Wiles datum, then we define Ag to be the maximal {-power order
quotient of the group [[,co T'(k(v)).

LEMMA 5.17. If (Q,{puv}veq) is a Taylor-Wiles datum, then Rz sug has a natural

structure of O[Ag]-algebra, and there is a canonical isomorphism

Rj.50Q®0[a0)O = Ry s.
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Proof. Let psuq denote a representative of the universal deformation. Lemma 5.15

shows that, for each ve(@), inertia acts on psuq via a character
Xo =8y eosuQli, Ik, — T(Rgs0Q)

which has finite I-power order and which is uniquely determined by ¢,,.

This homomorphism x, factors through the quotient I, —k(v)* given by local
class field theory. The homomorphism x,: k(v)* —T (Rz,5u0) corresponds, by a simple
version of Langlands duality (cf. Lemma 7.1 below), to a character x;: T'(k(v)) = R} ¢,0-
After taking products, we get an algebra homomorphism O[Ag]— Rj sug- The quotient
R5.50Q®0[A4) O is identified with the maximal quotient over which gsyq is unramified,
and hence with R; 5. This completes the proof. O

The following definition plays the role of ‘big’ or ‘adequate’ subgroups of GL,, (k) in
previous works on automorphy lifting (compare [CHT] and [Th]).

Definition 5.18. We say that a subgroup HCCA}'(k) is G-abundant if it satisfies the
following conditions:

(i) The groups H°(H, gx), H*(H,¢Y), H'(H,§)), and H'(H, k) all vanish. For each
regular semisimple element h€ H, the torus Zé(h)°Cék is split.

(ii) For every simple k[H]-submodule W Cg), there exists a regular semisimple el-
ement he H sAuch that W"#£0 and Zg(h) is connected. (We recall that Zg(h) is always
connected if G}, is simply connected.)

PROPOSITION 5.19. Suppose that the group @(FK(Q))C@(k) is G-abundant and that,
for each veS, the group H°(K,,g) (1)) is trivial. Then, for each N>1, there exists a
Taylor-Wiles datum (Q, {¢v}veq) satisfying the following conditions:

(i) For each vE€Q, gy=1 mod IV, and #Q=h'Tk.s,8r)=h'(Tk,s, 8/ (1)).

(i) We have hiy 5, (Tr.s,6)/(1))=0. (By definition, this is the dimension of the
kernel of the map H' (' g, g (1)—=DB,co HY(K,,§/(1)).)

(iii) There exists a surjection O[X1, ..., X4]| =Rz 500 with

g=h"Tk.s, 0r)+(r—1)#Q,
where r=rank G.

Proof. The proof is a variation on the usual themes. Fix an integer N >1. We claim
that it suffices to find a Taylor-Wiles datum (Q, {¢, }veq) satisfying just the following
conditions:

e For each veQ, ¢,=1 mod IV, and #Q=h'(Tk.s,8)(1)).

e We have hé_triv(FK,g,@Z(l)):O.
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Indeed, given a Taylor—-Wiles datum, the Cassels—Poitou—Tate exact sequence takes
the form (see [Ces, Theorem 6.2])

0— Hp v (Cx.s50q, 81 (1)) — H*(Tk 500, 8k) — SveqH? (Ky, k) — 0.

Combining this with the Euler characteristic formula (already used in the proof of Propo-

sition 5.11), we obtain the formula

W Tk 500, 0k) —héyuiv (T s, 81 (1)) = Z rank G = r#Q.
veEQR
(We have used the equalities h?(K,, §r)=h"(K,, 8 (1))=r (v€Q) and hO(FK(Q), §,)=0.)
In particular, the case Q=@ gives the equality h'(U'x s, §x)=h'(Tk,s, 6} (1)). For Q

satisfying the above two bullet points, we obtain

h' (T k,suq, k) = r#Q =h' Tk suq, dk) +(r—1)#Q,

and hence the third point in the statement of the proposition.

By induction, it will suffice to show that, for any non-zero cohomology class [¢)]€
H'(Tk s,8) (1)), we can find infinitely many places v¢S of K such that ¢,=1 mod I,
o(Frob,) is regular semisimple with connected centralizer in ék, and resg, [¥]#0. In-
deed, we can then add one place at a time to kill off all the elements of the group
H'(Tk 5,8y (1)). By the Chebotarev density theorem, it will even suffice to find, for
each non-zero cohomology class [¢]e H'(Tk.s, §{ (1)), an element 0 €T k(¢ ) such that
0(o) is regular semisimple with connected centralizer in Gy, and the o-equivariant pro-
jection of ¥(0) to g/ (1) is non-zero.

To this end, let Kny=K((;n), and let Ly denote the extension of Ky cut out by g.
Our hypothesis that H'(9(Tk(c,)), k)=0 (part of Definition 5.18) implies that we have
o(Cx,)=0(Tk,). In particular, the group g(T'x,) is G-abundant, which implies (by
inflation-restriction) that the element Resy  [¢] determines a non-zero, Ik, -equivariant
homomorphism f:T'z, —§¢(1). Let W be a simple k[I'k,]|-submodule of the k-span
of f(I'L,), and choose o9€l'k, such that g(og) is regular semisimple with connected
centralizer in Gy, and W0 #£0. We write py,: §) (1)—§)/ (1)7° for the gg-equivariant pro-
jection. Then, the condition W?°0 is equivalent to the condition p,, W #0.

If poytp(09)#0, then we are done on taking o=0y. Otherwise, we may assume that
this projection is zero, in which case we consider elements of the form =70 for 7€'y, .
For such an element, we have ¢ (0)=f(7)+1(0¢) and g(c)=@a(00), so the proof will be
finished if we can find 7€I's,, such that py,f(7)#0. Suppose for contradiction that
there is no such 7, or equivalently that p,,of=0. Then, the image of f is contained
in the unique op-invariant complement of §)/(1)°°Cgy/ (1), implying that we must have
Doy W =0. This is a contradiction. O
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6. Compatible systems of Galois representations

Let I, be a finite field, and let X be a smooth, projective, geometrically connected curve
over F,, K=F,(X). Let G bea split reductive group over Z, and fix an algebraic closure

Q of Q.

Definition 6.1. A compatible system of @—representations is a tuple (5, (ox)x) con-
sisting of the following data:
e A finite set S of places of K.

e A system of continuous and é—completely reducible representations

ox:Tk.s — G(@Qy),

indexed by the prime-to-q places A of Q, such that for any place v¢ S of K, the semisimple
conjugacy class of gy (Frob,) in G is defined over Q and independent of the choice of \.

If \o is a prime-to-¢ place of Q and o: FK%@(@AO) is a continuous, almost every-
where unramified representation, we say that the compatible system (S, (o)) contains o

if there is an isomorphism 02p),, (i.e. these two representations are é(@)\o)—conjugate).

The semisimple conjugacy class of an element g€ G (Q,) is by definition the conjugacy
class of the semisimple part in its Jordan decomposition g=g*¢g*. The condition of being
defined over Q in this definition can be rephrased as follows: for any f GZ[@]G, the
number f(ox(Frob,))€Q, in fact lies in Q and is independent of .

If G #GL,, then compatible systems of @—representations are not generally deter-
mined by individual members. For this reason, Definition 6.1 should be regarded as
provisional. Our main observation in this section is that we recover this uniqueness
property if we restrict to compatible systems of é—representations where one (equiva-

lently, all) members have Zariski dense image.

Definition 6.2. Let (S, (0x)x) and (T, (o)) be compatible systems of G-representations.

(i) We say that these systems are weakly equivalent if, for all v¢ SUT, the semisimple
conjugacy classes of gy (Frob,) and o (Frob,) in G(Q) are the same.

(ii) We say that these systems are equivalent if for all prime-to-g places A of Q, the

representations gy and o) are @(@ A )-conjugate.

It is clear from the definition that equivalence implies weak equivalence. Note that,
if o is a given representation, then any two compatible systems containing o are, by

definition, weakly equivalent.

LEMMA 6.3. Let (S, (ox)a) and (T, (ox)x) be compatible systems of Galois represen-
tations. Then, the following conditions are equivalent:

(i) The two systems are weakly equivalent.
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(ii) For every representation R: @@%GL(V} of G over Q, and for every prime-to-q
place X of Q, we have Ropy\=Rooy.

(iii) For every representation R: CA}’@%GL(V) of G over Q, and for some prime-to-q
place \g of Q, we have Repy,=Reooy,-

Proof. The condition that each p) is é—completely reducible is equivalent to asking
that the Zariski closure of the image of each g, has reductive connected component (see
[Ser2, Proposition 4.2]). This implies that, for any representation R, the representation
Rop) is semisimple, and is therefore determined up to isomorphism by its character. The
lemma now follows immediately from Corollary 2.2 and the fact that the ring @[@]é is

generated by the characters of the irreducible representations of @@. O

PROPOSITION 6.4. Let \ be a prime-to-q place of Q, and let o, Q’:FK—>@(@>\) be
continuous almost everywhere unramified homomorphisms. Suppose that o has Zariski
dense image and that for all but finitely many places v of K, the semisimple conjugacy
classes of o(Frob,) and o (Frob,) are the same. Then, ¢’ also has Zariski dense image,

and o and o are @(@A)—conjugate.

Proof. We may assume without loss of generality that o’ is é—completely reducible.
Fix a finite set S of places of K such that both ¢ and ¢’ factor through I'x 5. We
first observe that, for any y€Il'k g, the elements o(7y) and ¢'(y) have G(Q,)-conjugate
semisimple part. Indeed, it suffices to show that, for all f GZ[@]é, we have

This follows from the corresponding statement for Frobenius elements, by Corollary 2.2.

Choose a faithful representation R: GQHGL(V) of G, and let é’:R(é@). Then, the
image R(o(T'k,s)) is Zariski dense in G', and Reg, Reg' are isomorphic. For dimension
reasons, we therefore find that R(¢'(I'k, s)) is Zariski dense in G, and hence that ¢’ has
Zariski dense image in G.

We now show that the representations Rop and Rop’ are é’(@A)—conjugate, as ho-
momorphisms into G'(Qy). Let geGL(V)(Qy) be such that g(Reg)g  =Reg’. Then
gENGL(V)(@’)(@,\), and we need to show that g induces an inner automorphism of G’
Let 6: G'—G’ denote the automorphisms induced by conjugation by g. We know that,
if Frob, €I'k s is a Frobenius element, then # leaves invariant the semisimple conjugacy
class of g(Frob,). This implies that 6 leaves invariant all semisimple conjugacy classes
of G'. Indeed, these semisimple conjugacy classes are in bijection with points of the
quotient G’ / G’ , and the Q,-points corresponding to elements o(Frob,,) are Zariski dense
(as follows from an [-adic variant of the Chebotarev density theorem).
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We therefore need to show that, if § is an automorphism of a reductive group H
over an algebraically closed field of characteristic zero, and 6 acts trivially on H//H, then
f is an inner automorphism. After composing 6 with an inner automorphism, we may
assume that 6 preserves a pinning (T, B, { X4 }acr), where T'C BC H are a maximal torus
and Borel subgroup, respectively, RC®(H,T) is the corresponding set of simple roots,
and {X, }acr is a basis of the a-root space h, Ch. Then, 0 corresponds to a symmetry
of the Dynkin diagram of H; in particular, it is the trivial automorphism if and only if
its restriction to T is the identity (see [Bou3, Chapter VIII, §5, No.2]). Let W denote
the Weyl group of G, let A=Z®(H,T)C X*(T) denote the root lattice, and let Aut(A)
denote the group of automorphisms of A which leave ® and ®" invariant. Then, there is

a split short exact sequence
1— W — Aut(A) — Out(A) — 1,

where the splitting is given by lifting a class of “outer” automorphisms to the unique
one which leaves R invariant. In particular, the image of 6 in Aut(A) lies in the image
of this splitting, by construction. It follows that the restriction of # to T' is non-trivial
if and only if its restriction to the quotient T'/W is non-trivial. Our assumption that
6 acts trivially on the quotient H//H=T/W then implies that 6 is indeed the identity

automorphism. This completes the proof. O

THEOREM 6.5. Suppose that G is semisimple. Let \g be a prime-to-q place of Q,
and o: FK7S—>CA¥(@>\O) be a continuous homomorphism with Zariski dense image. Then,
the following statements hold:

(i) There exists a compatible system (S, (ox)x) containing o. Moreover, each con-
stituent representation o) has Zariski dense image.

(ii) Any other compatible system containing o is equivalent to (S, (ox)x)-

Proof. We first show the existence of the compatible system. We apply [Chi, The-
orem 1.4], which along with the other results of that paper (in particular, [Chi, Theo-
rem 6.12]) says the following:

e Let (S, (ay)a) be a compatible system of GL,,-representations, each pure of weight
zero. For each prime-to-q place A of Q, let G denote the Zariski closure of the image
of ay. Suppose that G, is connected.

Then, there exists a reductive group Gy over Q and, for each prime-to-¢ place A,
an isomorphism ¢: G\=G, g, with the following property: for any irreducible represen-
tation 6: Go—GL(V'), the system (S, (65, c¢rcax)x) is a compatible system of GL(V)-
representations.

To apply this, let R: @@—>GL(V) be a faithful representation, and let ay,=Rep.
Then ), is semisimple, and we have a tautological isomorphism jg: @@A%G 2 Bach
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irreducible constituent of ay, has trivial determinant (because g has Zariski dense image
and G is semisimple, hence has no non-trivial characters). By [LafL, Théoréme VII.6],
ay, lives in a compatible system (S, (ax)x) of GL,-representations, each pure of weight
zero. Let us apply Chin’s results, and define oy=¢ cay. We claim that (S, (o)))) is a
compatible system of G-representations.

Since the ring of invariant functions on Gy is generated by characters, it is enough
to show that for any irreducible representation 6 of Gy, and for any place v¢ S of K, the
number tr g, (o (Frob,)) lies in Q and is independent of A. However, this is exactly the
statement that the representations g, cox=0g, ¢y lie in a compatible system.

To obtain a compatible system of @—representations, we choose an isomorphism
ko: CA;'@%GO which is in the inner class of ¢, jo, and define QA:kO_,(%b oox. Then, (S, (or)r)
is a compatible system of G-representations, and gy, is G(Qa,)-conjugate to p.

This completes the construction of the compatible system containing g, and shows
that each constituent has Zariski dense image. We now show that any other compatible
system containing o is equivalent to (S, (ox)a). If (T, (¢))x) is such a compatible sys-
tem, then for every prime-to-q place A of Q, the representations oy and 0% are weakly
equivalent, by Lemma 6.3. Moreover, o) has Zariski dense image. By Proposition 6.4,
ox and ¢} are @(@A)—conjugate. This implies that the two compatible systems are in

fact equivalent. O
The following proposition is an application of results of Larsen [Lar].

PROPOSITION 6.6. Suppose that G is semisimple and simply connected, and let
(S, (oA)r) be a compatible system of é-repmsentations such that some (equivalently,
every) representation oy has Zariski dense image in CAY'(@,\) Then, after passing to
an equivalent compatible system, we can find a number field ECQ with the following
properties:

(i) For every prime-to-q place \ of Q, the image of oy is contained inside CAT'(E,\)

(ii) There exists a set L' of rational primes of Dirichlet density zero with the fol-
lowing property: if 1 splits in E/Q and 1¢L', and X is a place of Q above I, then oy
has tmage equal to CA}’(ZZ),

Proof. Let R: @@—)GL(V) be a faithful representation. Then ([Chi, Theorem 4.6])
we can find a number field ECQ such that for every prime-to-q place A of Q, and for
every place v¢ .S of K, the characteristic polynomial of (Regy)(Frob,) has coefficients in
ECF) and is independent of A. By [Chi, Lemma 6.4], we can find a place vg¢.S of K
such that for every prime-to-¢ place A of Q, the Zariski closure of the group generated
by (Reox)(Frob,,)® is a maximal torus of R(@@A); in particular, it is connected, and
ox(Frob,,) is a regular semisimple element of G(Qy).
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After possibly enlarging E, we may assume that, for every place v¢S of K, the
conjugacy class of gy(Frob,) in CA;(QA) is defined over E and independent of \. We may
moreover assume that the characteristic polynomial of each (Repy)(Frob,,) has all of
its roots in E, and that the conjugacy class of px(Frob,,) has a representative in G(E).
Choose a place wg of Kg lying above vg. After passing to an equivalent compatible
system, we may suppose that QA(FI'Owa)Gé(E) is independent of \; the Zariski closed
subgroup it generates is a split maximal torus of Gr.

Let o€l g, =Gal(Qy/E)). The representation ¢ is equivalent to gy, by Proposi-
tion 6.4, so there exists a (necessarily unique) ge@ad(@,\) such that gofg~'=px. In

particular, we have goy(Froby,,)g~t=0x(Frob,, ), hence g lies in the centralizer
Zgaa(ox(Froby, )) =T,

say. We have thus defined a 1-cocycle o+g with values in T(Q,). (We note that this
1-cocycle is continuous when T/(Q,) is endowed with the discrete topology, since gy can
be defined over a finite extension of Q;, by the second part of Theorem 4.8.) Since T is a
split torus over E, the group H'(E\, T(Q,)) is trivial, showing that we can conjugate o
by an element of T(Q,) to force it to take values in G(E,), as desired. This completes
the proof of the first part of the proposition.

For the second part, we may assume that F is Galois over Q, and that the faithful
representation R: @E—)GL(V) is defined over E. We will apply [SW, Proposition 7.1]
to the compatible system (S, (Ropx)x). This result is deduced from the main theorem
of [Lar], and implies the following: there exists an open normal subgroup ACIT'k and a
set £’ of rational primes of Dirichlet density zero, such that if X is a place of Q above a
prime [ split in E, and ¢ L', then p)(A) is a hyperspecial subgroup of é(E,\):@(Ql).
All hyperspecial subgroups of G(Q;) are conjugate under the action of G*4(Q;), so we
may further assume (after replacing (S, (¢x)a) by an equivalent compatible system) that
for any such place A, gx(A) actually equals @(Zl).

Then o) (T'k) is a compact subgroup of G (Q;) which contains the hyperspecial sub-
group é(Zl) as a subgroup of finite index. Since hyperspecial subgroups can be charac-
terized as those compact subgroups of @(Ql) of maximal volume, it follows that we in

~

fact have o\ (I'x)=G(Z;). This completes the proof of the proposition. O

The following proposition will later be combined with the results of §5 and §6 to pro-
duce compatible systems of representations with Zariski dense image (see Proposition 9.5
below).

PROPOSITION 6.7. Suppose that G is simple and simply connected, and let | be a
very good characteristic for G. Let ECQ be a coefficient field, and let HC@(O) be a
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closed subgroup such that its image in é(k) contains @(Fl) Suppose that 1>2 dimp, g, .
Then H contains a conjugate of CA?(ZZ). In particular, H is Zariski dense in @@l.

Proof. Results of this type will be studied exhaustively in [AdRB]. After shrinking
H, we may assume that the residue image of H equals G (F;). By the argument of [KT1,
Lemma 4.2], it suffices to establish the following claims:

(i) The group Hl(é(FZ), gr,) is zero.

(ii) The group homomorphism @(Z/FZ)%@(]FZ) is non-split.

(iii) The module g, is an absolutely irreducible F;[G(F;)]-module.

We observe that our assumption [>2 dimg, gr, implies in particular that 1>5. (We
may assume that G is not the trivial group.) Claim (i) therefore follows from the main
theorem of [V&]. Claim (iii) follows because the characteristic ! is very good for G (see
the table in §3.1). Claim (ii) is implied by the following:

(i) Let 76@(1@‘1) be an element of exact order [. Then no pre-image of y in G(Z/I12Z)
has exact order (.

To show (iv), we note that the adjoint representation a%GL(ﬁ) has kernel Zg,
which has order prime to [ (because we work in very good characteristic). It is therefore
enough to show that if [>2n and v€GL,, (F;) has exact order [, then no pre-image of 7
in GL,,(Z/12Z) has order I. (We are applying this with n=dimg, gg,.)

We show this by direct computation. After conjugation, we may assume y=1+1u,
where @ is an upper-triangular matrix in M, (F;) with zeros on the diagonal. Any pre-
image of v in GL,(Z/I?Z) has the form j=1+u+lv, where u is an upper-triangular
matrix with zeros on the diagonal in M,,(Z/I?7Z), and v€ M,,(Z/I?7) is arbitrary. More-
over, uZ£0 mod IZ (since y#1, by assumption). We calculate

-1
7= 1—|—l(u+lv)—|—%(u—i—lvf—i—...—l—l(u—l—lv)l_l+(u—|—lv)l
= (1+u)' —u'+ (u+1v)" mod I*Z.

We also have
(u+1v) = vl +1(u' " to+u' 2vu+...4ou! ") mod 1Z.

Since [>2n and u"=0, we find (u-+Iv)'=0 mod I2Z, and hence 7'=(1+u)'. Since u is
not zero mod [, (1+u) has exact order /2 in GL,(Z/I?Z), showing that 7'#1, as claimed.

This shows claim (iv) and completes the proof. O

7. A local calculation

In this section, we will analyse Hecke modules of the type that arise when considering
Taylor-Wiles places. Some of the calculations are quite similar to those of [KT2, §5].
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Let K be a non-Archimedean local field with residue field F, of characteristic p, and
fix a choice of uniformizer wg. Fix a prime [#p and a square root p'/? of p in Q;, as
well as a coefficient field ECQ; with ring of integers O and residue field k.

Let G be a split reductive group over Ok, and fix a choice of split maximal torus
and Borel subgroup TC BCG (defined over O ); this determines a set @+ CP=®(G,T)
of positive roots, a root basis AC®*, and sets X.(T)"CX.(T) and X*(T)*CX*(T) of
dominant cocharacters and characters, respectively. We write NV for the unipotent radical
of B. We set W=W (G, T). We write T BCG for the dual group of G, viewed (as usual)
as a split reductive group over Z. We establish the following running assumptions, which
will hold throughout §7:

e g=1mod I.

o [YH#W.

We introduce open compact subgroups U=G(Ok), Uy=pre-image of B(F,) under
U—G(F,), and U;=maximal pro-prime-to-l subgroup of Uy. Thus, Uy is an Iwahori
subgroup of G(K), and there is a canonical isomorphism of Uy/U; with the maximal

I-power quotient of T'(F,). We have the following simple case of Langlands duality.

LEMMA 7.1. Let A be a ring. Then, there is a canonical bijection x<x" between
the following two sets:

(i) The set of characters x:T(K)—A*.

(ii) The set of homomorphisms x": Wi —T(A).

It is uniquely characterized as follows: if )\EX*(T):X*(f), then AoxVoArtx =yxoA
as characters K> —A*.

Proof. Tt suffices to note that, if S is a split torus over a field k, and A is a ring,

then there are canonical isomorphisms

Hom(S(k), A*) = Hom(X,(S)®zk™, A™)

~Hom(k™, Hom(X*(S), A*))
%Hom(kx,g(A)). H

If VCG(K) is an open compact subgroup, then we write Hy for the convolution
algebra of compactly supported V-biinvariant functions f: G(K)—QO, with respect to
the Haar measure that gives V' volume equal to 1. If R is an (O-algebra, then we write
Hyv.r=Hy®o R. This can be interpreted as a double coset algebra; see [NT, §2.2] or §8
below. In particular, it has a basis consisting of the characteristic functions [V gV] of
double cosets. If I is any smooth R[G(K)]-module, then IV has a canonical structure
of Hy, g-module. If V.CV’ is another open compact subgroup, then there is an inclusion
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Hy CHy. However, this is not in general an algebra homomorphism (it does not preserve
the unit unless V=V").

We will be concerned with the actions of the algebras Hy,, and Hy,. We now make
some comments on these in turn. The Iwahori-Hecke algebra Hy, is extremely well

studied. It has a presentation, the Bernstein presentation, which is an isomorphism
Hy, = O[X,(T)]|@O[Ug\U/Up]. (7.1)

The subalgebra O[Uy\U/Uy|CHy, of functions supported in U is finite free as an
O-module, having a basis consisting of the elements T, =UywUy (weW), because of the
existence of the Bruhat decomposition of G(F,). (Here w denotes a representative in U
of the Weyl element weW.) The other terms appearing are defined as follows. (We refer
the reader to [HKP] for more details.)

e O[X.(T)] is the group algebra of X,.(T), a free Z-module. The embedding

O[X* (T)] — HUO

is defined as follows: if ey is the basis element in O[X,(T')] corresponding to a dominant
cocharacter A€ X, (T)*, then we send ey to ¢~ (&N [UgA(wk )Us], where g is the usual
half-sum of the positive roots. One can show that this defines an algebra homomorphism
O[X.(T)"|—=Hu,, which then extends uniquely to a homomorphism O[X.(T)]—Huv,-

e The tensor product ® is the usual tensor product as O-modules, but with a
twisted multiplication, which is characterized on basis elements by the formula (for a€ A,

AeX.(T)):
€s,(N) T EX

Tsae)\zesa(A)Tsa'f'(q_l) e v "

(7.2)

We note that the fraction, a priori an element of the fraction field of O[X,(T)], in fact
lies in O[X,(T)].

The subalgebra O[X,(T)]" CHy, is central. We define T(K)o=T(K)/T(Ok). In
what follows, we will use the identification T(K )= X.(T), so that if, for example, I is
a smooth O[G(K)]-module, then TIY0 gets the structure of O[T(K)o]-module (via the
inclusion O[T (K)o|ZO[X.(T)]CHu,)-

If x: T(K)—Q/ is a smooth character, then we write i%y for the normalized induc-

tion. Explicitly, we have
iGx ={f: G(K)— Q such that
f(bg) =8(b)/2x(b) f(g) for all be B(K) and all g€ G(K)},

with G(K) acting on f€i§x by right translation, and &(tn)=|20(t)| x the usual modulus
character. The Iwahori subgroup Uy CG(K) has the following well-known property.
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LEMMA 7.2. Let 7 be an irreducible admissible Q;[G(K)]-module. Then, the follow-
ing statements hold:

(i) 7Y £0 if and only if T is isomorphic to a submodule of a representation igx,
where x:T(K)g %@lx is an unramified character. In this case, x is determined up to
the action of the Weyl group, and the characters of O[T (K)o which appear in wU° are
among the w(x), weW.

(ii) If there exists an O-lattice M C Y0 which is stable under the action of O[T (K)o,
then x in fact takes values in le. Let x=x mod mgz, denote the reduction modulo l of x.
If x:T(K)o —>le has trivial stabilizer in the Weyl group, and my, ) is the kernel of the
homomorphism O[T (K )o]|—TF,; associated with the character w(x), for some weW,, then

(ﬂ'UO)mw(x) has dimension either 0 or 1 as a Q;-vector space.

Proof. If 7 is any admissible Q;[G(K)]-module, then there is a canonical isomor-
phism 7V 22y (1) T(OK) of Q[T (K)o]-modules, where ry(7)=ny®d6 /2 is the nor-
malized Jacquet module. Indeed, [Cas, Proposition 2.4] says that the projection map
p: Y0 1y (7)T(OK) is a vector space isomorphism, and [Cas, Proposition 2.5] says that,
for any A€ X, (T)* and ver?0, we have

P([UoA(@x)Uolv) =62 (Mwk)) (A ) -p(v))-

If 7 is any irreducible admissible Q;[G(K)]-module, and y: T(K)—Q/ is a smooth

character, then Frobenius reciprocity gives a canonical isomorphism

Homg () (7, i%X) = Homy o) (rn (), x)-

We see that, if 770#£0, then 7 embeds as a submodule of i§x for an unramified char-
acter y. Conversely, if 7 is a submodule of a representation igx, then 7Y has y as a
quotient, hence is in particular non-zero.

It follows from [BZ, §2.9] that two representations i%x and i’ have a common
Jordan—-Holder factor if and only if x and ' are conjugate under the action of the Weyl
group. On the other hand, the Jordan-Holder factor Q;[T(K)o]-modules of rx (i%x) are,

Ug

with multiplicity, the w(x) (weW), so the factors of 7°° must be among the w(y). This

shows the first part of the lemma. Everything in the second part now easily follows. [

If x\:T(K)o—F is a character, we will henceforth write mgCO[T (K)o for the
maximal ideal which is the kernel of the homomorphism O[T(K)¢]—F; associated with
the character ¥, as in the statement of the lemma.

We now consider the algebra Hy,. We define T(Ok)!'CT(Ok) to be the maximal
pro-prime-to-I subgroup of T(Ok), T(Ok );=T(Ok)/T(Ok)!, and T(K ), =T(K)/T(Ox)".
There is a canonical isomorphism Uy /U1 =T (Ok);. We define a submonoid T(K); C
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T(K); as the set of elements of the form tT(O )" with tT(Ox)=A(wk)T(Of) for some
dominant cocharacter A\. Observe that the choice of wg determines an isomorphism
T(K)2X.(T)xT(Ok), and that A is uniquely determined by the coset tT'(O).

LEMMA 7.3. (i) The assignment e,€ O[T(K)/]—>q N [U1tU1|€Hy, determines
an algebra homomorphism O[T(K)[]—=Huy,, which extends uniquely to an algebra ho-
momorphism O[T (K)|—=Huy, -

(ii) Let TI be a smooth O[G(K)]-module, teT(K);, and veIlY°. Then

[UotUQ]U = [UltUl]U.
In other words, the inclusion TIV0 CIIYt is compatible with the algebra map

O[T(K)i] — O[T (K)ol-

Proof. Let U,CU denote the maximal pro-p-subgroup; then, we have U,CU; CUy
and U/U,=T(F,). The Hecke algebra Hy, enjoys many of the same properties as the
Iwahori-Hecke algebra Hy,; in particular, it admits Iwahori-Matsumoto- and Bernstein-
style presentations, see [Vi] and [F]. The proofs of many of these properties can be
transposed word-for-word to the algebra ;. This is in particular the case for the first
part of the current lemma; see e.g. [F, Lemma 2.3] and the remark immediately following
[F, Proposition 4.4].

For the second part, we may assume without loss of generality that t€T'(K); . Recall
that the action of these Hecke operators can be given as follows: if v€IIV, then we
decompose VgV =[], ¢;V, and set [VgV]v=>", g;-v. It is therefore enough to show that
given teT(K)/, we can find elements g1, ..., g, €G(K) such that UytUp=]]; g;Uo and
UltUlz]_[i g;U1. It even suffices to show that the natural map

U1/U1 ﬁtUlt_l — UQ/Uothot_l

is bijective. It is surjective, because Uy=U;T(Ok) and T(Ox)CUgNtUpt*.

To show injectivity, suppose that u,v€U; have the same image in Uy/UyNtUgt 1.
Then, we can write u=vw with weUyNtUpt™!, and hence weU;NtUyt~*. To finish
the proof, it is therefore enough to show that U;NtUyt~'=U;NtU1t~1. Let N denote
the unipotent radical of B, and N the unipotent radical of the opposite Borel. We
set Uy =N(K)NUy and Uy =N(K)NUy, and define U;” and U] similarly. Then, we
have the Iwahori decomposition: the product map Uy xT(Ok)xUj —Uy is a bijec-
tion. Similarly, the map U; xT(Ok)! xU;” — Uy is a bijection and we have Uj =U;" and
Uy =U; . Since t normalizes N(K) and N(K), the result now follows from the existence
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of the Iwahori decomposition and the fact that the multiplication map N xTx N —G is

an open immersion: we have
tUot ™t =tUs t ' T(O)tUSt ™ =tU t ' T(O)tU 1,

and hence UlthOt_lelthlt_l. ]

LEMMA 7.4. Let 7 be an irreducible admissible Q;[G(K)]-module. Then, the follow-
ing statements hold:

(i) 7U15£0 if and only if 7 is isomorphic to a submodule of a representation i%x,
where x: T(K)—Q/ is a smooth character which factors through T(K)—T(K);. In this
case, X 1s determined up to the action of the Weyl group, and the characters of O[T (K))]
which appear in TVt are among the w(x), weW .

(i) If 7Y1#£0 and there exists an O-lattice M C Ut which is stable under the action
of O[T(K),], then x in fact takes values in Z,. In this case, the reduction modulo |
X: T(K)I—HI_*’IX is unramified; if it has trivial stabilizer in the Weyl group, and my,y) is
the kernel of the homomorphism O[T (K);|—TF,; associated with w(x), for some weW,
then (ﬂUl)mwm has dimension either 0 or 1 as a Q;-vector space.

(iii) If Y1540, there exists an O-lattice M CmYt which is stable under the action of
O[T(K)], X has trivial stabilizer in the Weyl group, and (79" )n,, . 70, then the action

of T(K); on this 1-dimensional vector space is by the character w(x).

My (x

Proof. The last two points follow easily from the first. For the first, we observe
(cf. the proof of [F, Theorem 2.1]) that for any admissible Q;[G(K)]-module 7, the
projection 71 *)’I"N(’IT)T(OK)L is an isomorphism of @;[T'(K);]-modules. The remainder

of the lemma then follows from [BZ] in the same way as in the proof of Lemma 7.2. O

If x:T(K)o—F; is an unramified character, then we will write myx CO[T(K);] for
the maximal ideal which is the kernel of the homomorphism O[T(K);]—F, which is
associated with the character . This is an abuse of notation, since we have used the same
notation to denote a maximal ideal of O[T (K)q]. However, we hope that it will not cause
confusion, because there is a canonical surjective homomorphism O[T (K);]— O[T (K)o]
which induces a bijection on maximal ideals.

With these preliminaries out of the way, we can now start our work proper. Our

assumption that g=1 mod [ has the following important consequence.
LEMMA 7.5. There is an isomorphism Hy, @0 k=k[X.(T)xW].

Proof. This is just the reduction modulo [ of the Bernstein presentation (7.1), on
noting that k[Up\U/Up|=2k[W], and that the twisted tensor product (7.2) becomes the
defining relation of the semidirect product X, (T)xW, because ¢=1 in k. O
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LEMMA 7.6. Let II be a smooth O[G(K)]-module, flat over O, such that IV is a
finite free O-module. Suppose that there is exactly one mazimal ideal of O[X.(T)|W
in the support of IY°®ek, corresponding to the W-orbit of an unramified character
: T(K)—F with trivial stabilizer in W. Then, the following statements hold:

(i) There is a decomposition HUoz@wGW(HUO)mw(X).

(i) The map [U]:11Y0 —1IY induced by the element [U]=Y", oy [UowlUs]€Hyy, re-

stricts to an isomorphism (I1V0)y  —TIY.

Proof. Since I1° is finite free as an O-module, we have a direct sum decomposition
Y =@, (IY),,, where the direct sum runs over the set of maximal ideals of O[T (K)o
which are in the support of I1V0; equivalently, the set of maximal ideals of k[T'(K)o] which
are in the support of IV ®p k. By assumption, if m is a maximal ideal in the support
corresponding to a character ¢: T(K)—F,*, then its pullback to O[X,(T)]" equals the
pullback of mg. This in turn implies that ¢ is a W-conjugate of .

For the second part, we note that both (HU")mi and I1Y are finite free O-modules.

To show that the given map is an isomorphism, it therefore suffices to show that the map
[U): (), @0k — TV @0k (7.3)

is an isomorphism. Since [U:Up]|=#W mod [, and [{#W by assumption, we have Y=
[UY%  and [U:Uy)~t[U] is a projector onto IIY. Writing M=TIY"®0k, a (Hy, @ok)-

module, it is therefore enough to show that the map
[U]: My, — [UIM (7.4)

is an isomorphism. To show this, we note that, if we W, then Lemma 7.5 implies that the
action of weHy,®ok sends My isomorphically to M, . Since [U] corresponds to
the element ) wek[W]CE[X,(T)xW] under the isomorphism of Lemma 7.5, this
finally shows that the map given by (7.4) is indeed an isomorphism. O

LEMMA 7.7. Let Q be an algebraically closed field, and let w,w’:WK%f(Q) be
smooth characters, and suppose Z@(i/}):fg. Let 1:T—G denote the natural inclusion.
Then the following are equivalent:

(i) The characters ¥ and ' are W -conjugate.

(ii) The a—pseudochamcters treyp and tryy’ of Wi are equal.

Proof. The first condition clearly implies the second. For the converse direction, we
note that both ¢ and 1’ are @—completely reducible, so it follows from Theorem 4.5 that
we can find geé(Q) with gy’g~'=1%. In particular, the centralizer of the image of 1’
is a maximal torus of ég; since the image is contained inside f(Q), by assumption, we
find that Zg(v’ )=Tg. It then follows that g normalizes Tq, and hence that g represents
an element of W. O
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The following proposition, which is of a technical nature, will be used in our imple-

mentation of the Taylor—Wiles method below; compare [Th, Proposition 5.9].

PROPOSITION 7.8. Let R be a complete Noetherian local O-algebra with residue
field k, and let II be a smooth R[G(K)]-module such that for each open compact sub-
group VCG(K), IV is a finite free O-module, and NI®epQ; is a semisimple admissible
Qi[G(K)]-module. If VCG(K) is an open compact subgroup, define Ry to be the quo-
tient of R that acts faithfully on 11V . It is a finite flat local O-algebra.

Suppose that there exists a homomorphism oy,: FK%G(RUO) satisfying the following
conditions:

(1) ouv,lw, mod mRU()iWK—)@(k) is the composition of an unramified character
XV Wi —T (k) with trivial stabilizer in W with the inclusion v: T—G.

(ii) For each irreducible admissible Qi[G(K)]-module 7 which is a submodule of a
representation igxﬂ, where X T(K)—>@l>< is an unramified character, let V; denote the
w-isotypic component of II®pQy, and let Ry, .~ denote the quotient of Ry, which acts
faithfully on TIY°NV,.. Let o(m) denote the representation

I'x — G(Ry,) — G(Ruy ).
Then, the @—pseudochamcter of o(m)|wy takes values in the scalars
@l C RUOJT Ro @l C End@l (V;TUU)7

where it is equal to the @—pseudachamcter of the representation vx).

Then, there is a canonical isomorphism (I1V0)y =11V of Ry,-modules.

Proof. The result will follow from Lemma 7.6 if we can show that the only maximal
ideal of O[X,(T)]" in the support of IY*®k is the one corresponding to the W-orbit
of x. This follows from the existence of gy, and the compatibility condition on its
pseudocharacter, as we now explain.

By [ABDT, Exp.IX, 7.3] and the argument of Lemma 5.15, we may assume, af-
ter perhaps conjugating oy, by an element of @(RU) with trivial image in @(k), that
oy |lw =tx” for some character xV:Wx—T(Ry). If m is an irreducible admissible
Q[G(K)]-module such that wY00, then it can be written as a submodule of Gy
for some character y.:T(K)o—Q; . If further (ITY ®oQ;)NV,#0, then the image of
1Y under the Hy,-equivariant projection IV ®x Q;— VY0 is an O-lattice. This implies
that x, must in fact take values in le. We need to show that x. mod mz, and x are
W-conjugate as characters T'(K)—F/.

Let x(7): T(K)— Ry, . denote the image of x under the quotient Ry, — Ry, ». The

point (ii) above means that the compositions

Ly Wi —>f(Zl) —)@(Zl)
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and
ex(m)Y: W — T(Ryy =) — G(Ruy )

have the same associated pseudocharacter, which therefore takes values in Z; (viewed as
a subring of the scalar endomorphisms inside End@l(VﬂU“)). This implies in particular
that ¢y mod mz, and ¢tx" mod mg, =ux(7)” mod mp, _ have the same associated
G-pseudocharacter over [F;; and this implies by Lemma 7.7 that they are in fact W-
conjugate. Applying again the bijection of Lemma 7.1 now concludes the proof. O

We now state another proposition, analogous to [Th, Proposition 5.12], that will be
used in our implementation of the Taylor—Wiles method. A similar argument has been
used by Guerberoff [Gu].

PRrROPOSITION 7.9. Let R be a complete Noetherian local O-algebra with residue
field k, and let 11 be a smooth R|G(K)]-module such that for each open compact sub-
group VCG(K), IV is a finite free O-module, and NI®epQ; is a semisimple admissible
Qi[G(K)]-module. If VCG(K) is an open compact subgroup, define Ry to be the quo-
tient of R that acts faithfully on 11V | a finite flat local O-algebra.

Suppose that there exists a homomorphism oy, : 'k %@(RUI) satisfying the following
conditions:

(i) ov,|lwy mod mRUlzwxﬁé(k) is the composition of an unramified character
XY: Wi —T(k) with trivial stabilizer in W with the inclusion 1:T—G. (After conju-
gating oy, by an element of @(RUl) with trivial image in é(k), we may then assume
that ou, lwy =tx" for a uniquely determined character x:T(K)— Ry .)

(i) For each irreducible admissible Q;[G(K)]-module 7 which is a submodule of
a representation i%x., where )(TF:T(K)—H@lX is a character which factors through the
quotient T(K)—T(K);, let Vy denote the m-isotypic component of MR Q;, and let
Ry, « denote the quotient of Ry, which acts faithfully on TIV'NV,. Let o(r) denote the
representation FK—>G(RU1)—>CA¥(RU17W). Then, the pseudocharacter of o(m)|w, takes

values in the scalars
Qi C Ry, »®0Q; € Endg, (V1),

where it is equal to the pseudocharacter of the representation vx.

Consider the two actions of the group T(Ok); on (HUl)mi defined as follows. The
first is wvia the canonical isomorphism T(Og)=Uy/Uyr. The second is defined as in
Lemma 5.17 using the restriction of the character x:T(K)— Ry to T(Ok);. Under

the above conditions, these two actions are the same.

Proof. The proof is similar to, but not exactly the same as, the proof of Propo-
sition 7.8. Let 7 be an irreducible admissible Q;[G(K)]-module, submodule of i%y,,
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where x,: T(K);—Q/ is a character. Let y(r) denote the image of y under the quotient
Ry, =Ry, ». To prove the proposition, it is enough to show that the two actions of
T(Ok); on (1Y) NV;, one via the inclusion T(Ok);—T(K); and the other via the
map X (7)|7ox),: T(Ok)i— Ry, ., are the same. We may assume that (ITY) . NV 0,
which implies that x. takes values in Z;°.

The point (ii) above says that the compositions
XY Wi — T(Zy) — G(Zy)

and
(7)Y Wk — T(Ry, =) — G(Ru, )

have the same associated é—pseudocharacter. In particular, Lemma 7.7 shows that there
exists a (necessarily unique) element weW such that Y=w(Xr), and hence mg=m,, . ).
By Lemma 7.4, the action of T(K); on (IIV" )y NV, is via the character w(x). Another
application of Lemma, 7.7 shows that, for any projection p: Ry, » ®0 Q; —Q, the two char-
acters px(m) and pw(x) are equal. We must show that x(7)|ro,), and w(Xx)|lr©ok),
are equal as characters T(Ok);— (Ru, »®0Q;)*.

To see this, let A, denote the maximal étale Q;-subalgebra, of Ry, »®0 Qq; it maps
isomorphically to the maximal étale quotient Q;-algebra of the Artinian Q;-algebra
Ry, =®0Qq, over which we have shown that x(m)|ro,), and w(xx)|rox), are indeed
equal. The proof is now complete on observing that these characters, being of finite

order, in fact take values in AX. O

8. Automorphic forms

In this section, the longest of this paper, we discuss spaces of automorphic forms with
integral structures and prove an automorphy lifting theorem. We fix notation as follows:
let X be a smooth, projective, geometrically connected curve over the finite field I, of
residue characteristic p, and let K=F,(X). Let G be a split semisimple group over Fy,
and fix a choice of split maximal torus and Borel subgroup TC BCG. We write G for
the dual group of G (considered as a split reductive group over Z); it is equipped with a
split maximal torus and Borel subgroup TcBcG , and there is a canonical identification
X, (T)=X*(T) (see §2.1).

The section is divided up as follows. In §8.1 we establish basic notation and describe
the Satake transform (which relates unramified Hecke operators on G and on its Levi
subgroups). In §8.2 we summarize the work of V. Lafforgue, constructing Galois repre-
sentations attached to cuspidal automorphic forms, in a way which is suitable for our
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intended applications. In §8.3, we prove an auxiliary result stating that under suitable
hypotheses, certain spaces of cuspidal automorphic forms with integral structures are
free over rings of diamond operators. Finally, in §8.4 we combine Lafforgue’s work with
the Taylor-Wiles method, using the technical results established in §8.3, to prove our
automorphy lifting result.

8.1. Cusp forms and Hecke algebras

PRroPOSITION 8.1. (i) G(K) is a discrete subgroup of G(Ak).
(i) For any compact open subgroup UC[], G(Ok,), and for any geG(Ak), the
intersection gG(K)g~1NU (taken inside G(Ag)) is finite.

Proof. The discreteness of G(K) in G(Ag) follows from the discreteness of K in Ak
(note that G is an affine group scheme). This implies that all intersections gG(K)g~1NU

are finite. O

We will define spaces of automorphic forms with integral coefficients. If R is any

Z[1/p]-algebra and UCG(Af) is any open compact subgroup, then we define
Xy =G(K)\G(Ak)/U

and

e C(U,R) to be the R-module of functions f: Xy — R;

e C.(U,R)CC(U,R) to be the R-submodule of functions f which have finite sup-
port;

o Ceusp(U,R)CC(U, R) to be the R-submodule of functions f which are cuspidal,
in the sense that, for all proper parabolic subgroups PCG and for all ge G(Ag), the
integral

/ f(ng)dn
neN(K)\N(Ak)

vanishes, where IV is the unipotent radical of P.
This last integral is normalized by endowing N (K )\ N (A ) with its probability Haar

measure. It makes sense because we are assuming that p is a unit in R.

PROPOSITION 8.2. Suppose that R is a Noetherian Z[1/p]-algebra which embeds
in C. For any open compact subgroup UCG(Ak), we have Ceusp(U, R)CC.(U, R), and
Ceusp(U, R) is a finite R-module. In particular, cuspidal automorphic forms are com-

pactly supported in Xy .
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Proof. If R=C, then the stronger statement that there exists a finite subset Z C Xy
such that all functions feCqusp(U,C) are supported in Z is proved in [Ha, Corol-
lary 1.2.3]. In general, this shows that Ceusp (U, R) is contained in the finite free R-module

consisting of functions supported on Z, and is therefore itself a finite R-module. O

Let Q be an algebraically closed field of characteristic zero. The 2-vector space

Cchsp (Q) = h_I>n Ccusp(U7 Q)
U

has a natural structure of semisimple admissible Q[G(Ak)]-module. A cuspidal au-
tomorphic representation of G(Ag) over Q is, by definition, an irreducible admissible
Q[G(Ak)]-module which is isomorphic to a subrepresentation of Cgysp(€2). We observe
that any cuspidal automorphic representation over C or Q; can in fact be defined over Q.

If H is any locally profinite group and U C H is an open compact subgroup, then we
write H(H,U) for the algebra of compactly supported U-biinvariant functions f: H—7Z,
with unit [U] (the characteristic function of U). The basic properties of this algebra are
very well known, and can be found (for example) in [NT, §2.2]. In particular, if M is
a smooth Z[H]-module, then the set MY of U-fixed vectors has a canonical structure
of H(H,U)-module. We will use this most often when H=G(Ag) and UCG(Ak) is an
open compact subgroup: thus H(G(Ak),U) acts on all the spaces C(U, R), C.(U, R),
and Ceysp(U, R) via R-module homomorphisms, in a way compatible with the natural
inclusions.

If v is a place of K, then the Satake isomorphism gives a complete description of
the algebra H(G(K,), G(Ok,)) (see [Gros]): it is an isomorphism

H(G(K,), G(Ok,)) @z ZlgE 2 = 21X * (D)W ED @, 2l /). (8.1)

Let Q be an algebraically closed field of characteristic zero. If V' is an irreducible repre-
sentation of G, then the restriction of its character yy to 7' is an element of Z|X *(f)]w
(and these elements form a Z-basis for Z[X*(T)]W as V varies). If we fix a choice of
square-root p'/2 of p (and hence of ¢,) in ©, then the Satake isomorphism (8.1) deter-
mines from this data an operator Ty, € H(G(K,), G(Ok,))®z. We can characterize
it uniquely using the following property: let x:T(K,)—Q* be an unramified charac-
ter. Then, the space (i%x)%(©%) is a H(G(K,), G(Ok,))®zQ-module, 1-dimensional as

Q-vector space, and we have the equality (@, €Ok, a uniformizer, ¥V as in Lemma 7.1)

xv (x" (Frob,)) = eigenvalue of Ty, on (i%x)¢©xw), (8.2)

The Satake isomorphism has a relative version that we will also use. Let P=MN be
a standard parabolic subgroup of G with its Levi decomposition. We can define a map
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(the Satake transform)
SE:H(G(K,),G(Ok,)) @2 Llg; " /*] — H(M(K,), M(Ok,))®zZ[¢; ]
by the formula

(SEf)(m) =38, (m) f(mn)dn,  8p(m)=|det Ad(m)luy, |,
neN(K,)
(The Haar measure on N (K,) is normalized by giving the subgroup N(Og,) volume 1.)
This is transitive, in the sense that, if Q C P is another standard parabolic subgroup, then
Sg :S{Q”m oSS, If P=B, then S§ agrees with the usual Satake isomorphism under the
identifications H(T(K,), T(Ok,))=Z|X.(T)|=Z[X*(T)]. For any choice of P the map
S§ fits into a commutative diagram

S5

H(G(Ky), G(OKU>)®ZZ[q,Ui1/2] B Z[X*(f)}w(é’f) ®ZZ[q1:)tl/2]

sgl l (8.3)

Yo o LT
H(M(K,), M(Ox,))@2Zlay %) =5 ZIX (DY M D@, 2]g" 7],

where the right arrow is the obvious inclusion. The Satake transform has the following
compatibility with normalized induction: let = be an irreducible admissible Q[M (K,)]-
module such that 7 (©x.) £0. Then, this space is 1-dimensional and H(M (K,), M(Ok,))
acts on it via a character ¢: H(M(K,), M(Ok,))—Q. Moreover, the normalized induc-
tion IT=4G satisfies dimg IT¥(©x.) =1, and the algebra H(G (K, ), G(Ok,)) acts on this
space via the character qboSg. Specializing once more to the case P=B, we recover the
relation (8.2).

The existence of the Satake isomorphism leads to the unramified local Langlands

correspondence, as a consequence of the following proposition.

PROPOSITION 8.3. Let M be a standard Levi subgroup of G. Then, the natural

restriction map Z[M]Q%Z[ﬂw(ﬂ’f) is an isomorphism.

Proof. This is Chevalley’s restriction theorem over Z. The injectivity can be checked

after extending scalars to Q. The surjectivity follows from the fact that the ring

is spanned as a Z-module by the restrictions to T of the characters of the irreducible
highest weight representations of M ©; and these representation admit M-stable Z-lattices
(see [J, .10.4, Lemma]), so their characters lie in Z[M]™. This completes the proof. [J
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The isomorphism classes of irreducible admissible C[G(K,)]-modules 7 with
7CGOr) L
are in bijection with the homomorphisms
H(G(K,),G(Ok,)) —C

(see [BuH, Chapter 1, 4.3]) . The above proposition, combined with the Satake isomor-
phism, shows that these are in bijection with the set (G//G)(C), itself in bijection (see
§3.1) with the set of G(C)-conjugacy classes of semisimple elements of G(C), or equiv-
alently the equivalence classes of Frobenius-semisimple and unramified homomorphisms
Wk, —>@((C): this is the unramified local Langlands correspondence. The same discus-
sion applies over any algebraically closed field €2 of characteristic zero which is equipped
with a Z[g*!/?]-algebra structure. If 7 is an irreducible admissible Q[G(K,,)]-module
with non-zero G(Og, )-invariants, then we will write S(7)€(G//G)(Q) for the image in
this quotient of the corresponding semisimple conjugacy class. We will also use the same
notation with G replaced by a standard Levi subgroup M.

We now discuss twisting of unramified representations. Let 2 be an algebraically
closed field of characteristic zero. For any standard parabolic subgroup P=MN of G,
the dual torus of the split torus Cs (the cocentre of M) is canonically identified with
Z% (the connected component of the centre of J\Zf) We write M (K,)!CM(K,) for the
subgroup {me M (K,):|x(m)|,=1 for all xe X*(Cps)}. As M is split, M (K,)—Cun(K,)
is surjective and the quotient M (K, )/M (K,)! is isomorphic to the quotient of Cps(K,)

by its maximal compact subgroup. There is a canonical isomorphism
M(K,)/M(K,)' = X (Cn) = X (Z5), (8.4)

hence
Hom (M (K,)/M(K,)", Q%)= Z=(Q). (8.5)

This isomorphism has the following reinterpretation in terms of the unramified local
Langlands correspondence. The centre Zg; acts on M by left multiplication in a way
commuting with the adjoint action of M ; this action therefore passes to the quotient
M J/M. Suppose that  is an irreducible admissible Q[M (K,,)]-module with

aM(Ok,) £0,

and let ¢: M(K,)/M (K,)*—Q* correspond to the element ZwEZ%Z(Q) under the iso-
morphism (8.5). The representation 7®1) also has non-zero M (O, )-fixed vectors, and
we have the equality

S(rop) = 2-S(r) (8.6)
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inside (M //M)(9).
There is also a global version of this twisting construction. Let |- ||: K*\Ax —Rsq
denote the norm character, and define for any standard Levi subgroup M of G by
M(Ag)' ={meM(Ag):|x(m)| =1 for all x € X*(Car)}.
The pairing (m, x)=—log, [[x(g)| gives rise to an isomorphism
M(Ag)/M(Ag)" =Hom(X*(Cyn), Z) = X.(Cn) = X*(Z25),
hence an isomorphism
Hom(M (Ag)/M(Ak)', Q%) = Z5(9). (8.7)

The compatibility between the local and global isomorphisms (8.5) and (8.7) is expressed
by the commutativity of the following diagram:

Hom(M (Agc)/M(Ag)t, Q%) —— Z:(Q)
Hom(M(Kv)/M(Kv)l? QX) BE— 227(9)7

where the left vertical arrow is given by restriction and the right vertical arrow is given
by multiplication by the degree [k(v):F,]. In particular, if = is an irreducible admis-
sible Q[M (Ag)]-module and 9: M (Ag)/M(Ag)'—Q* is a character corresponding to
the element szZ;\?(Q) under the isomorphism (8.7), and v is a place of K such that

ﬂ'f,M(OK”);éO, then we have the equality

S((rep),) =24 S(m,) (8.8)

inside (]\Zf // M )(2), which is the global version of the equation (8.6).

8.2. Summary of V. Lafforgue’s work

We continue with the notation of the previous section, and now summarize some aspects
of the construction of Galois representations attached to automorphic forms by V. Laf-
forgue [LafV1]. Let lfq be a prime. Let N=)_ n,-vCX be an effective divisor, and
let

U(N) =ker (H G(Ok,)— G(ON)).

Let T denote the set of places v of K for which n, is non-zero. Lafforgue constructs
for each finite set I, each tuple (v;)ics €Tk, and each function f€Z[G']%, an operator
St.(vi)ier,f EEndg, (Ceusp(U(N),Qp)), called an excursion operator.
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PROPOSITION 8.4. The excursion operators enjoy the following properties:

(i) The Qq-subalgebra B(U(N),Q;) of Endg, (Ceusp(U(N),Qi)) generated by these
operators (for all 1, (vi)ier, and f) is commutative. (Note that it is necessarily a finite
Qq-algebra, because it acts faithfully on the finite-dimensional Q;-space Ceusp(U(N),Q1).)

(ii) The action of excursion operators on Ceusp(U(N),Q;) commutes with the action

of the abstract Hecke algebra H(G(Ak),U(N)).

(iii) If v¢T and xv EZ[G]G is the character of an irreducible representation V' of
@@l, then S1o} Frob, xv =1V, is the unramified Hecke operator corresponding to V' and v
under the Satake isomorphism. In particular, the algebra of excursion operators contains
the algebra gemerated by all the unramified Hecke operators.

(iv) If NCN' is another effective divisor, then the action of excursion operators

commutes with the inclusion Ceusp(U(N), Q;) CCousp(U(N"), Q;).

Proof. These properties follow from the constructions given in [LafV1]. Note that
our notation is slightly different (as we take f€Z[G"]¢ rather than feZ[G"]9xC). O

The most important feature of the excursion operators is the following.

THEOREM 8.5. Define, for each n>1, a map

Ou()m: ZIG™E —> Map(I', BU(N), Q)

O (F) O M) =51,y ()i f-
Then
Ouvy = (Ou(v)n)n>1

is a B(U(N),Q;)-valued pseudocharacter, which factors through the quotient T i —T g 1.
It is continuous when B(U(N),Q;) is endowed with its l-adic (Q;-vector space) topology.

Proof. See [LafV1, Proposition-Definition 11.3]. O

COROLLARY 8.6. Let pCB(U(N),Q;) be a prime ideal. Then, the following state-

ments holdrm :
(i) There exists a continuous, G-completely reducible representation Op: Tk —G(Q)

satisfying the following condition: for all excursion operators St we have

Yi)iel,fr
f((op(Vi))ier) = S1,(v)icr,y moOd p. (8.9)

(ii) The representation o, is uniquely determined up to é(@l)—conjugacy by (8.9).
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(i) The representation o, is unramified outside the support T of N. If v¢T,
then it satisfies the expected local-global compatibility relation at v: for all irreducible
representations V. of é@l we have Ty,,€B(U(N),Q;) and

xv (op(Froby,)) =Ty, mod p.

Proof. The first two parts follow from Theorems 8.5 and 4.5. The third part follows
from the third part of Proposition 8.4. O

Definition 8.7. We say that a continuous, @—completely reducible representation
o: T —G(Q,) is automorphic if there exist N and pC B(U(N),Q;) as above such that o
and o, are G(Q;)-conjugate.

We warn the reader that the defining property here implies, but is not a-priori
implied by, the existence of an automorphic representation with the correct Hecke eigen-
values at unramified places (because of the possible existence of homomorphisms o and
o’ such that o|r,, and o'[r, are G(Q))-conjugate for every place v of K, but neverthe-
less o and o’ are not G (Qy)-conjugate). However, things are well behaved in this way at

least when o has Zariski dense image.

LEMMA 8.8. Let O'ZFK—)G(@l) be a continuous representation with Zariski dense
image. Then o is automorphic if and only if there exists a cuspidal automorphic rep-
resentation m of G(Ak) with the following property: for almost every place v of K
such that w&(©xu) =0, olry, 1s unramified, and we have the relation (V' an irreducible
representation of @@l)

xv (o(Frob,)) = eigenvalue of Ty, on 5 (@), (8.10)

If these equivalent conditions hold, then ol|r,. is unramified at every place v of K such
that m¢(Oxu) £0, and satisfies the relation (8.10) there.

Proof. As we have already noted, if o is automorphic, then 7 exists: if o=0,, we can
choose 7 to be the representation generated by a non-zero vector in Ceysp(U(N), Q;)[p].
Suppose conversely that there exists a cuspidal automorphic representation 7 as in the
statement of the lemma, and let N be minimal with 7¥()=£0. Then we can find a max-
imal ideal pCB(U(N),Q;) such that (7)), 0. It then follows from Proposition 6.4

that o and o, are @(@l)—conjugate representations. O

Next, we state a theorem of Genestier and Lafforgue [GeL], which gives a partial
description of the restriction of the pseudocharacter Oy (y) to decomposition groups at
ramified places. They actually prove a much more general result, but in the interest of
simplicity we state here only what we need. This result will be used to understand the
ramification of the pseudocharacter O () at Taylor-Wiles places.
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THEOREM 8.9. Let v be a place of K, and let w, be an irreducible admissible

Qi[G(K,)]-module which is a submodule of i, for some smooth character
xo: T(K,) — Q).

Let Vi, CCousp(Qq) be the m,-isotypic part, and let Ou(n),x, denote the image of Oy (n)
along the projection B(U(N),Q;)—Endg, (V,r(i(N)). Then, Oy (n),x, |wy, takes values in
the scalars @lCEnd@l(VW[{)(N)), where it coincides with the pseudocharacter associated

with the representation vy, .

The notation is as in §7: ¢ T—G is the natural inclusion, and x: Wk, %f(@l) is the
character dual to y, under the local Langlands correspondence for split tori (Lemma 7.1).

Finally, we need to extend slightly the definition of the algebra of excursion op-
erators. Our first observation is that, if U=[], U,C[[, G(Ok,) is any open compact
subgroup, then we can define an operator Sy (+.),.,.r €Endg, (Ceusp (U, Q;)) as follows:
choose N such that U(N)CU, and restrict the action of the operator in Ceusp (U(N), Q).
It follows immediately from Proposition 8.4 that this is well defined and independent of
the choice of N, and that the Q;-subalgebra B(U, Q;) CEndg, (Ceusp(U, Q1)) generated by
all excursion operators is commutative (it is a quotient of B(U(N),Q;)). We write Oy
for the associated pseudocharacter valued in B(U,Q;) (image of O (n).

Our next observation is that the excursion operators preserve natural rational and

integral structures. We fix a choice of coefficient field ECQ;.

PRroPOSITION 8.10. Let
U=[[v.c]]G(Ok,)
v v

be an open compact subgroup. Let I be a finite set, (vi)icr €Tk, and fEZ[CA;I]é. Then,
the operator St (y),e;.f 0N Ceusp(U, Qi) preserves the O-submodule Ceusp(U, O).

Proof. This will follow from [LafV1, Proposition 13.1] if we can show that any func-
tion fEZ[é"]éXé (where G x G acts on G™ by diagonal left and right translation) is
of the form f(g1,...,9,)=&((91,...,gn) ), where W is a representation of G™ on a free
Z-module and z:Z—W and & W —Z are @—equivariant morphisms (where G acts via
the diagonal G—G").

We can show this using the recipe of [LafV1, Lemme 10.5]. Let fEZ[é"]éXé, and
let W CZ[G"] denote the submodule generated by the left translates of f. This can
be constructed as the intersection W=(G"(C)- f)NZ[G"]. In particular, every element
of W is invariant under diagonal right translation. Let x=f, and let £&: W —Z be the
restriction to W of the functional ‘evaluation at the identity’. Then x and & are both
@—invamriant7 and together they give the desired representation of the function f. O
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We write B(U, O) for the O-subalgebra of Endo(Ceusp (U, O)) generated by all ex-
cursion operators. It follows from Proposition 8.10 that it is a finite flat O-algebra, and it

follows from the definitions that the pseudocharacter O in fact takes values in B(U, O).

COROLLARY 8.11. Let mCB(U, Q) be a mazximal ideal, and choose an embedding
B(U, O)/m<TF,. Then, the following statements hold:
(i) There is a G-completely reducible representation Gw:Tx—G(F,) satisfying the

following condition: for all excursion operators St (y.).c,.r, we have

F((@m(vi))ier) = S1,(vi)ie,,r mod m. (8.11)

(ii) The representation &y is uniquely determined up to G(F,)-conjugacy by (8.11).

(i) If v is a place of K such that U,=G(Ok,), then Gy is unramified at v and
satisfies the expected local-global compatibility relation there: for all irreducible represen-
tations V' of @@l, we have Ty, €B(U,O) and

Xv (Gm (Froby)) =Ty, mod m.

We note that the expression in (iii) makes sense, because the character of the reduc-

tion of V mod [ is defined independent of any choices.

Proof. Proposition 8.10 implies that O is in fact a B(U, O)-valued pseudocharacter.
The result follows on applying Theorem 4.5 to the projection of Oy to the quotient
B(U,O)/m. O

8.3. Automorphic forms are free over O[A]

Our goal in the remainder of §8 is to prove an automorphy lifting theorem. We will
accomplish this in §8.4 as an application of the Taylor-Wiles method. This requires us
to first establish as a key technical input that certain integral spaces of automorphic forms
are free over suitable integral group rings of diamond operators; this will be accomplished
in the current section (see Theorem 8.17 below), as an application of the principle outlined

in [BK, Appendix] (which appears here as Lemma 8.18).

8.3.1. Construction of an unramified Hecke operator

We first consider an abstract situation. The setup is as at the beginning of §8. Suppose
given the following data:

e A subring RCC which is a discrete valuation ring, which contains ¢'/2, and with
finite residue field k of characteristic [#p.
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e A finite set S of places of K and an open compact subgroup U=][], U, CG(Ak)
such that, for all v¢S, U,=G(Ok,).

e For each standard parabolic subgroup P=MN of G (including G itself) a finite
set Ip of irreducible admissible C[M (A )]-modules (7;)icr, such that (iGm;)V #0. This

Ky)

implies that, for each i€Ip and for each v¢S, the space ﬂ%( is non-zero. We
ask further that the associated homomorphism ¢; ,: H(M (K,), M(Ok,))—C giving the
action of the Hecke algebra on this space takes values in R.

e For each i€lp, a continuous homomorphism g;: I'i — M (k), unramified outside S,
and such that, for each v¢S, the homomorphism H(M(K,), M(Ok,))—k associated
with the conjugacy class of g;(Frob,) (which exists by Proposition 8.3) is equal to the
reduction of ¢; , modulo mg.

e An element ig€lg such that g;,:T' K—)@(kj) is absolutely strongly G-irreducible,
in the sense of Definition 3.5.

We may associate with each i€Ip a homomorphism
fin H(G(K,),G(Ok,))®z R — R[Z%],

which represents the formula z,—S(i% (7 ,®1)) (notation as in §8.1). If ¥ is a finite
set of places of K, disjoint from S, then we write Ts=@Q), 5, H(G(K,), G(Ok,))®zR
and fix=Q,ex fi: T = R[Z5].

ProproOSITION 8.12. With notation and assumptions as above, we can find ¥ and
teTsy, satisfying the following conditions:

(i) For every standard parabolic subgroup P#G and every i€Ip we have f; x(t)=0.
In particular, for every character 1: M(Ag)/M(Ag)'—C* we have t(i%(r®1))Y=0.

(ii) We have f;, »(t)#0 mod mpg.

Proof. Given a finite set ¥ of places of K, disjoint from S, let zx€Spec Tx (k) be
the (closed) point corresponding to g;,. We want to show that we can choose ¥ so that
for any standard parabolic subgroup P=M N #G and for any i€ Ip, the image of Z}Vf,R
under the corresponding finite map Spec f; x: Z;Y’R*)Tg does not contain zyx. Indeed,
the union of these finitely many images is closed, so if this union misses zy, then we
can find €Ty such that the distinguished affine open D(¢)={peSpec Tx:t¢p} contains
xy, but has empty intersection with this union. This element ¢ then has the desired
properties (i) and (ii).

Let L' /K be the compositum of the extensions cut out by all of the g;, i€Ip. Let
L=L -Fg, where d is the exponent of the group [*, and [/k is the compositum of all
extensions of degree at most #W. We choose ¥ so that every conjugacy class of the
group Gal(L/K) contains an element of the form Frob,, ve€X. We claim that this choice

of ¥ works.
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Suppose for contradiction that zx is the image under some f; s of a point yEZF\ZR,
where P=M N is a proper standard parabolic subgroup of G. The residue field of y is a
finite extension of k of degree at most #W. It follows that there is a continuous charac-
ter A: FK%Gal(KFq/K)HZ%Z(Z) such that, for each v€3, the elements g;,(Frob,) and
(2:®M)(Frob,)eG(l) determine the same homomorphism H(G(K,), G(Ok,))—1. More-
over, 9; @A factors through Gal(L/K).

Since the elements Frob, (v€X) cover Gal(L/K), we find that, for all er[@]é and
all veT'k, we have f(2;,(7))=f(2:®A(7y)). Applying the strong irreducibility property
of 0;,, we conclude that g;®\ has image contained in no proper parabolic subgroup
of Gy However, it has (by construction) image contained inside M), This contradiction

concludes the proof. O

8.3.2. Interlude on constant terms and Eisenstein series

We now want to apply Proposition 8.12 to construct unramified Hecke operators which
kill compactly supported automorphic forms which are not cuspidal. This will be ac-
complished in Lemma 8.16 below, but we must first recall some basic notions from the
complex theory of automorphic forms. Our reference is the book of Moeglin—Waldspurger
[MW]. The additional ‘automorphic’ notation introduced here (especially any object in
script font &7, %, %€, ...) will be used only in this §8.3.2.

Fix a place vg of K, and let 3 denote the Bernstein center of the group G(K,,). (This
auxiliary choice of place is used in the definition of spaces of automorphic forms in the fol-
lowing paragraphs. However, the objects constructed are independent of this choice, and
it plays no role in our arguments; see [MW, §1.3.6].) Let UO:G(éK). For each standard
parabolic subgroup P=MN of G, there is a map mp: G(Ax)— M (Ak)/M(Ag)* which
sends g=nmu, with ne N(Ag), me M(Ak), u€Up, to the element mp(g)=mM (Ag)’.
This is well defined, because M (Ax)NUyCM(Ag)*. The composite

Zy(Ax) — M(Ag) — M(Ag)/M(Ag)'
has image of finite index, and compact kernel. We define
Re ay = Homz (X*(C), R) = M(Ak)/M(Ag)' @zR.
If P=MN is a standard parabolic subgroup of G, then we define a space
o (N(Ax)M(K)\G(AKk))
of automorphic forms as the set of locally constant functions

¢: N(Ag)M(K)\G(Ak) —C
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satisfying the following conditions:
e ¢ has moderate growth (see [MW, 1.2.3]);
e ¢ is Up-finite and 3-finite.
We write ¢ (N(Ag)M(K)\G(Ak)) for the space of all continuous functions

N(Ag)M(K)\G(Agx) —C,

and €. (N(Ax)M(K)\G(Ak)) for its subspace of continuous functions of compact sup-
port.
If P=MN is a standard parabolic subgroup of G and ¢: N(K)\G(Ag)—C is a

continuous function, then we define the constant term of ¢ along P by the integral

op(g)= / $(ng) dn.
neEN(K)\N(Ak)

Note that N(K)\N(Ag) is compact, and so has its canonical probability measure, in-
duced from a left-invariant Haar measure on N(Ag). This means that the integral is

well defined. If P’CP are standard parabolic subgroups of G' and
€A (N(Ax)M(K)\G(Ak)),

then in fact ¢pp €/ (N (Ag)M'(K)\G(Ak)).
A function g€/ (N(Ax)M(K)\G(Ak)) is said to be cuspidal if for all proper stan-

dard parabolic subgroups P’ C P, the constant term ¢p, vanishes. We write
Ao (N (A )M(K)\G(Ak))

for the subspace of cusp forms. If x: Zps (K)\ Zn (Ag)—C* is a character, then we define

A (N(Ax)M(K)\G(Ak))y € o/ (N(Ax)M(K)\G(Ak))
and

2o(N(Ax)M(EK)\G(Ak))x C o0 (N(Ax)M(K)\G(Ax))
to be the subspaces of functions satisfying the relation ¢(zg)=x(2)¢(g) for all z€ Zp;(Ak).
The group G(Afk) acts on all of the above-defined spaces of functions by right translation,
and we have isomorphisms of C[G(Ak)]-modules

) o (M(K)\M(Ag))

o (N (Ar)M(K)\G(Ax)) = Ind5 ")

(

and
o (N (Ar)M(K)\G(Ak)) = IndZ ) o (M(K)\M(Ax)),

where the spaces of automorphic forms on M are defined in the same way as for G (see
[MW, §1.2.17]).
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ProrosiTION 8.13. Let P=MN be a standard parabolic subgroup of G, and let
UcCUy be an open compact subgroup. Then, there exists a compact subset CCG(Ak)
such that any function

¢ € o(N(Ax)M(K)\G(Ak))"”
has support contained in Zp (A )N(Ax)M(K)C. In particular, for any character
X: ZM(K)\ZM(AK) ——)(CX,

the space

(N (Ag)M(K)\G(Ak))Y
is finite-dimensional, and for any ¢€.o(N(Ax)M(K)\G(AK))Y, the support of ¢ is
compact modulo Zp(Ar)P(K).

Proof. If P=G, then @/=Ccysp and this follows from Proposition 8.2. The gen-
eral case can be reduced to Proposition 8.2, or rather its generalization [Ha, Theorem
1.2.1] to reductive (and not just semisimple) groups, as we now explain. After possibly
shrinking U, we may assume that U is normal in Uy. Then, for all u€Uj, the function
¢u: mi>¢(mu) defines an element of o7 (M (K)\ M (Ag))V"MAEx)  Applying the ana-
logue of Proposition 8.2 to the reductive group M, we get a compact subset C'C M (Ak)
such that any such function ¢, has support in Zy(Ax)M(K)C'. It follows that ¢ has
support in N(Ag)Zy (Axg)M(K)C'Uy. We can therefore take C'=C"Uj. O

PROPOSITION 8.14. Let P=MN be a standard parabolic subgroup of G.
(i) Given characters x: Zpy(K)\Znr(Ag)—C* and 1: M(Ag)/M(Ag)*—C*, there

are canonical isomorphisms
A (N(Ag)M(K)\G(Ak))x = (N(Ag)M(K)\G(AK))

and
Ao(N(Ax )M (K)\G(Ak))x = (N (Ag)M(K)\G(AK))

given by the formula ¢ (g1 (mp(g))e(g))-
(ii) Let C[Re aps] denote the ring of polynomials on the real vector space Re apy

with complex coefficients. Then there are canonical isomorphisms
ClRe an]@c®ya (N (Ax)ME)\G(AK)), = o (N(Ax) M(K)\G(Ax))
and
ClRe an]@c®y (N () M(K)\G(Ax))y = (N ()M (K)\G(Ax))

giwen by the formula Q@¢— (g—Q(mp(9))o(g)).
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Proof. See [MW, §L.3]. O

Let P=MN be a proper standard parabolic subgroup of G. We write
o(N(Ax)M(K)\G(Ak))

for the space of functions N(Ag)M(K)\G(Ag)—C spanned by functions of the form
g—b(mp(g))9(g), where p€.a/(N(Ax)M(K)\G(Af)) and b: M(Ag)/M(Ag)'—C has
compact support (see [MW, §1.3.4]). It follows from Proposition 8.13 that any function
P€C(N(Ax)M(K)\G(Ak)) has compact support modulo P(K). We can therefore

define a linear map
Eisp: €o(N(Ax)M(K)\G(Ak)) — €e(G(K)\G(Ak))
¢ (Eisp ¢: g —~ ZWEP(K)\G(K) ¢(79))-

This is G(Ag)-equivariant. If ¢: G(K)\G(Ag)—C is any locally constant function, then
we have the formula

()b (z) de = / Bisp(9)(@)0(g)dg.  (8.12)

/:EEN(AK)M(K)\G(AK) gEG(K)\G(AK)

In particular, if ¢ €94 (G(K)\G(Ak)), then these integrals both vanish.

LEMMA 8.15. Let S be a finite set of places of K, and let U=]], U,CG(Ak) be an
open compact subgroup such that U,=G(Ok,) if v¢S. Let teH(G(A3), U%)®zC be an
operator such that, for any character x: Zp (K)\ Zp(Ag)—C*,

teho(N (A )M(K)\G(AK))Y =0.

Then, 16,(G(K)\G(Ax))V C.o(G(K)\G(Ax))V.

Proof. We introduce the Hilbert space 7 =L?(G(K)\G(Af)/U), which is the com-
pletion of the space 6,.(G(K)\G(Ak))Y with respect to its natural pre-Hilbert structure

given by the inner product

(0,9) = )¢ (g) dg.

/QGG(K)\G(AK)

The operator ¢ induces a continuous linear endomorphism of 7 which leaves invariant
the finite-dimensional closed subspace % (G(K)\G(Ax))Y. To prove the lemma, it
suffices to show that ¢ acts as 0 on a dense subspace of the orthogonal complement of
2 (G(K)\G(Ag))Y. By [MW, Proposition 1.3.4] and the relation (8.12),

Z EiSp %Q(N(AK)M(K)\G(AK»U
PGG



G-LOCAL SYSTEMS ARE POTENTIALLY AUTOMORPHIC 65

is such a subspace.
We therefore need show that for each proper standard parabolic P=MN of G, we
have

G (N(Ax)M(K)\G(Ak))” =0.
There is a Hermitian pairing
(-, )P C(N(Ax)M(K)\G(Ak))” x€(N(Ax)M(K)\G(Ak))” —C,

given by the formula

(6, 4)p= / B(@)(z) dz.
xGN(AK)M(K)\G(AK)

Let (-)* denote the anti-involution of H(G (A% ), U¥)®7zC given by the formula

Then, for any s€ H(G(A%),U®)®7C, we have the formula (s, 1) = (¢, s*1).
For any ¢p€%o(N(Ax)M(K)\G(Ak)) and any finite subset X CM (Ax)/M(Ag)?!,
we can find

b € @ A (N(Ax)ME)\GAx)),

such that ¢(g)=v(g) whenever mp(g)€X. Indeed, this follows from Proposition 8.14
and the definition of the space €o(N(Ax)M(K)\G(Ak)). To finish the proof of the
lemma, we choose p€6H(N(Ag)M(K)\G(Ak)). We can find

b e @ AN (Ar)ME)N\G(AK))y

such that the restriction of 9 to the support of t*t¢ equals ¢. We then obtain

(to,tg) = (t"tp, ¢) = (t¢, ty) =0,

since t annihilates 1, by hypothesis. This forces t¢=0. Since ¢ was arbitrary this shows
the desired vanishing. O

In the statement (but not the proof) of the following lemma, we use the notation of
§8.2.

LEMMA 8.16. Let S be a finite set of places of K, and let UCG(@K) be an open
compact subgroup such that U,=G(Ok,) if v¢S. Let | be a prime and let ECQ; be
a coefficient field. Let mCB(U,O) be a mazimal ideal such that 6m:FK,S—>é(F1) is
strongly irreducible. Then, after possibly enlarging E, we can find teH(G(AY),U%) @70
such that t mod m#0 and tC.(U, O)CCousp(U, O).
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Proof. If P=MN is a standard parabolic subgroup of G, say that two characters
X X't Zp (K)\Zp (A ) —C* are twist equivalent if they differ by multiplication by an

element of the image of the map
Hom (M (Ag)/M(Ag)*, C*) — Hom(Zn (K)\ Zar (A ), CX).
There are finitely many twist equivalence classes of characters
X: Zu(K)\Zm (Ak)/(UNZy(Ak)) — CF,

and each equivalence class contains a character of finite order. This being the case, we
can find the following data:

e A number field LCC.

e For each standard parabolic subgroup P=M N CG, a finite set Xp of representa-
tives

of the twist equivalence classes, each x € X p taking values in OF and being of finite order.

After possibly enlarging L, we may assume that, for each y€Xp and each of the
finitely many irreducible constituents mC 2% (N (Ax)M (K)\G(Ak)), with non-zero U-
invariants, the unramified Hecke operators Ty, (v€S) on 7U have all eigenvalues in

Or[1/p]. Indeed, there is an isomorphism of admissible C[G(Ak)]-modules
(N (Ax)M(E)\G(Ak))x ZInd ) oo (M(K)\M(Ak))y,

and o (M (K)\M(Ak)), has a natural Op[1/p]-structure which is preserved by the Ty,
(consisting of those functions ¢: M (K)\ M (Ag)—C which take values in OL[1/p]).

Let A be a place of L of residue characteristic [, and let R=0p, ,yCC. Fix an
isomorphism Q;22C which induces the place A of L. After possibly enlarging F, we may
assume that E contains L under this identification. If P=MN is a standard parabolic

subgroup of G, let Ip denote the set of all irreducible constituents of
Ao (N(Ag)M(K)\G(Ak))y

with non-zero U-invariants, as y ranges over Xp. We are now in the situation of Propo-
sition 8.12, so we obtain a Hecke operator teH(G(A%), U%)®z R such that ¢ has non-
zero image in B(U,O)/m and ¢ acts as 0 on any representation iggﬁi;(w@)w (relp,
eHom(M (Ax)/M(Ag)t,C*)) when P is a proper standard parabolic subgroup of G,
hence on

D (N (Ax)M(E)\G(AK))Y.

It now follows from Lemma 8.15 that ¢ has the properties claimed in the statement of

the current lemma. O
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8.3.3. Application to freeness of integral automorphic forms

We now come to the main result of §8.3. We fix a prime [ and a coefficient field ECQ;.

THEOREM 8.17. Let U=][], U, be an open compact subgroup of G(@K), and let
V=[], Vo CU be an open normal subgroup such that U/V is Abelian of l-power order.
Let vy be a place of K, and let I denote the order of an I-Sylow subgroup of G(quo).
Let VCW CU be a subgroup such that (U/V)[IM]CW/V. Finally, let mcB(W,O) be
a mazximal ideal such that G, is strongly G-irreducible. Then, Ceusp(W, O)m is a finite
free O[U/W]-module.

The starting point for the proof is the following lemma.

LEMMA 8.18. Let U=]], U, be an open compact subgroup of G(@K), and let V=
[L, VoCU be an open normal subgroup such that U/V is Abelian of l-power order. Let
vo be a place of K, and let 1M denote the order of an 1-Sylow subgroup of G(IquO).
Let VCW CU be a subgroup such that (U/V)[IM]CW/V . Then, the quotient U/W acts
freely on Xy =G(K)\G(Ak)/W.

Proof. For any place v of K and for any g€ G(Af), the finite group ¢G(K)g~1NU
injects into U, under projection to the v-component. Consequently, the [-part of its order
divides M.

The group U acts on the discrete sets Xy and Xy by right translation. We want
to show that, if g€ G(Ak), then Staby (G(K)gW)=W. We have

Staby (G(K)gW) =Staby (G(K)gV)-W,
so it suffices to show that Staby (G(K)gV)CW. On the other hand, we have
Staby (G(K)gV) = (UNg™'G(K)g)-V,

so it even suffices to show that UNg=*G(K)gCW.
Let ucUNg 'G(K)g. We must show that u lies in the kernel of the composite group
homomorphism
Ung 'G(K)g -2>U/v 25 Uuyw.

The element o(u) has I-power order, hence satisfies a(u)!" =e, and thus (by hypothesis)
(Beoa)(u)=e. This completes the proof. O

The lemma implies in particular that C.(W, Q) is a free O[U/W]-module (although
of infinite rank). In order to prove Theorem 8.17, we will show that Ceysp(W, Q) can
be realized as a direct summand O[U/W]-module of C.(W,O). Let S be a finite set
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of places of K such that U,=V,=G(Ok,) if v¢S. By Lemma 8.16, we can find an
operator t€H(G(AS),U%)®z0 such that tC.(W,O)C Ceysp(W, O) and ¢ has non-zero
image in B(W, O)/m. Since B(W, O) is a finite O-algebra, we can find s€ B(W, O) such
that sCeusp (W, O)=Cousp(W, O)w and s has non-zero image in B(W, O)/m. Let z=sot,

viewed as an endomorphism of C.(W, ©). Then we have
ZCC(VVa O) = ZCCuSp(W O)m = Cusp(VV7 O)ma

and the restriction of z to Ceusp (W, O)w is an automorphism. Since the action of z com-
mutes with the action of O[U/W], we conclude that Ceysp(W, O)w is a direct summand
O[U/W]-module of C.(W,O), and hence that Ceusp(W, O)w is a finite free O[U/W]-

module, as required. This completes the proof of Theorem 8.17.

8.4. Automorphic forms are free over R;

We now show how to use our work so far to prove an ‘R=8B’ theorem, which identifies
in certain cases part of the integral algebra B(U, O) of excursion operators with a Galois
deformation ring of the type introduced in §5.2. Let [ be a prime not dividing ¢, let
EC@, be a coefficient field, and let U=G(Ok). Let mCB(U,®) be a maximal ideal,
and let o: T K—>G(IF‘1) denote the representation associated with the maximal ideal m
by Corollary 8.11. We may assume, after possibly enlarging F, that &, takes values in
CA}’(k) We make the following assumptions:

(i) U4#W. This implies in particular that [ is a very good characteristic for G.

(i) The subgroup Zg.q(om(I'x)) of G is scheme-theoretically trivial.

(iii) The representation &y, is absolutely strongly G-irreducible (Definition 3.5).

(iv) The subgroup ow(I'k(¢,)) of é(k) is G-abundant (Definition 5.18).

We note that assumptions (i) and (iii) together imply that Zz.q(0m(I'k)) is a finite
étale group (by Theorems 3.4 and 3.8). Point (ii) can therefore be checked at the level
of geometric points.

The universal deformation ring Rz, » is then defined (see §5.2). We write Oy, for
the projection of the pseudocharacter Oy to B(U, O)y, and o"V: Tk —>é(R5—m7g) for a

representative of the universal deformation.

LEMMA 8.19. There is a unique morphism fu: Rz, o—B(U, O)n of O-algebras such

that fe . tr U“’“i":@Uym. It is surjective.

Proof. The existence and uniqueness of the map follows from Theorem 4.10 and
our assumption on the centralizer of the image of &, in the group G*d. The map
is surjective because, by definition, the ring B(U, O),, is generated by the excursion
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operators Sy and each such operator can be explicitly realized as the image of

%‘)iepf’
the element f(o"™V(v;)ic1)€ Rz, .o- -

The rest of this section is now devoted to proving the following result.

THEOREM 8.20. With assumptions as above, fn is an isomorphism, Ceusp(U, O)m

is a free Rz, o-module, and Rz & is a complete intersection O-algebra.

Before giving the proof of Theorem 8.20, we explain the role played by our hypotheses
(i) — (iv) above. The first condition (i) is convenient; it removes the need to deal with some
technical issues (such as possible non-smoothness of the map @—)éad). The condition
(ii) is absolutely essential, since it is only in this case that the pseudocharacter in B(U, O)
constructed by Lafforgue can be upgraded to a true representation, as in Lemma 8.19.
Since we know how to control deformations of representations using Galois cohomology,
but not how to control deformations of pseudocharacters, we do not see a way to avoid
this at the present time.

The condition (iii) is used to establish an essential technical lemma (Lemma 8.22
below, which is a reformulation of Theorem 8.17). We note that the G-irreducibility of
0m is already implied by (ii), so it is the strong irreducibility that is important here.
Finally, the condition (iv) is used to construct sets of auxiliary Taylor—Wiles places of K.
Some condition of this type is essential. It is possible that this could be weakened in the
future (as the notion of ‘bigness’ has been replaced by ‘adequacy’ in analogous theorems

for GL,,), but the condition of G-abundance is sufficient for our purposes.

COROLLARY 8.21. Let o: FK%(/?\(E) be a continuous, everywhere unramified repre-
sentation such that 9=cyw. Then, there exists a cuspidal automorphic representation 11
of G(Ag) over Q; such that IV #£0 and, for every place v of K, and every irreducible

representation V of é@w we have
xv (o(Frob,)) = eigenvalue of Ty, on 1Y,

Fiz a choice of character 1: N(K)\N(Ay)—Z), and suppose further that there exists a
minimal prime ideal pCB(U, O)m and f€Ceusp(U, O)m[p] satisfying

/ f(n)y(n)dn#0 mod mz,.
neN(K)\N(Ax)

Then, we can moreover assume that II is generated by a vector F € Coysp (U, Qi) satisfying

/ F(n)y(n)dn#0.
neN(K)\N(Ak)

In particular, if 1 is a generic character, then 11 is globally generic.
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Proof. The representation g determines a homomorphism Rz & — O; let q denote its
kernel. Then Ceysp(U, O)wm[q] is a non-zero finite free O-module. If € Cousp (U, O)m|q] is
a non-zero element, then, for every place v of K and for every irreducible representation V/
of @@l, we have Ty ,x=xv (o(Frob,))z. We can take II to be the irreducible Q;[G(Ak)]-
module generated by z. This establishes the first claim.

For the second, we note that we are free to enlarge @. We can therefore assume
that B(U, O)n/p=0 (i.e. that the eigenvalues of the excursion operators on f all lie in
O) and that the functional

v Ccusp(U, O)m — Zl,

F— F(n)y(n)dn,
neN(K)\N(Ak)

in facts takes values in O, and therefore defines an element of
Homo (Cousp (U, O)m, O) = H,

say.
By Theorem 8.20, both Hy and H{ are free B(U, O)yn-modules. The duality

HO X Hg — 0
induces a perfect duality

Since f € Hy[p] and p+ (zw)=m, the element f mod wH lies in (Hy/wHy)[m]. Moreover,
we have W(f)#0, showing that ¥ defines a showing that ¥ defines a non-trivial element
of Hy /mH§. Let U=, ..., ¥,, be elements of H which project to a basis of Hj /mH;
by Nakayama’s lemma, they are actually free B(U, O)n-module generators for H. This
shows that, for any minimal prime ideal qCB(U, O)y,, the restriction of ¥ to Hy[q] is non-
zero. For the second part of the corollary, we can therefore take II to be the irreducible
Q[G(Af)]-module generated by an element of Hy[q] which does not lie in the kernel
of U. O

Proof of Theorem 8.20. We will use the Taylor—-Wiles method. We first introduce
some notation. We recall (Definition 5.16) that a Taylor—Wiles datum for &y, is a pair
(@, {¢v}veq), where

e () is a finite set of places v of K such that 6 (Frob,) is regular semisimple and
qv=1 mod [,

e for each vEQ), p,: fngé(ﬁm(Frobv)) is a choice of inner isomorphism.
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We recall that we have fixed a choice TC BCG of split maximal torus and Borel
subgroup of G. If @ is a Taylor-Wiles datum, then we define Ag to be the maximal
l-power order quotient of the group [], .o T'(k(v)). According to Lemma 5.15, the ring
R5.. o then has a canonical structure of O[Ag]-algebra. We will write ag CO[A] for

the augmentation ideal; the same lemma shows that there is a canonical isomorphism

R&m,Q/(aQ)gR&m,@-
If @ is a Taylor-Wiles datum, then we define open compact subgroups

U1(Q) clUo(Q)CU

as follows:

o Up(Q)=]L, Uo(Q)v, where Up(Q)y=U,=G(Ok,) if v¢Q, and Uy(Q), is the Iwa-
hori group Up defined in §7 if v€Q);

o Ui1(Q)=]I, U1(Q)v, where U1(Q),=U,=G(Ok,) if v¢Q, and U1 (Q) is the group
U; defined in §7 if ve@.

Thus, U; CUp is a normal subgroup, and there is a canonical isomorphism
Up/Ur = Ag.
We now need to define auxiliary spaces of modular forms. We define
H{ = Ceusp(U, O) .
If Q is a Taylor—Wiles datum, then there are surjective maps
B(U1(Q),0) — B(Uo(Q), 0) — B(U, 0),

and we write m as well for the pullback of mCB(U, O) to these two algebras. Just as in

Lemma 8.19, we have surjective morphisms
Rs,..q — B(U1,0)m — B(Up, O)m.

We define H&M:Ccusp(Ul(Q), O)m and Hé,o:C’wsp(Uo(Q), O)m.

There is a structure of Ry, o[[],cq X«(T)]-module on Hg, ., where the copy of
X.(T) corresponding to v€Q acts via the embedding O[X.(T)]—Hy,(q), described in
Lemma 7.2 and the preceding paragraphs. We write ng,0 CO[[[,cq X«(T)] for the max-

imal ideal which is associated with the tuple of characters (veQ):

oo odmlwi,: Wi, — T(k), (8.13)
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as in the paragraph following Lemma 7.2. Then, H é?,O,nQ,o is a direct factor Rz, g-module
of Hg, o, and Proposition 7.8 shows that there is a canonical isomorphism Hé?70,nQ,0 ~H|
of Rs,, o-modules. (We note that the key hypothesis in Proposition 7.8 of compatibility
of two different pseudocharacters is satisfied in our situation by Theorem 8.9. We note
as well that we assume in §7 that, if v€@), then the stabilizer in the Weyl group of the
regular semisimple element gy, (Frob, )€ G (k) is trivial; this is equivalent to the condition
that the centralizer in @k of gm(Frob,) is connected, which is part of the definition of a
Taylor-Wiles datum.)

Similarly, if v€@, then we write T'(K,); for the quotient of T'(K,) by its maximal
pro-prime-to-/ subgroup. Then, there is a structure of Rs, o[[[,cq T(#y)i]-module
on Hé’l, where the copy of T(K,); corresponding to vE€Q acts via the embedding
O[T'(Ky)i]—=Huv,(q), described in Lemma 7.3. We write ng,1 CO[[],cq T'(Ky)] for the
maximal ideal which is associated with the tuple of characters (8.13) as in the para-
graph following Lemma 7.4. Then, Hé),l,ng,l is a direct factor Rz, o-module of Hé),u
and Proposition 7.9 shows that the two structures of O[Ag]-module on Hg,, . one
arising from the homomorphism O[Ag]|— Rs,, ¢ and the other from the homomorphism
O[AqQ]=O[[l,eq T(Ky)i, are the same. (We are again invoking Theorem 8.9 to justify
the application of Proposition 7.9.)

It follows from the second part of Lemma 7.3 that the natural inclusion

Ccusp(Uo(Q), O) C CCUSP(Ul (Q)> O)

induces an identification Hb’o’nQO:(Hb’Lnle)AQ. In order to complete the proof, we

will require one more key property of the modules H é}l.

LEMMA 8.22. Fiz a place vy of K, and let I™ denote the order of the 1-Sylow sub-
group of G(qu)' Let Q be a Taylor—Wiles datum, and suppose given an integer N =M
such that, for each vE€Q, q,=1 mod IV. Then, (Hém)lN_MAQ is a free O[Ag /1N M Ag]-

module.

Proof. This follows from Theorem 8.17. (This is the point in the proof where we use

our assumption that &y, is strongly (A;—irreducible.) O

This property implies in turn that (Hb}lmQ,l)leMAQ is a free O[Ag/IN"MAg]-
module. Observe that the Abelian group Ag/IN"MAg is a free Z/IN =M Z-module of
rank r#@Q, where r=rank G.

Henceforth, we fix a place vg of K and let I* be as in Lemma 8.22. If Q is a Taylor—
Wiles datum as in Lemma 8.22, we will then define HQ:Homo((HéylmQ‘l)lN*MAQ,(9)
and Hy=Homp (H), O), and endow these finite free O-modules with their natural struc-
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tures of Rz, Q®0[ag)OlAq/IN"MAg]- and Rs,, g-module, respectively. We can sum-
marize the preceding discussion as follows:
e The module Hg, is a finite free O[Ag /1N =M Ag]-module, where O[Ag /IN =M Ag]

acts via the algebra homomorphism
OAq/IN " MAQ] — Rs,,,@®0aq] OlAq /I M Ag).

e There is a natural surjective map Hg— Hy, which factors through an isomorphism
(Hq)a,—+Ho, and is compatible with the isomorphism Rs  q/(ag)=Rs,, 0.
The freeness of (H, ; 1)lN?MAQ implies that Hg is itself a free O[Ag /1N =M Ag]-

module, and that there is a natural isomorphism

(Hg)aq = Homo((Hiy 1 g,)" 29)22.0)
=Homo (Hg g 4, ,» O) = Home (Hy, O) = Hy.

Let ¢=h'(T'k &, 6x). By Proposition 5.19, we can find, for each N>1, a Taylor-Wiles
datum (Qn, {¢v}veqn) Which satisfies the following conditions:

e For each vEQy, we have ¢,=1 mod I[N *M and #Qn=q.

e There exists a surjection O X1, ..., Xg]| = Rs,,.qn, Where g=gr.

We now patch these objects together. Define Roo=0[X1,..., X ]|, Aw=Z], An=
A /TN A, S =0[Au]l, SN =0]AN]. We define by =ker(S,, —Sx) and bg=ker(S,, —
O) (i.e. by is the augmentation ideal of this completed group algebra). We choose for each
Taylor-Wiles datum @y a surjection Ao —Ag, ; this endows each ring R, g, with an
Sso-algebra structure, and hence each ring Rz, o, /(bn) with an Sy-algebra structure.
The discussion above shows that Hg, has a natural structure of Rz ¢, /(bnx)-module,
and that Hg, is free as an Sy-module, when Sy acts via the map Sy — Rs,,,0n/(6n).
We also fix a choice of surjection Roo—Rs,, Q-

Let a=dimy (Hy®o k), and if m>1 set r,,, =g(g+1)aml™. This integer is chosen so
that, for any N>1, we have

my  Hoy CwVHg,.
If m>1 is an integer, then we define a patching datum of level m to be a tuple
(Rons Hyny @y Bin)

consisting of the following data:

e R,, is a complete Noetherian local O-algebra with residue field k. It is equipped
with a homomorphism S,,, — R,, and a surjective homomorphism R, —R,, (both mor-
phisms of O-algebras).
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e H,, is a finite R,,-module.

® ap is an isomorphism Ry, /(bo)=Rs,, o/my"  of O-algebras.

® [, is an isomorphism H,,/(bg)=Hy/(@w™) of O-modules.

We require these data to satisfy the following conditions:

e The maximal ideal of R,, satisfies m%fn =0.

e H,, is a free S, /(ww™)-module, where S, acts via S,, = R,,.

e The isomorphisms o, B, are compatible with the structure of Rz &/ m%”;“hg—

module on Hy/(w™).

We define a morphism between two patching data
(R, Hiny @, Br) - and (R/ma lenv O‘;m /B:n)

of level m to be a pair of isomorphisms i: R,,— R}, and j: H,,— H], satisfying the fol-
lowing conditions:

e i is compatible with the structures of Roo- and S,,-algebra, and satisfies a,,, =, i.

e j is compatible with the structures of R,,- and R} -module via i, and satisfies
Bm=PBmJ-

Then, the collection D,, of patching data of level m forms a category (in fact, a
groupoid). This category has finitely many isomorphism classes of objects: indeed, our
conditions imply that R, and H,, have cardinality bounded solely in terms of m, and the
finiteness follows from this. For any m’'>m, there is a functor Fy, m: Dy — Dy, which
sends (R, Hy Gy y Brr) to the datum (R, Hyny Qun, Bim) given as follows:

o We set Ryy=Ryy /(bym, my" ).

o We set Hy,=Hp /(byy, @™).

e We let o, =,y mod mﬁ:ﬂ and (,, =0, mod w™, noting that there are canon-
ical isomorphisms Ry, /(bo)= Ry /(bo, my" ) and Hp, /(bo) = Hyps /(bo, ™).

For any 1<m< N, we can write down a patching datum

Pm,N - (Rm,Nv Hm,Na Qm N, Bm,N)

of level m as follows:

o We set Rm,N:RngQN/(mg;m,QN ,b). Our choices determine maps Roo— Ry n
and Sy, = R N

o Weset H,, n=Hq, /(bm, ™).

o We let oy, v denote the reduction modulo m%’;mwQN of the canonical isomorphism
Rs,..qn/(00)=R5,, o

e We let f3,, v denote the reduction modulo w™ of the canonical isomorphism
HQN/(bO)gHU
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Using the finiteness of the skeleton category of D,, for each m>1, we find that we

can choose integers Ny < No<N3<... and, for each m>1, an isomorphism

Fm+1,m (P77L+1,Nm,+1) = P’m,Nm
of patching data. This means that we can pass to the inverse limit, setting

R>= m Ry N, Hoo = %Ln HpN,, s
m m

to obtain the following objects:

e R> a complete Noetherian local O-algebra with residue field k, which is equipped
with structures of S..-algebra and a surjective map R, — R™.

e H,, a finite R*°-module.

® Qo an isomorphism R>/(bg)=R;5,, o.

® (s, an isomorphism Hoo/(bo)= Hyp.

These objects have the following additional properties:

e H., is free as an S,,-module.

e The isomorphisms a, and B are compatible with the structure of R, g-module
on Hy.

We find that

dim R* > depthpe Ho > depthg  Hoo =dim S, =dim Ro, > dim R,

and hence that these inequalities are equalities, R, — R is an isomorphism, and (by the
Auslander-Buchsbaum formula) Ho, is also a free R*°-module. It follows that Hu,/(bg)=
Hy is a free R™/(bo)= R, z-module, and that Rz » is an O-flat complete intersection.
This in turn implies that Ceysp (U, O)m ZHome (Hy, O) is a free Rs,, z-module (complete

intersections are Gorenstein). This completes the proof of the theorem. O]

9. Application of theorems of L. Moret-Bailly

In this section we make some simple geometric constructions regarding torsors under
finite groups. We first recall some basic facts. Let H be a finite group. We recall
that an H-torsor over a scheme S is an S-scheme X, faithfully flat and of locally finite
type, on which H acts on the left by S-morphisms, and such that the natural morphism
HexsX—>XxgX, (h,z)—(hx,x), is an isomorphism. (Here Hg denotes the constant
group over S attached to H.)

Two torsors X and X' over S are said to be isomorphic if there exists an H-
equivariant S-isomorphism f: X —X’. The étale sheaf Isomg (X, X’) of isomorphisms
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of H-torsors is representable by a finite étale S-scheme. If X =H g is the trivial H-torsor
over S, then we have a canonical identification Isomg g (X, X')=X".

Now suppose that S is connected, and let § be a geometric point of S. If X is
an H-torsor over S, then the choice of a geometric point £ of X above 5 determines
a homomorphism ¢x z: 71 (S, 5)—H, given by the formula v-Z=¢x z(7) -z, yem (S, 5).
A different choice of Z replaces ¢x z by an H-conjugate. This assignment X+—px z
determines a bijection between the following two sets (see [Grot, Exp.V, No. 5]):

e The set of H-torsors X over S, up to isomorphism.

e The set of homomorphisms 71 (S, 3)— H, up to H-conjugation.

We will apply these considerations in the following context. Let X and Y be smooth,
geometrically connected curves over F,, and set K=F,(X) and F=F,(Y). Let x and
77y be the geometric generic points of X and Y, respectively, corresponding to fixed
choices of separable closures K*/K and F*/F. We write F, for the algebraic closure of
F, inside K*.

Let ¢:m (X, 7x)—H and ¢: 711 (Y, 7y)—H be homomorphisms. We now consider
the pullbacks of these homomorphisms to various different (although closely related)
fundamental groups. The curve Y is a smooth, geometrically connected curve over K,

and the given data determines two torsors X, and X, over Yx. We define
Zy o =Tsomy, 1 (X, Xy).

Let £ denote a separable closure of the function field of Yks, and let 77 denote the
corresponding geometric generic point of Ygs. Fix a choice of F-embedding F*<€). We

then have a commutative diagram of fundamental groups:

Trl(YKSvﬁ)
T (Yk, 1) 1 (Yg,, )
Ny (0.1)
71 (Spec K, 7x ) (Y, y)
o ”

We recall ([Grot, Exp.V, Proposition 6.9]) that, if S'—S is a morphism of connected
schemes, then the surjectivity of the map m (S, 7s/)—7m1(S,7s) is equivalent to the
following statement: for each connected finite étale cover Z—.S, we have that Zg —
S’ is still connected. This condition is easily checked for the morphisms leading to
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the surjective arrows in the above diagram. For example, let Y'—Y be a connected
finite étale cover, and let Fy denote the algebraic closure of Fy in Fy(Y”). Then, Y’ is

geometrically connected over Fy/, which shows that Y}, is connected.

LEMMA 9.1. Let notation be as above.

(i) Suppose that 1 is surjective, even after restriction to m (YFq,ﬁy). Then, Zy.,
is a geometrically connected finite étale K -scheme.

(ii) Let K'/K be a finite separable extension, which is contained inside K*, and let
2€Zy,,(K'). Let yeYg (K')=Y (K') denote the image of z, and suppose that

y ¢ im(Y(IF‘qﬂK/) =Y (K")).

Then, z determines an Fq-embedding B: F— K' such that 3*v and ¢|r,., are H-conjugate
as homomorphisms U'gr— H.
Proof. For the first part, it suffices to note that Zy , g« =Xy g« =X is

Ylay (Yies )
connected. Indeed, the diagram (9.1) shows, together with our assumption, that

1/}|7T1(YK5777):7T1(YKS777) —)H

is surjective.

For the second part, we first note that $*i) depends on a choice of a compatible
embedding F®— K*; however, its H-conjugacy class is independent of any such choice,
so the conclusion of the proposition makes sense. The point z determines a morphism
y:Spec K'—Zy, ,—Yr—Y. Our assumption that y does not come from Y (F,) says
that the point of Spec K’ is mapped to the generic point of Y, hence determines an
F,-embedding f: F— K’, and a commutative diagram (where we now omit base points

for simplicity):

m1(Spec K') I, (Spec F)

N
™ (Yk)
9.2)
/ \Tl(y)

71 (Spec K)
@ P
/ \
H H.

The existence of the point z then says that the homomorphisms 5*¢ and ¢|r,, are
H-conjugate, as desired. O



78 G. BOCKLE, M. HARRIS, C. KHARE AND J. A. THORNE

We can now apply a well-known theorem of Moret-Bailly (see [MB1]) to deduce the

following consequence.

PROPOSITION 9.2. Let X and Y be smooth, geometrically connected curves over
F,, and set K=F,(X) and F=F,(Y). Let p:m(X,fx)—H and ¢:m(Y,7)y)—H be
homomorphisms such that ¥ is surjective, even after restriction to Wl(YFq,ﬁy). Let
L/K be a finite Galois extension. Then, we can find a finite Galois extension K'/K and
an F,-embedding : F— K’ satisfying the following conditions:

(i) The extension K'/K is linearly disjoint from L/K, and K'NF,=F,.

(i) The homomorphisms ¢|r,, and 3*y are H-conjugate.

Proof. By the first part of Lemma 9.1, Zy , is a smooth, geometrically connected
curve over K. By spreading out and the Weil bounds, the set Zy ,(K,) is non-empty
for all but finitely many places v of K. Let S be a finite set of places of K such that, if
L/M/K is an intermediate field Galois over K, with Gal(M/K) simple and non-trivial,
then there is v€.S which does not split in M; and if ve€ S, then Z, ,(K,) is non-empty (it
is easy to construct such a set using the Chebotarev density theorem, i.e. Theorem 2.1).
We see that S has the following property: any Galois extension K'/K which is S-split
is linearly disjoint from L/K. After adjoining two further places to S of coprime residue
degrees, we see that K’/K will also have the property that K'NF,=F,.

By Lemma 9.1, the proposition will now follow from the following statement: there
exists a finite Galois extension K'/K satisfying the following conditions:

(i) The extension K'/K is S-split.

(ii) The set Zy ,(K') contains a point which does not lie above Y (Fy).

It follows from [MB1, Théoréme 1.3] that such an extension exists. This completes
the proof. O

We conclude this section by recalling another useful result of Moret-Bailly and ap-

plying it to the existence of compatible systems (see [MB2]).

THEOREM 9.3. Let X be a smooth, geometrically connected curve over F,, and let
K=F,(X). Let S be a finite set of places of K. Suppose given a finite group H and for
each vE€S, a Galois extension M, /K, and an injection p,: Gal(M,/K,)—H. Then, we
can find inside K* a finite extension K'/K and a Galois extension M/K', satisfying the
following conditions:

(i) K'/K is S-split and there is given an isomorphism @: Gal(M/K')—H.

(ii) For each place w of M above a place v of S, let v'=w|k/, so that there is
a canonical isomorphism K,~K!,. Then, there is an isomorphism M,~M, of K,-

algebras such that the composite map

Gal(M,/K,) —s Gal(M,,/K.,) — Gal(M/K') -2+ H
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equals p,,.

Remark 9.4. The main theorem of the article [GaL] by Gan and Lomeli contains a

strong automorphic analogue of this theorem.

PROPOSITION 9.5. Let G be a split simple adjoint group over Fy, and let [ be a prime
such that 1>2dim G. Let K=F,(X), where X is a smooth, geometrically connected curve
over Fy, and let S be a finite set of places of K. Then we can find the following data:

(i) A finite extension K'/K inside K* which is S-split.

(i) A coefficient field ECQ; and a continuous, everywhere unramified homomor-
phism o: I‘K/HG(OE) such that p=p mod mg has image @(IF;)

The representation o=o, fits into a compatible system of continuous, everywhere

unramified representations (&, (ox)a), each of which has Zariski dense image in @(@A)

Proof. The last sentence will follow from the results of §6 once we establish the rest,
the Zariski density of the image of ¢ being a consequence of (ii) and Proposition 6.7. We
first apply Theorem 9.3 to obtain the following data:

e A finite extension K'/K inside K*®, which is S-split.

e A continuous, S-unramified and surjective homomorphism p: I' k- %é(ﬂ?l).

After replacing K’ by an extension K’- K’ and restricting g to the Galois group of
this extension, we can further assume:

e § is everywhere unramified.

The result will now follow from Theorem 5.14 (applied to the ring R; o) if we can
show that the following conditions are satisfied:

e [ is a very good characteristic for G.

e 0 is absolutely G-irreducible.

e There exists a representation i: G— GL(V) of finite kernel such that
10: 'ger —> GL(V[E‘[)

is absolutely irreducible and {>2(dim V' —1).

Our hypothesis on [ implies that it is a very good characteristic for é, and that [ is
larger than the Coxeter number of G. Consequently, G (Fy) is a @—absolutely irreducible
subgroup of G (because its saturation equals G(F,); see [Ser2, §5.1]). We can then satisfy
the third point above by taking V' to be the adjoint representation of G. O

10. A class of universally automorphic Galois representations

In this section we introduce a useful class of Galois representations, which we call Coxeter

homomorphisms, and which can, in certain circumstances, be shown to be “universally
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automorphic”; see the introduction for a discussion of the role played by this property, or
Lemma 10.12 below for a precise formulation of what we actually use. We first describe
these Coxeter homomorphisms abstractly and establish their basic properties in §10.1,
and then relate them to Galois representations and study their universal automorphy in
§10.2. We learned the idea of using Coxeter elements of Weyl groups to build Langlands
parameters from the work of Gross and Reeder (see for example [GR]).

10.1. Abstract Coxeter homomorphisms

Let G be a split, simply connected and simple group over Z of rank r. Let TcBcG
be a choice of split maximal torus and Borel subgroup, and let @z@(@,f) denote the
corresponding set of roots, RC® the corresponding set of simple roots. We write W=
W (G, f):N@ (T)/T for the Weyl group. Let k be an algebraically closed field. We will
assume throughout §10 that the characteristic of k is either 0 or />0, where [ satisfies
the following conditions:

(i) 1>2h—2, where h is the Coxeter number of G (defined in the statement of Propo-
sition 10.2 below).

(i) 1 is prime to #W. (In fact, this condition is implied by (i).)

These conditions are satisfied by any sufficiently large prime [. Under these as-
sumptions, it follows that, if H is a group and ¢: H —>@(k) is a homomorphism, then
o is @—completely reducible if and only if g is a semisimple k[H]-module (see [Ser2,
Corollaire 5.5]).

Definition 10.1. We call an element weW a Cozeter element if it is conjugate in
W to an element constructed as follows: choose an ordering as, ..., a,. of R, and take the

product S, ... Sq, Of the corresponding simple reflections in W.

T

The properties of Coxeter elements are very well known. We recall some of them

here.

PROPOSITION 10.2. (i) There is a unique conjugacy class of Coxeter elements in
W . Their common order h is called the Coxeter number of G.

(ii) If weW is a Coxeter element, then it acts freely on ®, with r=4#R orbits. In
particular, we have #®=rh.

(iii) Let weW be a Cozeter element, and let wENé(f)(k) denote a lift of w. Then,
the é(k‘)—conjugacy class of w is independent of any choices and f,;”:Zék. The element
w is regular semisimple and whEZ@(k). We write h for the order of w, which depends
only on G.

(iv) Let t be a prime number not dividing char k or #W and such that t=1 mod h,
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and let weW be a Cozeter element. Let qeF; be a primitive h-th root of unity. Then,
T(k)[t]"=7 is a 1-dimensional Fy-vector space, and every non-zero element v of this
space is reqular semisimple in G(k). Conversely, if w' €W and veT(k)[t]*=9\{0}, and

w'v=av for some a€F;, then w' is a power of w. In particular, if w'v=qv, then w'=w.

Proof. The first two points can be checked after extending scalars to C, in which
case see [Cox] and [Kos], respectively. For the first assertion of the third part, it is enough
to show that, if «’ is another lift of w to N@(f)(k:), then i and W’ are G(k)-conjugate.
We will show that they are in fact f(kz)-conjugate. Indeed, if mef(kz), then we have
az~'=2'""i; on the other hand, we have /=y for some yeT(k). We therefore
need to show that the map T(k)—7T(k), z—sx'~*, is surjective. This will follow if we
can show that the scheme-theoretic centralizer of w in fk is equal to Z@k. To show this,
it suffices to observe that the map 1—w: X*(T)—X*(T) is injective, with cokernel of
order equal to Zz(k). This can again be checked in the case k=C, in which case it is
a known fact; see e.g. [GR, Lemma 6.2]. For the second assertion of the third part, we

observe that in the Cartan decomposition

g =0 @ fa;
ac®(G,T)

wh acts trivially on t;, and leaves invariant each root space §,, by definition of the Coxeter
number h. On the other hand, w permutes these root spaces freely (by the second part
of the proposition). It now follows from the facts that f}f:O and that dimyg g >7 that
dimy, g =#R=r, and hence that 1 is regular and " acts trivially on gz. We deduce
that  is regular semisimple, and that @" € Zg (k).

We now come to the fourth point. We first prove the analogous claims for the Lie
algebra {Qt: if (€Q;* is any primitive hth root of unity, then the eigenspace %}Qfg is
1-dimensional, and all of its non-zero elements are regular semisimple. Indeed, it follows
from [S, Theorem 4.2] (and the fact that Coxeter elements are regular and have a(h)=1,
in the notation of [S]) that the eigenspace {&:C is 1-dimensional and is spanned by regular
semisimple elements, and that the centralizer of w in W is the cyclic group generated
by w. It then follows from [S, Proposition 3.5] that the only elements of W which preserve
the eigenspace %fg are the powers of w.

We must now deduce the corresponding statement for the group T'(k). As t{#W,
X, (T)®zZ4 is a projective Z[W]-module, and we have isomorphisms of Z;[W]-modules
X (T) @z (k)2T(k)[t] (by evaluation), X*(f)@)z(@t%%@t (via the canonical isomor-
phism X,(G,,)=Z*>LieG,,). The characteristic polynomial in F;[X] of w acting on
f(k)[t] has distinct roots. There is a unique hth root of unity (€Q; lifting ¢q. Let v be a
non-zero element of f(k)[t]“’:q, a 1-dimensional [F;-vector space, and suppose that v is
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not regular semisimple, and hence that the stabilizer of v in W is non-trivial (because G
is assumed simply connected). Let H,=Staby (v); then H, is normalized by w, and we
write FNIU for the subgroup of W generated by H, and w. Thus, ITIU acts on v by a char-
acter. By lifting this character to characteristic zero, we can find 9€ (X, (T)®z7Z;)"=¢
such that H,CStaby (0), which contradicts the above paragraph after passage to Q.
This shows that Staby (v) is trivial and that v is in fact regular semisimple.

Finally, let w’ €W, and let v be a non-zero element of f(k)[t]w:q. Suppose that
v is a w'-eigenvector. Let H, denote the stabilizer in W of the line F,-v=T(k)[t]*=1
(so that both w and w’ lie in H!). Then, F;-v is a 1-dimensional subrepresentation of
f(k)[t] which occurs with multiplicity 1 (because ¢ appears with multiplicity 1 as an
eigenvalue of w). By lifting this character of H), to characteristic zero, we can find a lift
5 (X, (T)®2Z¢)“=S of v, such that the line Z;- is invariant by H). Appealing once

more to the case of Lie algebras now shows that w’ is a power of w. O

Definition 10.3. Let I' be a group. We call a homomorphism ¢: F—)@(k) an abstract
Coxeter homomorphism if it satisfies the following conditions:

(i) There exists a maximal torus T C Gy, such that ¢(I')CNg, (T'), and the image of
o(I') in W(@k, T) is the cyclic group generated by a Coxeter element w. Let ¢*? denote
the composition T'—G(k)—G*(k), and T4 the image of T in ézd.

(ii) There exists a prime t=1 mod h not dividing char k or #W and a primitive hth
root of unity ¢€F; such that ¢*3(I)NTd (k) is cyclic of order ¢t and wvw~!=v? for any
ve*(T)NT> (k).

The definition includes some useful technical conditions that we can ensure are
satisfied in applications. We will soon see (Proposition 10.7) that the maximal torus T
appearing in this definition is the unique one with the listed properties.

LEMMA 10.4. Let qS:I‘—)é(@) be an abstract Coxeter homomorphism. Let A be a
place of Q, ¢y: F%é(@)%@(@x) be the composition, and ¢: F%é(E) be the reduction
modulo 1. Suppose that 1>2h—2 and that | does not divide the order of ¢(T'). Then, ¢y

is an abstract Coxeter homomorphism.

Proof. If ¢:T—G(Q) is an abstract Coxeter homomorphism, we may assume (after
conjugation) that the torus appearing in the definition is T. Since every element of
the Weyl group W (G, T) admits a representative in G(Z), this means that we can even
assume that ¢ takes values in G(Z) (i.e. the points of G with values in the algebraic
integers in Q), and that ¢* takes values in G(Z[¢;]). Then, the “physical” reduction
mod A (i.e. composition with G(Z[¢;]) —G(Fy)) of ¢*! has image of order prime to I, so
is G-completely reducible, so is G(F;)-conjugate to ¢y (i.e. the reduction modulo A of ¢
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defined using the pseudocharacter as in Definition 4.9). This implies that ¢y is itself an

abstract Coxeter homomorphism. O

LEMMA 10.5. Let (b:F—)@(k) be an abstract Coxeter homomorphism, and let the
torus T be as in Definition 10.3. Then, the following statements hold:

(i) Let A=(¢*)~1(T*(k)). Then T'/A is cyclic of order h. We write we W (G, T)
for the image of a generator. Then w is a Cozeter element, and there are isomorphisms
()2 (A) x (W) =7t} 7./ WZ, where 1€Z/hZ acts on the cyclic normal subgroup
as multiplication by q.

(ii) Let t=LieT and let §, be the a-root space inside §j, corresponding to a root
a€®(Gy,T). Then, there is an isomorphism of k[T']-modules

gte P Indk g,
ae®(Gy,T)/w

where each summand Indg 0o s an irreducible k[T'])-module.

Proof. We note that w is a Coxeter element, because it generates the same cyclic
group as a Coxeter element ([S, Proposition 4.7]). Let o €I" be an element which projects
to w, and let w=¢*I(c)eG*(k). Proposition 10.2 shows that i has order h, and this
implies the existence of the semidirect decomposition in the first part of the proposition.

To finish the proof of the lemma, we must show that, for any ae@(ak, T), there is
an isomorphism

Ga®faw ®...0F w1 =Indy da

of irreducible k[I'-modules. By Frobenius reciprocity, it is enough to show that the
induced representation is irreducible; and this is a consequence of the fact that the rep-
resentations ga, gaw, -, §,.h-1 are pairwise non-isomorphic. Indeed, if J€A satisfies
$*4(5)#1, then ¢*4(8) generates T'(k)[t]*=9, hence is regular semisimple, by Proposi-
tion 10.2, hence satisfies a(¢(d))#1, showing that «(¢(d)) is a primitive tth root of
unity. Then o' (¢(8))=a(4(5))?, and these elements are distinct as i=0,1,...,h—1. O

LEMMA 10.6. Let ¢: I‘%@(k) be an abstract Coxeter homomorphism. Then,
HO(D,6) =H°(T, 8)) =0

and, for every simple non-trivial k[I']-submodule V C§), there exists y€I' such that ¢(vy)

is reqular semisimple with connected centralizer in ék and V7#0.

Proof. The vanishing follows easily from Lemma 10.5. To show the second part, we
again apply Lemma 10.5, which tells us what the possible choices for V' are. Under our
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assumptions, the k[I']-module gy, is self-dual, so it is enough to show that for any simple
k[l]-module V C gy, there exists v€I such that ¢(7) is regular semisimple and V7#0. If
VCt, then we can choose yEA. If VT, cq 1)
that ¢(vy) projects to a Coxeter element. It follows from the second and third parts of

Jw IndX §,, then we can choose v so

Proposition 10.2 that ¢(+) has non-trivial invariants in V. O

PROPOSITION 10.7. Let ¢:T—G(k) be an abstract Cozeter homomorphism.

(i) ¢ is G-irreducible and Zgga (¢(T)) is scheme-theoretically trivial.

(ii) There is ezactly one mazimal torus TCGy such that »(I')CNg, (T).

(iii) Suppose that ¢¥:T—G(k) is another homomorphism, and for all vET, the ele-
ments ¢(v) and ¥(v) of G(k) have the same image in (@//@)(k) Then, ¢ and ) are
G(k)-conjugate.

Proof. Since ¢(I') has order prime to the characteristic of k, it is @—completely
reducible. In particular, if it is not @—irreducible, then it is contained in a Levi subgroup
of a proper parabolic of @k, so centralizes a non-trivial torus. To show the first part, it

is therefore enough to show that Zéid (¢(TI")) is scheme-theoretically trivial, or even that

Zg, (¢(I) is equal to Zg, . (We note that this really depends on the fact that G is simply
connected, and would be false in general otherwise, as one sees already by considering
the example é:PGLg.)

Let T be a maximal torus of Gy and weW(@k,T) be a Coxeter element as in
the definition of abstract Coxeter homomorphism. Since ék is simply connected, the
centralizer of a regular semisimple element of T" is T itself [Hu, Chapter 2]. The definition
of Coxeter homomorphism shows that the centralizer of ¢(I") is therefore contained inside
T™. By Proposition 10.2, we have TY=Zg , and this group is étale over k (because we
work in very good characteristic). This shows the first part of the proposition.

For the second part, suppose that 7" is another maximal torus such that ¢(T")C
Ng, (T'), and let A=(¢*)~1(T'(k)). Then, ¢*%(A) has trivial projection to W (G, T")
(because it has t-power order, and ¢ does not divide the order of the Weyl group). It
follows that ¢2d(A)CT’, and hence T=2Zg, (624 (A)=T".

For the third part, we observe that the given condition means that, for all y€T', ¢(7)
and () have the same semisimple part, up to @(k)—conjuation. Let gro¢ and grov)
denote the two k[I']-modules coming from the adjoint representation of G. They have
the same character, so they are isomorphic (up to semisimplification). This implies that
¥ is also G-irreducible. Indeed, if not, then we can replace ¥ by its semisimplification to
obtain a @—completely reducible representation which centralizes a non-trivial torus; this
would imply that ggo1=gro¢ contains a non-trivial subspace on which I" acts trivially,
which is not the case. It follows ([Ser2, Corollaire 5.5], and the assumptions at the
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beginning of §10.1) that g1 is a semisimple k[I']-module, hence there is an isomorphism
Grod=greotp. This shows that ¢ (T") has finite order prime to the characteristic of k. In
particular, every element of the image of ¢ is semisimple, so we find that, for all yeT,
¢(v) and ¥(v) are é(k)—conjugate, hence ker p=ker ¢ and ker ¢*d =ker 1)*4.

Let H=¢(T') and Hy=¢*(T"). We identify both ¢ and v with homomorphisms H —
é(k) Let g€ H be an element that maps to a generator of HoNT24(k), a 1-dimensional
F;-vector space. After replacing ¢ by a G (k)-conjugate, and g by a power, we may assume
that ¢(g)=v(g)€T(k)[t]. In particular, g€ H has order ¢. Let v=¢(g). Let g¢'€H be a
pre-image of wEW(@k, T). Then, there exists a primitive hth root of unity g€F;* such
=99, and hence ¢'g(g") " 1=g4.

We have ¢)(g')€Ng, (T)(k). Let w’ denote the image of ¥(g’) in W (Gy,T). Then,
we have w'v(w’)~1=1(g?)=1(g)?=v7, so Proposition 10.2 implies that w'=w. After

that wow™

replacing ¢ by a T'(k)-conjugate, we can therefore assume that 1 (g')=¢(g’), without
disturbing our assumption that ¥(g)=¢(g). Since g and ¢’ generate Hy, this shows that
¢ =14 (which is an equality, not just an isomorphism). It follows that there exists a
character w: H— Zg(k) such that, for all € H, we have ¢(x)=w(z)y(z). To finish the
proof, we must show that w=1. However, the elements ¢(x) and ¢ (x) are @(k)—conjugate,
so for any z€ H we can find w, €W (Gy, T) such that ¢(z)=w(z) *¢(x)=¢(z)"*, hence
w(z)=¢(x) == If ¢(x)€T(k), then ¢(x)!~*= has order ¢, implying that w(z)=1 (since
t is prime to the order of Zz(k)). To complete the proof, we now just need to observe
that ¢(¢')=(g'), and H is generated by ¢’, together with the subgroup ¢(I')NT'(k). O

COROLLARY 10.8. Let ¢: F%é(k) be an abstract Coxeter homomorphism. Then, ¢
is strongly G-irreducible and d)(I‘)C@(k) is a G-abundant subgroup.

Proof. The G-abundance follows from Lemma 10.6, and the strong irreducibility

follows from Proposition 10.7. O

10.2. Coxeter homomorphisms

We now continue with the assumptions of §10.1, and specify a particular choice of T", as
follows: we take X to be a smooth, projective, geometrically connected curve over F, of

characteristic p, K=F,(X), and I'=Ik g, where S is a finite set of places of K.

Definition 10.9. Let k be an algebraically closed field of characteristic zero or [>
2h—2. A Coxeter homomorphism over k is a homomorphism ¢: FK7S—>é(k:) which is an
abstract Coxeter homomorphism, in the sense of Definition 10.3, and which is continuous,

when G(k) is endowed with the discrete topology.
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ProroSITION 10.10. Let ¢: FK,SH@(@) be a Coxeter homomorphism, and let \ be
a place of Q of residue characteristic #p. Let ¢y be the composition of ¢ with the
inclusion G(Q)CG(Qy). Then, the following statements hold:

(i) If w:FKS%CA?(@)\) is a continuous homomorphism such that, for every place
v S of K, ¢(Frob,) and 1(Frob,) have the same image in (G//G)(Qy), then ¢ and
are G(Qy)-conjugate.

(it) If 1 is prime to #¢(T'k g) and 1>2h—2, then the residual representation

qg)\: FK — é(Fl)

is a Coxeter homomorphism. In particular, it is strongly G-irreducible and ér\(T') is a
G-abundant subgroup of G(F,).
(iii) Let L/K denote the extension cut out by ¢*%, and let K'/K be a finite separable

extension linearly disjoint from L. Then, @|r ., is a Cozeter homomorphism.

Proof. The representations ¢ and 1 determine continuous maps I' s — (é / é) (Qy),
which agree on the set of Frobenius elements. This set is dense in I'x g, by Corollary 2.2,
so the first part of the proposition follows from Proposition 10.7. The second part
follows from Lemma 10.4 and Corollary 10.8. For the third part, it is enough to show
that ¢*(T'g:)=¢*d(I'x). This follows immediately from our hypothesis. O

We now come to the most important result of this section. Let G denote a split
reductive group over K, and let us suppose that G is in fact the dual group of G. We
recall that we are assuming that G is simply connected, so this implies that G is in fact

an adjoint group.

THEOREM 10.11. Let ¢:T'k & %@((@) be a Coxeter homomorphism, and let X be a
place of Q of residue characteristic 1#p. Suppose that qS(I‘K_Fq) is contained in a conju-
gate of T(Q). Then, there exists a cuspidal automorphic representation © over Qy such
that 7¢(©x) #0 and which corresponds everywhere locally to ¢|w, (under the unramified
local Langlands correspondence). In other words, for every irreducible representation V

of é@ﬂ and for every place v of K, we have the relation

Xv (¢ (Frob,)) = eigenvalue of Ty, on 7G(O0x),
Proof. [BG1, Theorem 2.2.8] implies the existence of a spherical automorphic func-
tion

F:GE)\G(AK)/G(Ok) — Qa,

with unramified Hecke eigenvalues which correspond to ¢, under the unramified local
Langlands correspondence. (It is assumed in this reference that G is a reductive group
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with simply connected derived group; the general case can be reduced to this one using
z-extensions [Kot].) If we knew that this function was cuspidal and non-zero, then we
could take 7 to be the representation generated by f. These properties of the function f
are established in the two appendices to this paper by Gaitsgory. We note that the proof
that f is non-zero shows in fact that the first Whittaker coeflicient is non-zero, implying

that 7 is in fact globally generic. O

LEMMA 10.12. Suppose given a prime t4p#W such that ¢ mod t has exact order h.
Then, we can find a Coxeter homomorphism ¢:FK,S—>@(@) with the following proper-
ties:

(i) #(Tx)CG(ZIG).

(ii) For any prime-to-p place X of Q, and for any finite separable extension K'/K,
linearly disjoint from the extension of K cut out by ¢, and such that Plr,., is every-
where unramified, the representation ¢x|r,.,: 'k —>CA¥(@>\) is automorphic in the sense of

Definition 8.7, being associated with a prime ideal p of the excursion algebra
B(G(Ok), Qx).
Proof. Let a€ K be an element that has valuation 1 at some place of K, let
f¥V)=Y"~a,

and let Ey/K denote the splitting field of f(Y). Then, f(Y)eK]JY] is irreducible, even
over K-F,, and there is an isomorphism Gal(Eo/K)=u; xZ/hZ, where 1€Z/hZ is a lift
of Frobenius, which acts on u; by (—(9. Let wGW(@, ZA“) be a Coxeter element, and let
we@(Z) be a lift to G. Let i denote the order of w, and E=FEy-F ;. Then, there is an
isomorphism Gal(E/K)Xu; xZ/hZ, where again 1€Z/hZ acts on p; by (— (2.

By Proposition 10.2, the F;-vector space

(i) =1 =T@ "=

is 1-dimensional; let v be a non-zero element. Let ¢: Gal(E/K)—G(Z[(;]) be the homo-
morphism which sends a generator of y; to v and 1€Z/ hZ to w. T hen, ¢ is a Coxeter
homomorphism into G(Q) which takes values in G(Z[(]).

For any place A and any extension K'/K as in the statement of the lemma, ¢x|r,,
is an everywhere unramified Coxeter homomorphism, which takes values in f(@ A) after
restriction to the geometric fundamental group. Theorem 10.11 implies the existence of
an everywhere unramified cuspidal automorphic representation m which corresponds to
¢ everywhere locally, and hence an everywhere unramified automorphic Galois represen-
tation o, (associated with a prime ideal p of the algebra of excursion operators at level
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G(Ok)) such that, for every place v of K’, ¢x(Frob,) and op(Frob,) have the same
image in (G//G)(Q,). Proposition 10.10 then implies that éxrlr,, and o, are in fact
é(@,\)—conjug;ate7 showing that ¢|r,, is automorphic, as required. O

11. Potential automorphy

Let X be a smooth, geometrically connected curve over Fy, and let K=F,(X). Let G be
a split semisimple group over F,. Our goal in this section is the following result, which

is the main theorem of this paper.

THEOREM 11.1. Let ltq be a prime, and let o: I‘K%@(@l) be a continuous, every-
where unramified representation with Zariski dense image. Then, there exists a finite
Galois extension K'/K such that o|r,., is automorphic: there exists a cuspidal automor-
phic representation 11 of G(Ag) over Q; such that HG(@K’);&O and, for every place v
of K, Q\WKL and 11, are matched under the unramified local Langlands correspondence
at v. In other words, for every irreducible representation V' of CA}’@Z, and for every place

v of K’', we have the relation
xv (o(Frob,)) = eigenvalue of Ty, on GOk,

Proof. Let H denote the adjoint group of G and n: G— H be the canonical isogeny.
Then H is a product of its simple factors, and the theorem is therefore true for H,
by Theorem 11.4 below. We have a dual isogeny ﬁﬁ —>@, which presents H as the
simply connected cover of G. By [Con2, Theorem 1.4], the representation g lifts to a
representation og: 'k %ﬁ(@l) such that ooy =p. Then, oy has Zariski dense image as
well, and becomes unramified after a finite base change. Moreover, it lives in a compatible
system, by Theorem 6.5. We can therefore apply Theorem 11.4 to find a finite Galois
extension K'/K and a cuspidal automorphic representation Iy of H(Ag/) over Q, such
that, for every place v of K’, Hgff%);«éo, and I, and op|w,, are matched under the
unramified local Langlands correspondence. )

We let fr: H(K')\H(Ag/)/H(Og/)—Q; be a cuspidal function which generates
Iy, and set fg=fmon. Then fg: G(K')\G(Ak/)/G(Ox/)—Q, is a cuspidal function,
and, if f¢#£0, then its Hecke eigenvalues are matched everywhere locally with ¢ (because
the Satake isomorphism is compatible with isogenies). The proof of the theorem will
be finished if we can show that f;#0 (as then we can take II=IIg to be the cuspidal
automorphic representation generated by fg). This non-vanishing follows immediately
from Proposition 11.2. O
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PROPOSITION 11.2. Let n: G—H denote the adjoint group of G, and let ltq be a
prime. Let o: FK%ITI(@Z) be a continuous, everywhere unramified representation with

Zariski dense image, and suppose that there exists a non-zero cuspidal function
frHK)\H(Ak)/H(Ok) — Q
such that, for every place v of K and every irreducible representation V of ﬁ@l, we have

Tv,o(f) =xv(o(Froby))f.

Then, fly(ax)) is not zero.

Proof. The idea of the proof is as follows: if f(n(G(Ak)))=0, then the automorphic
representation generated by f should be a lift from a twisted endoscopic group of H.
This would contradict the Zariski density of the image of p. To implement this idea, we
must get our hands dirty.

Let T be a split maximal torus of G, and let Ty denote its image in H. Then, we

have a commutative diagram of F,-groups with exact rows

1 Za Te Ty 1
J l l (1L.1)
1 Za G H 1.

We observe that n(G(Ak)) is a normal subgroup of H(Ag) which contains the derived
group of H(Afg), which implies that the subgroup of H(Ag) generated by n(G(Ak)),
H(K), and H(Og) actually equals H(K)-n(G(Ak))-H(Ok), and is normal. Let

Y =H(bk)/(H(K)-n(G(Ak))-H(Ox)),

and let V* denote the group of characters w: ) %@lx If weY*, we define a new function
fow: H(K)\H(Ag)/H(Ox)—Q; by the formula (f@w)(h)=f(h)w(h). Then, fRw is
also cuspidal. The proposition will follow from the following two claims:

(i) The group ) is finite.

(ii) The set {f®w}yey- is linearly independent over Q;.

Indeed, (i) implies that we can find (unique) constants a,€Q; such that, for he
H(Ak), we have

1, if h maps to the trivial element in ),
Z a,w(h)= 0

ey otherwise.
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If f(n(G(Ak)))=0, then we have }_ . a,(f®w)=0, which contradicts (ii).
We therefore have to establish the claims (i) and (ii) above. Taking K-points in the
diagram (11.1) and applying Hilbert’s Theorem 90 leads to a commutative diagram

1 ——Z¢(K) ——Tg(K) ——Tg(K) —— HY K, Zg) ——— 1

| L]

1 —— Zo(K) —— G(K) H(K) HY(K, Zg) — H'(K,G),

where the cohomology is flat cohomology. We find that the connecting homomorphism
induces an isomorphism H(K)/n(G(K))2H'(K, Zg). The same is true if K is replaced
by K, or Ok, (for any place v of K). We obtain an isomorphism

H(K’U) ~ KU;ZG)
Hn(G(Km-H(oK)) limg H{(Ore )\ (Hm oKU,zG)

veES
N e =)

This group is finite. Indeed, Z¢ is a finite Fy-group with constant dual, so it suffices to

vl Ok )\
S

show that, for any n>1, the group

(Hresv)(Hl(K,un))\(@m> KX\AX/OL(AL)" = Pic(X)®5Z/nZ

is finite, and this is true. This shows claim (i) above. In order to show claim (ii), let
ZE denote the Cartier dual of Z¢, and let X' denote the group of everywhere unramified
characters x:T'x —ZE (a subgroup of H'(K, ZE)); note that Z£ is a constant étale
group scheme. Let inv,: H?(K,,G,,)—~Q/Z be the isomorphism of class field theory.

For each place v of K, local duality gives a perfect pairing
HY(K,,Z8)xH (K,, Z¢) — Q/Z,

defined explicitly by the formula (x,h)—>inv,(xUh). The Cassels—Poitou-Tate exact
sequence ([Ces, Theorem 6.2]) gives an exact sequence

I1, rese
—_—

0—>yQ—V>Hom(XaQ/Z)—>H2(KaZG> @”HQ(KU’ZG)’

where QY is defined by QY(h)(x)=Y_,inv,(xUh). The last map is injective (we can
again reduce to the analogous statement for p,,, where it follows from class field theory),
so after dualizing we obtain an isomorphism Q: X —Hom(), Q/Z).
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We now fix an isomorphism Q/Z22Q;*[tors]. Then, there is a canonical isomorphism
Z85 2ker(Z5(Qi) — Z5(Q)), (11.2)
which allows us to identify the inverse of @ with an isomorphism
P:YV* — Hom(T'k o, ker(Z77(Qi) = Zg(Q1)).

Let V be an irreducible representation of I;T@l of highest weight A€ X *(f ) (with respect
to the fixed Borel subgroup B H cH ). Let v be a place of K. We note that Ty, considered
as a compactly supported function on H(K,), is supported on double cosets of the form
H(Og)p(wy)H(Ok ), where pe X, (Ty) has the property that A—p is a sum of positive
coroots, hence lies in the image of X.(Tg)—X«(Ty). In particular, for any character
weY*, we have w(A(wy))=w(p(w,)). This allows us to calculate, for g€ H(Ag),

(Tvo(f ©w))(g) = / Ty () f (gh)w(gh) dh

heH(K,)

:w(g)/ Tv.o(h) f(gh)w(N(wy)) dh (11.3)
h€H(K,)
=w(M@y))xv (e(Frob,))(f@w)(g).

We now observe that claim (ii) above follows from the following:
(iii) For any place v of K, for any irreducible representation V' of FAI@L of highest
weight A€ X, (Ty)=X*(Ty), and for any weY*, we have the equality

w(A(wy)) = AM(P(w)(Froby)). (11.4)
Indeed, the equations (11.3) and (11.4) together imply the identity

Ty (f @w) = A(P(w)(Froby,))xv (e(Frob,)) = xv ((¢®P(w))(Frob,)), (11.5)

showing that the function f®w has unramified Hecke eigenvalues matching oQP(w)
under the unramified local Langlands correspondence.

To show that the f®w (weY™*) are linearly independent, it suffices to show that
they have pairwise distinct sets of Hecke eigenvalues. However, if two forms f®w and
f®w’ have the same Hecke eigenvalues, it follows from Proposition 6.4, and our assump-
tion that o has Zariski dense image, that p®@P(w) and p@P(w') are actually H(Q;)-
conjugate, hence there exists geﬁ(@l) such that g(o®P(w))g ' =0®P(w'). In particu-
lar, ¢ Z:(Q;). If L/K denotes a finite extension such that w and w’ are trivial on I'r,
then o(T'z) is still Zariski dense in ﬁ(@l), and we have go|r, g~ '=o0l|r,, implying that
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g€Z7(Q;). This contradiction shows (conditional on the claim (iii) above) that no two

forms f®w and f®w’ have the same Hecke eigenvalues, hence that claim (ii) is true.
To finish the proof of the proposition, we therefore just need to establish claim (iii).

After unwinding the definitions, this is equivalent to the conclusion of Lemma 11.3 below.

This concludes the proof of the proposition. O

LEMMA 11.3. Let v be a place of K, and consider an exact sequence
0—Z—T-Ls1 50, (11.6)

where f is an isogeny of split tori over K,. Let 1 be the map defined by the dual exact
sequence

0—ZP 5 X*(T)®Q/Z — X*(T)®Q/Z —0. (11.7)

Let xeHY(K,,ZP) be an unramified element. Then, for any AeX*(f’):X*(T’), we
have the formula
inv, (xU(dA(wy))) = A(ex(Frob,)), (11.8)

where the connecting homomorphism ¢ is defined by the exact sequence (11.6).

Proof. The desired formula is linear in A. We can choose isomorphisms TG},
T'~G?, such that X*(f) is given by a diagonal matrix (because of the existence of
Smith normal form). We can therefore reduce to the case T=1"=G,,, f(z)=z™ for
some non-zero integer m, A: G,, —G,, the identity map. In this case, we must show the
identity

inv, (xUd(w,)) = x(Frob,).

In fact we have, for any b€ KX and any x:T'x, »Z/mZ,

inv, (xUd(b)) = — inv, (bU(x)) = x (Art g, (b)),

using [Serl, Chapter XIV, §1, Proposition 3] (and noting that Artg, is the reciprocal of
the reciprocity map defined there). This is the desired result. O

We have now reduced Theorem 11.1 to the case where G is a simple adjoint group

over [Fy. This is the case treated by the following theorem.

THEOREM 11.4. Suppose that G is simple and simply connected, and let (&, (ox)x)
be a compatible system of representations QA:FK,g%é(@A), each of which has Zariski
dense image. Then, there exists a finite Galois extension K'/K and a cuspidal auto-
morphic representation 11 of G(Ag:) over Q such that HG@K’);AO and, for every place
v of K', and for each prime-to-q place A of Q, Q)\|WK{) and 11, are matched under the

unramified local Langlands correspondence.
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Proof. Let Y be another geometrically connected curve over Fy and let F'=F,(Y).
After possibly replacing Y by a finite cover, we can find a compatible system (&, (Ry)») of
everywhere unramified and Zariski dense @—representations of ' (apply Proposition 9.5).
By Proposition 6.6, we can replace (ox)x and (R))x by equivalent compatible systems
and find a number field £ and a set £’ of rational primes with the following properties:

e For each place A of @, both oy and R, take values in G(E}).

e The set £’ has Dirichlet density zero. If I#p is a rational prime split in E, and
1¢ L', and A lies above [, then both Ry and g, have image equal to é(Zl).

We recall that h denotes the Coxeter number of G. The group Gal(E(Che)/E)
embeds naturally (via the cyclotomic character) as a finite index subgroup of Hr| R L) we
fix an integer b>1 such that it contains the subgroup of elements congruent to 1 mod hb.
Let t>#W be a prime such that h**" divides the multiplicative order of ¢ mod ¢; there
exist infinitely many such primes, by the main theorem of [Mo].

By the Chebotarev density theorem, we can find primes ly,l; not dividing ¢ and
satisfying the following conditions:
lo splits in E, lo>#W , and lo¢ L.

Iy splits in E((y), l1>t, and 1 ¢ L.
e If 7|h is a prime, then [;=1 mod h® but I, #1 mod rh®.
The groups G(F;,) and G(F,,) are perfect and have no isomorphic non-trivial

quotients.

In particular, [y and [; are both very good characteristics for G. Ifrisa prime and
g is an integer prime to 7, let 0,(g) denote the order of the image of g in F*. Thus 0:(q)
is divisible by h**!. Let a=o0:(q)/h, so that 0;(¢®)=h and ¢® mod t is a primitive hth
root of unity, and « is divisible by h®. We now observe that:

o The degree [Fyo (¢, ):Fya] is prime to h.

Indeed, the degree of this field extension equals oy, (¢%), which in turn divides
o1,(¢""), which itself in turn divides (I;—1)/h?. This quantity is prime to h, by con-
struction.

Let Ko=K Fgs~. We can now apply Lemma 10.12 to obtain a Coxeter homomor-
phism ¢: T’ KO—)@(@) satisfying the following conditions:

e ¢ takes values in G(Z[¢]).

e For any prime-to-p place A of Q and for any separable extension K’/Kj linearly
disjoint from the extension of K cut out by ¢4 such that P|r,., is everywhere unramified,
the composition ¢x|r,.,: 'k —G(2Z]¢))—G(Q,) is automorphic (that is, associated with
a prime ideal p of the algebra B(G(Ox-), Q) of excursion operators).

Fix places \g and \; of Q of characteristics Iy and Iy, respectively. We see that the
following additional condition is satisfied:
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e Let K'/Ky be a separable extension, linearly disjoint from the extension of K
cut out by ¢*d. Then, gi_n\l(FK/(cll)) is a G-abundant subgroup of G(F},), and ¢y, T, is
strongly G-irreducible.

Indeed, it suffices to show that the extension K'((;,)/Kp is linearly disjoint from
the extension M/Ky cut out by ¢*!, as then ¢|FK/<4,1)

(Proposition 10.10) and we can appeal to Corollary 10.8. To show this disjointness, note

is a Coxeter homomorphism

that the map I'xs — Gal(M/Kj) is surjective, by construction; the image of Lir(g,) in
Gal(M/Ky) is a normal subgroup with Abelian quotient of order dividing oy, (¢®). The
abelianization of Gal(M/K)) is cyclic of order h. Using that the o7, (¢*) is prime to h, we
find that I'g(¢, ) —Gal(M/Ko) is surjective, and hence that the extensions K'(¢;,)/Ko
and M /Ky are indeed linearly disjoint, as required.

Let Fy=F"F4o. We now apply Proposition 9.2 with the following data:

o H=G(F,))xG(F,,).

® P=0)|ry, X, -

o z/):R,\O\pFO ><R,\1|FF0. Note that v is surjective, by Goursat’s lemma. It is even
surjective after restriction to the geometric fundamental group, because H is perfect.

e L/Kj is the extension cut out by ¢.

We obtain a finite Galois extension K'/K( and an Fga-embedding §: Fy— K’ satis-
fying the following conditions:

e The extension K'/Kj is linearly disjoint from L/Ky, and K'NF;=Fga.

e The homomorphisms gy, |r,., and B*Ry, are @(Flo )-conjugate.

e The homomorphisms ¢y, |r,, and 5*R,, are @(Fll)—conjugate.

e The homomorphism ¢, |r,., is everywhere unramified.

The first three points follow from Proposition 9.2; after possibly enlarging the field
K', we can ensure the fourth point also holds. Consequently, ¢y, |r,., is automorphic.

We are now going to apply our automorphy lifting theorem to ¢y, |r,.,. We first need
to make sure that the hypotheses (i)—(iv) at the beginning of §8.4 are satisfied. The first
condition (I11#W) is satisfied by construction. The remaining conditions are satisfied
because ¢|r ., is a Coxeter homomorphism, and remains so after restriction to I K/(Gy)s by
construction. Corollary 8.21 now applies, and we deduce that there exists an everywhere
unramified cuspidal automorphic representation IT of G(Ag) over Q which corresponds
everywhere locally to the representation 5*Rj,, and hence to the representation 8*Rj,.
The representation 8* R, : FK/%@(@AO) has Zariski dense image, so Lemma 8.8 implies
that 8*R), is automorphic in the sense of Definition 8.7.

On the other hand, the residual representation of 5* Ry, is @(Flo)—conjugate to that
of 0x,|r,.,, which has image @(Flo). We can again apply Corollary 8.21 to deduce the
existence of an everywhere unramified cuspidal automorphic representation m of G(Ak)
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over Q which corresponds everywhere locally to the representation oy, |r - Since every
representation in the compatible family (&, ox|r,.,) has Zariski dense image, the theorem

now follows from the existence of m and another application of Lemma 8.8. O

11.1. Descent and a conjectural application

In this section, we discuss informally a conjectural application of Theorem 11.1 that
links descent and the local Langlands conjecture, and which was our initial motivation
for studying these problems. Let G be a split semisimple group over Iy, and let [ be a
prime not dividing q.

Let K=F,(X) be the function field of a smooth, geometrically connected curve, and
let v be a place of K. If 7 is a cuspidal automorphic representation of G(Af), then the
work of V. Lafforgue (see §8.2) associates with 7 at least one continuous, @—completely
reducible representation g,:IT" K%CA; (Q;), which is unramified at those places where 7 is,
and which is compatible with 7, under the unramified local Langlands correspondence
at such places.

If v is a place at which 7, is ramified, then we still obtain a @-completely reducible
representation o, ?,?,KH:WKU%CAT'(@l). It is natural to expect that this representation
depends only on m,, and not on the choice of cuspidal automorphic representation m
which realizes 7, as a local factor; and also that this representation depends only on K,
as a local field, and not on its realization as a completion of the global field K.

These expectations have been announced by Genestier-Lafforgue [GeL]. We have
already cited part of this work in Theorem 8.9, which played an essential role in the proof
of our main automorphy lifting theorem (Theorem 8.20). If F'=F,((t)), then this leads

to a map

Irreducible admissible é—completely reducible
LLCS: { representations of G(F), p — { homomorphisms Wz — G(Q)), ¢ ,
up to isomorphism up to é—conjugation

which deserves to be called the semisimple local Langlands correspondence over F. The
question we would like to answer is whether or not this map LLCF is surjective. The
most important case is whether all of the G-irreducible homomorphisms WF*)(/;\'(@[)
appear in the image; one expects to be able to reduce to this case. In this case, we have

the following proposition.

ProrosITION 11.5. Assume Conjecture 11.6 below is true. Then, the image of the

map LLCY contains all G-irreducible homomorphisms.
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Conjecture 11.6. Let E/K be a cyclic extension of global fields, as above, and let
o: 'k -G (Q;) be a continuous, almost everywhere unramified homomorphism of Zariski
dense image. Suppose that there exists a cuspidal automorphic representation ng of
G(Ag) over Q; such that at each place of E at which 7 and g|r,, are unramified, they
correspond under the unramified local Langlands correspondence.

Then, there exists a cuspidal automorphic representation mx of G(Ag) such that, at
each place of K at which mx and p are unramified, they correspond under the unramified

local Langlands correspondence.

We now sketch the proof of Proposition 11.5. Let og: WF*}@(@[) be a G-irreducible
homomorphism. Using similar techniques to those appearing in the proof of Proposi-
tion 9.5, one can find the following:

o A global field K =F,(X), together with a place vy and an [F-isomorphism F=K,, .

e A continuous representation O'Z].—‘K—)é(@l) of Zariski dense image which is un-
ramified outside vy and which satisfies 0'|WKUO ~oy.

A slight generalization of Theorem 11.1 then allows us to find, as well, the following:

e A Galois extension K'/K such that o|r,, is everywhere unramified.

e An everywhere unramified cuspidal automorphic representation 7 of G(Ag/) such
that at each place v of K, 7 and o|r,, are related under the unramified local Langlands
correspondence.

Let wg be a place of K’ above vy, and let Ky denote the fixed field inside K’ of the
decomposition group Gal(K7, /K,,). Let ug denote the place of Ky below wg. Then,
the extension K'/Kj is Galois; wg is the unique place of K’ above ug; the inclusion
Ky, — Ko, is an isomorphism; and the inclusion Gal(K7, /Ko .,)—Gal(K'/K) is an
isomorphism. In particular, the extension K'/Kj is soluble.

We can now repeatedly apply Conjecture 11.6 to the Abelian layers of this soluble
extension to obtain the following;:

e A cuspidal automorphic representation my of G(Ag,) such that, at every place
where 7y and U|FK0 are unramified, they are related by the unramified local Langlands
correspondence.

In particular, if go: " KU—)(A}’(@I) denotes one of the representations associated with
o by V. Lafforgue, then oy has Zariski dense image, is uniquely determined by 7y, and
is G’(@l)-conjugate to olry, (see Lemma 8.8).

We can now conclude. The above discussion shows that the representation Ulﬁ/Ko)
is the image of ¢ ,,, under the map LL iio,uo' Now, pulling back along the isomorphisms
F=K,, =Ky, and using the identification og %UHAS,KMO shows that the representation

0o is in the image of LLC%, as desired.
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11.2. Existence of Whittaker models

In this final section we sketch a variant of our main theorem. As usual, we let X be
a smooth, geometrically connected curve over F,, and let K=F,(X). Let G be a split
semisimple group over F,, and fix a split maximal torus and Borel subgroup TC BCG.
We recall that a character ¥: N(Ax)—Q* is said to be generic if it is non-trivial on
restriction to each simple root subgroup of N(Ag)/[N(Ak), N(Ak)] (cf. [JS]).

Definition 11.7. Let m be a cuspidal automorphic representation of G(Ag) over Q.

We say that 7 is globally generic if there exists an embedding ¢: m— Ceysp(Q), a function
f€@(n), and a generic character ¢: N(K)\N(Ax)—Q* such that the integral

/ F(n)ib(n) dn
neN(K)\N(Ak)

iS non-zero.

Globally generic automorphic representations play an important role in questions
such as multiplicity one or the construction of L-functions. We are going to sketch a
proof of the following result.

THEOREM 11.8. Suppose given a (A?—compatible system (@,(gA:FK%CA;(@A)))\) of
continuous, everywhere unramified representations with Zariski dense image. Then, there
exists a finite extension K'/K and a globally generic, everywhere unramified, cuspidal
automorphic representation I1 of G(Ag:) over Q such that olr,, and II are matched

everywhere locally under the unramified local Langlands correspondence.

The two main points in the proof are Corollary 8.21 and the following strengthening
of Theorem 10.11.

THEOREM 11.9. Suppose that G is simple and adjoint. Let ¢:I'i & %é(@) be a
Coxeter homomorphism, and let X be a place of Q of residue characteristic l{q. Suppose
that qb(I‘K,Fq) is contained in a conjugate of f(@) Then we can find the following:

(i) A coefficient field ECQj.

(ii) A cuspidal automorphic representation 7 of G(Ax) over Q; such that

7G(Ox) #0.

(iil) An embedding ¢:7— Ceusp(Q1) and a function fECcusp(G(@K),(’)) such that
f spans ¢(m)E(Ox),
(iv) A generic character ¢: N(K)\N(Ax)—Z] such that

/ F(n)b(n) dn=1. (11.9)
nEN(K)\N(Ax)
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In particular, 7 is globally generic.

Proof. This is the same as Theorem 10.11, except we now require the existence of an
O-valued function f satisfying the identity (11.9). The existence of a function f satisfying
this condition is proved in Appendix B of this paper; the same computation has already
been used in the proof of Theorem 10.11 to show that the function f considered there is

in fact non-zero. O

We now sketch the proof of Theorem 11.8.

Proof of Theorem 11.8. We can reduce, as at the beginning of §11, to the case where
G is a simple adjoint group. By Proposition 6.6, we can find, after passing to an equivalent
compatible system, a number field M CQ and a set £’ of rational primes of Dirichlet
density 0, all satisfying the following conditions:

e For each prime-to-q place A of Q, gy takes values in CA;(MA)

e If [{q is a rational prime split in M, and [¢L’, and A lies above [, then gy has
image equal to G(Z;).

Let h denote the Coxeter number of G. The group Gal(M (Cy)/M) embeds natu-

X .

X5 we fix an integer b>1 such that it contains

rally as a finite index subgroup of H7-| A
the subgroup of elements congruent to 1 mod h®. Let ¢t>#W be a prime such that h?*?
divides the multiplicative order of ¢ mod t. By the Chebotarev density theorem, we can
find a prime l{q satisfying the following conditions:

o [ splits in M((:), I>t, and ¢ L.

e If r|h is a prime, then /=1 mod h® but [#1 mod rh’.

e The group G(F,) is perfect.

If r is a prime and ¢ is an integer prime to r, then we write o,.(g) for the order of
the image of g in X, as in the proof of Theorem 11.4. Let a=0.(q)/h, so that o;(¢*)=h
and ¢ mod t is a primitive hth root of unity, and « is divisible by h’. Then the degree
[Fgo(¢r):Fge] is prime to h.

We can now apply Theorem 11.9 and similar arguments as in the proof of Lemma 10.12
to obtain the following:

e A smooth, projective, geometrically connected curve Y over Fgo with function
field F=F, (Y).

e An everywhere unramified Coxeter homomorphism ¢:T' F%é(@) which in fact
takes values in G(Z[¢]).

e For any place A of Q above [ and for any finite separable extension F’/F linearly
disjoint from the extension of F' cut out by ¢, a coefficient field ECQy, a function
F:G(FY\G(Ap)/G(Op/)—O which is matched everywhere locally with ¢, under the
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unramified local Langlands correspondence, and a generic character
Vi N(F)\N(Ap) — 2]

such that

/ F(n)p(n) dn=1.
nEN(F/)\N(Ap/)

Let Ko=K Fg«, and fix a choice of place A of Q above I. We now apply Proposi-
tion 9.2 with the following data:

o H=G(F)).
° p=¢xr.
® V=0x|rg,-

e L/F is the extension cut out by ¢y.

In order to avoid confusion, we note that the roles of F' and K here are reversed
relative to their roles in the statement of Proposition 9.2. We obtain a finite Galois
extension F//F and an Fge-embedding §: Ko— F’ satisfying the following conditions:

e The extension F’/F is linearly disjoint from L/F, and F'NF,=F.

e The homomorphisms ¢, |r,, and *gy are G(F,)-conjugate.

Let ECQy, f: G(F)\G(Ap)/G(Op)—0O, and 1: N(F')\N(Ap)—Z be the ob-
jects associated with ¢x|r,, above. The representation 3*py takes values in @(Zl) and
has residual representation conjugate to the Galois Coxeter homomorphism ¢ AT, -

Let U=G(Op). There is a unique maximal ideal mCB(U, ©) such that f lies in
Ceusp(U, O)m; indeed, this follows from Proposition 10.7. We can then apply Theo-
rem 8.20 to deduce that the natural map RJMFF,,@_)B(U’ O) is an isomorphism, and
that both of these rings are finite flat complete intersection O-algebras. It then fol-
lows from Proposition 5.12 that they are even reduced, hence B(U, O)n[1/]] is an étale
FE-algebra.

It follows from Proposition 10.7 and these observations that there is a unique minimal
prime ideal pCB(U, O)y such that feCeysp(U, O)[p]. We can now apply Corollary 8.21
to deduce the existence of a function f’€Ceyusp(U, Q) such that

/ F/(nyb(n) #0

nEN(F)\N(Apr)

and such that f’ is matched everywhere locally with *p, under the unramified local
Langlands correspondence. Since the space Ceusp (U, Q,) with its Hecke action is defined
over Q, we can even assume that f’ lies in Ceysp (U, Q). The proof of the theorem is now
complete on taking 7w to be the cuspidal automorphic representation generated by the
function f’, and K’ to be F’, viewed as an extension of K via §|x: K< F’. O
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Appendix A. Cuspidality of Eisenstein series (by D. Gaitsgory)

1. We assume being in the setting of [BG1, Theorem 2.2.8]. We are given a T-local
system Bz on X, such that the induced G-local system

Eé = Indg (ET)

is equipped with a Weil structure, and as such is irreducible.

According to [BG1, Proposition 2.2.9], Es is regular (i.e., the G,,-local system
a(Exz) is non-constant for all roots o of G), and there exists an element weW and its
lift we N(T) such that

Fr*(Ep)~EY, (A1)
and the identification

C (T o T o o & A1 18w
Ind%(E7) ~ Eg ~Fr*(Eg) ~ Ind% (Fr* (E7)) ~ Ind%(EY¥)

is induced by w.

2. Consider the object
Autp, = Eis$ (Autg,.).

We define the structure of Weil sheaf on Autg, by

(A

Nl
Fr* (Eisf (Aut g )) ~ Bis? (Autp,-(z,.)) :)Eisg(AutE%u):Eisg(AutET), (A.2)

where the last isomorphism is the functional equation for Eisenstein series ([BG1, The-
orem 2.2.4]).
Our goal is to show that the spherical automorphic function corresponding to Aut fol

with the above Weil structure is cuspidal.

3. First, we claim that we may assume that ET is strongly regular, i.e., E%/ is non-

isomorphic to Ez for any w'eW.

Z(G) =
Indeed, embed G into G1:=G x T’, where T" is a torus. There exists a G1-local

system Eg , equipped with a Weil structure so that Ez (equipped with its own Weil
structure) is induced from Ef, by means of the homomorphism G1—G.

Let E7, be the corresponding Ti-local system over X. We claim that E7 is au-
tomatically strongly regular. This follows from the fact that the derived group of G;
is simply connected. Now, if we know the cuspidality assertion for G1, the cuspidality
assertion for G follows.
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4. For a parabolic P with Levi quotient M, let
CT$;: Sh(Bung) — Sh(Bunyy)
be the corresponding constant term functor, i.e.,

CT; = (ap)re(pp)".

Consider the object
CT§(Bisf (Autz,)) € Sh(Bunyy), (A.3)

with the Weil structure induced by the Weil structure on Eis$ (Aut E,): given by (A.2).
We need to show that the function on Buny(F,) corresponding to (A.3) is zero.

5. Let
'Eis}’: Sh(Bunz) — Sh(Bunj,)

be the non-compactified Eisenstein series functor (see [BG1, §2.2.10]).
The standard calculation of the constant term applied to Eisenstein series (see [BG2,
Proposition 10.8] for the case P=B) says that the functor

CTS, - Eis$ (A.4)
can be canonically written as an extension of functors
S Sh(Bunr) — Sh(Bunyy),

’ . .
where each 8% is an extension of functors

some
Hecke
functor

Sh(Buny) ——— Sh(Bunr) SN Sh(Bunr) —) Sh(Bunyy),

and w’ runs over a set of representatives of Wy \W.

6. Now, the assumption that E7 is strongly regular implies that
RHom(S" (Autg,), 8% (Aut . ) =0, (A.5)
T

unless wj=wj-w mod Wyy; see [BG2, Proposition 10.6].
In particular, taking in (A.5) w}=1, we obtain that the object (A.3) is canonically
a direct sum:

CT§ (Bisf (Autg,) @sw (Autg,) (A.6)
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7. In terms of the isomorphism (A.6), the Weil structure on (A.3) is an isomorphism
Fee (@D S (Autg,) ) % @) S (Autgy) ~ D S* (Autg
r @ ( UET) = @ ( UE%)—@ ( UET)-
w’ w’ w’

Applying (A.5) again, we obtain that this isomorphism is given by a collection of
isomorphisms
* w’ _ w) —
Fr* (8" (Autg,)) — 8" (Autg,),

where w] is such that wj=w'"-w mod Wy,.
Note, however, that for no w’ do we have w'=w/. Indeed, this would mean that w
belongs to a subgroup conjugate to Wy, contradicting the irreducibility of Ex as a Weil

local system.

8. Now, the required vanishing of the function follows from the next general claim: let
Y be a stack, and let F be an object of Sh(}), equipped with a Weil structure. Assume
that F is written as a direct sum
F=BF. (A7)
iel

where [ is some finite set.

Assume that, in terms of (A.7), the Weil structure on F corresponds to a system of
isomorphisms

Fr* (i) — Foiys

where ¢: I —1 is an automorphism of 1.
Assume that ¢(i)#i for all i€I. Then, the function on Y(F,) corresponding to F

vanishes.

Appendix B. Non-vanishing of Whittaker coefficients (by D. Gaitsgory)

Temporary notation. For a stack/scheme Y over F,, we will denote by Y its base

change to F,. We will denote by Sh()) the derived category of sheaves on Y, and by

Sh(Y) the category of objects in Sh()), equipped with a Weil structure, i.e., pairs (F, a),

where F€Sh(Y) and a: Fr),(F)~F.

Note that, for Y=pt:=Spec(F,), the category Sh(pt) is that of objects of Vect (that
is, graded Qp-vector spaces) equipped with an automorphism.
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1. We assume being in the setting of [BG1]. We are given a T-local system Ez on X,
and let
Autg,_ € Sh(Bunr)

be the 1-dimensional local system that corresponds to it by geometric class field theory.
Consider the object
Autg, :=Eis7 (Autg, ) € Sh(Bung).

Assume that AutEé is equipped with a Weil structure. Our goal is to prove the

following result.
THEOREM 1. The function on Bung(F,) that corresponds to Autgé 1S MOM-Zero.

We will prove Theorem 1 by showing that its first Whittaker coefficient is non-zero.

2. Pick a square root w%Q of the canonical line bundle wx on X. Let go(wx) denote

the T-bundle on X induced from w}(/z using the cocharacter 20: G,, —T.
Let Bunfv(fX) be the stack

Bung- x {o(wx)};

Bunp

this is a twisted version of Buny-. We have a canonical map

B~ — ][] B
i€l
where [ is the set of vertices of the Dynkin diagram, and B; the negative Borel subgroup
of the adjoint quotient of the corresponding subminimal Levi. The above homomorphism
defines a map of stacks
Bun]g\g‘f’() — H Bunf\;ffdx) .
i€l

Note that each Bunf\;_(f’X) is the stack classifying extensions

i

0—wx —&—0O0x —0,

and hence admits a canonical map to A'. Let A-Sch denote the Artin-Schreier sheaf on
A'. Let x denote the *-pullback to Bunf\;f’() of A-Sch along the map

Bun%‘fX) — H Bunf\;f_wX) — H Al 2L AT

i€l i€l



104 G. BOCKLE, M. HARRIS, C. KHARE AND J. A. THORNE

We define the functor
Whit: Sh(Bung) — Sh(pt)
to be the composition

Sh(Bung) — Sh(Bun?“*)) —2X, §h(Bun2“*)) — Sh(pt),

where the first arrow is *-pullback with respect to the natural projection

o(wx)

Bunj, — Bung,

and the last arrow is the functor of cohomology with compact supports. We will use the

same symbol Whit to denote the corresponding functor
Sh(Bung) — Vect

(i-e., when we ignore the Weil structure).
It is clear that, for F€Sh(Bung) and the corresponding function f on Bung(F,),
the first Whittaker coefficient of f equals the trace of the Frobenius on Whit(F).

Hence, Theorem 1 follows from the next result.

THEOREM 2. There is an isomorphism
Whit(Autg, )~ Q,

up to a cohomological shift.

Notation change. From now on, we will work over Fq, and we will omit putting the
bar over the objects involved. So, for example, from now on X is a curve over Fq, and

E5 is a T-local system on X, etc.

2/, We will in fact prove the following generalization of Theorem 2.

THEOREM 2'. The functor
Whit o Eis%: Sh(Bung) — Vect

identifies canonically with the functor of x-fiber at the point o(wx)€Buny.
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3. Consider the diagram

’o— —

Bun%f’() 5 x Bunpg P Bung i Bunr (B.1)
ung
o lﬁ
Bun]g\;‘f){) SN Bung .

By base change, the functor Whit o EisCT; is calculated as follows:

fMHC(Bun%f“ X BTnB,(ao’p*)*(ﬂ@(’p*)*acmB>®(’ﬁ)*(x>)[—dim(BunT)]-

Bung

The fiber product Bun%f’( ) x Bunp admits a decomposition into locally closed
Bung

substacks
(Bunf\;f") X Bun3>, weW,

Bung

indexed by the relative position of the N~ -reduction and the B-reduction of a given
G-bundle over the generic point of X.

We have the following basic assertion.

PROPOSITION 3. For any w#1 and Fe€Sh(Bunr), the cohomology

Hc<<Bun‘;\§°fX) X BunB>w,(ﬁo/pf)*(}—)@)(lpf)*(ICmB)‘g’(/ﬁ)*(X))

Bung
vanishes.

The proof is obtained by repeating the argument of [BG2, §10.9].

4. Denote

1
Z:= (Bun%f}d X BunB) ;
Bung
this is the open stratum, where the two reductions are mutually transversal. The stack
Z is known to be a scheme and is called the Zastava space, see [BEGM, §2.2].

From Proposition 3, we obtain that Whit o Eisg can be calculated by
Fr—He(Z,(qo'p)" (F)@ ()" (ICqm, )@ ('P)" (X)) [ dim(Bung))],

where by a slight abuse of notation we continue to denote by 'p~ and 'p the maps from
(B.1), restricted to Z.
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The scheme Z splits into connected components, indexed by the elements of AP°%,
the semigroup of coweights of G equal to non-negative linear combinations of positive
simple coroots; for A€ AP°%, let Z* denote the corresponding connected component.

Let X* denote the corresponding partially symmetrized power of the curve. Namely,
if A=>",c; ni-a, then

Xr=T]x.
il

According to [BFGM, §2.2], there is a canonical map
o 2Z2h — x

such that the composition

go'p : Z2* — Buny

equals

2A 7 x2 A Bung,
where AJ is a version of the Abel-Jacobi map
X*> D+ o(wx)(—D).
In addition, according to [BFGM], we have
('p")"(ICgag, ) ~ ICz[dim(Bung) —dim(Bun%UfX))] .

Applying the projection formula, we obtain that WhitoEisg (F) is the direct sum

over A€ AP°® of the expressions

Ho (X2, o ('p)* () @ AJ* (F))[dim(Bung) —dim(Bun“*)) —dim(Bunz)].  (B.2)

5. We now apply the following result of [Ra, Theorem 3.4.1].

THEOREM. For A#0, the object
e ('p)* (x) €Sh(X?)

18 zero.

Thus, we obtain that, among the summands in (B.2), only the one with A=0 is
non-zero. In this case Z°=pt, and the assertion of Theorem 2’ follows.
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