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Abstract. Let E(o) ¢ C" 11 and E(8) c C"H! be generalized pseudoellipsoids. Assume that the inequality
m < n holds. They are parametrized by N-tuples of positive integers « = («y,...,ay) and 8 = (B, ..., BN)-
(See introduction for the definition of a generalized pseudoellipsoid) Assume that there exists a proper holomorphic
mapping between them. In this article, two facts are proved. Firstly, under the assumptions of the existence of such
a mapping, certain nondegeneracy conditions of a submatrix of the Jacobian matrix and additional inequalities on
dimensions, the parameters (o1, ...,ay) and (81, ..., By) coincide; @1 = By, ...,y = By after re-ordering if
necessary. Secondly, such a proper holomorphic mapping is a linear embedding up to automorphisms of a source and
a target domains.

1. Introduction

Let E(m;my,...,mnN; a1, ...,ay) be a bounded domain in C"*! with real analytic
boundary defined by
Em;my,...,mpy;a1,...,an) ={(z,wy,...,wy) €Cx C™" x ... x C"V;

1ZI% + [wi [P+ -+ [lwyl2*Y =1 <0} (1)

where oy, ...,ay € Nyoy,...,ay >2,m|+---+my = m and ||wj||2°‘f' = (|w}|2+---+
Iw;.nj %)% for w =W }., cee, wTj ) € C™i. This is called a generalized pseudoellipsoid with
N blocks. See Remark 2 in §2 for the case of «; = 1, namely there are some square norm
terms. We say that N is the number of the block of w. When we write (&) = (a1, ..., oN)
and (m) = (my, ..., my), we denote this domain by E(m; (m); («)). It is biholomorphically
equivalent to its unbounded representation

2@m; (m); (@) = {(z, wy, ..., wy) € C x C™ x ... x C"V,;

Imz > [Jwi ]2+ - + [Jwy][**V} 2)
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via a mapping
Vi 2 R2@m; (m); (@) 3 (2, wi, ..., wy)

i—z 2Vey, 2V/an
H (. ’ . 9ttt .
itz (42l (i +2)l/en

Let E(n; (n); (B)) be another generalized pseudoellipsoid. We denote by £2 (n; (n); (8)) the
unbounded representation of E (n; (n); (8)) via the mapping ¥, defined in the same manner
as in (2) and (3). Let (F,G) = (F,Gi1,...,Gn) be a proper holomorphic mapping be-
tween E(m; (m); (@) and E(n; (n); (8)). Here, F(z, wi,...,wy) is a C-valued function
and G;(z, wy, ..., wy) is a mapping into the j-th block in E(n; (n); (8)). Then we have a
proper holomorphic mapping

) € E(m; (m): () . 3)

(F,G) = W{l o (F,G)oW : Q(m; (m); (o)) — 2(n; (n); (B)). 4
We call the mapping (F, G) = (F, Gy, ..., Gy) the unbounded representation of (F, G).
We need the Jacobian matrix of G; = (G}C, R sz)
3G, G} G}
Iz awl T owpY
: : . : (&)
BGZ" BGZ" BGZ"
0z Bw% o 8w%N

to state the main theorem. This is a submatrix of the Jacobian matrix of (F, G) and we call
this matrix the k-th block row in the Jacobian matrix of (F, G). In the main theorem below,
we give a certain condition on this matrix. See Remark 1 (3) bellow about this condition. For
given domains D; C CL and Dy ¢ CM, we say that a mapping f : Dy — D; is equivalent
to a mapping g : D1 — D if there exist automorphisms ¢; of D; and ¢, of D, such that
f=¢r0g0¢1

The following is the main theorem in this article.

MAIN THEOREM. Let E(m; (m); (@) and E(n; (n); (B)) be generalized pseudoellip-
soids with N blocks. Suppose that2 < mj,3 < nj and thatn —m < min{ny,...,ny}. Let
(F,G1,...,Gn) : E(m; (m); (a)) — E(n; (n); (B)) be a proper holomorphic mapping that
is holomorphic up to the boundary. Assume that non-zero columns of any block row in the
Jacobian matrix of the unbounded representation of (F, G) are linearly independent. Then
we have the following:

(1) There exists a permutation o of {1, ..., N} such that Gj|w, ;=0 = 0 for every j.

(2) If the permutation o in (1) satisfies the inequality ms(jy < nj < 2mg ;) — 1 for
every j, then aq(jy = Bj for all j and the proper holomorphic mapping (F, Gy, ..., Gn) is
equivalent to (F,C1,....Gy) of the form

Fzwi,...,wy) =2z, Gjz,wi,...,wy) = (We(j,0), 1<j<N. (6
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REMARK 1. (1) The condition n — m < min{ny,...,ny} is needed to prove that
the preimage of the set of weakly pseudoconvex points is contained in the set of weakly
pseudoconvex points. This condition may be omitted.

(2) The condition ms(jy < n; < 2mg(j) — 1 is needed to use a gap theorem for balls.

(3) About the assumption of the block row in the Jacobian matrix, we refer to the pa-
per by X. Huang [4]. First he extends a proper holomorphic mapping between balls to their
boundaries, and makes a composite function of the extended proper holomorphic mapping
and a defining function of a target ball. The function is a defining function of a source ball.
He applies CR vector fields and their complex conjugates one by one to the resulted defining
function at a reference point. Then he obtains some linearly independent vectors which de-
rived from once differentiation of the mapping. Those vectors are constituents of columns in
the Jacobian matrix of the mapping under consideration. The reason why he can obtain the
linearly independent vectors in this way is that all exponents in the defining function of a ball
are two. Since exponents in the defining function of a generalized pseudoellipsoid are not
necessarily two, we have no guarantee of obtaining the linearly independent vectors by once
differentiation of the mapping, in general. Therefore we need to assume the existence of the
linearly independent vectors in the Jacobian matrix.

The main theorem is a kind of a rigidity or a gap theorem. Typical gap theorem for
balls is stated as follows. Let F : B" — B" be a proper holomorphic mapping which has
certain regularity up to the boundary. Then there exist k € N withn < k < N, an interval
I C N and a proper holomorphic mapping G : B" — B such that F is equivalent to
(G,0,...,0) provided that N € I. If all o; = 1, then E(m; (m); (1)) is a ball, and this
case is well understood. For example, S. Webster [9] proved that if a proper holomorphic
mapping f : B" — B"T!.n > 2, extends to a C3 mapping up to the boundary, then it
is equivalent to a linear embedding. In the case of n = 2, J. Faran [2] proved that, under
the same assumption as in Webster’s theorem, such a mapping is classified into four cases.
J. Faran [3] also proved that any proper holomorphic mapping between B” and B, n < N,
which is holomorphic up to the boundary is equivalent to the linear embedding given by
Z +— (z,0) provided that 3 < N < 2n — 1. X. Huang [4] obtained the same conclusion
under the assumption that the mapping is only C? up to the boundary. If the codimension
N — n is higher, more is known. X. Huang, S. Ji, and D. Xu [5] proved that if a proper
holomorphic mapping F between B and BY that is C3 up to the boundary is equivalent to
the mapping z — (Fy(z),0,...,0) provided that 4 < n < N < 3n — 4, where Fy(z) =
(z1y.+-y2n=1,20€080, 212, 8IN0, ..., Z,-12, SIN0, zﬁ sin @) for some 6 with 0 < 0 < /2.
The paper by X. Huang, S. Ji and W. Yin [6] is a good survey of this topics.

The rigidity theorem for ellipsoids is obtained by P. Ebenfelt and D. N. Son in [1]. They
studied the germs of holomorphic mappings at the origin between pseudoellipsoidal real hy-
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persurfaces in different dimensions

H: {(z,w) eCx(C" ZImZ=Z|wj|2Pj}
j=1
N
—>{(Z,w)erCN:Imz=Z|wj|2qf'} 7)

j=1

and gave a classification of local holomorphic mappings between them under the condition of
N < 2n — 1. As far as the author knows, this is the only one rigidity theorem for pseudoel-
lipsoids.

The organization of this article is the following. In §2, we pose some lemmas needed
later. Main purpose of this section is to study the behavior of a proper holomorphic mapping
on the weakly pseudoconvex set. In §3 and §4, we consider the generalized pseudoellipsoids
with one block. In §3, we give a relation between the exponents which appear in the defining
function. The ratio of the exponents 1 and 8 in the source and the target defining functions
respectively is an integer. In §4, we expand the components of the mapping and show that the
ratio 1 /1, which is an integer, is actually equal to one. In §5, we study the general case, that
is, generalized pseudoellipsoids with N blocks. In the last section, we obtain the general form

of the proper holomorphic mapping (F, Gi, ..., Gy) between generalized pseudoellipsoids
and compare it with Kodama’s result [7]. Two conjectures are posed.

We use the following notation in this paper. Let w = (wi,...,wny) € C" x
e x CMN L w; o= (w},...,w?j) and p = (p1,...,pn) € N x ... x N p; =

(ph.opi, aj=(q},....q;") eN",anda = (a1,...,ay) € NV,

o The multi-index notation; ()" = (w7}~ /)7 and (w)? = (W) x
coo X (WN)PN.

e The norms; ||w;|[>* = (|w}|2 44 |w7j|2)(1j’ NwlIP = (w2 + - +
[lwn|]?*Y and |a| = a; + - - -+ ay.

e The total degree; For a monomial (w;j)?/ x (w;)%, the total degree of w; and w; is
the sum |p;| + |q;].

e The variety; A/ = {(z, wi, ..., wy) € Cx C™ x -+ x C"N; w; = 0}.

e Rez=x

e 052 is the boundary of £2.

We define an inner product < w,z >= wiz; + --- + wgzk for (wy, ..., wi) € Ck and
(z1,...,2%) € C*. When we need to distinguish the notation of source and target objects, we
add ‘tilde’ on the target objects.
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2. Image and preimage of weakly pseudoconvex set and expansions of mappings

For simplicity, we use the notation E(m; (m); (o)) (resp. E(n; (n); (8))) instead of
E(m;my,...,mpy;a1,...,ay) (tesp. E(n;ny,...,nnN; B1, ..., Bn)). In order to classify
the mapping (F, G) up to biholomorphic mappings, we classify its unbounded representation
(F, G).

LEMMA 2.1. Ifthe j-th block G in the unbounded representation (F, G) vanishes on
wy = 0, then G; also vanishes there.

PROOF. We restrict ¥, o (F, G)(z, w) = (F,G) o ¥i(z, w) to wr = 0. Note that ¥
and ¥, have the forms (3). Pick up the j-th block components of ¥, and (F, G) from the
restricted equation. Then we get the result. O

The Levi degenerate sets in 982 (m; (m); (o)) and 982 (n; (n); (B)) are of the forms
Uz (A% N 82(m; (m); (@) and UL (AT N 382 (n; (n); (B))) respectively. For simplic-
ity, we use the notation AF instead of AN 082 (m; (m); ()).

Now we show that the preimage of the weakly pseudoconvex set is in the weakly pseu-
doconvex set. This is well known result for equi-dimensional case, but in general it does
not hold. Let 3*22(m; (m); («)) and 9*§2(n; (n); (B)) be the strictly pseudoconvex sets in
082 (m; (m); () and in 082 (n; (n); (B)) respectively.

LEMMA 2.2. Assume that the inequalityn —m < min{ny, ..., ny} is fulfilled and that
non-zero columns of any block row in the Jacobian matrix of (F, G) are linearly independent.
Then, foranyk (k=1,..., N), thereexists j (j =1, ..., N) such that (F, G)(A)) Ak,

PROOF. Letus denote

Z = {(z, w) € 082(m; (m); (w)) | rank of the Jacobian matrix of (F, G)

is not maximal at (z, w)} . (8)
We divide the proof into three parts.

CLAIM 1. Assume that the preimage under (F, G) of the weakly pseudoconvex set is
not empty. Then it is in the weakly pseudoconvex set.

To prove this, we show that any strictly pseudoconvex point is mapped to a strictly
pseudoconvex point. Assume that there exists a strictly pseudoconvex point whose im-
age is a weakly pseudoconvex point. We may assume that, after reordering, there exists
p € 3*Q2(m; (m); (@)\Z such that (F, G)(p) = ¢ € A' N ---N A*. The transposition of
the Jacobian matrix of (F, G) at p, which is denoted by (F’, G')!(p), can be expressed as

(F.GY' () =R(O0 En1)V, ©)
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where R and V are (m+ 1) x (m+1) and (n+ 1) x (n + 1) nonsingular matrices respectively,
E;41isthe (m + 1) x (m 4+ 1) unit matrix. Let

I AYERY)
V_<V3 V4>’ (10)

where V| is an (n — m) x 1 matrix and V4 is an (m + 1) x n matrix. Set n/ =
Mgl osng1) € C™lp = (0,...,0,7) € C 9y'V3 = ¢y and n'Vy =
(c1,...,en)forc; € CY, j=1,..., N. Define & as

sy <EO+1> R e ontl (an

and give conditions on £ to satisfy a system of equations:

_ 28y E —
{<grad( Im F + [lIGIII). & > (p) =0, a2)

ck+1=0,...,en =0.

Here, differentials in gradient are with respect to the holomorphic differentials
d/0z, a/aw}, R a/aw%N. Then the vector £ € C"H gatisfies 1 + Ng+1 + -+ + ny equa-
tions. By the assumption, we have n — m < min{ny,...,ny} < ny + - - - 4+ ng, which means
that 1 +ng41+---+ny =1+n— (1 +--- 4+ ng) < m+ 1. Therefore the system of
equations (12) has non trivial solutions. Since 352 (m; (m); («)) is strictly pseudoconvex at p,
the Levi form of —Im z + 37, _;
the following, we use the notation

N Hwjl |>% at p in the £-direction is strictly positive. In

.....

92[Jw ;1% 92w ;|12
owlowl qwiow'”’
Lj(p) = : : (p). (13)
0% |w |2 2w, |2
owMowt T gwow]

This is the notation for the source Levi form. When we treat the target Levi form, we use
L;. In this case, we change the exponents «; to B;, m; to n; and w? to 11)? Note that
—Im F + |||G|||?# is a defining function of the source domain and that, therefore, the Levi
form of it at p in the £-direction must be positive. Since we have

E(F',GY'(p) =0 V3,0 Vs) = (co, 1, ..., ¢k, 0,...,0), (14)
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the Levi form of —Im F + |||G|||?# at p in the £-direction is calculated as

0

E(F',G)(p)' (U (F,G(p)E'=0. (15)
Liy1(g)

Ln(g)

This contradicts the positivity. This proves Claim 1.
Next, we shall show that the image of A/ is in only one Ak, not in two or more AK’s.

CLAIM 2. There does not exist j such that (F, G) (A C ARy ..U Z"“,
(F,GY(ADYN AR £@, ... (F,G)(A)) N AR = G for some € > 2.

We show the case of £ = 2. The case of £ > 3 is done by the same argument. Assume that
there exists j such that (F, G)(A7) ¢ Akt U AR, (F, G)(A)) N AR £ ¢ and (F, G)(AV) N
Ak £ ¢, Denote by A1) and AJ-®2) the subsets of A/ such that

(F.G)(a)*0) c BN, (F.G) (&M ¢ A (16)
Assume that Gy, |,; # 0. Then it follows from Gy, | 5.k, = O that the inclusions
A € 7GR G A (17)

n . n . i
hold. Here, Z; (G,lc e Gkkz) is the set of common zeros of G,ﬁ e, Gkk2 in AJ. These
2 2 2 2

inclusions imply the following inequalities:

dimga®2) < dimgZ;(G},. ... G.2)
< dimgA’ (= max{dimgA?*) | dimg A/ ¢} (18)
Thus we have
dimgAS*) < dimg A/ = dimga/®D (19)

and this implies that A ®2) is nowhere dense in A/. Since AJ®D is closed in Aj, we have
equalities

A = AN\ATR) = ATGD = AT (20

Therefore we conclude that A/ = AJ-®1_ which implies (F, G)(A/) C Ak This completes
the proof of Claim 2.

Finally, we shall show that the preimage of any weakly pseudoconvex set is not empty.
This may complete the proof of Lemma 2.2.
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CLAIM 3. There does not exist k such that (F, G)(A'U---U ANYN Ak =g
Assume that there exists such k. Then we may assume that
(F,G) (' U---uaAM)y c A'U---UAL, Q1)
(F,G)(A' U-—-uaMn @A u...uAN) =g. (22)
This means that there exist a point Q = (x,0,...,0) € 982 (m; (m); (x)) and a point é =

(z,0,...,0,Wet1, ..., wN) € 082(n; (n); (B)) such that (F, G)(Q) = é Let £ be a CR
vector at Q. The Levi form of —Im F + [||G|||*# at Q in the &-direction is calculated as

0
0
E((F', G Q) o (F.GH)QE .  (23)
Le11(Q)
Ln(0)
This is essentially the same as the Levi form of
N
—ImZ+ Y [l (24)
j=t+1
at (Z, W41, - - -, Wy). By assumption, forany k (k = 1, ..., N), non-zero columns in (5) are

linearly independent. Thus, for any £, there exists at least one non-zero component from the
(n1 + -+ n¢ + 1)-st component to the (n] + - - - + ny)-th component in §((F’, G')(Q))" €
C"*!. Therefore the Levi form (23) is positive. This is a contradiction. Therefore we conclude

that there do not exist Q and é , which proves Claim 3, and therefore Lemma 2.2 is proved.
a

The next lemma shows that the index j appearing in Lemma 2.2 is unique.

LEMMA 2.3. Let (F,Gy,...,Gy) : R(m;(m); (@) — R(n; (n);(B)) be a
proper holomorphic mapping. Then there exists a permutation o of {1, ..., N} such that
Grlw, =0 = Oforeveryk=1,...,N.

PROOF. We denote by Prop(N — , N — v) a following proper holomorphic mapping:

(F,Gl,...,GN)|N',QM0A,-#:{Imz> Z ||wj||2aj}

1<j<N
j?éjlwwju

—>{Imz> > ||wk||2ﬁk}. (25)

1<k<N
ktky, ke
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By Lemma 2.2, if we have Prop(N — u, N —v), then, forany k (1 <k < N,k # ki, ..., k),
there exists j (1 < j < N, j # ji,..., ju) such that

(F,G1y.oos Gl piiyopuain (A7) € AK (26)

We denote by J(N — u, N — v) this correspondence k +— j. First of all, as proved in
Lemma 2.2, for any k, there exists j such that (F, G (A C AK. Thus we have J(N, N).
We shall assert that J (N, N) is injective; and hence, it is a permutation of indices. To this end,
suppose that it is not injective. Then there would exist k; and k> such that J(N, N)(k;) =
J(N, N)(k2)(= j1) and k1 # ko. Then there exists a proper holomorphic mapping Prop(N —
1, N —2):

(F,G1,....GN)|p : {Im > Z ||wj||2af} - {Im > Z ||wk||2ﬁk} )
I<=j=N 1<k<N
J#h k#ky ko
By applying the same argument to this mapping, there exists a correspondence J(N — 1, N —
2). If it is injective, we have Prop(N — 2, N — 3) and if it is not injective, we have Prop(N —
2, N — 4). Repeat this process. Then finally we obtain Prop(N — Ny, 0) for some Ny, which

is a contradiction; proving our assertion. O
On the boundary of £2(m; (m); («)), we employ the usual coordinates (x, w) € R x C™,

that is, we identify naturally (x, w) with (x + i|||w|]|**

coordinate, we define CR vector fields L? by

, w) throughout this paper. Using this

3
20 =Dph — j=1,...,N, A=1,...,m;. (28)

el
LY = — +iaj|lw; ,
+ia|lw;]] o

i= 3
Bwj

Extend F and G holomorphically past the boundary and we use the same symbol (F, G) for
the extended mapping. Expand the mapping (F, G) as

F = Z apq(w)Pz?, (29)
Ipl+4=0

Gi= Y b, P, j=1... N, r=1...n;. (30)
[pl+q=0

We obtain the CR mapping by restricting them to the boundary and their expansions are the
following

F= 3 ape)(x+illlwll*)?, (31)
Ipl+q=0

Gi= Y B, PG+l j=1... N, A=1...n.  (32)
Ipl+q=0

We use the notation (F, G) as the extended holomorphic mapping and also as the CR mapping
induced on the boundary.
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LEMMA 2.4. We have an expansion

Fx,w) =Y ag(x+illlwl[*)?. a, €R. (33)
q=0

PROOF. By makinguse of Lemma 2.3, we have (F, G)(A'N--.nAN) = Aln...nAN,
This means that G (x, 0) = 0. We substitute (31) and (32) into Im F = |||G|||2/S and apply

CR vector fields to it. Then Li‘: ... L;l' [1|G]||*# is a summation of the terms which contain

—a . o . .
sz". LM“GA LZ‘...LﬁlGj for suitable indices j, A, £, and iy, ..., ik, i1, ..., mx. If

Le+1

= £ (resp. £ = 0), then L}* .. LM“G)‘ (resp. L ...LZ‘@;) is understood to be

Le+1

G? (resp. 5)}). The terms with £ = 0 vanish at (x,0). The terms with £ # 0 contain

LZ Lol LZ 15; and we show that they vanish at (x, 0) as follows. Since we have

af
MHe m1 __
Ll-[ "'Lil _78 i P
gt ]

+ W P W P (34)

where Pi, ..., P, are differential operators with order less than or equal to ¢, we calculate
LZ[ . .Lf?@; (x, 0) as follows.

(L;ff. LG )(x 0)

at —A)
=\——F—+—+G:|)(x,0
(Eiwl{z[...awﬁ‘ j )0

a(
( Z bJpq ﬁ(x—i|||w|||2“)4>(x,o)

Ipl+4=0 i
14

0
=25 oq(w(x - i|||w|||2“>q)<x,0>
]

=0
=0. (35)

Now we have (L)"‘ ... L?l‘ 11G1118) (x, 0) = 0. Therefore we see that

Jk

0=

k

A A 2
L3 LIGHP) (r,0)

N TN —
~

A A
L. L m F)(x,O)
| N

_Z(ij L F)(x 0).

1 F x.0) (36)
20wt gw o
Jk J1
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Here, in order to derive the third equality, we have used the same calculation as in (35). This
implies thata), 4 = 0 for | p| > 0. We replace ag 4 by a4. The fact that F'(x, 0) is real implies
that a; € R. |

REMARK 2. If there are some square norm terms in w2, say 1 = 1 for instance,
then this proof does not work. If «; = 1, then Lemma 2.3 holds for o (i) = 2, ..., N, not
o(i)=1,..., N. Therefore we do not have G (x, 0) = 0.

3. Relation between the exponents «; and

From here to the next section, we assume that N = 1, namely, the number of the block
of w is one.

LEMMA 3.1. Ifay > i, then there exists M € N such that oy = MB;.

PROOF. Suppose fails. Then there exists My € N such that MpB1 < o1 < (Mo+1)p;.
First we claim that the following equality holds

(LY LG, 0) = - = (L} - L1)G' (x,0) = 0 (37)

forany k = 1,..., Mp and Ay, ..., A € {l,...,m1}. This is proved by induction on k as
follows. From Lemma 2.4, we obtain the following equation:

kBi
(Li‘k)’s‘ e (Li“)‘61 F = Z Z(non—zero constant) ||wy ||>¢@1=*BD)
=1 g>¢
x (@77 @O il P (38)

The lowest degree of wj in the equation (38) is a1, which is greater than M(B8;. Therefore

by applying (Z?k)ﬁ' . (Z?' )P1 to this equation and by evaluating at (x, 0), we obtain
TP PP (LY F(x,0) =0 (39)

fork = 1,..., My. Applying (Z?l)ﬂl (Li“)‘ﬁ1 to the equation Im F = ||G||*#1, we get the
relation

(Z)l“)ﬂl (Li‘l)ﬂl F
n B
= (positive constant) (Z 1L} G§|2> + {the terms containing ||G1||}.  (40)
r=1

By evaluating at (x, 0), this together with (39) and G (x, 0) = 0, we obtain (37) for k = 1.
Now we assume that (37) holds for k = kg. We apply CR vectors and their complex conjugate
@Y (TP (LB 1o Im F = [|G [P and evaluate at (x, 0). Then

we get

0= @@L (L F(x,0)
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n Bi
2
= (positive constant) (Z |le0+' ...L?‘G?(x, 0)|2> , 41)
A=1
which implies (37) for k = ko + 1. This process continues up to k = M. This proves (37).
By (37), G? can be expanded as

Gi= > b}, P +illw ). (42)
[p|=Mo+1
q>0

Substitute (33) and (42) into Im F = ||G1||*#" and pick up the ||w;|[**' terms. Then we
obtain the following equation

> agqx? [P =0, (43)
g=1
which implies F' = ag. This is a contradiction. O

LEMMA 3.2. Assume that a1 < B1. Then we have oy = B.

PROOF. Assume that the equality does not hold. Substitute (32) and (33) into Im F =
[|G1]/*#" and pick up the terms without w; or wy. Then we have

1 q ] q
Zbl:O,qx Zbl;O,qx

q=0 q=0

2

2

0= , (44)

which implies b’l\_oq =0forA =1,...,n1 and g > 0. Plug these into Im F = [1G1]|%A1
and pick up the terms of total degree 2cr; in wy and wy. Noting @y < B1, we have a; = 0 for
g > 1. This implies F = aop; a contradiction. Now we have o] = f;. a

From Lemmas 3.1 and 3.2, in any case, there exists M € N such that «; = Mg;.

4. Expansions of F and G (one block case)

In this section, we still continue to assume N = 1. We shall obtain expansions of F' and
G for oy = MB1 and conclude that M = 1if 3 < n; <2m; — 1.

Substituting (32) and (33) into Im F = ||G||*#' and comparing the terms of total degree
0,281,481, ...,2(M — 1)B1 of w1 and w; in the both sides, we obtain the expansion

Gt =Y bl w)?Cx +illw|?MP)7 . (45)
lpI=M
q>0
LEMMA 4.1. Assume thata) = a; = --- = ay(—1)g,+1 = 0in (33). Then we have
expansions
F=ao+ Y agx+illw|™, (46)

q>2kp1+1
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Gi= Y b, ()P +ilJw|[*MPryd
Ipl=M
q=k

+ Y Bl n? Gt il PP (47)
IpI=M+1
=0

PROOF. We use the expansions (33) and (45). First we assume that a; = 0. Pick up the
terms of total degree 2MB; of w; and w; and degree zero in x from Im F = ||G1||2ﬂ1. Then
we have bi‘;p’o = 0 for | p| = M. Substituting them into Im F = ||G||*#' and comparing the
terms of total degree 2M B of wy and w1, we obtain a; = 0 forg = 2, ..., 2. This proves
the case of k = 1. Suppose that lemma holds for k = kp. Assume thata; = a; = --- =
askepy+1 = 0. We substitute (46) and (47) with k = ko into Im F = ||G||*! and pick up the
terms of wi and w; with total degree 2MB;. Then we obtain the equation

-1 2M,
D aggx? jwy [PMP
q>2kop1+2

2 2. Bi
(| st k| 2ty ) an
Ipl=M |pl=M
q>ko q=ko
which implies that bi‘_ ko = 0 for |[p| = M and A = 1,...,n;. Substituting them into
Im F = ||G1]|*#' and comparing the terms of w; and w; with total degree 2M 8, we obtain
agy = 0forg = 2kop1 + 2, ...,2(ko + 1)B1. This completes the proof. O
From this lemma, we assume that there exists k£ such that ¢y = ap = --- =
ak—1)g+1 = 0 and azg,+1 # 0. Then we have expansions (46) and (47). The coefficients
of [wi{ [PMA1x2kB1 | jw(" [2MP1x kB and (wgw{)Mﬂlekﬁl fori # jinIm F = ||G|*/
satisfy
(k1 + Daxgp,+1 = (Ib] 44 b )7
B1+1 1;(M,0,...,0).k 1;(M,0,...,0).k
1 2 2\B
= (161, 0,0l T+ 16 0 omnil) (49)
and
1 n n
0=">1.0,..M..00kl1:0m 00k T F PV 0 M0y kP10 M0k (50)

..........

1
. — < bi.0,..M... 00k Plo.mt....ok ) 51)
/ {(2kB1 + Daog, 41312177777 {(2kB1 + Dawg, 41317281 )
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for j =1,...,my,satisfy < U;,U; >= 81] Here, in the lower indices (0, ..., M,...,0)
appearing in Uj;, M appears in the j-th component. Therefore we can find vectors
Umni+1, - .., Uy, such that the matrix

Ui
v=| : (52)
Un,
is unitary.
Define (F*, G}*,..., G]'") as
(F*,Gi*,...,G"™)
1
(2kB1 + Da
= (F.G!,....G") hi Ao+ | I BCD
U
{2kB1 + Dazip, +1}1/2P1

Then the expansions of F*, Gi*, R Grl”* are of the forms

_ ap n 1
(2kB1 + Daokp+1 2kB1 + 1

+ ) @il |w PP (54)
q=2kp1+2

A M . 2M Bk A
G = hM e +illwi | PMPE+ Y bl
lp|=M
one of p;=M
g>k+1

+ Y b, )P (x| PP
lpl=M

leu,PmﬁéM
qzk

+ Y b, )P+l PP =1, m, (55)
|p|=M+1
q=0
Gi* = Y by, P (x i w]PMP
Ipl=M

one of p;j=M
q>k+1

* (x o iy [P 2

(WP (x + il Jwy ||MPrye

+ Y b )P i Jw | PP
lpl=M

Pls-"ﬁpmﬁ‘éM
q=k



RIGIDITY THEOREM FOR PROPER MAPPINGS 403

3 B PGP, A=mi L. (56)
Ipl=M+1
q>0

If M = 1, we understand that the third (resp. second) term on the right hand side in (55) (resp.
in (56)) is vacuum. Next steps are to simplify the coefficients of F*, G}*, R G’l”* and to
determine M. In the following, we drop * in (54), (55) and (56).

LEMMA 4.2. We have k = 0, a1 = B1. The mapping (F, G1) is equivalent to
(z, wi, 0).

PROOF. Substitute the expansions (54), (55) and (56) into Im F = ||G1||*#' and
put x = 0. The minimal value of the total degree of w; and wj on the left hand side is
2M By (2kB1 + 1), which comes from

1
I . 2MBI\2KBI+1 57
mizkﬁl+l(x+lllwlll ) (57)

Therefore the terms of total degrees 281(M + 1),281(M +2),...,281(M +2MpB1k — 1) of
w1 and w; on the right hand side, which come from

Y b, w))P Gl w PP (58)
[pl=M+1
q>0

are zero. Hence, the ranges of the indices (p, ¢) in the summation (58) become

Ipl > M +2MBik, q=>0, (59)
Ipl=M +2MB1(k—1),...,M+2MBik —1, ¢q=>1, (60)
Ipl=M+2MB1(k —2), ..., M +2MB1(k —1)—1, ¢=>2, (61)
|pl=M+2MBy-2,...,M+2MB; -3—1, qg>k-2, (62)
Ipl=M+2MBy,...,M+2MB;-2—1, qg>k—1 (63)
lpl=M+1,....M+2MB —1, q=>k. (64)

Assume that k # 0. Plug these indices into (58) and restrict Im F = 11G1]|?! to x = 0.
Collect the terms of total degree 2MB1(2kB1 + 1) of wi and w; in the restricted equation.
Among these terms, we compare the degree of ||wi]||. Since the degree of ||w1]|| on the left

hand side is 2MB; (2kB; + 1), the coefficients of |[w1](%, ||wi[[*MET, ..., |Jwy |[*MFI¢=D are
zero. Therefore in the summation (58) with indices from (59) to (64), the terms with indices

(pl,q) = (M + 2MB1k, 0), (M +2MB1(k — 1), 1), (M +2MB1(k —2),2), ...,
(M +2MBy -2,k —2), (M +2MBi, k —1) (65)
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do not appear. Consequently, the indices in (58) become

lpl =M +2MBik+1, ¢g=>0, (66)
Ipl=M +2MB1(k — 1)+ 1,...,M+2MBik, q=>1, (67)
Ipl=M4+2MB1(k—2)+1,.... M +2MBy(k—1), q=>2, (68)
Ipl=M+2MB; -2+1,....M+2MB, -3, q=>k—-2, (69)
Ipl=M+2MBy +1,...,M+2MB; -2, q=k—1, (70)
lpl=M+1,....,M+2MB;, q=>k. (71)

Plug these into (58) and pick up the terms of total degree 2M 1 (2kB1 + 1) of wy and w from
the equation Im F = ||Gq]| |21 which is restricted to x = 0. Divide them by [|wi] |4M/312k and
take B1-th root. Then we get
Im 1 ||w1||2Mi(2/31k+1)//31
(2kp1 + H1/A
2

:‘(w%)M—i— Z bf;p’k(wl)p +...
lpl=M
Pls-es Pmy
2
+‘(w’f")M+ Do b n?
lpl=M
Pls-es Pm|7éM
2 2
1
+‘ > bR @)+ ‘ Yo B P (72)
lpl=M lpl=M
Dlyees Pm|7éM Plyees pm|7éM
Comparing the coefficients of (w%)M e (wT' Y we conclude that the summations
Do bianf Y B )P (73)
|pl=M lpl=M
Pls---aPml#M P1yeees [’m]?éM
do not appear and
1
(74)

- -1,
(2kB1 + D)1/F
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namely, we have k = 0. This means that the mapping

@M(wl)=<(w{)M,...,(wT')M, Yooop@n?, ..,

|pl=M
le,Pml#M
> ol g) 73)
|pl=M
PvaPmﬁéM

is a proper holomorphic mapping @), : B™! — B"! of homogeneous degree M. By the gap
theorem for balls with 3 < n; < 2m; — 1, we can find ®,,, € Aut(B™') and &, € Aut(B"')
such that @, o (w1, 0) o @y, (w1) = @y (wy). Therefore the proper holomorphic mapping
@y @ B™ — B" is injective and its Jacobian matrix, denoted by Mg, (w1), has maximal
rank at every point w1 € B™!, especially, we have rank Mg,, (0) = m1. By (75), the Jacobian
matrix Me,, (w) can be written in the form

MwhHM-1 0 0

0 M@hHM=1 . 0
Ma,, () = ; E ; 76
2w (1) 0 L M@THM! (76)

Note that the components from the (m1 4+ 1)-st row to the n1-th row are not necessarily zero.
Assume that M > 1. Then we have the following inequalities:

0 ... 0
rank M, (0) =rank |0 ... O

<n—m < (@2m;—1)—m
—m—1. (77)

This is a contradiction. Therefore we have M = 1, which means that «; = 8. From now on,
we use o instead of 1. Next we shall show that F is equivalent to z and G| = (wy, 0). Note
that since M = 1, the third (resp. second) term on the right hand side in (55) (resp. in (56)) is

vacuum. Let
gf‘;l(x, wy) = wi‘ + Z bi‘;p’q(wl)pxq, A=1,...,m, (78)

Ipl=1
g=1
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gt w) = Y0 bh,  DPx, h=mi+1.n, (79)

Ipl=1
g=1

habeow) = Y0 b, wPxl . A=l €22, (80)
Ipl=¢
q=0
and

Grieown) = Y gl G illwn P w2 =1o...onp. 81)
>1

Denote by 51)‘ ¢ = gf‘_ ¢(0, wy). In our following argument, we pick up the terms with certain

degree from Im F(x + iflwi] 2, wy) = ||G1(x + i|Jwi]]?*, wy)||?*'. We shall omit the
variables if there is no confusion. The terms of total degree 2«1 of w; and wy in Im F =
[|G1]]?*" satisfy

wil P = (lgi.; o wD)> + -+ + gl G, wn P (82)

Differentiate it by x once and twice. Then we have

0=Re <g11(x wi) Zm(‘{)xq—l_'_”'

Ipl=1
g=1
+ghown) Y B )P (‘f) xq—l) (83)
Ipl=1
q=1
and
2
= Z bi;p,q(wl)p <6{) x4” 1 Z bl p, q(wl)p ( )xq_l
Ipl=1 |pl=1
g=1 g>1
1 oo [(49) g2
+ 2Re (91 1Y bl (w))? (2)x 4+
Ipl=1
q=2
+ a1 Z bl pq(wl)p< )xq—2)‘ (84)
Ipl=1
q=2
Since the total degrees of w; and w; on the left hand side of Im F = [1G1]|% are
2u1, 61, ..., the terms of total degrees 2o + 1,...,6a; — 1 of them on the right hand

side must be zero. First, we compare the total degrees of wi and w; from 2¢¢; + 1 to 4a1 — 1.
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The total degree 2o + 1 terms satisfy
(1911 -+ 1674 2) ' Re (013 + -+ 07371 = 0, (85)
which means that g/.,3{., + - - - + ¢/, 31, = 0. The total degree 21 + 2 terms satisfy
(g + - +1gp 2!
< {lgio? + -+ 191517 + 2Re (9], 315+ + 9131} =0, (86)
which implies g, =0, A =1,...,ny,and g{.,3{.5+- - -+ 9/, 9’5 = 0. Repeat this process
up to total degree 401 — 1. By induction (we omit the proof), we obtain
Gi.p =" —gle—O L=2,...,a1, 87
gmgw+ ~|—g11§f‘£—0 £=2,3,...,201. (88)
The total degree 4«1 terms in Im F = ||G 112 satisfy

—1
(lgial> + -+ lgih )™

1 2 2 1 =1 ny =n
x {|gl;a1+l| -+ |91 a,+1| +2Re (911910041 T+ 91;1191;12a1+1)

— 2Re <g1 1 Z b1 pgWD? < )xq Uillwi |2 +

Ipl=1
g=1

AP pq<w1>v( )xq—linwlnz“l)} =0. (89)

Ip|=1
q=1

Making use of (83), we obtain the relations (87) for £ = o1 + 1 and (88) for £ = 2«7 + 1.
Analogously, by picking up the terms of total degree 41 + 1, we get the relation (88) for
£ = 201 4+ 2. We proceed this process degree from 4«1 + 1 to 6y — 1. Then we obtain (87)
forl = a; +2,...,2a; and (88) for £ = 2a1 + 2, ..., 4a;.

Assume a3 # 0. The total degree 6« terms in Im F = ||G1]| |2 satisfy the relation:

- Zaq ( )xq—3||w1||6“'
-1
= (lgf, P+ + 19y 1)

1 2 2 -1 .
) {|91:2a1+1| + o 1]+ 2Re (911911 0 F 90100 10)

+|> by, ,,q(wof’( )xq—lnwlnz“l

Ip|=1
q=1

2
+ ...
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+| Dbl ,,q(wop( )x‘f—lnwlnzal

Ipl=1
q=1

— 2Re (911;1 Z bll;p,q(u)l)l’ (g) X472 Jwy |4 +

Ipl=1
q=2

ol D bl )P (2) x‘f—2||w1||4“')} : (90)

Ipl=1
q=2

2

Plug the relation (84) into the right hand side and put x = 0. From (78), (79) and (80), we get
the relation

—a3|lwill*"? = |Gl g, 11+ 150 1 1)
which means that
:q'l g"l
1;2001+1 o 1;2001+1 . pm _, M (92)
(—az)!/? (—az)!/?

is a proper holomorphic mapping. We apply the same argument we used to conclude M = 1
to the mapping (92). In the argument, replace @, by the mapping (92) and calculate the rank
of the Jacobian matrix of it at the origin. Then we reach the contradiction. Therefore we
conclude that a3 = 0.

Assume that a3 = ...a4,—1 = 0 and a4, # 0 for go > 4. From the relation (90), we
obtain

- 4 (g’) 073y ||
9240
-1
= (gt + -+ 1 D) (92 1P+ H 10 ) 93)

Since the lowest degree of x on the right hand side of (93) is even, we may assume the
following:

® g0 — 3 =2qo,
: 1 Ao ~ .
e the lowest degree of x in 9120417 I12g+1 A€ G0 and that of x in
ro+1 n . ~
9, °2a]+1, <<+ yi2g, 41 18 greater than go.

Divide (93) by x2% and we get

-2 4 @ X970y |0

9240
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1 9112 12 s ?
- 201+ 201 +1
e A (- R DI
Taking x = 0 in (94), we obtain

2 2

+- . (95)

q0
—agy (3) [y |[*1+2 =

which means that

A
Z bl;op,t?o(wl)p

|pl=2a1+1

Z bi;p,t}o(wl)p

[pl=2a1+1

1 P 0 P
<ZPI—2a1+1 by p.g (WD) 2 |pl=2n+1 b1 g, (WD)

(@) (=)

is a proper holomorphic mapping. If the inequality m; > ¢ holds, then this mapping can not
be defined as a proper holomorphic mapping. Therefore a4, = 0, which is a contradiction.
Assume that m; < Ag. Then we have m; < Xp (< n1) < 2m1 — 1. Therefore by the same
argument which is used to get M = 1, we must have 2«1 + 1 = 1. This is also a contradiction.
In any case, there does not exist go > 4 with ay, # 0. Therefore we obtain a; = 0 for g > 3.
Repeat to compare the terms whose total degree of w; and w; is bigger than 6«1, we conclude

> : B™ — B (96)

that 91X~/z =0forA =1,...,n1 and £ > 2. Pick up the terms whose total degree of w; and

wy is 2c1 from Im F = ||G1||>*'. Then we have

1
1+ 2axx = W{|911;1|2‘|"“~|-|9{l;]1|2}0(l : o7

Divide this by x and take x to be infinity. Then we conclude

Db}, )P =0, A=1,2,....n. (98)
Ipl=1
q=1

Therefore G is normalized to be (w;,0) and ap = 0. Now the expansion of F, as

a component of the holomorphic mapping, becomes F = ag/a; + z. Apply the shift
(z, W) — (z—agp/ay, w) to (F, G). Since agp/ay is a real number, the shift is an automorphism
of £2(n; (n), (B)). By this automorphism, F is normalized to F' = z. d

REMARK 3. From this lemma, we conclude that «; = B and that (F, G) is equiv-
alent to (z, wi, 0). These are the conclusions of the main theorem for N = 1. Note that
(F, G1) and (z, wy, 0) are equal up to the relation (53) and the shift. This fact is used in the
proof of Lemma 5.2.
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5. The relation among the exponents and normalization of the mapping (N block
case)

We return to the general situation, namely, we assume that the number of the block of w
is N.

LEMMA 5.1. Let o be the permutation of N-indices in Lemma 2.3. Then we have
Ao (i) = Bi-

PROOF. Take any i and fix it. We restrict the mapping

(F, G) : £2(m; (m); (a)) — $2(n; (n); (B)) 99)
to the variety
() fw; =0} (100)
j=l..,N
J#o (i)

Then we have a proper holomorphic mapping
(F,0,...,0,G;,0,...,0): {Im z > ||wep)|[**®@} — {Im z > [Jw;||*#}. (101)
It follows from Lemma 4.2 that we have o ;) = fB;. Since i is arbitrary, the result holds. [

After reordering the variables, we may assume that o is identity, and therefore from now
on, we use « instead of .
Next, we normalize F'.

LEMMA 5.2. Let (F,G1,...,Gy) : 2(m; (m); (@) — $2(n; (n); (o)) be a proper
holomorphic mapping. Then there exists an automorphism ®, of §2(n; (n); (o)) such that F
can be normalized to be z by ®,, namely the first component of @, o (F, G) is z.

PROOF.  Since we have Gly;=0 = 0, the restriction (F, G) : §2(m; (m); (o)) —
£2(n; (n); (@)) to wy = --- = wy = 0 is a proper holomorphic mapping of one block.
So, expanding the functions F(z, w1, 0, ...,0), G?(z, w1, 0,...,0) as (46) and (47) in the
previous section, we obtain the unitary matrix U as in (52). Here g in (46) and (47) should be

replaced by «1. Let us now define an automorphism @, = (CD,?, ceey q)flV) of 2(n; (n); (a))
by
Z
2@z, Wy, ..., WN) = +a,acR (102)
! (2kar + Dazka,+1
DG Wy, WN) = : @}, ..., o"T , (103)
{(2kay + Dagke, +1}1/2
iz ~ 1 =1 =1 ;
D (z, Wi, ..., WN) = @j,....w;"), j=2,....N. (104

{Qkay + 1)azke,+1}1/%%
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Then, by applying the same argument as in the proof of Lemma 4.2, it can be verified that
P, 0(F,G)(z,w1,0,...,0) =(z,w1,0,...,0) (105)

for (z, w1,0,...,0) € £2(m; (m); (o)) and a suitable a € R. As we saw in Lemma 2.4, the
first component of any proper holomorphic mapping from 2 (m; (m); («)) to 2 (n; (n); («))
does not depend on the variable w = (wy, ..., wy). Hence we conclude that the first compo-
nent, say F, of @, o (F, G) is just of the form I?(z, w) = z on £2(m; (m); («)). This proves
the lemma. O

From now on, we assume that F = z. Therefore we shall use |[|w||[** = |||G|||**
instead of Im F = [||G|||** on Im z = |||w]||**.

Next, we normalize the homogeneous polynomials in w of degree one in Gy, ..., Gy.
We order the exponents of £2(m; (m); («)) and §2(n; (n); ()) as

alz...:azl <C(£1+1="’:C(£1+£2 (106)
QL L+ = 0 = 0 e+
<OL 03+ = 0 = Q03+l
SOl A ] = Oty
SO Al D = = el

and ag,4...4+¢; + Y1 = & 4...4¢; - Here we assume that N = £1 + - -+ + £,,. Expand G; in
homogeneous polynomials of w as

A A A A
Gj = g 900 Yje = § bj;p’q(w)pzq . (107)
£>1 Ipl=£
q>0

Denote by @}_ , the restriction of g}. oz =x:

G0 = Z b p.g (W) x7. (108)
lpl=¢
q=0
o o 1 m; o mj+1 nj
Let us denote gj.p = (g};é, 9}/;4) for 9};4 = (9j.¢> ...,gj;é) and g}/;g — (gj;é e j;Jz)'
Pick up the terms of total degree 2oy = - -+ = 2a¢, of w and w from w2 = |||G]|]*.

They satisfy the relation

Hwi ]2 4 - we [1P%9 = G117+ -+ [ Gey 1 1120 (109)
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It follows from Gjle:() = 0 that g;;; is a linear mapping in w; = (w}, R w;.nj), which

15

implies that [|g;.1(x, w;)] 1> =|lw 1< for any x. Consider two proper holomorphic mappings

(gh1 - 93/ wy) and (., 0) between B" and B". Here (gk..... g% )@ w)) is
considered as a mapping with a variable w; € C"/ and with a parameter z € C. Then we can
find the n; x n; unitary matrix U;(z) depending on z such that

g1z, wj) = Uj(z) (u())j>. (110)
Note that since g, is expanded as (107), the components of U (z) are holomorphic functions
of z. Let &, (, w;) be a mapping defined by
@,z b)) = Uy @iy, (Z.b) € Cx CY, (111)
where U (z) is a unitary matrix as in (110). Then we can calculate as follows:
By’ 02,911z w)), s g G w)) =), 0, j=1,..., 00, (112)

Note that this normalization does not depend on z. Next lemma is used to prove Lemma 5.4
as an induction assumption.

LEMMA 5.3. There exist an automorphism @, of §2(n; (n); (o)) such that
djn O(FvG)(va17'~-sz) =

(Z’w”L Do G D G Wa T D G D G

{=y1+2 Lzy1+2 t=y1+2 {=y1+2
/ " / 1
We 1+ ) Go 1.0 Goy 41500+ WG+ T Q2 Go 4,000 9e,+05:00
=2 >2 =2 >2
Got+e,+1, .-.,GN). (113)

PROOF. Note that F is already normalized to be z. Take @,(z,w) =
Z, dn' (W), ..., dﬁzl' (z, We,), We,+1, ..., wWy). Here dﬁ,rfj is the mapping of the form
(111). Note that (P,','j does not depend on z. Indeed, this can be seen as follows. Let
@, (z, ;) = (¢1(Z,Wj), ..., ¢n;(Z, W;)). Then we have

nj
DIk G o = [0y G )1
k=1

= |U;@) "

= lli;|I? (114)
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for any (z, w;). Differentiate (114) with respect to zZ and Z and we have

Z dgx(z. ) [* _ 0 )
poet 97 '

Since the domain is connected, ‘15:;] (Z, w;) does not depend on Z and therefore @, is an
automorphism of £2(n; (n); («)). Denote qﬁ,','j = Uj_ltb j- We calculate the terms from the
second to the (11 + 1)-st components of @, o (F, G) to normalize G.

1
Zle 91.¢
® oG =U;" :
Zle gﬁlg
1
gl;l
= Ul_l : + (the terms which contain g¢;.¢, £ > 2). (116)
g?;ll

Since g¢;.1 is a mapping of z and wy, we see that g1.1(z, w) = g1;1(z, w1). As we saw in (112),
G is normalized as follows:

&' o Gi(z, wi, ..., wy)
=@]'o (911;11 ...,gf_ll)(z, wp) + (the terms which contain gj.¢, £ > 2)
= (w],...,w]",0,...,0) + (the terms which contain g.¢, £ >2). (117)
Using G, ..., Gy, and @,2, .. ., @ZZ' instead of G| and @,', we can normalize the homo-
geneous polynomials of degree one go.1, ..., g¢;:1 as (w2, 0), ..., (wg,, 0) respectively.
Next we normalize the homogeneous polynomials of degree one in Gy, 11, ..., Gg 44,

Assume that y; # 1. Since the terms of total degree 20y +2 = - -+ = 2a¢; +2 of w and w in
Hw][[** = [|G]||* satisfy

2(a1—1 ~ 2 ~ A
0= anflwn P0Gl P+ < wi 5 > +< w5y > |

2(a1—2) Py Y 2
Fanter — Dl PO < wi i > 4= wn o, |

+...
ey lwey PO 1o olP < ey, 8,5 > +< wer, 37,5 |
2ae, —2) nr ———?
‘|‘05£1((¥€] _1)||w£1” ! {<w€],gel;2>+< welﬂg(l;2>} ) (118)
we get g2 = -+ = gg;;2 = 0, or equivalently, g1.0 = --- = gg,;2 = 0. By picking up

the terms of total degrees from 201 +4 = -+ = 20p, +4t0 201 +2(y1 — 1) = -+ =
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2a¢; +2(y1 — 1), the similar argument implies the following:

g1;3=--"=g1;, =0, (119)

ge:3 =" =g =0. (120)
Plug them into wl]||® = |||G]||** and pick up the terms of total degree 2«1 + 2y = -+ =
20¢, +2y1 = 200,41 = - - - = 20t¢,4¢,. Then we get the relation:

2 2
Hwe +1 11795 4 A [|wey e, | |02
2o —1 A 2 A ——
= aq||wi|] (@ ){”91:)/14'1” + <wi, gi;2V1+1 > +<wi, gi;2y1+1 >}

- )2
2(a1—2) A =7
+ (e — Dffwq ]| !< Wi, G111 > F< WL G104 >}

+...

2(%—1)[

~ 2 Al ~
+ gy [lwe, | eriyr1 P4 < Wers 3, 21 > += W Gyagyss = )

2
2 -2 Al ~
+ ag, (g, — Dwe, |74 )[< Wers Goysy41 > T< Wey,s gél;)/1+1 >}

N 2 ~ 2
F 190+ 117 1 Gey 1] 1702 (121)
Since we have G ; = 0 for w; = 0, the homogeneous polynomial of degree one §;.1 is linear
inw;. By putting w; = --- = wg, = 01in (121), we get
200,41 — 2000, 41 2000 40y — 200, ¢, 122
llwe,+111 = [lge,+1:11l s llweg e, ] = l1g¢,+e111 (122)

for each fixed z. Applying the same argument which we have used to get the normalization

(112) to (122), we can normalize the homogeneous degree one parts of G¢, 41, ..., G¢ 4¢, tO
be (we,+1,0), ..., (We,+¢,, 0). From (121) and (122), we obtain g1,y 41 = -+ - = Je;:9,+1=0,
or equivalently, g1;,+1 = - -+ = ge;;,+1 = 0. Consequently, G, ..., Ge, 1, are normalized
by @)1, ..., @, "2 as follows:
G = <w1 + > e D g{’;e> , (123)
L>y1+2 >y 42

G£1=<we,+ Y G D gé’l;@>, (124)

{=y1+2 L=y1+2

Gy41 = <w/51+1 + Zgéwl;é’ Z Z]-H;Z)’ (125)

=2 =2
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Geyty = <wz1+£2 +D Gttt Zg;l%l) : (126)

=2 £>2

In the case of y; = 1, we obtain (121) with y; = 1 instead of (118). We proceed the
same argument to get (123), (124), (125) and (126) with y; = 1. d

As the following lemma shows, we can proceed this process to normalize the homoge-
neous polynomials of degree one in G.

LEMMA 5.4. There exists an automorphism @, of $2(n; (n); () such that

q)nO(F,G)(Z,w):(z,me Yo g > Gl

£=y1++yp-1+2 L=y1+Fyp-1+2
/ a
wey + Z Ge,:00 Z CARARERE
ZZV1+“‘+)/]J—1+2 KZV1+“‘+)/p—1+2

/ 1
Wyl +1 T+ § :961+m+/ép_1+1;/z’ E :961+m+/ép_1+1;/z’ e
=2 =2

/ ”
W +-+L, + Z g[1+...+[p;(v Z gl1+~~~+€,,;l> . (127)
=2 =2

PROOF. We prove the following claim by induction, which completes the proof of this
lemma.

CLAIM 4. Forany A, we have
D, o (F, G)(z, w)

= <z, wy + Z 9.0 Z Glogr -

zyrttyi-1+2 Ezyrttyi-1+2
/ 4
VRS DR D e
zyit -2 Ezyittyi-1+2
+ / 7
We,+1 9, +1:0> 9oy +1500 -+
{zyat Ay +2 {zyatetyi-1+2
+ / 7
We 4Ly e 405500 o\ +ep;00 -
zyat Ay +2 {zyatetyi-1+2
+ / 7
W+, +1 91441500 L/ N Y FEREE
=2 >2

/ /!
OISV D DY/ NN Dy A
{>2 £>2
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Gojotty+1, -+ G61+m+£,,) . (128)

Since we classify (F, G) up to automorphisms, we sometimes use the notation (F, G)
instead of @, o (F, G) in the proof. By Lemma 5.3, Claim 4 holds for A = 2. Assume that
Claim 4 holds for A. Assume that y; % 1. Plug (128) into |||w]||** = [||G|||** and pick up
the terms of total degree

200 + 201+ A - 2= =200, 2011+ -+ a-1) 2
=20441+202+ -+ D +2=- =244+ 202+ -+ a1 +2
== 20541_4_..._,_@*71_,_1 + 2=-..= 2C(£1_|_..._|_g)L + 2. (129)

Then we get the following A relations:

2(ap—1 ~ 2
anllwr PO 1131442

AL ~/
T < WL 914ty 43 TS Wh Gy gy, )43 >}

+ay(a — Djwy ||~

2
A~ ~l
{< W Gy otyy 42 = T< WL Gy gy, 42 >}
+...

||2(C{@1 —1)[

N 2
+ o, [|we, NGey:yi++y_1+2ll

~/ ~l
T < Wers Yo 204ty +3 = T Wi Gy 0 +otys )43 >}

+ ag, (ag, — D|we, [[2@0 2

2
Al ~! —
[< W Geyypttyaoi 42 = T W Goiy gy, 142 >} =0, (130)

2 -1
0 4oty 1 We et 11 (g 4tty g +1—=D)

. 2 N
i||g/é1+m+ek_l+1;2|| + < WeA o+ Gyt 413

~/
T < W41 Il 413 >}

PICT I -2)
O 41 (OM1+~~~+£}L71+1 - 1)||w51+~~+h71+1|| at ot

~l
i< W4+ 141 oy ooty +1;2 =

2
~!
+ < W44, _1+15 g£1+"'+£)»71+1;2 >}
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+...
2 ety —1
Aot W gy |07

~ 2 ~/
{||g£1+---+f;h;2” + < WL g[1+.u+[)h;3 >

!
T < Wet o Gy y03 >}

2 ol =2
+ a4ty (0 gt — DI We gty ] @t 2

2
~l ~l
{< ettt Bysin > +< Wotrt Gy 10 =] =0. (13D

These relations imply that

Ity +2 = = G442 = 0, (132)
G4l +1:2 = = G 4tt;2 = 0. (133)
Plugging them into (128) and comparing the terms in the both sides of |||w]||[>** = |||G[]|**
of total degrees from
200 #2011+ - 4= =200+ 2(01 1) H4
=200 41+ 202+ D) 4= = 20040, 202+ i) 4
= =20 ity 1 F A= =204y, + 4 (134)
to
20 + 21+ ) — 2= =20, + 200+ ) — 2
=20p41+2(02+- - +wm) —2=- =204, + 202+ -+ ) — 2
= =200ty +1 T2V — 2= =200 gy, + 270 — 2, (135)
we obtain
Jipttya+3 = = Glyty = 0, (136)
Gersyitty43 = = Gty = 0, (137)
GOyt 133 = = Gt by + 1y = 0, (138)

Gty 446,23 = = Gty tlyiy, = 0 (139)
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by the same argument as to get (132) and (133). Next pick up the terms of total degree

201 + 20+ ) = =20+ 2000+ )
=20¢41+2(2+ -+ ) = =20040 200+ + )
= =200 4ty +1 270 = =200 4ty T 2V
=20 ] = = 200 gt - (140)

We get the analogous, but containing more terms, equation (121) and obtain

Giiprttytl = = Gy otpp+1 =0, (141)

g€1+---+4x,1+1;n+1 == 9€]+---+61;n+1 = 0 ) (142)

and a proper holomorphic mapping

G os G i B™ > B, =l b L b Gy (143)
for fixed z. By the same argument as in Lemma 5.3, the homogeneous polynomials of degree
onein Gy 4.t +1, - - - » Goy+--+¢,,, are normalized to be

(9214.‘“4.()”4_1;1’ ng+...+[}L+1;1) = (w£1+"'+£;+1 ,0), (144)
(gél_,_..._,_gH];l, gé/]+...+ek+];1) = (w£1+"'+£x+1 ) O) . (145)

This means that (128) holds for A + 1.

In the case of y;, = 1, we can proceed the same argument to get (141), (142) with y; = 1
and (144) and (145).

Taking A = p, we complete the proof. O

LEMMA 5.5. All g},l and g}’,[ appearing in (127) vanish.

PROOF. Among the degrees of wi,...,wy appearing on the left hand side of
w][]>* = [||G]|||**, the highest degree is 200, 4tl, +1 = ©-+ = 20¢,4...4¢,. By pick-
ing up the terms of degree bigger than them from |||G|| |2, we conclude the result. d

Now we have proved that g;., = 0 for £ > 2; thereby, completing the proof of the main
theorem.

6. The mappings between generalized pseudoellipsoids and assumptions on di-
mensions

6.1. The mappings between generalized pseudoellipsoids. In this sub-section, we
compare Kodama’s result [ 7] with our result. According to the proof of the main theorem, any
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proper holomorphic mapping
(F,G1,...,Gn) : E(m; (m); (a)) = E(n; (n); (B)) (146)
is equivalent to (F,G1,....Gy) of the form
Fz,wi,..,wn) =2, Gi@wi, ..., wy) = We(j,0), 1<j<N (147)

via the transformations ¥, ¥, (see (3)) and the following:

Ga: Z, W)~ Z+a,w), (148)

bg : G W) > Uiy, ..., Uyivy), (149)

¢4 :(Z, W) (AZ,Aﬁth...,AﬁuN}N), (150)

o 1 (Z, W) = (2, Wo(l)s - -+ Wa(N)) » (151)
fora, A € R, [71, e, ﬁN being unitary and o being a permutation of {1, ..., N}. Therefore
(F,Gi1,...,3Gn) is a composite mapping of these mappings.

(F.Gi.....Gn)
= W) 0 ¢ 0 Pa 0 P 0 b 0 (2, wi, 0, w2, 0, ..., wy,0) 0¥ (z, w)

2(i 4+ Ai —aA) + (i — Ai —aA)
2(i — Ai +aA)+ (i + Ai +aA)’

1

—4A 205(1) i7 ( 0)
{Z(z—A1~|—aA)—|—(z~|—A1—|—aA)}2 U(l) an(l)a g e e ey
1
—44 R 0) (152)
{2 — Ai +aA) + (i + Ai + aA))2 s Wo ), D) ] -

Put

—i+ Ai +aA i@_—i—Ai~|—aA

c = ; : , € = — -
—i — Ai +aA i+ Ai+aA

0 —m\ ~
s Uj =exp<l 20[j )Uj (153)

then, by calculation, the mapping (152) is re-written as

1
L z—c 1 —Jc]? | ®om
(F,G1,...,Gn) = (619 { Usy(Wo (1), 0), ...,

cz—1" | (1 =¢c2)?
1
1 —|c|> | %)
m Ua(N)(wa(N), 0. (154)

From this expression, we conclude that if m(j) = n; and a proper holomorphic mapping

(F.G1,....Gn) : E(m; (m); (@) — E(n; (n); (B)) (155)
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exists, then the equality o (j) = B; holds and any such mapping is a biholomorphic mapping.
That is, any proper self mapping of E (m; (m); («)) is a holomorphic automorphism.

A. Kodama [7] obtained the holomorphic automorphism group of a generalized complex
ellipsoid

E(no,...,nk; po, ..., Px)

K
= {(zo,...,zK) €C™0 x o x C"F 5 Y ||z PP < 1}, (156)
k=0
where ng, ..., ng are positive integers and po, ..., px are positive real numbers. Let ng +
---+ng = N. The special case of Kodama’s domain E(1,n1,...,nk; 1, p1,..., px) for
positive integers pq, ..., pk coincides with our domain E(N; ny, ..., nk; p1, ..., px) and,

in this setting, our mapping (154) with m, ;) = n; coincides with the Kodama’s result [7].

6.2. Assumptions on dimensions. In this sub-section, we discuss about the assump-
tions on dimensions. About the inequality ms(;) < n; < 2mg(;) — 1 in (2) of the main
theorem, we used it to get M = 1, a3 = 0 and non-existence of gg in Lemma 4.2. The key of
the argument is to prove the injectivity of @y, in (75). Therefore if we know that any proper
homogeneous holomorphic mapping f : B” — B" for any m, n with m < n is injective, our
argument may work. This leads to the conjecture.

CONJECTURE 6.1. Let m and n be integers with 2 < m < n. If any proper homoge-
neous holomorphic mapping f : B™ — B" is injective, then the conclusion (2) of the main
theorem holds without the assumption mq(jy < nj < 2mg(j) — 1.

This conjecture excludes the case m = 2 and n = 3. In the main theorem, we assume
that m; > 2 and n; > 3 for all j. As stated in the introduction, any proper holomorphic
mapping between balls of dimensions two and three which is twice differentiable up to the
boundary is equivalent to one of the following four mappings:

zw)~ (Z,w,0), V2w, w?), (zzw,w?), @ V3w, w). (157)
Note that while the first two mappings satisfy
1w, 01 = [ w11 V22w, w)|? =l wll* (158)
the last two mappings do not, namely, there do not exist positive integers & and § such that
1@ 2w, w)IP = 11w, 1@ Bz, w)IP = @ wPP. (159)

Therefore we have the conjecture.

CONIECTURE 6.2. In the main theorem, if there exist j suchthatnj = 3 and mgy(j) =
2,say, j=1,..., jo,then Gy, ..., Gj, are equivalent to one of two:

Wi, w3, 00, (wh* V2wiw], whH?). (160)
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If G; is equivalent to the former, then as(jy = B, and equivalent to the later, then oy (j) =
28;.
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