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Abstract

In this paper we consider Impulsive stochastic neutral functional differential equations with multiple delays. By
using Schaefer’s fixed point theorem, we prove the existence of solutions for stochastic differential equations with

impulses.
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Introduction

The theory of impulsive differential equations is an important area
of scientific activity. Many evolution processes are characterized by the
fact that at certain moments of time they experience a change of state
abruptly. These short term perturbations act instantaneously, that is in
the form of impulses. For example, that many biological phenomena
involving thresholds, optimal control models in economics and
frequency modulated systems, do exhibit impulsive effects. So the
impulsive differential equations appear as a natural description
of observed evolution phenomena of several real world problems.
Existence of solutions of impulsive differential equations has been
studied by many authors. If the impulses are random the solution
becomes a stochastic process. Existence of solutions of differential
equations with random impulses have been studied by many authors
[1-3].

Furthermore, besides impulsive effects, stochastic effects likewise
exist in real systems. There is a wide range of interesting process in
robotics, economics and biology that can be described as differential
equations with non-deterministic dynamics such phenomena are
described by stochastic differential equations. The solution of stochastic
differential equation is a stochastic process. However the solution
of differential equation with random impulses is different from the
solution of stochastic differential equations. Existence, Uniqueness and
qualitative analysis of solutions of stochastic differential equations have
discussed by several authors [4,5].

Since both impulsive and stochastic effects exist it is very difficult
to investigate the existence of solution of impulsive stochastic
differential equations. In [6] Anguraj and Vinodkumar discussed
the existence, uniqueness and stability of impulsive stochastic semi
linear neutral functional differential with infinite delays. Lakrib [7]
discussed about the existence results for impulsive neutral functional
differential equations with multiple delays. Based on the existing
literature, stochastic impulsive differential equations involved mainly
on controlability and stability. To the best of our knowledge, there is
no work reported on impulsive stochastic differential equations with
multiple delays. The purpose of this paper is to discuss about the
existence results of impulsive stochastic neutral functional differential
equations with multiple delays. Our approach is based on Schaefer’s
fixed point theorem.

In this paper we study the existence results for stochastic impulsive
differential equations with multiple delays

dx(®) = 1 (t,x)] =[g(t,x,) +i‘,x(t —7;)ldt +a(t,x,)dB, (1.1)

i=1

ae,ted=[0,1]t#t,k=12,.m.

A (t)=] (x(t ), k=1,2,..m

X,=¢
where f: J x R®"> R%, g:J x R*> R*and a: ] x R* > R® are Borel
Measurable functions, To =[-r, 0], r=max {ti : i=1, 2, ...p} and ¢: [T,
0] > R . Further-more the fixed moments of time t,_satisfy 0=t <t <.....
<t <t_ =1, where x(tz{)and x(f,) represent the right and left limits
of x(t) at t=t, respectively. And Ax(t=¢)=x(t;)-x(¢;),k=12,..m
represent the jump in the state at time t, with I, determining the size
of the jump.

Preliminaries

Let (QF{F} . ,P) beacomplete probability space with a filtration
{Ft} ., satisfying the conditions that it is right continuous and F, contains
all P- null sets and w(t)=(w,(t), ...w,_(t))" isan m-dimensional Brownian

motion defined on (Q,F{F}_.P). Let C=C [[-r, 0], R"] denote the

t=0

family of all continuous R —valued function ¢ on [-r, 0] with the norm
[l = sup_ o0
Cy [[-r,0],R"] the family of all bounded FO- measurable, C[[-r,0].R"]
L =sup_,_y E|pO) <o,
where E denotes the expectation of stochastic process [8-10]. The initial

condition ¢ € C;, [[-r,0],R"].

#(0)| where || is Euclidean norm of R . Denote by

-valued random variables ¢, satisfying [¢

Let PC(J, R") the space of piecewise continuous functions x: ] > R®
such that x is continuous everywhere except for t=t_at which x(z)
and *(%) exist and x(t)=x(t),k=1,..m. If weset Q={x:] > R, x €
R* N PC (J, R")} where J =[-r, 1] then Q is a Banach space normed by
x| = sup{| x(0) -1 € J}, xe Q.
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Obviously, for any x€ Q and t € J, the function x,_defined by
x,(0)=x(t + 0), for 6 € J , belongs to R .

By L' (J, R") we denote the Banach space of measurable functions x:
J - R" which are Lebesgue integrable, normed by

] = [ x(0yae

Definition 2.1: A stochastic process {x(t)e C} [-,0L,R"},t [-r,1]}, is
called a solution of equations (1.1) if

(i) x(t) is F, adapted;

(ii)x(t) satisfies the integral equation

é(t) for telJ,,
t p 0
$O)= (0,40 + f(t,x)+ [ g(s,x)ds + Y [ d(s)ds
x(t) = 1 0 = (2.1)
+ZF: [ x()ds + [a(s,x)dB(s)+ X 1,(x(t) ~ for te]

Definition 2.2: (Schaefer fixed point theorem). Let X be a normed
linear space and let I: X > X be a completely continuous map, that is,
it is a continuous mapping which is compact on each bounded subset
of X. If the set {(={x €€ X: Ax=I'x for some A>1} is bounded, then T has
a fixed point [11].

Hypotheses
H;: The function f, g: ] x R* > R" is such that
lr@xf vigexf sl +e,
for each t€[0, 1] and c1, ¢2>0 are constants.
H,: The function a: ] x R* > R* is Caratheodory, that is,
(i) ¢ a(t,x) is measurable for each x € R,
(ii) x> a(t,x)is continuous for a.e t €J.

H3: There exists a function q € L(J, R") with q(t)>0 for a.et €]
and a continuous non decreasing function y : [0, o) > [0, ) such that

jatt, )| < q(Ow (x|

for a.e t € ] and each x € R* with

= ds o
IC s+y(s) - (3-1)

Where

1 S
C=ﬁ@\¢u[1+cI +;ri]+3czi|

H;: The function [:R>R and there exist positive constant Co k=1,

2, ...m, such that |7, (x)| < ¢,, xe R

Theorem 2.1: Suppose that the conditions (H,) — (H,) are satisfied
then there exists a solution of the problem (1.1) on J, [12-14].

Proof: Transform the problem (1.1) — (1.3) into a fixed point
problem. Consider the operator I': Q > Q defined by

$o for teJ,,
$0)~ £O.JO) + f(t.x)+ [ g(sx)ds + 3 [ gls)ds

=1

F(x(0) = '

p 1-T; t

+z J x(s)ds+J.a(s,xx)dB(s)+ z I (x(t))) forteJ

0 0 O<t <t

Step 1: T has bounded values for bounded sets in Q.

Let B be a bounded set in Q. Then there exists a real number p>0
such that E[x[ <p> for all x € B.

Let x € Band t € ], we have

TxX(0) = $(0) — £ (0,400 + £ (1,3, + [ g(s,x,)ds + ijji $(s)ds

+i J‘(:”’ x(s)ds + J.U’ a(s,x,)dB(s)+ z I, (x(%))

0<t <t

EHI")c(t)H2 < EHgﬁHz + c,EH¢H2 +c,+ CIEHXIHZ +c,+ EJ.(:Hg(s,xs) ‘¢H2

»
Cds + z T,E
i=1

‘ds+ > EL(x(1;))

0<ty<t

+p(E | )+ E[ Jats.x,)

X 2+c2)ds

s

,
<E[gf 0+, + X 0)+2¢,+ (e, + D[ + [ (F
i=1

2)ds+m Z c

O<ty <t

+ g (E

xS

<If (e 3e) 42, + (6 + pIp+ (o) +y(p)] al)ds

+m Y. ¢

0<t <t

P
SEHngz(l-s-cI +Y. 1) +3c,+2cp+ pp+y(pd|+m D ¢
i=1

0<t, <t
<n (say)
Ift €], then EHFXHZ < H¢Hz and hence EHFXHZ < forallx € B, that
is T is bounded on bounded subsets of Q.

Step 2: I maps bounded sets into equicontinuous sets.

Let B be as in Step 1 and x € B. Let tand / # 0 be such that t, t +
heMt,t, ..t}

Now

E[rxe+ )~ T <E|f(+hox,) - £ + £ 2 ds

t

lgCs,x,)

(I+h)‘

+phEH)cHZ + EJ.’

lats.x)fds+ Y E|r, x|
t<ty<t+h

SEHf(t+h’x’+h)_f(l‘,xl)H2 +Ej(x+h) st

t

lg(s.x)

(t+h)

N
+php + E_[ a(s,x)['ds+ Y E|1,(x(t))

1<ty <t+h
as h> 0, the right hand side of the above inequality tends to zero. This
implies the equicontinuity on J\ {t, t,, ...t }.

It remains to examine at t=t, i=1, 2, ...m. Let 4 # 0 be such that
{t, -k =i} A[t,—|h|,t, - |h|] = @ Thus we have

[Tx(t, + By~ Tx(t)|| < E|[ £ (¢ + .., — (&5,
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s

ti+h 2 ti+h
+E[ " (@[5 +e)ds + poh+y(p)| T qls)ds

The right hand side of the above inequality tends to zero as h > 0.
The equicontinuity on J, follows from the uniform continuity of ¢ on
this interval.

Step 3: Now we show that I' is continuous

Let {x_}c Q be a sequence such that x_-> x. We will show that I'x_
> TIx.

Forte]

B[, =T = E|tox,)= £0.5)+ [ (g06.5,) = g0 )ds + (3, 6) = x(s)ds
o als.x,) — as,NAB(s)+ 3 (1, (5, () ~ 1, (x(5,)
k=1
1
<3E[f(t,x,) - f(x)| +3E[ (2(sx,) — g(s.x)| ds

+#3pE[ [, (5) = x(s)[ds +3E[ [(as.x,) - a(s.x) ds

+3miE“(1k(x,l(t,:))—IA(x(t,:))Hz 32)

Using H, it can be easily shown that the function ¢ - g(z,x,,) - g(1,x,)
is Lebesgue integrable. By the continuity of fand I, k=1, 2, ..m and the
dominated convergence theorem, the right hand side of inequality (3.2)
tends to zero as n > oo, which completes the proof that I is continuous
[15-18].

As a sequence of steps 1 to 3, together with the Arzela-Ascoli
theorem, we conclude that I is completely continuous.

To complete the proof of the theorem, it suffices to prove the
following step.

Step 4:
There exists a priori bound of the set
¢={x € Q: \x=TI'x for some A>1}

Let x € ¢ and A>1 be such that Ax=Tx. Then x|[-r, t,] satisfies for
each t € [0, tl],

x(1)= 27 19(0) = (0, 9(0)+ £ (t,x)+ || g(s,x,)ds + [ (s, x,)dB(s)
L. .0 L g

+Y j H(s)ds+ jo x(s)ds]
i=1 ! i=l

It is easy to verify that

Elxoff < Eof (HC, +ir,,]+zc, o

+3c, +.[0’(q(s)l//(E 2))ds (3.3)
Consider the function v, (t)ZSMAU{l‘:HX(S)H2 ise [—V,t]}, for t € [0, t,].
We have HXIHZ <y, (r) forall t € [0, t,] and there is a point t* € [, t] such

that v,(¢) =|x ‘ If t* < 0, we have (1)< H¢H2 forall t € [0, t,]. Now, if t*
> 0 from (3.3) it follows that,

2)-*—pE

xs xS

fort € [0, t ],

() <E|g [1 iy zp:z".] +2¢v,(0) +3¢, + L (g()w (v () + pvy(s))ds
And hence

WO <C+ G Oy () + v, (5))ds

Where

a=c Uqﬁuz (1+c1 +ﬁrij+302}
i=1

1

Cl=——
1-2¢,

And Q(t)=max {q(t), p} , fort € [0, t ]
Set,

w(0)=C +C [ Oy () + v (5)}ds for 1€[0,1]

Then we have v (t) < w(t) forall t € [0, t ]

A direct differentiation of w, yields

{Wl (O <00y (w () +w(®)], ae, 1[0,4]
w (0)=C"

By integration, this gives

J" wy (s)

iy e < oW slal <o) (3.4)

By a change of variables, inequality (3.4) becomes,

J-wmm ds

<ol et

By (3.1) and the mean value theorem, there is a constant
M,=M(t,)>0 such that w (t) <M, for all t € [0, t ]

Thatis v,(t) <M, forall t € [0, t ]
At last we choose M, such that H¢H <M, to get

sup{EHx(t)H2 ite [*”Jl]} =v(4) <M,

Now, consider X |[7 riy]? satisfies for each t € [0, t ]

x(t) = 27 [$(0) = £ (0.4(0) + £ (1,%,) + [ g(s,x,)ds + [ a(s, x,)dB(s)
2 .0 L t-1;

+y° j H(s)ds + Y jo x(s)ds + I,(x(t,))]
i=1 ! i=1

lf < £l 1+ S e 20l 43
i=1

\f +pEHx j]ds +supEH1, (u)H2 HuH <M,

+ [ Tasw (E[x

Denote v,(f) = sup{EHx(s)H2 se [—r,t]} ,fort € [0, t,], Then for each t

€ [0, tz], we have Hx(t)

, such that szHZ <, (1)
2

Let t* € [, t] be such that v, (¢) = Hx(t*)

Ift' <0, we have v, (1) < H¢H2 forallt € [0, t].
Now if t*> 0, then by (3.5) we have for t € [0, ,]

v,(t) <E H¢H2 [] +e+ zp:TiJJrzCle (t) +3c, + J.;[Q(S)W(Vz () + pv, ()]
+sup{E|1 o <] < M,

V(O <G+ C [ [0 (v,(5) + pra(s)]
Where

cice|gf [1 fo+ zfj 3¢, + supE |1, : |l < M,
i=1
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1
1-2¢

G

And Q(t)=Max {q(t), p} , for t € [0, t,].
If we set,
w,(0) = CL + C2 [ Oy (v, () + v, ()]s for 1€[0,1,]
Then we get v,(t) < w,(t) forall t € [0, t,] and
wy (1) < OOy (W, (1)) + w, (1)), ae, t €[0,1,]
,(0)=C]
These yields,

— , 1e]0,t,]

VY (w9 + pwy(s) <[ owds<|o

w0 ds
J.CQ l//(S)+S < HQ

1€[0,2,]

Again by (3.1) and the mean value theorem, there is a constant
M,=M, (t,, t,)>0 such that w,(t) < M, for all t € [0, t, ], and then v,(t) <

M, forallt € [0, tz]. Finally, if we
Choose M, such that ¢ < M,, we get,
2
sup{EHx(t)H ite [—r,tz]} =v,(4L)<M,

Continue this process for x|,__
a constant M=M (t,, ...t )>0 such thatx <M.

This finish to show that the { is bounded in Q.

As a result the conclusion of theorem holds and consequently the

problem (1.1) has a solution x on J,. This completes the proof [19].

References

1. Anguraj A, Shujin Wu, Vinodkumar A (2011) The existence and exponential
stability of semilinear functional differential equations with random impulses

under non-uniqueness. Nonlinear Analysis 74: 331-342.

2. Wu S (2007) The Euler scheme for random impulsive differential equations.

Applied Mathematics and Computation 191: 164-175.

3. Wu SJ, Han D (2005) exponential stability of functional differential systems
with impulsive effect on random moments. Computer and Mathematics with

Applications 50: 321-328.

Citation: Anguraj A, Banupriya K (2015) An Existence Result for Impulsive
Stochastic Functional Differential Equations with Multiple Delays. J Phys Math 6:
139. doi:10.4172/2090-0902.1000139

... X|J ), we obtain that there exists

Ren Y, Xia N (2009) A note on the existence and uniqueness of the solution
to neutral stochastic functional differential equations with infinite delay.applied
mathematics and computation 214: 457-461.

Sakthivel R, Luo J (2009) asymptotic stability of nonlinear impulsive stochastic
differential equations. Statistics and Probability Letters 9: 1219-1223.

Anguraj A, Vinodkumar A (2009) Existence, Uniqueness and stability Results of
Impulsive Stochastic Semi linear Neutral Functional Differential Equations with
Infinite delays. Electronic Journal of Qualitative Theory of Differential Equations
67: 1-13.

Lakrib M (2008) An existence result for impulsive neutral functional differentia
equations with multiple delay. Electronic Journal of Differential equations
36: 1-7.

Oksendal B (2002) Stochastic Differential Equations An Introduction with
Applications: (5"edn), springer, Berlin, Germany.

Mao X (1997) stochastic differential equations and their Applications. Horwood
Publishing, Chichester, UK.

10. Balachandran K, Kiruthika S (2010) Existence of solutions of Abstract fractional

Impulsive Semi linear evolution Equations, Electronic. Journal of Qualitative
Theory of Differential Equations 4: 1-12.

. Sakthivel R, Luo J (2009) asymptotic stability of impulsive stochastic partial
differential equations with infinite delays. J Math Anal Appl 356: 1-6.

12.Pan L (2012) Existence of mild solution for impulsive stochastic differential

equations with non-local conditions. Differential Equations and Applications 4:
485-494

13. Guendouzi T, Mehdi K (2013) existence of mild solutions for impulsive fractional

stochastic equations with infinite delay. Malaya Journal of Mathematik 4: 30-43.

14. Anguraj A, Karthikeyan K (2009) Existence of solutions for impulsive neutral

functional differential equations with nonlocal conditions. Nonlinear Anal 70:
2717-2721.

15.Yang Z, Xu D, Xiang L (2006) Exponential p-stability of impulsive stochastic

differential equations with delays. Physics Letters 359: 129-137.

16. Benchora M, Henderson J, Ntouyas SK (2006) Impulsive Differential equations

and Inclusions. Hindawi Publishing Corporation, New York, USA.

17. Bao H, Cao J (2009) Existence and Uniqueness of solutions to neutral stochastic

functional differential equations with infinite delay. Applied mathematics and
Computation 215: 1732-1743.

18. Sakthivel R, Luo J (2009) asymptotic stability of nonlinear impulsive stochastic

differential equations. Statistics and Probability Letters 9: 1219-1223.

19. Hernandez EM, Rabello M, Hernan R, Henriquez HR (2007) existence of

solutions for impulsive partial neutral functional differential equations. J Math
Anal Appl 331: 1135-1158.

Submit your next manuscript and get advantages of OMICS
Group submissions
Unique features:

User friendly /feasible website-translation of your paper to 50 world’s leading languages
Audio Version of published paper
¢ Digital articles to share and explore

Special features:

400 Open Access Journals
30,000 editorial team
¢ 21 days rapid review process
Quality and quick editorial, review and publication processing
Indexing at PubMed (partial), Scopus, EBSCO, Index Copernicus and Google Scholar etc
Sharing Option: Social Networking Enabled
Authors, Reviewers and Editors rewarded with online Scientific Credits
¢ Better discount for your subsequent articles

Submit your manuscript at: http://omicsonline.com /open-access/physical-mathematics.php

J Phys Math
ISSN: 2090-0902 JPM, an open access journal

Volume 6 + Issue 2 + 1000139


http://dx.doi.org/10.4172/2090-0902.1000139
http://www.researchgate.net/publication/232394861_The_existence_and_exponential_stability_of_semilinear_functional_differential_equations_with_random_impulses_under_non-uniqueness
http://www.researchgate.net/publication/232394861_The_existence_and_exponential_stability_of_semilinear_functional_differential_equations_with_random_impulses_under_non-uniqueness
http://www.researchgate.net/publication/232394861_The_existence_and_exponential_stability_of_semilinear_functional_differential_equations_with_random_impulses_under_non-uniqueness
http://www.researchgate.net/publication/220563659_The_Euler_scheme_for_random_impulsive_differential_equations
http://www.researchgate.net/publication/220563659_The_Euler_scheme_for_random_impulsive_differential_equations
http://www.researchgate.net/publication/46507755_Asymptotic_stability_of_nonlinear_impulsive_stochastic_differential_equations
http://www.researchgate.net/publication/46507755_Asymptotic_stability_of_nonlinear_impulsive_stochastic_differential_equations
http://www.emis.de/journals/EJQTDE/p454.pdf
http://www.emis.de/journals/EJQTDE/p454.pdf
http://www.emis.de/journals/EJQTDE/p454.pdf
http://www.emis.de/journals/EJQTDE/p454.pdf
https://hal.archives-ouvertes.fr/hal-00182780/document
https://hal.archives-ouvertes.fr/hal-00182780/document
https://hal.archives-ouvertes.fr/hal-00182780/document
http://www.springer.com/us/book/9783540047582
http://www.springer.com/us/book/9783540047582
http://personal.strath.ac.uk/x.mao/talks/sde_app10.pdf
http://personal.strath.ac.uk/x.mao/talks/sde_app10.pdf
http://real.mtak.hu/id/eprint/23094
http://real.mtak.hu/id/eprint/23094
http://real.mtak.hu/id/eprint/23094
http://www.researchgate.net/publication/222737512_Asymptotic_stability_of_impulsive_stochastic_partial_differential_equations_with_infinite_delays
http://www.researchgate.net/publication/222737512_Asymptotic_stability_of_impulsive_stochastic_partial_differential_equations_with_infinite_delays
http://files.ele-math.com/articles/dea-04-28.pdf
http://files.ele-math.com/articles/dea-04-28.pdf
http://files.ele-math.com/articles/dea-04-28.pdf
http://malayajournal.org/articles/MJM044.pdf
http://malayajournal.org/articles/MJM044.pdf
https://www.google.co.in/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CB0QFjAA&url=http%3A%2F%2Fdownloads.hindawi.com%2Fbooks%2F978977594550%2Fexcerpt.pdf&ei=54V1Va7HHYO68gXLk4OYCQ&usg=AFQjCNF0bME6eC2iBGCDBw0zSEx7qCc8kw&bvm=bv.95039771,d.dGc&cad=rja
https://www.google.co.in/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CB0QFjAA&url=http%3A%2F%2Fdownloads.hindawi.com%2Fbooks%2F978977594550%2Fexcerpt.pdf&ei=54V1Va7HHYO68gXLk4OYCQ&usg=AFQjCNF0bME6eC2iBGCDBw0zSEx7qCc8kw&bvm=bv.95039771,d.dGc&cad=rja
http://www.researchgate.net/publication/46507755_Asymptotic_stability_of_nonlinear_impulsive_stochastic_differential_equations
http://www.researchgate.net/publication/46507755_Asymptotic_stability_of_nonlinear_impulsive_stochastic_differential_equations
http://www.researchgate.net/publication/223713360_Existence_of_solutions_for_impulsive_partial_neutral_functional_differential_equations
http://www.researchgate.net/publication/223713360_Existence_of_solutions_for_impulsive_partial_neutral_functional_differential_equations
http://www.researchgate.net/publication/223713360_Existence_of_solutions_for_impulsive_partial_neutral_functional_differential_equations
http://dx.doi.org/10.4172/2090-0902.1000139

	Title
	Corresponding author
	Abstract 
	Keywords
	Introduction 
	Preliminaries 
	Hypotheses  
	References 

