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1. Introduction and statement of the results

Let N>2 and QCRY be a bounded open set such that the Sobolev space H'(Q) is
compactly embedded in L?*(Q) (for instance  Lipschitz). Those sets are called regular
throughout the paper. On such domains, the spectrum of the Laplace operator with
Neumann boundary conditions consists only on eigenvalues that we denote (counting
their multiplicities)

0=po() < p1(Q) < p2(N) <... > 0.

For every k>1, we have

Jo [Vul? dz
Q) = mi Jo VUl 0%
() Ses, ues Jou?dz

where Sy, is the family of all subspaces of dimension £ in
HY(Q)r:={ueH" (Q): [,udz=0}.

If Q is connected, then p;(92)>0.
In 1954 Szeg6 proved that among simply connected, 2-dimensional, smooth sets
QCR? the ball maximizes u; (see [20], [3] and [5])), i.e.(})

12012 (2) < |Blyur (B).

Dorin Bucur is member of the Institut Universitaire de France. His work is part of the ” Geometry
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(1) Weinberger noted in [21] that the proof of Szegd gives a stronger result, namely that the disc
minimizes the sum 1/p1(Q2)+1/p2(2) among 2-dimensional, smooth, simply connected sets of given
area.
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Two years later, Weinberger [21] removed the topological constraint and the dimension
restriction, and he proved that, for every N>2 and QCRY regular, the following in-
equality holds:

QPN 1 (Q) < i,

where pf=|B|*/N uy(B).
Maximizing the Neumann eigenvalues under volume constraint is also related to the
celebrated conjecture of Pdlya [18] asserting that the principal term of the Weyl law

provides in fact a bound for the eigenvalues. This conjecture reads, in N dimensions,

2/N
L () <47r2( Tm)) forall k>1,
WN

where wy is the volume of the unit ball in RY. The conjecture was proved to hold
only for particular classes of domains, for instance tiling domains in R? (see [16]). For
general regular domains, the conjecture holds true in the case k=1, as a consequence of
the Szegb—Weinberger inequality, but continues to remain open for arbitrary k. Kroger
found in [15] a series of bounds, which are larger than the conjectured ones. For instance,
if k=2 he proved ps(Q)<167/|Q| for 2-dimensional domains. The value 167/|€?| is the
double of the conjectured one. A natural, related, question is to find the geometry of
the domain which maximizes the kth Neumann eigenvalue. This question turns out to
be difficult for k=2 and probably impossible to answer analytically for k>3. We refer to
[2], [1], [6] for numerical approximations of the (presumably) optimal sets for k<10, but
there is no proof of the existence of those sets.

We refer the reader to the result of Girouard, Nadirashvili and Polterovich [11],
where the authors prove that in R? the union of two equal (and disjoint) disks gives a
larger second eigenvalue than any smooth simply connected open set of the same measure.
Moreover, this value is asymptotically attained by two disks with vanishing intersection.
Their proof is based on a combination of topological and analytical arguments and relies
on a folding and rearrangement technique introduced by Nadirashvili in [17], taking
advantage on the use of conformal mappings. This method cannot be adapted to non-
simply-connected sets. The authors left the case of arbitrary (regular) domains of R? as
an open problem.

Several independent numerical computations [2], [1], [6] in R? and R?® brought sup-
port in favor of the maximality of the union of the two discs without the simply connect-
edness constraint in R? and, moreover, lead to a similar conjecture in three dimensions
of the space.

The purpose of this paper is to prove that, in general, the second Neumann eigen-

value attains its maximum on a union of two disjoint, equal balls in the class of arbitrary
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domains of prescribed measure of RY. As a consequence, we prove that the Pélya conjec-

ture for Neumann eigenvalues holds for k=2, without any restriction on the dimension,

geometry or topology of the domains.

Let us denote the scale invariant quantity p5=2%"~|B|*/N u;(B), where B is any

ball. On the union of two disjoint balls By and By, each of mass %, we have

to(B1UB2) =0, u1(B1UB2)=0 and po(B1UB2)=ps3.

The main result of the paper is the following.
THEOREM 1. Let QCRY be a regular set. Then

212N 2 () < i

If equality occurs, then Q coincides a.e. with the union of two disjoint, equal balls.

As a consequence, we get the following.

COROLLARY 2. The Pdlya conjecture for the Neumann eigenvalues holds for k=2

in any dimension of the space.

In fact, we shall prove a more general result than Theorem 1. Specifically, we shall

prove that the result of Theorem 1 holds true on arbitrary open sets (even non-regular)

and, moreover, on L'NL>-densities in RY, provided the classical eigenvalues, seen as

variational quotients, receive a suitable relazed definition (see [10, Chapter 7] and [7]).

Precisely, let o€ L' (R, [0,1]). For every k>1, we define

_ . Jav o[ Vul® dz
= inf JREEC
i () Sel, ued S~ ou? dzx

where Ly, is the family of all subspaces of dimension & in
{u1{p@)>0y 1 u € CP(RY) and [,y oudz =0},
We have the following.
THEOREM 3. Let o€ L*(RY,[0,1]) be non-identically-zero. Then,

o (k=1, extension of the Szeqo—Weinberger inequality)

2/N
(/ gd:c) fir (o) < 4,
RN

with equality if and only if o=1p a.e., for some ball B of RN.

o (k=2) .
(/RN de)/ fi2(0) < i3,

3)

with equality if and only if o=1g:+1p~ a.e., where B¥ and B* are two disjoint (open)

balls of equal measure.
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For k=1, Theorem 3 above is a generalization of the Szego—Weinberger inequality,
and for k=2 is a generalization of Theorem 1.

We notice the following.

e If O is a bounded, open Lipschitz set, then taking p=1q, one gets fix(0)=px(£2).

e Let us remove a smooth manifold I' from Q, such that H!(Q\T) is compactly
embedded in L?(Q\T). This is for example the case when  is Lipschitz and the crack
[ is itself Lipschitz. Then, for p=1¢, one has fix(0)=pur(Q\T), since C2°(RY)|o\rC
HY(Q\T). From this perspective, Theorem 3 covers the inequality proved in Theorem 1
even in this less regular case.

e If the set Q={0>0} is smooth and there exists >0 such that p>al,~0y (ie. o is
not degenerating on its support and preserves ellipticity), then fix(o) are the eigenvalues
associated with the well-posed problem

—div(pVu) = pgou in Q, g—u =0 on 9.
n

e If Q is just a bounded open set, without any smoothness, the spectrum of the
Neumann Laplacian on 2 may be continuous. Theorem 3 still applies to p=1q, but
we do not have any spectral interpretation of fiz(lg). The same occurs if either o is
degenerating loosing ellipticity on its support, and/or if its support is not smooth enough.

Concerning the ideas of the proof, it is worth to recall what happens for the Dirichlet
Laplacian. The Faber—Krahn inequality for the first Dirichlet eigenvalue of the Laplacian
A1(Q) asserts that the minimum of |2/ \;(Q) is attained on balls. A simple argument
analysing the positive and negative parts of a second eigenfunction, leads to the conclu-
sion that the minimum of |Q2|>/N \5(€) is achieved on a set consisting on two equal and
disjoint balls. We refer to [8] for a detailed description of the history of the result, which
is attributed to Krahn [14], Hong [13] and Szegé [19].

A similar argument for the Neumann Laplacian is not valid. The proof of Theorem 1
(and of Theorem 3) is based on a suitable construction of a set of N test functions
which are simultaneously orthogonal to the constant function and to the first Neumann
eigenfunction on a regular set 2. The structure of these N functions is inspired by the
functions built by Weinberger, that we briefly describe below (see, for instance, [12] and
[21] for more details).

We denote throughout the paper Rq the radius of a ball of the same volume as 2, by
ro the radius of a ball of volume ||, by B a ball centered at the origin of radius R, and
by Ba,r the ball centered at point A of radius R. We denote by ¢g a non-negative, strictly

increasing solution(?) of the following differential equation on (0, R) (see the paper by

(?) The function g is explicitly given by g(r):rlfN/2JN/2(k?“/R)7 where k=+/p1(BRr) is the first
positive zero of rw (rl’N/QJNm(r))’ sometimes denoted py/2,1 as in [4], and Jy/ is the standard
Bessel function.
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Weinberger [21], or [12, §7.1.2] for details):

7O+ 0 (B -5 e =0, =0 gm=0. @)

Given a point A€RY and a value R>0, Weinberger introduced the function

gi:RY — RN,

5
GR(dA(x))IZ%’ (5)
dA(x)
where Gg:[0,00)—R is defined by
GRr(r):=g(r)1o,r+9(R)1[Rr,00)- (6)

By da(x) we denoted the distance from z to A.
Using Brouwer’s fixed point theorem, Weinberger proved for R= R, the existence of

a point A such that the set of functions
x—rga(x)-e, i=1,.., N,

are orthogonal to the constants in L2(2). Here, (e;); are the vectors of an orthonormal
basis. As a consequence, those functions can be taken as tests in the Rayleigh quotient

for 111(€2). By summation, this lead to

) L Gh )
/ (GRQwA(x))HN ) )d

p1(2) <
/S Gy (dal@)) da

The function r—Ggr, (1) is strictly increasing on [0, Rg| (and then constant), while

2
GRQ

r2

r—GE (r)+(N-1)

is decreasing. Consequently, the right-hand side of (7) is not larger than

NN <, MCACHAD
/BA,RQ<GRQ(‘“( )4

/ G?zn(dA(f)) dx
Ba,rg

lu’l(BA,Rsz) = (8)

In order to observe that 1 (Q)<p1(Ba, R, ), one formally has to move, one to one, the
points of 2\ B4 g, toward the points of the By g, \(2, pushing forward the measure
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Ha Hp
Has

Figure 1. The geometry of the test functions g45.

IQ\BAYRQ dx to lBA,RQ \@ dx. Throughout the paper, we call this procedure a mass dis-
placement argument.

In order to prove Theorem 1, we shall use a somehow similar strategy, searching a
set of N suitable test functions. The new difficulty is that the set of functions that we
have to build should be orthogonal to both the constant function and to a first Neumann
eigenfunction on Q (which is unknown). In the same time, the associated Rayleigh
quotient should not exceed p3.

Given two different points A, BERY, we introduce the linear part of the symmetry

operator with respect to the mediator hyperplane H 4p of the segment AB:
Tap:RY — RV,
Vi v—2(£~v)%,

where c%:ﬁ/\\ABH. Denoting H4 and Hp the half-spaces determined by Hap and
containing A and B, respectively, we build the function
AB.pN

g —>RN7

(9)

x— 1y, (2)ga(x)+ 1, (2)Tap(gr(x)).

The functions g4 and gp are the functions of Weinberger introduced in (5), associated
with G,,. Roughly speaking, g”? is a suitable gluing along Hap of two Weinberger
functions corresponding to different points.

Our main purpose will be to justify the existence of two points A and B such that

the set of N scalar functions

z—g2B(x)-e;, i=1,..,N,
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are simultaneously orthogonal in L2(£2) to the constant function and to a first eigenfunc-

tion u; of the Neumann Laplacian on 2, i.e.
/ g4B.e; da::/ g4B.ejuyde=0 foralli=1,...,N. (10)
Q Q

The proof of existence of A and B with such properties relies on a topological degree
argument and requires the most of the attention (it is worth mentioning that every result
on maximization for Neumann eigenvalues in the literature relies on a strong topological
argument).

Once the points A and B are found, the proof of Theorem 1 follows in its main lines
the one of Weinberger, being based on the mass displacement argument. In fact, on each
of the half-spaces H4 and Hp, the restriction of g#? acts like a Weinberger function (5)

associated with a ball of half measure.

Structure of the paper.

e In the next section we prove Theorem 1 for regular sets. We give the detailed
construction of the function g4?, prove the existence of a couple of points A and B
making g5 -e; suitable as test functions for 5 (), and prove the inequality. The equality
case will be a direct consequence.

e In §3, we give the proof of Theorem 3. We start by proving that the classical Szego—
Weinberger inequality holds true as well for densities and arbitrary domains. Concerning
the second eigenvalue, we rely on the main ideas introduced in §2 and focus on the new
difficulties raised by the possible absence of a first eigenfunction and by the possible
unboundedness of the support.

Although it would have been more natural to prove first the general case and de-
duce the inequality for regular domains as a consequence, we have chosen to start by
giving a detailed proof of Theorem 1 in the classical framework, as most of readers are
presumably interested in this case. The new difficulties raised by the proof of Theo-
rem 3 are exclusively related to the ill-posedness of the eigenvalue problem in the non-
smooth/degenerate/unbounded setting. The fact that we deal with a density instead of
a geometric domain does not raise any supplementary difficulty, being handled by mass

displacement.

2. Proof of Theorem 1

In this section we prove Theorem 1. Let QCRY be regular. We split the proof in several
parts.
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The validity of the test functions. Recall that rq is the radius of the ball of volume
11Q|. A set of eigenfunctions associated with the first non-zero eigenvalue 1 (B,,) on
the ball B, are {(g(r)/r)x;:i=1, ..., N}, where g solves the differential equation (4) for
R=rq.
Let A and B be two distinct points in RY. We recall the function g#? introduced
in (9):
g (1) = Lir, (2)84(2) + L1t (2)85(2)~2- Lt () (g5 (2)-ab) ab.

The function g% is well defined, and continuous across Hap. Indeed, it is enough to
observe that, for xo€dH,NOHg=H op, we have

ga(zo) =Tap(gn(x0)),

which comes from direct computation.
We notice that, for all z€RY,

lg* (@) < g(ra)

and

G
|VgAE(z)| <2N? <supm(r)+sup G;ﬂ(r)> < 00. (11)
>0 r >0
As a conclusion, we get gABcWh>(RY RY), with a uniform bound on their norm,
independent on A and B. The functions g4 -e; are therefore admissible as test functions

on €.

The use of the test functions. Assume for a moment that we have found two different
points A, BERY such that the orthogonality relations (10) hold. Let us show that we
can prove Theorem 1.

For some i€{1,..., N}, let us take in the definition of () the subspace

S =span{u, gAB e}

We can write
JoIV(g*5 -e)|? dx

foralli=1,...,N.
fQ |gAB-ei|2dx or all 2 3oy

pa(92) <

As a consequence,

SN Sy IV (gAB e da

pa(€2) <
S ey e ek ds
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Decomposing the sums over QNH4 and QNHp, we get using (9) (the computation is

similar with the one in Weinberger’s proof, see [12]))

20 1 Grada@)Y YO _Ghalds@)
[ @ aydes [ G2 (dale))de
HaN HpN

We displace the mass as follows: we split Q\ (B r, UBB.r,) in two sets 24 and Qp, such
that [Qa|+[QNBa,r,|=3|Q|. By monotonicity of r—G,, (r) and of

G? (r
r— G'TQQ(T)—&—(N—I) T:Q( ),
for any couple of points x€Q 4 and y€Ba r, \ 2 the following inequalities hold:

G, (da(x))
d% (x)

G )+ (v -1) A

a4 () ’

G2 (da(w)+(N—1)
& (@)

<

G?,(da(x)) > G2 (da(y)).
We then formally displace the mass from Q4 to Ba,, \ 2, and increase the Rayleigh

quotient. We use the same argument for Qp and Bp ,, \(2, finally getting that

Jya(Grten oy By are || (st v gl o

2Gm (dA(x))der/ G;, (dp(x))dz

Hang HpnQ
G?
Q/B <G’T2Q(r)+(N71)ﬁ> do
<—= =1 (Brg)-
2 G?,V(r) dr
B, )

Since fi1(By,) is the second eigenvalue of the union of two disjoint balls of mass ||,
the inequality in Theorem 1 follows.

If equality occurs, then HoNS) and HpNS2 have to be balls of mass %|Q|7 up to a
set of zero Lebesgue measure. Indeed, if there is mass displacement on a set of positive
measure, the inequality has to be strict. So, if equality occurs, € is a.e. identical to the

union of two disjoint balls of mass 3.

Remark 4. If, for instance, €2 is Lipschitz and equality occurs, then {2 has to coincide
with the union of the two balls. If we work only with regular sets without further
geometric assumption, it might be possible that one removes from one ball a set of
capacity zero and, from the other ball, a (small) set of positive capacity but of zero
measure (say a piece of a smooth manifold of dimension N—1). The removed set should
be small enough such that the second non-trivial eigenvalue of the slitted ball is not
smaller than the first eigenvalue of the genuine ball. In R2, this situation could occur if

one removes a small segment from a diameter.
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Existence of the family of test functions. In order to complete the proof, it remains
to justify the existence of two points A and B such that the orthogonality relations (10)
hold true. We shall do this below, but we point out from the beginning that the proof
works in an identical way, provided 1q is replaced by a measurable function o: RN — 0, 1]
with bounded support, and the first eigenfunction wu; is replaced by any measurable
function u such that uly,—o}=0, [pn ou® dz<oo and [,y oudzr=0.

We give the following.

LEMMA 5. Let A#B be two points of R™. Then, for all z€RY,
ga(z)-ab>gp(x)-ab.

Proof. The proof is immediate, by direct comparison. O

LEMMA 6. Assume that A and B are two points of RY such that
/gA(x)-eidx:/ gp(x)-e;dx foralli=1,...,N.
Q Q

Then, for all vERY, we have

/gA(x)-vdxz/gB(m)-vdx
Q Q
and A=B.

Proof. The first assertion is trivial and the second is a consequence of Lemma 5 for
v= %. O

In the sequel, we shall use a deformation argument in the framework of the topolog-

ical degree theory (see for instance [9, Theorem 1]), in order to prove the following.

PROPOSITION 7. There exist two different points A and B such that the orthogo-
nality relations (10) hold true.

Proof. By rescaling, we may assume that 0C By, the ball centered at the origin of
radius equal to 1. Let M >20 be fixed (the value 20 is chosen to be large enough with
respect to the radius of By). Denote

D={(X,Y): X, Y €RY and X =Y} CR?*",
We introduce the function

F:[-M, M*M\D — R?*Y,



MAXIMIZATION OF THE SECOND NON-TRIVIAL NEUMANN EIGENVALUE 347

F(A,B):= (/ gAB~ei dx,/ g8 .e;uy dm).
Q Q

We want to prove that there exists a couple of points (A, B)€[—M, M]*\D which
make F' vanish. So, we assume for contradiction that F' does not vanish on its definition
domain. We first observe that there exists >0 such that, if (4, B)€[—M, M]*¥\D and

by

dran ((A, B), D) <0,
then F' cannot vanish at (A4, B). Indeed, assume for contradiction that
(A, Bn) € [—-M, M]*N\D

is such that
/ gAan.ei dq):O fOI‘ all 1= 17 7N
Q

and dgen ((Ay, Br), D)—0. Extracting a subsequence, we may assume that
—
A, B,

A,—A, B,—A and —vesh-t

[ An By |

Then, the a.e.-limit of the sequence of functions (g4»?

g?4.v, has a constant sign, vanishing only on a zero-measure set. This contradicts

/ ginBr.v, dr=0.
Q

"V, )n, denoted for convenience

So, let us denote
V={(A, B) eRY xR : dpa~ ((A, B), D) <6},

and restrict the function F to [—M, M]?N\V.
Let Bx~ r be a ball of some radius 0<R<1 (the choice is free, but we should have
in mind rq), with a center X* carefully chosen, that will be specified in the proof. For

simplicity of the notation, we denote this ball B*.

First deformation. We introduce for t€]0, 1] the following family of functions

Fy: [-M, M*M\V — R?N

Fi\(A,B)= (/ gAB-eidx,(l—t)/ g8 .e;uy d;zc—l—t/ gAB-eid:U).
Q Q B
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Clearly, this family is continuous in ¢, and Fo=F. We shall prove that, for a specific
position of the center X* of the ball B*, for every t€[0,1] the function F} cannot vanish
on O([-M, M]*N\V).

Assume that, for some (A, B)€d([—M, M]>N\V) and some t€(0, 1], we have

F,(A, B)=0.

We shall first focus only on the first N coordinates of F;(A, B), which depend neither on
t nor on B*. This will give important information on the possible positions of the points
(A, B).

Indeed, we start observing that (A, B)¢9V. This is a consequence of the choice of §
above. It remains that (A, B)€d([—M, M]?Y). In other words, at least one of the points
A or B is at distance at least M from the origin (hence at least M —1 from ).

Case 1. Assume the point B is at distance at least M —1 from Q. Let C be the
cone with vertex B, tangent to the ball By. If the point A does not belong to the cone
C, then denoting O’ the projection of O on the line AB, we cannot have

—
/ g48.0'0dx =0,
Q

—
since the function g#4®-0’0 has constant sign on 2. Therefore, A has to belong to the
cone. Moreover, in this situation, the point A has to belong as well to the annulus

Bp.m+1\Bp,m—1. Indeed, if A does not belong to this annulus, we cannot have
/ gB B? dr =0,
Q

since, this time, the function g8 §5 has constant sign on Q (positive if A is between
the ball By and B, negative if the ball By is between A and B). This means that
A€CN(Bp,m+1\Bp,m-1), which by simple computation leads to A€ B, 5.

The main consequence is that the distance from A to O is not larger than v/2, and
hence, by the construction of the function g4, its action on the domain € is entirely
given by A, since  is covered by Ha only. In other words, the point B does not
influence the integrals in (10), and g*®=g4 on Q. Moreover, from Lemma 6, we get
that the position of A satisfying F;(A, B)=0 is uniquely determined, for every B far
away from Q.

For B far away and A fixed as above, let us look now to the linear form

L
V|—>/ g8 .vuy du.
Q



MAXIMIZATION OF THE SECOND NON-TRIVIAL NEUMANN EIGENVALUE 349

This form is not identically vanishing, otherwise for the couple (A, B) the function F
vanishes. Consequently, the kernel of this form is an hyperplane, denoted K. Let £€ SN ~1
be orthogonal to K such that fQ ga-Euy dr>0. We choose the center of the ball X* to
be given by A+3v/2¢. With this choice, the ball B* does not intersect B; and is fully
covered by H4 (recall that M >20). Consequently,

G
Vi Mﬂ.v dr
B* dA (CC)
has the same kernel K and has the same sign as L. In other words, for every ¢t€[0, 1],
Gr(d —
Vi (1—t)/ g8 vu, d:c+t/ Mvadx
Q - da(z)
vanishes only for veC.
At least one of the vectors ey, ...,eny does not belong to K. Consequently, among
the N terms
d
(17t)/gAB~eiu1 dl‘+t/ Mﬂ«%dm, iil,...7N,
Q « da(z)
at least one is not vanishing. The conclusion is that, for every t€]0, 1], the function F}
cannot vanish on 9([—M, M]?N\ V).

Case 2. Assume the point A is at distance at least M —1 from €. In this case,
only the point B acts on €2, as in the previous case, and BEB, 5. The only thing which

differs, is the expression of the function F}, which becomes

Fy(A,B) = (/Q gp-ei—2(gs-ab) (ab-e,) da,
(1—t)/ﬂg3~eiu1—2(g3-$) (c%-ei)ul dx+t/

B*

o-ei2(en-ab) (e) ).

In other words, we have

Fi(A,B)= (/QgB-TAB(ei)d:c,(l—t)/QgB-TAB(ei)ul dx—|—t/ gB~TAB(ei)).

Again, as in case 1, if F;(A, B)=0, then B has to coincide with the same point A, in the
preceding case.
For the point X* introduced in case 1, we cannot have, for all e;,

(1—t)/gB'TAB(ei)u1d$+t/ g -Tap(e;) =0,
Q

*

since the range of Tap is of dimension N. O

At that stage, we have proved that the topological degrees of Fy and Fj coincide:
d(Fy, [-M, M]?N\V,0)=d(Fy, [-M, M]?>N\V,0). We are now going to consider a second

continuous deformation which will further simplify the functional.
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Second deformation. Let Bf be the ball obtained by symmetry of B* with respect
to the origin. We define the continuous deformation G: [0, 1] x R*V RN by

Gt(A,B):<(l—t)/gAB-eZ-dx—i—t/ gAB-eZ-dx,/ gAB-eidx)
Q Bt .

Similarly to case 1, we do not vary the last N coordinates of G, which are of the same
nature as the first N coordinates of F;. Consequently, if G;(A, B)=0 for some ¢ and one
of the point (A, B)€d([—M, M]*N\V), then the other one has to be the center of B*,
which is the only point which satisfies [ B g8 .v dx=0 for all v. Note that we possibly
decrease the value ¢ in the computation of V', such that V' is also suitable for B*. Taking

a unit vector v parallel with the line X*O, one can notice that

(1—t)/gx*-vdx+t/ gx--vdr
Q Bt

cannot vanish, since both integrals have the same sign.
As Gy=F1, we can glue the two continuous deformations and notice that they do not
vanish on 9([—M, M]?N\ V), so in view of [9, Theorem 1] they have the same topological

degree:
d(F,[-M, MM \V,0) =d(Fy, [-M, M]*M\V,0) = d(G1, [~ M, M]*N\V,0).

We shall compute in the sequel the topological degree of G; and we shall prove that

it equals 2. As a consequence, F' has at least one zero, so we conclude the proof.

Computation of the topological degree of G, at zero. There are two steps.

Step 1. The zeros of the function G1. We may assume, without loosing generality,
that the center of B* is X*=(3v/2,0,...,0) and the center of B is X¥=(—31/2,0,...,0).
We claim that the only zeros of the function G are the couples (X*, X*) and (X, X*).
Assume that A and B are such that G1(A, B)=0. Then,

/gAB-vdx:/ g?B.vdr=0 forall veRN.
Bt *

Assume for contradiction that X*¢ AB. Denoting by X’ the projection of X* on the
line AB, and taking v=X'X"*, one has

/ g4B.vdzr#£0,
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as a consequence of the structure of the function g4® and the symmetry of the ball.
Indeed, the function g4 -v is odd with respect to the hyperplane containing the line AB
and orthogonal to v, and has constant sign on each half-space defined by this hyperplane.
As this hyperplane does not cut the ball into two half-balls, the integral || B gB.vdx
cannot vanish. Consequently, X* € AB, and similarly X*c AB.

Let 4 and zpg be the abscissas of the points A and B, and let xM:%(:vA +xp) be
the abscissa of the midpoint M. We discuss with respect to the possible values of x ;.

o If 2),€[-3v2+R,3v/2—R], then each ball is completely contained in one of the
two half-spaces, consequently, using the uniqueness given by Lemma 6, we get that the
two points have to coincide with the two centres of the balls.

e Let us prove that it is not possible that zps€(—inf, —3v2+R)U(3v2— R, 00).
Indeed, in that case, the two balls would be in the same half-space, and the uniqueness
result of Lemma 6 would imply that the same point A or B should be the center of each
ball.

o At last if zp/€[—3v2—R, —3v2+R]U[3v2— R, 3v2+R], one of the two balls is
completely contained in the half-space H4 or Hp which fixes its center at A or B. Taking
now v:ﬁ, and since the other ball is between A and B, we see that the function
g4B zﬁ has a constant sign on this ball which prevents the integral to be zero and make
this case impossible.

Thus, we are always in the first case: this gives the conclusion.

Step 2. Computation of the sign of the Jacobian of G at its zeros. The partial
derivatives of the function Gy, as function of A and B, can be computed explicitly.

We have the following general formula. Let h: [0, 00) —R% be of class C' and Bo r
be the ball centered at O of radius R. For every :=1,..., N, we denote

FOR(A) = / W(dA(Y)) (yi—2) dy,
Bo,r

where A=(x;); and Y=(y;);. Then, we compute the derivatives at the center of the ball
A=0:

oyt : (@ =y (yi—i) Yy
bl = (ot R v -5, )
For i#j, we get on
0" 9y =0,

637]‘
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For i=7, we get

afo "

7

8xi

Rh(R)P(B(0, R))
N
= —wyRYA(R).

In a similar manner, for a fixed point A=(x{'), and for variable points B=(z;);, we
consider the generic function

(xl—x;“)(ﬁB’Y))

AOR/ >\
rotm= [ nas) P

We assume that A and O are both on the first axis, so that E:ﬁel, for some SER*.
Denoting O.= (¢ +¢, 29, ...,2{), we have

oo d (B+2)(B+¢)er-O.Y)
L B_O—de( / o, vy dy) -
R
=N ], Wdo(¥))dov.

For i>2, we have @Ezm—i—sei and, plugging in the definition of f;, we get

= / (—:) yi
o /BO,R W (do(Y)) 4oy (s —27) dy+/BOYR hdo(Y)) 5 dy=0.

o "
al‘i

In order to compute (9f3"“"/9x1)|p=o, we consider the perturbation
OE = (xlo+€7 1'20, HS) Jj%),

and notice that
AO,R
5 (O:)=0.

In order to compute (82" /8x2)|p—o, we consider the perturbation

OE = (33?, 33204—8, ...,.’E%),
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and notice that

e(Byr—29)+e(ya—¢))

LOR(0,) = / h(do. (V)

Bo.r 624'62 ’
and
af3" " / , ~Y2 y1—xf
L[ W) Evdys [ o) dy=o,
O B=0O Bo,r dO(Y) Bo,r B
In order to compute (6f§4’O’R/8xi)|B:O, 1>3, we consider the perturbation

—
AO, = fe; +ce;,

and notice that
3 Of(0:) =0,

For the computation of the Jacobian of G at the points (X*#, X*) and (X*, X*), we recall
that

Gl(A,B)</ gABoeid:c,/ gAB~eid:v>, i=1,...,N.
Bt *

Around the zero (X*, X*), the expression of G is

e,
</ﬁg,4-eida:,/ gB-eidm—ZgB-ﬁe) i=1,...,N,
B *

IAB|]?

or, in terms of our notation,
b * .
Gi(A,B)= (A, 1A% "(B)), i=1,..,N,

with h(r)=GRg(r)/r. Then, the Jacobian matrix at (X*, X*) is diagonal, with all elements
on the diagonal equal to —wy RN h(R), except the one on position (N+1, N-+1), which
equals wy RV h(R). Its determinant equals

—(wnRYh(R))*Y,

which is a negative number.

The same value is obtained at the point (X*, X*), as the sign of 3 does not influence
the value of the derivatives.

As conclusion, the topological degree of F' at zero is equal to 2, which leads to the
existence of (at least) two solutions of F(A, B)=0 in [-M, M]?N\V.
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3. Proof of Theorem 3

In this section we shall prove Theorem 3. We start with the following observation. In (1),
one can replace C°(RY) with W (RY). Indeed, for a function ue W1>°(R¥) such
that [,y oudz=0, both terms [ ou? dz and [x o|Vul? dz are well defined. Moreover,

there exists a sequence of functions ¢, € C2°(R™) such that

/RN oondr=0 and lim . o(|[Vn—Vul?+|p, —ul?) dz =0.

n—oo R

The construction is standard by cut-off and convolution, one has to be careful only to
the orthogonality on o. Let ¢€C°(RY,[0,1]) be such that =1 on B; and ¢=0 on
RN\ By. We introduce, for every §>0, ps(z):=p(dz) and the constant cs such that

/ ops(u—cs) dr=0.
RN

We observe that

65/ Wadwz/ opsudz,
RN RN

and for 6—0 we get ¢5;—0. This is a consequence of

lim o(|V (psu) —Vul* +|psu—ul?) dz = 0.

§—0 RN

Now, for fixed §>0, we consider a convolution kernel (&), and a constant ¢s . such that

/ o6t (s (u—cs.)) dis 0.
]RN

On the one hand
05,5/ 06 * s d:c:/ 06 *(psu) d,
RN RN

and hence, for e =0, we get ¢s.—cs. On the other hand,

lim [ o(|V(&x(psu)) =V (psu) " +|E+(psu) —psul*) dz =0,

e—0 RN
which concludes the proof, by a diagonal argument.

The case k=1 (extension of the Szego—Weinberger result). Since inequality (2) that
we want to prove is scale invariant, we may assume that fR ~ odx=1. Let ry be the radius
of the ball of volume equal to 1.

If o has bounded support, the proof follows step by step the geometric case. The

existence of a point A such that

/RN oga(x)-e;de=0 foralli=1,..,N (12)



MAXIMIZATION OF THE SECOND NON-TRIVIAL NEUMANN EIGENVALUE 355

is done using the same fixed point argument used by Weinberger (see [12, Lemma 6.2.2]).
The function G=G,,, which enters in the definition of g4 above, is associated to r;.

Then, the proof follows step by step, the final argument being the displacement of
the mass of ¢ towards 1p, .

If o has unbounded support, the existence of a point A satisfying (12) can be done
by approximation. Note that, for every 4, the function g4 (x)-e; belongs to W1 (RY).
Let R, —o0 and consider a point A,, satisfying the orthogonality relations (12) for the
density ¢lp,, (which has bounded support) and for the g-functions defined with r;. If,
for a subsequence, (A, ), remains bounded, then by compactness we find a limit A such
that A, —A. Tt can be easily observed that the orthogonality relations (12) pass to the
limit, since ||ga,, -€illco <G(r1). Hence, A satisfies (12) for p.

Assume for contradiction that do (A, )—o0o. We fix a radius R such that

2
/ odr=—.
Bg 3

For n large enough such that 7, >R, we denote

By the choice of A,,, we have

which gets in contradiction with

2 1

lim ga, vpdr==G(r;) and / lga, Vnlde < =G(rq).
"7oe By 3 Br, \Br 3

Hence, (A,), remains bounded and we can build the functions of (12). The proof ends

using a mass displacement argument, pushing forward the measure odz on 1p, dz.

The case k=2. Assume that [, odz=1 and that fiz(0)>pu3. Let us denote by rq/s
the radius of the ball of volume %

There are two difficulties. Along with the fact that the support of p may be un-
bounded, there is a new difficulty: there is not necessarily existence of an eigenfunction
associated with fi1(0), by eigenfunction understanding a function for which the infi-
mum is attained in the definition of fi;(0). The orthogonality on the first eigenfunction,
both in L? and H'!, was an important point of the proof in the geometric case. In-
deed, in the Rayleigh quotient estimating the second eigenfunction, the scalar product

fRN oVu1Vg; dr was not present, being equal to zero.
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Let us fix £>0 and consider uy e W (RYN) such that [px our dz=0, [pn oufdz=1

and
i (0) < / olVuPdr < fu(o)+=. (13)
R

Let us prove the existence of two points A# B (one of them being possibly at infinite

distance from the origin) such that

/ ggAB~e¢dx:/ 0g4P eju;de=0 foralli=1,..,N. (14)
RN RN

Above, we abuse the notation g4? even if one of the points A and B is formally at
infinite distance from the origin. The exact meaning is given below.
Let R, —o00. We apply step by step the method of §2 to the functions

13Rn o and 13Rn ou1,

and find a couple of points (A,, B,) such that

/ QgA“B"-eZ-dx:/ og"Br.ejuyde=0 foralli=1,.. N. (15)
Br, Br,
If both sequences (A;), and (B,), stay bounded, we may assume (up to extracting a
subsequence) that A, —A and B, —B. If A#B, then all equalities in (15) pass to the
limit to (14). If A=DB, then, taking a further subsequence such that
e
Aan

s vesSNTL
[ AnBn||

we would get in the limit that

/ QgAA-V dx =0,
]RN

where g4 is the pointwise limit of the sequence g»5». This is not possible, since g44-v
is a negative function.

If (A,,), stays bounded, and dp(B,)— 00, we may assume that A, —A and obtain
that the limit of g4»5» equals ga:=g4>. Then, the functions (g4-e;); satisfy (14). A
similar assertion holds if B,, — B, do(A,)—o0 and

T
An By, N—1
— 3 veSTT,
[ An Bl
in which case the limit is described by

gp-ei—2gp-v(v-e):=g e, i=1,.,N
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satisfy the orthogonality relations (14).
We now prove that both sequences (4, ), and (By,), cannot go unbounded simulta-
neously, since the orthogonality on constants (in relations (15)) would be contradicted.

Indeed, denote by O,, the projection of O on the line A,B,. Fix R large enough such

that 3
/ odr=-.

We may assume (possibly exchanging the notation and extracting further subsequences)
that || AnOn||<||BnOnl|-

If, for an infinite number of indices, we have

s
< —
OnOAn X 47

then, taking vn:Onis/HOnOH, we get

13 1
lim inf AnBr . de > —"G(r >=G(r ,
1L 1T /BR %3 /2 4 ( 1/2) 5 ( 1/2)

contradicting the hypotheses (15), as it is not possible that fBR ogAnBr v, dz=0.

If for an infinite number of indices we have

0707722 <~ Omngg,

—
we take v, =A, B, /||A,Bg| and arrive to the same conclusion.

We finally conclude with the validity of (14). By abuse of notation, we continue to

AB

denote the set of such functions (g -e;);, even though one of the points is at co (i.e.

the functions g1>-e;=ga-e; and g*F-e;,=gp-e;—2gp-v(v-e;)). Let us denote by G
the set of (g;)I¥; such that there exist A and B so that
gAB'ei
9i= ’
(Jon 0(g4B ;) dx)1/?

and
/ og?B.e;dr=0 foralli=1,...,N.
RN

The family G is not empty, and moreover there exist at least one package of N functions

(gi); such that fRN 0g;u1 =0, as we have proved above. We have, in particular,

/ 0g?dr=1 foralli=1,.., N.
RN
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B

We observe that the set G is sequentially compact, as, if (g4~ -e;);€G, at least one of

the sequences (A, ), or (By), has to stay bounded.

We split the discussion in two cases.

Case 1. Assume that there exists some function u; € W% (RY) such that

/ ouy dxr =0, / gu%dmzl
RN RN

r(e)= [ oVl (16)

and

Since we get

/ 0G; dx:/ 0G; U1 da::/ oVg;Vuy dr=0,
RN RN RN

the proof follows step by step the geometric case, by the mass displacement argument.

Case 2. Assume that there does not exists a function u; € W% (RY) such that
(16) holds. In this case, u; will satisfy only inequality (13). We introduce the following

numbers independent on the choice of u;:
Vi|? dx

Tn::inf{fRN‘dng| ck=1,..,N and (g;); Eg},
f]RN olgx|* dx

Jen 0V gi|* d }
M:=supd LEY VIR B 4 Noand (g); €G .
p{ Jox ooz (9)

The values m and M are attained as a consequence of the same compactness argument

described above. Therefore, we have the strict inequality

fir(0) <m.

We give the following.

LEMMA 8. There exists C>0 such that, for all 66(0, %(m—ﬁl(g))) and, for every

(9:)i€G satisfying [pn 0giu1 dz=0, we have
fi2(0) g/ o|Vgi|*dz+Ce  foralli=1,...,N. (17)
RN

Proof. Assume that the set of functions (g;); satisfies (14). We write, for some
ie{l,..,N},

Jan 0l Vur+tVg;|* da _ Jan 0lVu1+tVg;|* da

- for all t € R.
S~ 0lu1+tgi|? dx 142 or a

f(o) <
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Direct computations and the knowledge of [, 0|Vu1|* dr<ji1(0)+e, give

O<€+2t/ QVngidx—&—tZ(/ 0|Vgil? dx—/ll(g)) for all t€R.
RN RN

For
o Jon 0Vu1Vy; dx
Jan 0| Vgil? dz—fi1(0)’
we get
0<er (Jan 0Vu1Vy; dx)?
T Jen 0VgilPdz—fn(o)’
or

(/RN oVu1Vg; dx>2 gs(/RN 0olVail? d:r—/h(g)) <e(M—ji1(0)), (18)

where the uniform bound on the gradient of g; has been obtained at (11). This inequality
gives a control of the scalar product fRN oVu1Vyg; dz by \/e.

By definition, we have

~ Jan 0|Vu1+tVg;|* dx
<su RY .
a(e) teﬂg 1+t¢2

For t— 400, the right-hand side converges to the same value fRN 0|Vg;|? dz. If this is the
supremum, the lemma is proved. Otherwise, we search the values of ¢ which are critical
for the right-hand side above. Performing the derivative in ¢, those critical values have

to satisfy

—¢? </ oVu1Vy; dm) +t(/ Q\Vgi|2dx—/ Q|Vu1|2dx)+/ oVu1Vg; dz=0.
RN RN RN RN

If fRN oVu1Vg; dr=0, then the only critical point is t=0 and, in this case, this corre-
sponds to a minimum for the Rayleigh quotient, the maximum being achieved for ¢t —4o0.
If fRN oVu1Vg; de#£0, then the two real roots ¢; and to satisfy

Jan 01V gil? dz— [5n 0| Vur|? da

tltg =—1 and tl +t2 = f Qvu vg d
RN 1 7

In particular, the second equality leads to

m—(fi1(0)+¢€) S1 m— fi1(0) S m—fi1(0)

152l | [on oVurVgida| = 2| fon oVurVgidz| ~ 24/e(M—ji1(0))

We conclude that, for some constant C, independent on e, we have (possibly switching
the indices)

1
[t1|<CVe and |t2| > 5\@
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Evaluating the Rayleigh quotient in ¢; and 2, and taking into account that e is small
and fia(0)>2%N|B|*/N 11 (B)—|B|*N 11 (B), we observe that the maximum is attained

in to, which leads to
f2(0) < /N 0|Vygi|? dz+C?B[*N py (B)e+2Ce/e(M — i1 (0)),
R

concluding the proof of the lemma. O

Going back to the proof of Theorem 3, we can use inequalities (17) as in the geometric

case (see the subsection “The use of test functions”), to obtain

fiz(0) < p3+Ce.

Making €—0, the inequality is proved.
If equality occurs, then the mass displacement should involve only a set of zero

measure, otherwise the inequality is strict, independent on ¢.
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