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Historic Behaviour for Random Expanding Maps on the Circle
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Abstract. F. Takens constructed a residual subset of the state space consisting of initial points with historic
behaviour for expanding maps on the circle. We prove that this statistical property of expanding maps on the circle
is preserved under small random perturbations. The proof is given by establishing a random Markov partition, which
follows from a random version of Shub’s Theorem on topological conjugacy with the folding maps.

1. Introduction

Let M be a compact smooth Riemannian manifold. For a dynamical system f : M —
M, the orbit issued from an initial point x in M is said to have historic behaviour when there
exists a continuous function ¢ : M — R such that the time average

. 1 n—1 ‘
7 2 )
does not exist. Several statistical quantities are given as the time average of some observable
@, and thus it is a natural question in smooth dynamical systems theory whether the set of
points with historic behaviour is not negligible in some sense; it is typically formulated as a
positive measure set with respect to the normalised Lebesgue measure. Takens asked in [12]
whether there are persistent classes of smooth dynamical systems such that the set of initial
points with historic behaviour is of positive Lebesgue measure (Takens’ Last Problem). Very
recently, it was affirmatively answered by Kiriki and Soma [9] with diffeomorphisms having
homoclinic tangencies. The reader is asked to see [11], [12] and [4] for the background of
historic behaviour in this measure-theoretical sense; see also [6] and [10] for the (recent)
contribution to Takens’ Last Problem for one-dimensional mappings and flows.

As another measurement to investigate historic behaviour, Takens [12] considered
whether the set of points with historic behaviour is a residual subset of the state space (i.e., the
set of points with historic behaviour is not negligible in a topological sense). For the doubling
map on the circle, he constructed a residual subset consisting of initial points with historic
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behaviour by using symbolic dynamics. Since the method of symbolic dynamics is applica-
ble to any expanding maps on the circle, the proof can be literally translated to expanding
maps on the circle (see also [3] for another investigation of historic behaviour for expanding
maps, and [8] for historic behaviour of geometric Lorenz flows in topological sense). Our
goal in this paper is to extend his result for historic behaviour (and its generalisation to ex-
panding maps on the circle) to a random setting. For a random version of Takens’ problem
in measure-theoretical sense, we refer to the result by Aradjo [1]; in contrast to our result
in topological setting, he gave a negative answer to a random version of Takens’ problem in
measure-theoretical sense for general diffeomorphisms under some conditions on noise.

As in the unperturbed case, the key step in the proof is establishing a (random) Markov
partition. This is given through proving a random version of Shub’s Theorem on topological
conjugacy of expanding maps with the folding maps.

1.1. Definitions and results. Let S' be a circle given by S' = R/Z. We endow
S' with a metric dg1 (-, -), where dgi(x, y) is the infimum of |x — y| over all representatives
%,7 of x,y € S, respectively. Let € (S',S!) and Homeo(S!, S') be the spaces of all
endomorphisms of class 4" and homeomorphisms on the circle S!, endowed with the usual
%" and €° metrics dygr (-, -) and dyo(-, -), respectively, with r > 1. (Given thatr = k 4 y
forsome k € N,k > land0 < y < 1, f € €"(S',S!) denotes the k-th derivative of
f is y-Holder.) Let ng1 : R — S! be the canonical projection on S! ie., mg1 (x) is the
equivalent class of ¥ € R. We call A(C S') a closed interval of S' if A = g (A) for some
closed interval A of R. Open intervals or left-closed and right-open intervals of S! are defined
in a similar manner. We let F(S') denote the space consisting of all nonempty left-closed
and right-open intervals of S, all point sets of S' and the state space S', endowed with the
Hausdorff metric dy (-, -). We endow €” (S', S'), Homeo(S', S') and F(S') with the Borel
o-field.

Let §2 be a separable complete metric space endowed with the Borel o-field B(§2) with
a probability measure P. Given a smooth map fj : S! — S! of class €, let {fe}eso be a
family of continuous mappings defined on £2 with values in €7 (S', S!) such that

sup dgr (fe (@), fo) > 0 ase — 0. (1)
weS

For each ¢ > 0, adopting the notation f;(w, -) = f¢(w), the distance between f;(w, x) and
fe(@', x) is bounded by der (fe(w), fs(w')) for each x € S' and each w, ' € £2. Thus, it is
straightforward to realise that f; : 2 x S! — S is a continuous (in particular, measurable)
mapping. When convenient, we will identify fy : S! — S! with the constant map 2 3 w

fo-

Let fp be an orientation-preserving expanding map on the circle, i.e., there exists a con-
stant A9 > 1 such that inf, % Jfo(x) = Xo. For the properties of expanding maps, the reader is
referred to [7]. Let k > 2 be the degree of the covering map fy. In view of (1) it then follows
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that f;(w) is an orientation-preserving expanding map for each w € £2 if ¢ is sufficiently
small. In fact, if A9 = inf} %fo(x) and we set A = (A9 + 1)/2, then A > 1 and we can find

an g9 > 0 such that
PN,
infinf — fo(w,x) > A, 0<e<g¢gg. 2)
© x 0x

Let §g < %(1 — %) be a positive number and 7 a positive number such that

1
n <min{§,(k—l)50}. 3)
We also assume ¢ to be sufficiently small such that

sup dgo(fe (@), fo) <n. O <e <ep. )
wes2

In particular, f:(w) is a covering map of S! with degree k for each w € £2.

Since fp is a covering of S! of degree k > 2, there exists a fixed point py € S! for fo. In
view of (1) and (2) together with that fy is locally a diffeomorphism of the circle, we can find
a closed interval B = B, including pg such thatif 0 < ¢ < &g, then f(w) : B — f:(0)(B)
is a diffeomorphism such that B C f;(w)(B) for each w € £2 (by taking &¢ sufficiently small
if necessary). We assume that ¢ is sufficiently small such that

|B| < & )
for all 0 < & < &g, where | B| is the length of B with respect to dg1 (-, -).

REMARK 1. When there is no ambiguity, the noise level ¢ will sometimes be omitted
from the notation, in particular when the dependence on the noise parameter w € §2 is already
displayed. Throughout the rest of the paper we will also permit us to use &g as a way to denote
the upper bound of a range 0 < ¢ < go for which (2), (4) and (5) hold, even if &g may change
between occurrences.

Let f : 2 — %"(S',S!) be a continuous mapping, and 6 : £ — £ a measure-
preserving homeomorphism on (£2, P) (see Remark 3 for this condition). For simplicity, we
also assume 6 to be ergodic. For eachn > 1, let f () (w, x) be the fibre component in the n-th
iteration of the skew product mapping

O, x) = (Bo, f(®,x)), (0,x) €2 xS,

where we simply write Ow for 6 (w). Setting the notation f,, = f(w, -) and fa(,n) =f ) (w, ),
the explici (m
plicit form of f,"’ is

(n) _
w

= f@”*la) o f@”*za) 0---0 fw .
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For convenience, we set fa()o) = 1idg1 for each w € £2. We call { fa(,")(x)}nzo =

{x, fo(x), fa()z) (x), ...} the random orbit of f issued from (w, x) € £2 x S!. As in the treat-
ment of the unperturbed case undertaken by Takens [12], we now define historic behaviour
for random orbits.

DEFINITION 1. We say that a random orbit issued from (w, x) has historic behaviour
if the empirical measure

1 n—1
n Z(szi”m
j=0

does not converge to any probability measure on the circle in weak* sense, where J, is the
Dirac measure at x.

Our goal is to prove the following theorem.

THEOREM 1. Let 0 < ¢ < go. For P-almost every w € 2, we can find a residual
subset R of S' such that for any x € R® the random orbit of f. issued from (w, x) has
historic behaviour.

REMARK 2. Itis natural to ask if it might be possible to replace “P-almost every” with
“every” in Theorem 1 since the assumption on our perturbations is given for every w € §2 as
in (1). However, this strengthening of the conclusion in Theorem 1 seems to be impossible
if the proof utilises the ergodicity of (6, P) as in this paper, because the ergodicity of (6, P)
(together with Birkhoff’s ergodic theorem) only ensures that time averages coincide with
their corresponding space averages for P-almost every w € £2. See Remark 3 for the detail.
Another direction to improve Theorem 1 is to weaken the assumption on our perturbations,
see Remark 4 for the detailed discussion about the direction.

2. The proof

We start the proof by considering a random version of Dowker’s Theorem. This theorem
asserts that if we find a dense orbit with historic behaviour (of the unperturbed dynamics),
then there exists a residual subset of the phase space such that the orbit of each point in the set
has historic behaviour. For this purpose, we need to give stronger forms of the definitions of
denseness and historic behaviour for random orbits. When there is no confusion, we employ
the notation fa()") = f™(w,.) for f = f. once 0 < & < g is given. For a continuous
function ¢ : S! 5 R we 2,x € St and n > 1, we define the truncated time average
B, (¢; w, x) of the observable ¢ by

1n—l -
B,(0; w,x) = — (D (x) .
2 (93 @, X) n;owofw (x)
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Note that the orbit issued from (w, x) has historic behaviour if B, (¢; w, x) does not converge
for some continuous function ¢ : S! - R.

DEFINITION 2. Let f : 2 — %"(S',S') be a measurable mapping. Let X be a
random variable on §2 with values in S'. We call

(X (@), foX(@), fPX@)),...}

the future random orbit of X at w, and

[X@), fr1,(X@7 ), £ (X6 2w))....}

the past random orbit of X at w (see [2] for this notation).
We say that X has historic behaviour at w if there exist real numbers «, 8 and a contin-
uous function ¢ : S' — R such that
liminf B, (¢; 0~ ‘w, X(0 ")) <a < B < limsup B, (¢; 6~ ‘w, X(6‘w)) 6)
n—oo n—oo
for each £ > O (that is, the time average of ¢ along the future random orbit of X does not exist
at each 0~ {w).

PROPOSITION 1. Let f : 2 — €"(S',S") be a measurable mapping and w € £2.
Assume that there exists a measurable mapping X : 2 — S such that the past random orbit
of X at w is dense in S' and X has historic behaviour at . Then, we can find a residual
subset R of S' such that for any x € R®, the random orbit issued from (w, x) has historic
behaviour.

PROOF. Leta, B and ¢ be constants and a continuous function given in (6) for a mea-
surable mapping X : 2 — S' and @ € £2, where X has historic behaviour at w by hypothesis.
We let R® = s’l" N sé" , where

5P = ﬂ U [xeSI:B,,(go;a),x)<a},

N>1n>N

55 = ﬂ U [xeSI:B,,(go;a),x)>,3}.

N>1n>N
Then it is straightforward to see that for any x € R®, we have

liminf B, (¢; w, x) < o < B < limsup B, (¢; ®, x) .
n—=00 n—00
In particular, the random orbit issued from (w, x) has historic behaviour. Note also that R is
a countable intersection of open sets.
The rest of the proof is devoted to showing that the past random orbit of X at w is
included in R®. Since the past random orbit of X at w is dense in S! by hypothesis, it leads
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to that R® is dense in S!, and we complete the proof. Let £ > 1. Due to the observation

(z) f(f) f(H'e) for any i > 0, we have

n+€ 1
B (w,a) (l) (X(Q—l ) Z wo (/) 9 Ka)))

Therefore, for eachn > ¢

By (010, £ (X(Q‘Qu”)-—lﬁ(¢;9_ew,X(9_ew))
1 n+e—1 ( ) ( )
_ - J j
(e zwo X(o~16)
Hence we have

2 (670, 10, (X070 0)) = Balp: 070, x(0~w))| < TV )

which goes to zero as n goes to infinity for any fixed £ > 1.
Let {ni}r>1 be a sequence such that By, (¢; 0~ tw, X (0 tw)) converges to the infimum
limit in (6) as k goes to infinity. Then, in view of (7) we have

Bu (030, 10, (X(67@))) < ifkis sufficiently large.

This implies that f © (X O~ tw)) is in s{’. In a similar manner, we can show that

f(e) (X (0~ tw)) isin s5’. Therefore, f(l) (X (0~ *w)) is in R®, and the past random orbit of
X at w is included in R®. O

Due to Proposition 1, Theorem 1 is reduced to constructing one measurable mapping X
such that for P-almost every w € £2, the past random orbit of X at  is dense in S' and X has
historic behaviour at w.

2.1. Shub’s Theorem and Markov partition. In the next subsection, we establish
the coding of graphs associated with a random Markov partition of f,, which is a key ingre-
dient in our proof. For that purpose, we will need the following extension of Shub’s Theorem
on topological conjugacy between expanding mappings and the folding mapping with the
same degree to our random setting.

Set A=1{0,1,...,k—1}. Fors = (50, S1, -+ Sms Smals - Sn ..., Sn—1) € AV with
integers 0 < m < n < N — 1, we denote (s, Sm+1, ..., Sn) by [s],. Recall that in view
of (4), the degree of fy(w, ) :S! = Sliskif0 <& <gpandw € £2.

THEOREM 2. Suppose that 0 < ¢ < g9. Then we can find a continuous mapping
h : 2 — Homeo(S!, S") (in particular, measurable mapping) which satisfies that

h(@w) o Ex = fe(w) o h(w) (8)
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for any w € 2, where Ey : S' — S is the k-folding mapping defined by Ej(x) = g1 (kX)
for each x € S! with a representative % of x.
Furthermore, for every w, o' € §2 we have

dego(h(w), h(e)) < 0, )
where 8 is given in (3).

PROOF. Throughout the proof, we fix 0 < ¢ < gp and omit it in notions if there is no
confusion. Recall that B is a closed interval of S' (given above (5)) such that B C f.(w)(B)
for each w € 2. Then, one can find a lift fs(a)) : R — R of the k-covering f;(w) : S! — S!
with w € £2 and a closed interval B C R such that g (1§) =Band B C fg(a))(é) for each
w € $2.

We shall first find a continuous mapping p : 2 — B, which is invariant under f;, i.e.,
fg(a), p(w)) = p(Bw) for every w € 2. We denote for each w € 2 the inverse mapping of
the diffeomorphism fg(w) on R by F(w). Then, due to (2), we have

d
T F@])] < At (10)

sup sup
w X

Let €0(2, B) be the space of all continuous mappings from £2 to the closed interval B CR,
endowed with the usual €° metric dyo(-, -) defined by deo (¢1, ¢2) = sup,, |¢1(w) — ¢2(w)|
for ¢1, o € ‘50([2, I§). For each ¢ € %O(Q, B), we define a mapping G(¢) : 2 — B by

G(@)(w) = F(w)(pBw)), we .

(Note that G(¢)(w) is indeed in B since B C fg(a))(ﬁ') for each w € £2.) It is straightforward
to see that (w, x) — F(w)(x) is a continuous mapping from £ x Bto B (see the argument
below (1)). Thus, it follows from the continuity of 6 and ¢ that G(¢) : 2 — B is also a
continuous mapping. (The transformation G : €°(£2, B) — €%(£2, B) is called the graph
transformation induced by F.) Furthermore, by virtue of (10) together with the mean value
theorem, we have

dgo(G(#1), G(¢)) < sup |F(0)(¢1(0w)) — F(0)(¢2(00))|
we

< 27! sup [91(0w) — d2(0w)| = 1™ 'dgo(¢1. 42) .
wes2

for all ¢1, ¢ € CKO(.Q, B), i.e., G is a contraction mapping on the complete metric space
(50(9, 1§). Therefore, there exists a unique fixed point p of G. By construction, p : £2 —
B C Risan f;-invariant continuous mapping.

We next construct a sequence {h,},>0 of continuous mappings h, : $£2 —
Homeo(S!, S!), which shall uniformly converge to the desired mapping & as n goes to in-
finity. Since f:(w) : R — R for @ € £ is a lift of the orientation-preserving k-covering
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fe(w) of S! and ﬂ(w)(p(w)) = p(fw), we have f;(a))(p(a)) + 1) = p(Bw) + k and
fg(w) D p(w), p(w) + 1] — [p(w), p(Bw) + k] is a monotonically increasing homeomor-
phism for all w. Now we define points a;' (w)in [p(w), p(w) + 1) forn >0,0< j <k"—1

and w € 2, inductively with respect to n. In the case n = 0, let ag(a)) = p(w) for each
w € £2. For given integer n > 0, we assume that a;‘ (w)’s are well defined for each w € £2 and
0 < j < k" — 1. Then we define a’}*' (o) for 0 < j < k"' — 1 of the form j = € - k" + j;
with integers0 < ¢ <k —1and0 < j; <k" —1by

a1 (@) = F(o)(d},(00) +¢), weR. (11)

n—1

Setting the notation Fy(w) = F(w)(-+4€) ands = ) ;_y s; k! fors = (s, S1, ..., Sp—1) in
A", the explicit form of af (w) with s € A" and w € 2 is

af () = Fy,_, (@) o Fy,_,(0w) o -0 Fy, (6" w) (p(6"w)) . 12)

We denote the composition of mappings in the right-hand side of (12) by Fs(n)(a)), ie.,
al(w) = F™ (w)(p(6"w)). Then it is straightforward to see that F" ™ (w) = F[(:jzl im_1 (@) 0

F[(:;',B,_,(O”w) for each integer m > 0, s € A" and w € §2. Therefore, for any s € A",
210

integerm > 0 and w € £2,
a ™ (@) = F () o Fi o 0"0)(p0" " w)) (13)
= F"(w)(p(0"»)) = a (o).
(Note that k™ - § = t with the concatenation ¢ of two words (00...0) € A™ and s, and that
Fo(w)(p(fw)) = p(w) forany w € §2.) For convenience, we set af, (w) = p(w) + 1 for each

w € £2.
For the time being, we fix n > 0 and w € £2. Then it follows from the monotonicity

of fs(w) in (11) that ay(w) < af(w) < --- < agn(w). Thus we can define a continuous,

monotonically increasing, piecewise linear mapping ﬁn (w) : [0, 1] — [p(w), p(w) + 1] such
that

fin() <ki> —d'@), 0= <k, (14)
and that i, (w) : [j/K", (G + D/k"] — [a;'(a)), a;?H(a))] is an affine mapping of slope
K" (ah, (@) — a’}(@)). We finally define hy, (o) : S' — Sl by

B (@) (x) = 7g1 0 hy(w)(X), x €S', (15)

where X is a representative of x in [0, 1]. (This is well-defined since ﬁ,, (w)(1) = fz,, (w)(0) +

1.)
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Now we change n > 0 while w is still fixed. For any nonnegative integers n, m and
s € A", it follows from (13) and (14) that

. 5 . KM § . 5
hptm (@) </:_n> = hptm (@) <k”—+"f> = a;;l;-gn(a)) = a?(a)) = hy(w) <I:—n> .

Hence, by the monotonicity of fl,,(a)) and fl,,+m (w), the supremum norm of A, (w)(x) —
hpm(w)(x) (over x € S') is bounded by
n —a"
Og?gg’?—l ‘aj_H(a)) aj; (w)] . (16)

n
j+l
Jj,p(@"w) + j + 1] by f,f,"), the length of each [a;‘ (w), a;‘H(w)] does not exceed A" (inde-

On the other hand, since [a;' (w), a", | (w)] is diffeomorphically mapped onto [p(6"w) +

pendently of w) by virtue of (2), so that {rrg: (a;' (w)) |n>0,0<j<k"}isdenseinS' and
(16) uniformly converges to zero as n goes to infinity with respect to w. Therefore, {h,},>0
is a Cauchy sequence of continuous mappings from £2 to Homeo(S', S') and there exists the
limit mapping # = lim,_, » h,, which is also by construction a continuous mapping from 2
to Homeo(S', S1).

We see the conjugacy (8) between f; and Ey. Letw € £2,n > 0and0 < j < -
of the form j = ¢ - k" + j; with some integers0 < ¢ <k — 1and 0 < j; < k™ — 1. Then on
the one hand, in view of (11), (14) and (15), we have

fe(w) o h(w) o g (#) = mg1 0 fg(a))(a;?ﬂ(a))) = g (a;‘l (bw)).

On the other hand,
h(@w)o Ey o J )= h(@w)om I\ 2 T (a" (Ga)))
k Sl kn+1 = S! K = Jigl i .

Since {rrqi1(j/k") |n > 0,0 < j < k™ — 1} is dense in S, we get (8).
In the end, we prove the estimate (9) of 4 by showing

" (@) — a(@)] < 8 (17)

foralln > 0,0 < j < k" — 1 and w, @ € 2. We show (17) by induction with respect
ton > 0. Due to (5), this inequality holds for n = 0. Suppose that (17) is true for given
n>0 Letw,o' € 2and0 < j < k"t — 1 of the form j = ¢ - k" 4 j; with some integers
0<¢<k—1and0 < j; < k" — 1. Then, it follows from (11) together with the triangle
inequality that |a//*! () — a*' ()| is bounded by S} + S5, where

’

S = | Fe()(a), 00) = Fu()(al, 00)

$2 = | Fe(@) (@}, 0) — Fe(@)(a, 00))|
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To estimate S, we let x = Fg(a))(a;‘1 (Aw)) and x’ = Fg(a)’)(a;‘l (Bw)). Then, f.(o')(x') =
f; (w)(x), and in view of (4) we have

Fe(@)(x) = fe(@)(x)

fe@)) = fe@@| <.
Hence, it follows from (2) and the mean value theorem that
fe(@) () = fe(@) & <27"n.

Si=lx—x| <!

On the other hand, by virtue of (10) and the mean value theorem together with the hypothesis
of induction, we get

Sy <! ‘(a;ll Ow) + ) — (a (60 + e)‘ <2715,

These estimates together with the condition (3) on 5 and §p implies that |a;‘+1(a)) —

a;“H (@")] < 80, which completes the proof of the claim (17). O

REMARK 3. Itis desirable to see if any topological condition on perturbations (in our
case, e.g., the continuity of #) is removable. This boils down to whether the random conjugacy
h : 2 — Homeo(S',S!) is measurable without the topological condition. However it is
unclear to us whether requiring our topological setup is due to a substantial obstacle or is an
artifact of our construction.

We need the following proposition for a random Markov partition.

DEFINITION 3. Let f : 2 — %" (S!,S") be a continuous mapping and denote f ()
by f.,. We say that a finite collection {IJ(.')} jeA of continuous mappings defined on §2 with
values in F(S') is a Markov partition of f if it satisfies the following conditions:

° I;” is a nonempty left-closed and right-open interval for each j € A and w € £2,
o LljeaZy =8 foreveryw € £2,
. fa,(I;f’) =S'and f, : I;f’ — Slisa %" diffeomorphism for each j € Aand w € £2,
o (f,)! (I?“’) N I;f’ is a nonempty left-closed and right-open interval for each i, j € A
and w € £2.
k—1

j=0
of fe such that for each 0 < j < k — 1, we can find a nonempty open interval J' such that I;"

PROPOSITION 2. Supposethat() < ¢ < gy. Then there is a Markov partition {I](f)}

does not intersect J' for every € £2.
PROOF. LetI; = mqi([j/k, (j+1)/k)) for0 < j <k — 1. Then {Ij}’;;(l) is a Markov
partition of the k-folding map Ey. lLe.,

e [; is aleft-closed and right-open interval for each j € A,
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o Ljeal; =S"
e Ex(I)) =S"and E; : I; — S'isa ¢” diffeomorphism,
e (E)'IHN I; is a left-closed and right-open interval for each i, j € A.

We fix 0 < & < €0, and let i : 2 — Homeo(S', S!) be the continuous mapping satisfying
(8) in Theorem 2. Set I;.” = h(w)(I;) foreachw € £2 and 0 < j < k — 1. Then due to

Theorem 2, it is straightforward to see that {I;')}];;(l) is a Markov partition of f; such that

sup dH(I;-”,I;”/) <

(w,0')e2?

+285 < 1

x| —

foreach 0 < j < k— 1, where the last inequality follows from the condition of §p given above
(3). This immediately implies the conclusion. O

2.2. Coding of graphs. Throughout this subsection, we fix 0 < & < ¢gp, and let
{I;')}I;;(l) be the Markov partition of f; constructed in the proof of Proposition 2. For a word

s = (50, 51,82, .. sn—1) € A" and w € £2, let Z® be a subset of S! defined by

n—1

=N (1) () (18)

j=0

LEMMA 1. Foreachn > 1 ands € A", I? is a nonempty left-closed and right-
open interval of S' for every w € 2. Moreover, the mapping @ +— Z? from S2 to F(SY is

continuous (in particular, measurable).

PROOF. Letn > 1,5 € A" and w € £2 be given. Recall that Ifj_j"’ = h(@ja))(lsj) for
each 0 < j <n — 1 by construction. Then, it follows from Theorem 2 that

(fa()n)_l (zfj’w) = h(w) o (E,{)_1 (L) -

Therefore, due to that h(w) is a homeomorphism on S!, we have

n—1

TP = h(w) (I;), where I, = () (E,{)_1 (;) - (19)
j=0

We next prove that I is a nonempty left-closed and right-open interval (and so is Z{” for
each w € £2, due to (19)) by induction. It is obviously true for n = 1. Assume that the claim
is true for a positive integer n, i.e., the set I; is a nonempty left-closed and right-open interval
for every s € A". Then, for every s = (s0, S1,...,8,) € A1 we have

I =1y, 0 | (B0~ ﬁ (E,{‘l)_1 (1) (20)

j=1
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= I, N ((Ek)_l (Ia(s))) :

where o : A""! — A" is the one-sided shift defined by o (s) = (s1,s2,...,s,) for
s = (50, 81,...,82) € A" Note that E : Iy, — Slisa diffeomorphism, and I; ) is
a nonempty left-closed and right-open interval by the hypothesis of induction. Hence, I; is
also a nonempty left-closed and right-open interval, and we complete the proof of the claim.

We fixn > 1 and s € A". We finally prove the continuity of the mapping w — h(w)(I;)
from £2 to F(S!), which implies the continuity of @ > Z¢ by (19). Fix w € £2, and
let «k = k(w) > 0 be a real number such that x < 1 — |h(w)(Is)|. By the continuity of
h:$2 — Homeo(Sl, Sl) at w, if o’ is sufficiently close to w, then

dego (h(@), h(e))) < min {g Lmwe- '2”(‘”)(15)' } : @)
For each o’ satisfying (21), it is easy to see that |2 (w')(Iy)| < |h(w)(Is)| + « and
digo (@), h@)) < min{ 1 - |h(2w)(13)|’ 1 - Ih(;) )(Is)l} . 22)

Let I, be an interval of R such that gl (INS) = I;. Let ft(a)) and fz(a)’ ) be the lifts on R of
homeomorphisms /(w) and h(w') on S!, respectively, such that deyo (h(w), h(0)) < 1. Note
that #(w) and h(w’) are orientation-preserving by construction in the proof of Theorem 2,
and thus (w) and h(w') are monotonically increasing. We let ¢ and ¢’ denote the midpoints
of ﬁ(a)) (I~S) and ﬁ(a)’ )(I~s), respectively. Then, it is straightforward to see that (22) implies
h(@)(Iy) C [t —1/2,¢ 4+ 1/2) and h(w)(Is) C [¢' — 1/2,¢" 4+ 1/2). Therefore, we have

dp (h(w)(Iy), h(&)(Iy)) = max dgi (h(w)(x), (@) (x)),
which is bounded by deo (h(w), h(w')), where 01 is the boundary of I;. By using the con-

tinuity of h : 2 — Homeo(Sl, Sl) at w again, we obtain the continuity of 4(-)(/;) at w.
Since the choice of w € 2 is arbitrary,  +— h(w)(ls) is a continuous mapping from 2 to

FSh. O

Let No be the set of all nonnegative integers {0, 1,...}. For a sequence s =

(505 815+ s SmsSmtls---sSns...) € ANo  with integers n > m > 0, we denote

(Sms Sm+1, -+ $n) by [s]},. We define Z” € F(S") by I = (0,29 Zp- Then, since the
- 0

inverse branches of f,, are contractions due to (2), it follows from Lemma 1 that Z is a
point set. We denote the point by X (w). Then, by the continuity in Lemma 1, the mapping
o +— {X5(w)} from £2 to F(Sh) is continuous, so is the mapping X : 2 — St

The following lemmas on the graphs of X;’s are simple but substantial in the proof of
Theorem 1. Let o : AN0 — ANo be the one-sided shift given by o(s) = (s1, 52, ...) for
s = (s0, 51, ...) € ANo,
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LEMMA 2. Foranys € AN, we have
fo(Xs(@) = X (Bw), e 2,

and we can find a nonempty open interval J' such that Xs(w) does not intersect J' for every
w e £2.

PROOF. From (20), it follows that
Jo (If?]g) = fo (T5) N T3y

—ql! ® _ 7w
=S NI = oty -

Thus, by the virtue of the continuity of £, : F(S!) — F(S!), we get JoTP) = Ig’(‘z)

for every w € §2. Together with the construction of X and Proposition 2, this implies the
conclusion. O

LEMMA 3. Let x be a point in Slands = s(x) = (so,51,...) € ANO the coding of
x by Ey, ie., E,i (x) € Isj for each j = 0. Then, h(w)(x) = Xs(w) for every o € $2 and
x €S, where h is given in Theorem 2.

PROOEF. It follows from (8) and (18) that for each n > 1, we have

n—1

Ty = ﬂo (Jif,j))_1 o h(®w) (I,
]:
= ﬂl (h@ o £ ) -
j=0

Since h(w) : 8! — S! is a homeomorphism, this implies

1° = h) | () Ec’ )
j=0

Recalling Z = { X (w)}, we immediately get the conclusion. d

2.3. Ergodicity and SRB property. As a final preparation before turning to the proof
of Theorem 1, we may need to find a sequence s” such that time averages along the future
random orbit of X~ P-almost surely coincide with their corresponding integrals with respect
to a probability measure that is equivalent to the normalised Lebesgue measure, and that the
past random orbit of X~ is P-almost surely dense. We prepare language for this purpose.

Fix 0 < ¢ < gy and let h = h, be the mapping given in Theorem 2. Then,
(w, x) — h(w)(x) is a continuous mapping from £2 x S! to S' due to the continuity of
h : £ — Homeo(S', S!). Therefore for each continuous function ¢ : S! — R, the function
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@, 2xS'—> R given by @, (w, x) = ¢(h(w)(x)) for (w, x) € 2 x S! is continuous, in par-
ticular measurable. Moreover, it is straightforward to see that || Pp|| . < ll@llgo, i.e., Py is
an integrable function with respect to the product measure m x P, where m is the normalised
Lebesgue measure on S!'. Thus it follows from Fubini’s theorem that @ +> f Dp(w, )dm
is measurable. Furthermore, since ¢ is an arbitrary continuous function, it follows from
Riesz representation theorem that we can find a probability measure (h(w))«m on S! such
that [ @, (w, )dm = [ ¢d[(h(w))sm] for each w € 2. (This probability measure is called
the pushforward of m by h(w).)

THEOREM 3. For any continuous function ¢ : S' — R, there exist a full measure set
A = A(p) of (S', m) and a family of full measure sets {I'c}xea = {Tc(¢)}xea of (2, P) such
that for each x € A and w € I, if we set s” = 5" (x) € AN0 as the coding of x by Ey given
in Lemma 3, then we have

n—1

1 ,
im = o FD(X. = .
lim. an_(j)w 79 (X)) = [ ( / wd[(ho)*m])dP.

PROOF. For given x € S', let s” € AN be the coding of x by E;. By Theorem 2 and
Lemma 3, we have

9o (X (@) = (£ 0 h(@)(x)) = p(h(6’ w) o E} (x))

forall j > 0 and w € 2. Thus, if we define a measurable mapping O, : 2 x S! — 2 x S!
of the direct-product form

O (@, x) = (o, Ex(x)), (w,x) €2 xS,

then
1 n—1 1 n—1 ]
i — (/) " = i — o/ J
Jim _X(:)won, (Xy (@) = lim _X(j)a>hooEk(w, x), (23)
Jj= Jj=

where @), : 2 x S' — Ris the integral function given above Theorem 3. Recall that (6, P)
is assumed to be ergodic, and that (Ey, m) is known to be weak mixing (see, e.g., Proposition
4.2.11 in [7] together with Remark (1) below Definition 1.5 in [14]). Then, it follows from
Corollary 1 in §1, Chapter 10 of [5] that the direct product (&, , P xm) of (6, P) and (Ex, m)
is an ergodic transformation. Therefore, applying Birkhoff’s ergodic theorem to (@, , P x m)
with the integral function @;,, we can find a (P x m)-full measure set G such that the time
average in (23) coincides with f DpdmdP for all (w, x) € G.

Let1g : 2 x S! — R be the indicator function of G. Then, it follows from Fubini’s
theorem that there is a full measure set A of (8!, m) such that 15 (x, -) : 2 — Ris integrable
for every x € Aj. Let I'y = supp(lg(x,-)) and A = {x € A1 | P(I}) = flG(x, )dP =
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1}. Then m(A) = 1 (otherwise, it contracts to that P x m(G) = 1), and the conclusion
immediately follows from (23) and the observation above Theorem 3. d

REMARK 4. Theorem 3 is exactly the reason why Theorem 1 is only stated for P-
almost every w € £2 (not for all w € £2). See that the statements of Proposition 1, Proposition
2, Lemma 2 and Theorem 4 are given for all w € £2, while Theorem 3 is only stated for
P-almost every w. This restriction in Theorem 3 comes from that the convergence of time
averages along the future random orbit of X~ is ensured by the ergodicity of (Of,, P x m),
ultimately, by the ergodicity of (6, P).

Theorem 3 tells that time averages along the future random orbit of X» (with some s” €
ANo) P-almost surely coincide with their corresponding integrals with respect to a probability
measure that is equivalent to P x m. However, this may not imply in general that the past
random orbit of X~ is P-almost surely dense in S!, and we need the following theorem to
apply Proposition 1.

THEOREM 4. There exists a full measure set A of (S', m) such that for each x € A, if
we set s = 5" (x) € AN as the coding of x by Ej. given in Lemma 3, then we have

n—1

. 1 . .
i e X071 0) = [ ea[tr@.m] . (24)
o

for any continuous function ¢ : S' — Rand w € £2.
Furthermore, for any s” = s"(x) with x € A, the past random orbit of X is dense at
every w € 2.

PROOF. We first recall that the normalised Lebesgue measure m is the unique SRB
probability measure of Ej. Le., there exists a full measure set A C S! such that for every
x € A and continuous function ¥ : S' — R, we have

. 1 n—1 ; B
lim ;JZ_;‘)w(Ek(x)) = / vdm . (25)

A standard reference for this property is [13].
Let ¢ : S! — R be a continuous function and @ € £2. In a similar manner to the proof
of Theorem 3, we have

g 8600 = ol )
forall j > 0. Thus,

. 1 n—1 ) i . 1 n—1 ]
Jim 2)90 o f (X (0 w)) = Jim ;‘)w o h(@)(E](x)) .
j= j=
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Therefore, applying (25) with ¥ = ¢ o h(w), we have
1) -
lim - Zo(p o [l (X0 w)) = | poh(w)dm = [ pd[(h(w)),m] .
]:

The later assertion is shown by contradiction. Fix s” = s”(x) with some x € A and
assume that the past random orbit of X~ is not dense at some w € 2. Then, there is a
nonempty open interval J C S!' with which { fg(f ;w(XSn O w))} j=0 does not intersect. Thus
if we let ¢ be a continuous nonnegative function whose support is a nonempty set included in
J, then the left-hand side of (24) is equal to zero, while the right-hand side is nonzero since
h(w):S' — Slisa homeomorphism so that the support of (4 (w)).m coincides with S'. This
is a contradiction, and we complete the proof. O

Since the intersection of two full measure sets is also a full measure set, we immediately
get the following theorem by Theorems 3 and 4.

THEOREM 5. For any continuous function ¢ : S' — R, there exist a full measure set
A = A(p) of (S', m) and a family of full measure sets {I'c}xea = {Tc(¢)}xea of (2, P) such
that for each x € A and w € I, if we set s" = 5" (x) € ANO as the coding of x by Ey given
in Lemma 3, then we have that

(1) lim B,(g; 0, X(w) = / ( f wd [(h()), m]) dP;
(2) the past random orbit of X;» at w is dense in S'.

2.4. The end of the proof. We will construct a sequence 5 € AN such that X5 P-
almost surely satisfies the hypotheses in Proposition 1. As in the treatment undertaken by
Takens [12], this sequence will be an appropriate combination of a periodic sequence s’ and
a sequence s” generating a probability measure that is equivalent to the normalised Lebesgue
measure.

Fix 0 < ¢ < g9 and let h = h, be the mapping given in Theorem 2. Let s’ € AN
be a periodic sequence. For simplicity, we set s’ = (00...). By virtue of Proposition 2 and
Lemma 2, there exist nonempty open intervals J C J' C S' both of which do not intersect
7y (in particular, Xy (@) = X(g0..,)(@)) for every w, where the inclusion J C J " is strict. Let

@0 : S' = Rbea¥! function such that

e the support of ¢ is included in J',
e po(x) =1forallx € J,
e 0 <gox) <1forallx e S

Then, foralln > 1 and w € §2, we have

By (9002 w, Xs’(a))) =0. (26)
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Moreover, it follows from Theorem 5 that we can find a sequence s” € .AN0 and a full measure
set I = Ty (go) of (£2, P) such that B, (¢o; @, X, () converges to [ ([ god[(h(-)).m])dP
as n goes to infinity for every w € I'. Let I' = Np>060 " (I"), then it is straightforward to

see that (") ¢ I'  I" and P(I") = 1.! For convenience, we define a nonnegative number
pn(@) withn > 1 and w € £2 by

Pu(@) = | Bo g0 . Xy (@) — / ( / wod[(h('))*m]) dP‘. @7

Then p, (6" w) converges to zero as n goes to infinity for every w € I" and N > 0.

Recall that for a sequence s = (50, S1, .-, Sms Smtls---sSns...) € ANo with some
integersn > m > 0, (Sy, Sm+1, - . ., S») 18 denoted by [s]);,. For a positive number a, we write
[a] for the integer part of a.

LEMMA 4. For any integer m > 0 and real number p > 0, we can find an integer
n > 2m + 2 such that, forall o € 2 and s, t € ANo satisfying that [s]fn_1 = [t]fn_l, we have

‘B[%](soo; o, Xs(w)) — B[%](wo; w, Xz(w))‘ =p.

PROOF. We fixm > 0and p > 0. Note that foranyn’ > m+ 1,w € 2 and x € S',

we have

n —m

m
By (90; @, ) = — B (90; 0, ) + ——— By (903 6", £, (x) (28)

and

m m m
= Bun(go; 0, 0)| = Zlleollgo < 29)

Hence, if we take n > 2m + 2 sufficiently large, then [5] > m + 1 and we get

‘B[%](wo; w, Xs(w)) — B[%](wo; w, X; (w))‘
< 24 [Bry (001070, £ (X (@) = By (03 070, 127 (Xe@)| . GO)

Lets,t € ANo satisfying that [s]z;l = [t]z;1 with some n > 2m + 2. Then by the argu-

ment in the proof of Lemma 2, £" 79 (X, (w)) = fg(,ﬁl)(XamS(ema))) and £ (X, (w) =
) . . . ) om _ 0m+[

Somep(Xom (0" w)), and both points are in the interval f,. (I[S]:l:j,) = Ial[s];;i] for each

0 < ¢ < [5] —m — 1. Moreover, when 0 < ¢ < [4] —m — 1, due to (2) and

! Assume that P(0~! (7 N I") < 1. Then PO~' T UT) = PO~ (M) +P(5) — PO~ (M N ) > 1since § is
measure-preserving and P(/”) = 1. This contradicts to that P is a probability measure, so that P(G*1 rHnr)=1.

Reiterating the argument, we get that Np<;, < NOT(I) is a full measure set for each N > 0, which immediately
implies P(I") = 1.
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(18), the length of the interval Iejﬁfj’, , is less than A~"—"=8 < 3~2 (Notice that the
atls]m

length of the word a‘f[s]z;l is n — m — £.) Thus, it follows from the mean value theo-

rem that ‘q)o ( Flmt0 (x (a)))) — %0 ( 0m+0 (x (a))))‘ is bounded by A~ [lgoll¢1 for every

0<¢<[5]—m—1,and we have

By (001 070, 57 (X,(@)) = Blyy (903 0" 0, 157 (X (@) )|

= ([5]-m)* H1eoler

This should be less than % by taking n sufficiently large, and the conclusion immediately
follows from (30). d

n
2

Now we inductively set an increasing sequence {N;};>o of nonnegative integers. Let
{0j}j=1 be a sequence of real numbers in (0, 1] such that p; converges to zero as j goes to
infinity. Let No = 0. For a given integer N;_; with odd integer j > 1, we take an integer

Nj—Nj_1—1

N; > 6N;_1/p; +2suchthatif s € ANo satisfies that [s]x;:l =[s"]y’ , then

‘B[N,-/z] (%0; @, X5(@)) = BLw, j2]-n,_, (%0 0N o, Xs’(QNj’lw))‘ =pj, @D

for all w € £2. (We can indeed find such N;: For each w € 2,5 € AVi-1 and s € AN

N;—N;_1—1

. . N;i—1 ~ Ni—1 ~ o~ o~ ~
satisfying that [s]y) "~ =[5y (=[s'ly’ /7' ), where §s" = (3051 ... 5n;_,-150s] - - )
J= J=

is the concatenation of § = (5¢S; .. . §Nj7, _1) and s’, we have
‘B[N,-/z] (#0; @, X5(@)) = By, 2] (%0; @, Xis’(a)))‘ =pj/3.

by applying Lemma 4 with p = 5;/3,m = Nj_;,n = N; and r = §s’, and with the notation
& =1—N;_1/[N;/2], we also have

‘B[N,-/z] (¢0; @, X55(@)) = & - By, 2]-n,_, (90; 6V o, Xs/(QN’”w))‘ = pj/3

with [1 — &;| < p;/3, by applying (28) and (29) with n’ = [N;/2], m = N;_1 and x =
X5, (w), together with Lemma 2 and the fact that N;_1/[N;/2] < p;/3.) On the other hand,
for a given integer N; | with even integer j > 1, we take an integer N; > 6N, _1/p; +2

Nj—Nj_j—1

. . Ni—1
such that if s € .ANo satisfies that [s] N; L= [s"1,’ , then

By, 21 (00 @, X (@) = Bp, g, (905 0% 0, X0 10))| < 5y (32)
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for all w € £2. Finally, we set a sequence 5§ € AN by

_N;
[S]Nj—l

N;—Nj_1—1

[S//]O J

SN G oddy,
(j :even).

It follows from (26) and (31) that for any w € §2 and odd integer j > 1, we have
‘B[Nj/z](QOOQ w, X5()) — 0‘ <0j-
Hence for any w € £2,
/él—1>n<:o B[Ny /2] ((002 @, X;(a))) =0.

Furthermore, it follows from (27) and (32) that, for any w € £2 and even integer j > 1,

By, 21 (90; @, X5(w)) — / </ </)od[(h('))*m]> dp

Hence, due to that [N;/2] — N;_1 > Nj_yand 6(I') C I', for any w € I" we have

< Pj+ P[N;2]-N;_, (0" 1w).

Jm By, 2(#0; @, X5(@) = f ( / wod[(h(-))*m]> dP > 0.

The last inequality holds because the support of & (w).m coincides with S! for each w. Con-
sequently, X5 has historic behaviour for P-almost every w € £2.

At the end, we show that the past random orbit of X5 is P-almost surely dense. Let j be
an even integer and fix w € I". We denote oNi-13 by 5/. Then, foreach 0 < ¢ < Nj_1,

(Nj-1+0 (g—(N;j_1+e 0) (p—t
0*</Nf—1”)w<xs(9 o )w)) - 0—%(X51(9 “’))

by Lemma 2, and [Ef]évf_NH_l = [N

one can see that both fe(f)ew(ng (0 tw)) and f;f)[w(Xsn(O_ew)) are in Z;” with a word

t = [s”]i,vj_Nj_l_l of length N; — N;j_; — £. Therefore, noting that N; — Nj_; — £ > N,
foreach 0 < £ < N;_1, together with (2) and (18), we get

b Thus, by using Lemma 2 again,

‘ 19 (X507 'w) - “’w(xs,,(e—‘a)))‘ < C—WNi=N=0 < ¢ 3Nt |

—tw ot
where C,, > 0 is the maximum of |I;f’| over 0 < j < k — 1. Since the past random orbit

of X, is P-almost surely dense on S' by Theorem 5, we immediately conclude that the past
random orbit of X; is P-almost surely dense on S!. This completes the proof of Theorem 1
by Proposition 1.
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