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Abstract

We study nontrivial deformations of the natural action of the Lie superalgebra KC(1)
of contact vector fields on the (1,1)-dimensional superspace R on the space of symbols

5(? = @ZZO Ss_ k. We calculate obstructions for integrability of infinitesimal multiparameter

deformations and determine the complete local commutative algebra corresponding to the
miniversal deformation.

1 Introduction

We consider the superspace R equipped with the contact 1-form o = dx + 0df, where 6 is the

odd variable, the Lie superalgebra K(1) of contact polynomial vector fields on R (also called

superconformal Lie algebra see [16]), and the KC(1)-module of symbols S§ = ) _, Fs_«, where
2

Ss_k is the module of the weighted densities on R, As Lie superalgebra KC(1) is rigid like the
2

Lie algebra of Virasoro [13], so one tries deformations of its modules. We will use the frame-
work of Fialowski [1, 3] and Fialowski-Fuchs [2] (see also [10]) and consider (multiparameter)
deformations over complete local commutative algebras related to this deformation. The first
step of any approach to the deformation theory consists in the determination of infinitesimal
deformations. According to Nijenhuis-Richardson [4], infinitesimal deformations of the action of
a Lie algebra on some module are classified by the first cohomology space of the Lie algebra
with values in the module of endomorphisms of that module. In our case,

Hh (K(1); Endaig(S))) = @ Hyg (K(1); D214

where D) , is the superspace of linear differential operators from the superspace of weighted
densities § to §,, and hereafter 2(6 — X),2(0 — p) € {0,1,...,n}.

While the obstructions for integrability of this infinitesimal deformations belong to the second
cohomology space,

H2¢ (K(1); Endain(S})) = @ap Haig (K(1); Dasn)

The odd first space Hyyq (KC(1); D x4x), was calculated in [9]: our task, therefore, is to calculate
the even first space Hig (K(1); Daatk), and the obstructions.
We shall give concrete explicit examples of the deformed action.
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2 Definitions and notations

2.1 The Lie superalgebra of contact vector fields on R/

Let R'! be the superspace with coordinates (z,6), where 6 is the odd variables (% = 0). We
consider the superspace Rl‘l[x, 0] of superpolynomial functions on R

RNz, 0] = {F=fo+ fi0: foand fi are in R[z]}

where R[z] is the space of polynomial functions on R. The superspace R'1[z, 4] has a structure
of superalgebra given by the contact bracket

(F.G) = FG' ~ F'G + 5 (-1 () -7(G) (2.1)

where n = 80 + 98337 n= 89 96‘1 and p(F') is the parity of F. Note that non = 8%’ so 7 is
sometimes called a “square root” of 893.
Any contact structure on R can be defined by the following 1-form:

o = dx + 6df
Let Vect p(R”l) be the superspace of superpolynomial vector fields on R/
Vect,(RM) = {0, + 10 | F; € Rz, 0]}

where 0 stands for % and 0, stands for %, and consider the superspace K(1) of contact poly-
nomial vector fields on R defined by

K(1)={ve Vectp(R”l) :va = Fa, for some F € Rm[x,&]}

where va is the Lie derivative of « along the vector fields v. Any contact superpolynomial vector
field on R can be given by the following explicit form:

vp = Fo, + %(—1)p(F)+1ﬁ(F)ﬁ, where F e R [z, 6]

2.2 The space of polynomial weighted densities on R!/'

Recall the definition of the Vect,(R)-module of polynomial weighted densities on R, where
Vect,(R) is the Lie algebra of polynomial vector fields on R. Consider the 1-parameter action of
Vect,(R) on the space of polynomial functions R[z| given by

Ly, (f) = X'+ 2X'f

where A € R. Denote by Fy the Vect,(R)-module structure on R[z] defined by this action.
Geometrically, F) is the space of polynomial weighted densities of weight A on R, i.e.,

Fr = {f(@)(dx)*|f € Rlz]} (2.2)

Now, in supersetting, we have an analogous definition of weighted densities (see [9]) with dx
replaced by a = dz + 6df. Consider the 1-parameter action of (1) on R|xz, §] given by the rule

£) (G) = 2£,.(G)+\F -G (2.3)
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where F,G € Rz, 0] and F' = 9, F or, in components,
%A®=L%@&+;m+<Q§@Q+MW+;WDG (2.4)
where F' = a + b0, G = go + g10. In particular, we have
2, () = Lo, (). 2, (06) = 0L (9)
£, (90) = (/\gob’ + 296b>0, £, (910) = %bgl

We denote this K(1)-module by §», the space of all polynomial weighted densities on R!I* of
weight A:
S ={o=Ff(.0)a*| f(2,0) € Rlz, 0]} (2.5)
Let ©), := Homgig(Fx, §,) be the (1)-module of linear differntial superoperators, the 1C(1)-
action on this superspace is given by
Lol(A) =8 o A— (-1)PAPIF) g0 £ (2.6)
Obviously,
(1) The adjoint K(1)-module is isomorphic to F_;.
(2) Asa Vect,(R)-module, §) ~ fAGBH(f/\+%), where F) is the Vect, (R)-module of polynomial
weighted densities of weight A and II is the functor of the change of parity.

Proposition 2.1. As a Vect,(R)-module, we have for the homogeneous relative parity compo-
nents,

(D)o 2 Dap®Dyy1 it (Dot I(Dyy1 , &Dy 11)

2.3 The supertransvectants: Explicit formula
Definition 2.2 (see [12]). The supertransvectants are the bilinear osp(1|2)-invariant maps

”X’ﬂ :8a® Sﬁ — Sat8+k

where k € {0,1,1,3,...}. These operators were calculated in [11] (see also [19]), let us give their

explicit formula.
One has

(e = > Jl (9) (2.7)
i+j=2k
where the numeric coefficients are
20+ [k — 5
[2g+1+ 1)% 2]+1 ( 1) 2k
gk — (_1)([#]+j(i+p(f)))

(2

25+ -

a

where [a] denotes the integer part of a € R, as above, the binomial coefficients ( § ) are well defined
if b is integer. It can be deduced directly that those operators are, indeed, osp(1|2)-invariant.
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2.4 The first cohomology space H};(K(1),D) )

Let us first recall some fundamental concepts from cohomology theory (see [10]). Let g = go @ g1
be a Lie superalgebra acting on a super vector space V' = Vj @ V;. The space Hom(g, V) is
(Z/2Z)-graded via

Hom(g, V), = Dae(z/22) Hom(gq, Vats), b€ Z/2Z (2.9)
Let

2M(a,V)={ € Hom(g, V)i 1((g, h]) = (1) gy () ~(~ )M E0) 70D 5 (g), g, heg )

be the space of 1-cocycles for the Chevalley-Eilenberg differential. According to the Z/2Z-grading
(2.9), any 1-cocycle v € Z(g; V) is broken to (7/,7") € Hom(go, V) @ Hom(gy, V).

The first cohomology space Hyg(K(1),D) ) inherits the (Z/2Z)-grading from (2.9) and it
decomposes into odd and even parts as follows:

Heigr (K(1), D) = Haig (K (1), D)o © Hegr (K (1), D)1
The odd first space Hjig (K(1); Dy a+x), Was calculated in [9]; we calculate, here, the even first
space Hig (K(1); D n+4);-

Lemma 2.3 (see [9]). The 1-cocycle v is a coboundary over K(1) if and only if v is a coboundary
over Vecty(R).

The following theorem recalls the result.
Theorem 2.4. (1) The space Hy;5(K(1),D )0 is isomorphic to the following:
R ifu—XA=0
R ifu—A=2for\# -1
R ifu—AszorAzOor)\:%

—7E£v33
4

Hiig (KC(1), D)0 =

R ifu—A=4 forx=

0 otherwise

The space H(lhff(lC(l),CD)\,#)o is generated by the cohomology classes of the 1-cocycles:

o For \ = u, the generator can be chosen as follows:
MAlve)(Fat) = G'Fa

where, here and below, F,G € R' [z, 6].
e For u— A=2 and X\ # —1, the generator can be chosen as follows:

Yanr2(va) (Fa) = (2AG3F + 3(—1)POq(G"7(F))a 2

o For u— X=3 and A =0, the generator can be chosen as follows:

0a(1) (Fa®) = (GUF = (COPORGTE) + GF" + () Sa(G () ) o
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o fory—A=3and A= %5, the generator can be chosen as follows:

=

V=5
2

N|=

5

5 _ _ 3_ _
Ca)Fa ™) = (G'F = (-)PORE ) + GF — (-1 Gac () ) a
o Foru—A=4and A = %\/g’ the generator can be chosen as follows:

) )
asalie)(Fad) = (GF + (17O S aGn(e) - TG

20

_(_1)p(G) m

n<G3>n<F’>) oM

(2) The space Hyg(K(1), D )1 is isomorphic to the following:

1

3
R ifp=A+>
Higr (K(1), D)1 = : g (2.10)
R ifu:/\—&-iforall)\

0  otherwise
The space Hyq(KC(1), D )1 is generated by the cohomology classes of the 1-cocycles:

o For\=0 and p= %, the generators can be chosen as follows:

%0 (v6)(F) = n(G)Fad, 51 (va)(F) = (~1)"y(G'Fla®

o For A= —% and p— X = %, the generator can be chosen as follows:
_1 3 1
714 (v6) (Fa~2) = <2(77(G") + (=) (G)F = 5 (0(G) = ()" n(G) F"

PO (G + (G (PO () )
H(=1)P O (G (F + (—1)P<F>F)) ot
o For \# —% and p— A= %, the generator can be chosen as follows:
Tt s (06)(Fa) = (F(G")F) a2
o Forpu—XA= %, the generator can be chosen as follows:

7A,A+g(”G)(FOéi\) = (2AGPF + 3(—1)P (G Yi(F))a 3
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Proof. The odd cohomology Hjj;(K(1),Dy )1 was calculated in [9).
Now, we are interested in the even cohomology. The adjoint IC(1)-module is Vect,(R)-
isomorphic to Vect,(R) @ II(F_1), so the even 1-cocycle vy decomposes into two components:

-2
Y0 = (700, 711), where

Y00 : Vectp(]R) I (@)\7“)0
Y11+ F.

1 — (D

e For \ = p, a straightest computation shows that +) y is prolongation of cy (X, F) = X'F
calculated by Feigen and Fuchs in [2].
e For u—\ > 2, we have (D M)O =D, M@DA+1 1. Then the component vgg of 7y is broken
’ ’ 27“"’_2

on (7000, Yoo1), where

Y000 - Vectp(]R) — DA,H

Yoo1 : Vectp(]R) — DA+%:M+%

If the component 7 is a differential operator with degree > 2, then it vanish on s[(2), thus ~
is a supertransvectant by the following lemma.

Lemma 2.5 (see [8, Theorem 3.1]). Up to coboundary, any even I-cocycle v € Z1(KC(1),D) )
vanishing on sl(2) is osp(1|2)-invariant. That is, if v(X1) = v(Xz) = v(X,2) = 0, then the
restriction of y to osp(1|2) is trivial.

As the adjoint KC(1)-module is isomorphic to §_1, the 1-cocycle v : K£(1) — D), can be

looked as a differential operator v : §_1 ® §\ — Fu. We consider the supertransvectants 3;1’)‘

ask=p— A If u— X > 2, we look for those which are nontrivial 1-cocycles. In this way we can

deduce v x+2, 70,3 VL5 and 74,444, where a = # V33 ]

3 Deformation theory and cohomology

Deformation theory of Lie algebra homomorphisms was first considered for one-parameter de-
formations [2, 4, 14]. Recently, deformations of Lie (super)algebras with multiparameters were
intensively studied (e.g., [1, 2, 3, 5, 6, 17, 18]). Here we give an outline of this theory.

3.1 Infinitesimal deformations

Let po : ¢ — End(V) be an action of a Lie superalgebra g on a vector superspace V. When
studying deformations of the g-action pg, one usually starts with infinitesimal deformations:

p=po+ty (3.1)
where v : g — End(V) is a linear map and ¢ is a formal parameter. The homomorphism condition

[p(x), p(y)] = ([, y]) (3.2)

where x,y € g, is satisfied in order 1 in ¢ if and only if v is a 1-cocycle. That is, the map
satisfies

v,y — (_1)p(:v)p(v) [po(x), v(y)] + (_1)p(y)(p(x)+p(v))[po(y)77(96)] =0
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If dim H'(g; End(V')) = m, then one can choose 1-cocycles 1, . .., 7, as a basis of H!(g; End(V))
and consider the following infinitesimal deformation:

m
p=pot Ztm (33)
i=1
where t1,...,t, are independent formal parameters with ¢; and ~; are the same parity, i.e.,

p(ti) = p(7i)- _ _
To study deformations of KC(1)-action on S¥, we must consider the space Hj;z(KC(1), End(S?)).
Any infinitesimal deformation of the K(1)-module S§ is then of the form

Lop = Loy + £ (3.4)

where £,, is the Lie derivative of gg‘ along the vector field vp defined by (2.3), and

= > Ex ot Mgk (V) +to370,3(vr) + 15 1725 1 (vF)
A k=0,3,4,5 (3 5)
+ Dt aVanaira(VF) + 0 170 1 (0F) +tg 170 1 (0F) +t_1 g7 1 5(vF)
i=1,2
where a1 = _7%/@ and ay = _7%‘/@.

Let us emphasize that we restrict our study to the deformation (3.4) for generic values of \.

3.2 Integrability conditions

Consider the supercommutative associative superalgebra C[[t1, ..., t,,]] with unity and consider
the problem of integrability of infinitesimal deformations. Starting with the infinitesimal defor-
mation (3.3), we look for a formal series

m
2
p=po+ Y tevi+ Y titipl) 4 (3.6)
i=1 irj
where the highest-order terms pg-), pgﬁ, ... are linear maps from g to End(V) with p(pg ) =

p(tit;), p(pl(j’,)c) = p(tittg), ... such that the map

p:g— End(V)®Cllty,...,tn]] (3.7)
satisfies the homomorphism condition (3.2) at any order in ¢y,..., .
However, quite often the above problem has no solution. Following [1] and [5], we must impose
extra algebraic relations on the parameters t¢1,...,t,, in order to get the full deformation. Let
R be an ideal in C[[t1,...,t,]] generated by some set of relations, the quotient

is a supercommutative associative superalgebra with unity, and one can speak about deforma-
tions with base A (see [2] for details). The map (3.7) sends g to End(V) ® A.
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3.3 Equivalence and the first cohomology

The notion of equivalence of deformations over commutative associative algebras has been con-
sidered in [1].

Definition 3.1. Two deformations p and p’ with the same base A are called equivalent if there
exists a formal inner automorphism ¥ of the associative superalgebra End(V') ® A such that

Vop=p and ¥(I) =1
where I is the unity of the superalgebra End(V) & A.

As a consequence, two infinitesimal deformations p1 = pg+ty1 and po = pg+tys are equivalent
if and only if 73 — 79 is a coboundary:

(71 = 72)(@) = ()PP [po(2), A)] = 6 A1 ()

where A; € End(V) and ¢ stands for the cohomological Chevalley-Eilenberg coboundary for
cochains on g with values in End(V) [10, 4].

So the first cohomology space H!(g; End(V)) determines and classifies infinitesimal deforma-
tions up to equivalence.

4 Computing the second-order Maurer-Cartan equation

Any infinitesimal deformation of the K(1)-module §(§L can be integrated to a formal deformation,
such deformation is then of the form

Cop = Lop + &0 + 23 4. (4.1)
where
2 3
21()%:) = Z titjpgj)a ‘gq(;?;:) = Ztitjtkpgﬂ)ga oo
i, i,k
By setting

“ 2
or=p—po, LD=D"ti, LO=3tt;p?,. ..
=1 4,J

we can rewrite the relation (3.2) as follows:

[e(G), po(H)] + [po(G), e (H)] = @u(1GL H]) + Y [£9(G), LY (H)] = 0 (4.2)
1,7>0

The first three terms give (0¢:)(G, H). The relation (4.2) becomes now equivalent to

dpu(GLH) + Y 1£9(G), LY (H)) = 0 (4.3)

3,j>0
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Definition 4.1. Let 1,72 : g — End(V') be two arbitrary linear maps, we denote by [[-,-]] the
cup-product defined by

[[V1:72])] : 9 ® g — End

(711, 72])(G, H) = (=1)€121yy (G) 0y (H) — (—=1)1HIICHN2D5 (H) 0 75(G) 4y
where | - | denotes the parity.
Expanding (4.3) in power series in t1, . . ., t;, we obtain the following equation for £():
SLONG, H) + > [£D(H),LY(G)] =0 (4.5)
i+j=s

The first nontrivial relation is

1
5['(2):_5 Z Z t,\,A+g7A,A+§’Z Z B+t (4.6)

A je{0,3,4,5} A je{0,3,4,5}

Therefore, it is easy to check that for any two 1-cocycles 1 and vo € Z'(g, End(V)), the bilinear
map [[y1,72]] is a 2-cocycle. The first nontrivial relation (4.6) is precisely the condition for this
2-cocycle to be a coboundary. Moreover, if one of the 1-cocycles 1 or 72 is a coboundary, then
[[v1,72]] is a 2-coboundary. We, therefore, naturally deduce that the operation (4.4) defines
a bilinear map:

H'(g; End(V)) ® H'(g; End(V)) — H?(g; End(V)) (4.7)
All the potential obstructions are in the image of H'(g; End(V)) under the cup-product in
H2(g; End(V)).
The bilinear map (4.7) can be decomposed in homogeneous components as follows:

H'(g; End(V)); ® H' (g; End(V)); — H?(g; End (V') (4.8)

where 1,5 € Z/27.

4.1 Cup-products of the nontrivial 1-cocycles

Let us consider the 2-cochains

Baask(GH) = > tajarrtanss[Marintks M) (G H) (4.9)
5€{0,5,1,.k}

then it is easy to see that
Bk € Z2(K(1),D5,) (4.10)

and we we compute successively the 2-cocycles By x4 (G, H) for G = go+0g1 and H = ho+6h,
two contact vectors, and F' = fy + 0f1 € §». For generic values of A, we have the following:
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v For k=0, let

B (G, H) = 5[ ] 1 K(1) x K(1) — D

and

B)\,)\(Ga H) -
v For k = %, let

Byars (G H) = (Exastoallnaoars mall H s astyaysllngs apss g s DG, H)

and
By (G, H)(F) =(ty, PUELOW S SV A+§t,\,A+g)

((hogo ogo)fo + ( ohi — g1 /)(fO + 9f1) + 9(g1h’)f0)
v For k=2, let

Baat2(G, H) = (b2t [ant+2, )] + ootz [tz 2, masel]) (G, H)
(1) x K(1) — Dat2

and

Bya+2(G, H)(F) =(tx a2ty — tA+2,A+2tA,A+2)(2>\(hogo 9oh6) fo
+2X(goht — g1ho) 1 + 0((2X + 7) (g bt — hijgh)
+ 2X(high — giho) fo) — Otarsata, A(2>\ +3)(gohh — high) fo
—3(higo — Ggi’)fo +3(g1 b + g17) fo)

+ Otr o rratanta( — 2X(gohT — hog?) fo + 3(goht — hog!) fo
—3(g1 P + Phgi) fr)
v For k = g, let

Bia+s = (tA,MgtMH%,A%WMH Tl atstanes [[7A+%,>\+%’7A,A+g“)(G’ H)
(K1) x K(1) — @A’A_%

and

M+ 2 (G, H)(F) (tA+ A+5tu+g _tA+g,>\+5t)\)\+ )(( 3h/ 090)f1
+3(9,1// gohll) fo — 0( = 4(gdho — hgo) fo + 2X(goho — hogo) fo
— (22 +1)(gtho — higo) f1 + 3(g! '1+91h")fo+3(g" o —h95) fr))
+t/\+5/\+5t)\>\+§(3(g/1, o — higl) fo+0(—4(g3ht — gohd) fo
+ 647 //fo_(1+2>‘)( 3h/ 191)f0+3( Tho /1/96)f1
— 4(g1hg — Mygs) fo + 0((91h + gimh) fo — (Qihg hig5) 1))
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v For k =3, let
Baoats(GLH) =ty s xystyags g s s g sll(GH) (1) < K(1) — Daags
and

Baa+3(GL H)(F) = =2ty 5 \ sty a2 (9701 fo + 0(g1 R 1 — gohY fo + higl fo))
v For k = %, let
By (G H) =ty s s nty agsllings sz 3ll(G H)
Fhaas zbaasellngeng 1 maell(G H) 2 K(1) X K(1) — D
and
By 1(G H)(F) =(txys 6y 1ty ay3 = bagang Iy, a2) (691RY f1 = 2X(goh!] — higl) fo
+0(— 697 fo—2(A + 3)(g1hi + gihY) fo—2(A+3)(g5h] — hije1) /1))
v For k=4, let
Baxoata(G H) =y s xpalaas sl s avo mogsll + s xpabaass g avs sl
+ tar2arabarr2[[ a2 aras a2l (G H) 1 K(1) x K(1) — D) x4

and

1
By+4(G, H)(F) Z(tHg,MJ;\ a3 Fhgs s + 3t)\+2,/\+4t)\,)\+2)
«4M9m+mmmﬁﬁ¢”m+«8%—%%ﬁ
+0(—2X + 1) (g{h3 + gihY) f1 + 697 1 + 2X(g5hY — higl) fo
— T(gaht — higl) fo + 2A(goh? — 091)f0))

v For k=2, let

B/\,A+% (G, H) :tA+2,A+%tA,/\+2 HVA+2,/\+§ ) W,/\+2H (G, H)
T s at2taags H’YAJr%,AJr%"VA,M%H (G H) : K(1) x K(1) — Dy 549

and

Byasg o (G, H)(F) (t,\+2,,\+gt/\,)\+2 - t>\+g,>\+gt,\,>\+g) (6(X+2)(goh] — gihd) fo
—4X(A + 4)(goh} — 3h%ﬁo+2A<4h” hodt) fo
1320+ 1)(R) + g/'h3) f1 — 18¢)'h!
+9( — 4N\ + 4)(h090 - gohg)fo —3(90 h” - ”h4)f1
+(12—(2X 4+ 5)(2A + 3)) (g7 B — hig0) f14+3X2A + T)(gohi — gV hi) f1
+HAA2A + 5)g7 RS fo — 6(X + 2)(g7R] + g1hi) fo — 6A(hig] — gihY) fo
+18g7hf fy))
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v For k =5, let
Baoats(GH) = tyys s sty s gz aps g (G H) (1) X K(1) — Daags
and

Baxats(G H)(F) =ty ys yistangs

< (g = Hiai) o - S\ )
+A(2§+5)(h’ giho) fi + (2/\3+5)(h’ gih) 1
g+ Ha - ot + el
—wag" 110 — 297 h?fo+9(M(h — hdgh) fu
2Ai5< ohit = giho)fo + 2;15( oht — gihd) fo
S ol o)~ it gt
‘Maiia(gghﬁ' — hogg{)fg + A(2;’+5)<98h’{ — g o
M@M — h{g)f - M(gi’hi’ + g I

o 9 "y //_2(/\+3>(2/\+1) 3 3f ))
A2X +5) 1M A2\ + 5) L

Proposition 4.2. (a) Each of the 2-cocycles

1
B)\,)\Jr% for X# 5 B at2, BMJF% for A # —1

defines a nontrivial cohomology class. Moreover, these classes are linearly independant.
(b) Each of the 2-cocycles By x+3, BA7A+%, By yy4, B)\7)\+%, and By »+5 1s a coboundary.

Proof. A 2-cocycle By xyi, for k € {%, 2,3 5 3,74, %, 5} is a coboundary if and only if it satisfies

59
B k(G H)(F) = 8y x44(G, H)(F) (4.11)

where b)\,/\—i-k : ]C(l) — KDA,)\-HC and

Sbx a4k (G, H)(F) = by 4G, H)(F) — (—1)\Claxrl 22T 6 () \ ) (H)(F)
+ (_1)|G‘(lH‘+|bA,>\+k|)£}\{’)‘+k o (baasr)(G)(F) 0

For k € {2, ) 2} a direct computation shows that those By 1 are nontrivial 2-cocycles.

For k € {3,1,4,2

. 5.4, 5,5}, we need the following lemma.
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Lemma 4.3. Let
b:K(1) — Dy,
be a 1-cochain. If
0bjosp(1]2) < (1) = 0
then, for A # 1 or A # 1;2’“ or | # % where k is an integer, b is a supertransvectant.

Proof. The condition 6b|aep(1)2)xkc(1) = 0 implies that b is a 1-cocycle on o0sp(1]2). From the
result of [8, Theorem 3.1] the space H' (0sp(1]2),D, ) = 0 if A # p or A # % or p # g, where
k is an integer. For such values of A and p, the condition of 1-cocycle

Sb(X,Y) = b([X,Y]) — (=1)PXPO X . (V) 4 (=1)PT) X0y (X)) = 0
is equivalent to the condition of osp(1|2)-invariance. Then b is a supertransvectant. O

Remark that the cup-products for k € {3,%,4,%,5} are o0sp(1|2)-invariant, then, by

Lemma 4.3, they are supertransvectant boundaries. A simple computation shows that

Byass = p(A t2)83;
where
220+1
M) =T ————
p( ) )\) 13(2)\+5)
Tr = =2ty 3 \3taae8

Also one can check that
By = V(A 12)63,
2

where
202+ 1)
2A+3
= (tA+%,A+gtA,A+g - tA+2,A+gtA«\+2)

’QD()V t)\) =15

Also
Byaya = (N, 1)53;

where

=3+ 1)(2A+1)
CA+4) 2N+ TN+ 2)

OZ(A, t)\) = T35

Tz =ty amabiors Thrsarabnes T gtbeatatane
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Also one can check that
Byayg =v(A, tm;%
where
5(A+4)
AA+1)(2A+1)

Iy = (tA+27A+§tM+2 - tx+g,x+gtx,x+g)

V(Av t)\) =-1)

Finally
By ats = C(%U)ﬁgl’)\
where
20+ 5)(A+1)(2A+1
C(/\>t/\)=T5( )( )( )

10(A2 + 24X + 8)

Ts = (t)\+g,)\+5t)\,/\+%)

5 Integrability conditions

In this section, we obtain the necessary second-order integrability conditions for the infinitesimal
deformation (3.4).

Theorem 5.1. The following conditions are necessary for integrability for the deformation (3.4):
1) For2(6 — X\) € {3,...,n} and X\ # —3,
Exarztar =tz agatinge =0
2) For2(d —X) e{4,...,n},
Iaxar2tax = taraar2tar+2 =0
3) For2(6§ —\) € {5,...,n} and A # —1,
barstha =15 sty 8 =0

Proof. If we take account of the Proposition 4.2, we deduce the integrability conditions (1), (2)
and (3) and we have

e@ _ (Z PO )T+ DB, tx):@“ +3 a3
y A A

+3° V(A,tx)ﬁg“ + Zc(x,tmg“)
A A
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6 An open problem

It seems to be an interesting open problem to compute the full cohomology ring Hj;s(K(1);
Da+k). The only complete result here concerns the first cohomology space. Proposition 4.2
provides a lower bound for the dimension of the second cohomology space. We formulate the
following.

Conjecture 6.1. The space of second cohomology of K(1) with coefficients in the superspace
D has the following structure:

ifu—)\:% and)\;é—%
if u—X=2 for all A
ifu—A:g and A # —1

otherwise

Hiir (K (1), D) =

©c® B =®

7 Examples
We study deformations of K(1)-modules g‘j\l '+, for any n € N and for arbitrary generic A € R.
Example 7.1. Let us consider the K(1)-modules gf\) and g/{_H.

Proposition 7.2. Every deformation of K(1)-modules gg and g)l\ﬂ is equivalent to infinitesimal
one.

Proof. Let us consider the /(1)-module gf\) Any infinitesimal deformation is given by
Lop = Loy + Lq(;iw) (7.1)
where L, is the Lie derivative of gf\) along the vector field vr defined by (2.3), and

1
L) =taama (7.2)
a(‘cvi)) = ti,/\[h/)\,)\a ’7)\)\“ (73)

but, by a direct computation, we show that [[yy x,vax]] = 0 for all A, then (‘)(ﬁg)) =0and as a

consequence ,Cq(,zp) =0.

Now consider the K(1)-module g‘i +1- Any infinitesimal deformation is given by
For = Lo+ L) (7.4

where L, is the Lie derivative of :S’} 1 along the vector field vg defined by (2.3), and

1
EQ(JF) = Z EX+i A+ VA+G A+ (7.5)
je{3.1}
By the same arguments, we can that show in this case £2) = 0, then the deformation is

infinitesimal. O
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Example 7.3. Consider the K(1)-module §§+3. In this case,

3
33
Sipa =23 (A+3)—5
k=0
For A # —2, the deformation of this C(1)-module is of degree 1 given by
Lop = Lop + El()? (7.6)
where £,,, is the Lie derivative of S i 3 along the vector field vp defined by (2.3), Ez();) is defined as

(1 — L L
Lop = Extirti M+iA+i g2 a3 Va2 a3
ie{3.2,5,3}

3(£(2)) = t,\+3,A+3t,\+g,,\+3 [['Y/\+3,>\+37 ’YHg,HsH

The condition of integrability is
trtsa+3tai3 043 =0 (7.7)

where \ + % # —%, ie., A# —2.

In this case, we have £2) = 0, then this condition is necessary and sufficient for integrability
of the deformation (7.6).

Let, in this case (i.e., A # —2), A be the supercommutative associative superalgebra defined
by the quotient of C[[t,\+37,\+3,t>\+%’>\+3]] by the ideal R generated by equation (7.7). Then we
speak about a deformation with base A.

For A = —2, one has 9(£?)) = 0, then the deformation of this K(1)-module is equivalent to
infinitesimal one.
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