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Abstract. The purpose of this paper is to construct infinite families of real abelian number fields K of degree
four with A» (K) = up(K) = 0and vp(K) > 0.

1. Introduction

Let K be a finite extension of the field of rational numbers Q, / a prime number, and
K~ a Z;-extension of K, where Z; is the ring of /-adic integers. For each integer n > 0,
K~ has a unique subfield K, which is a cyclic extension of degree [" over K. Let /" be the
highest power of / dividing the class number of K,,. The following theorem is well-known as
Iwasawa’s class number formula.

THEOREM 1.1 (Iwasawa). There exist integers A(Koo/K), t(Kxo/K) > 0,
V(Kso/K), and an integer no such that

en = MKoo/K)n + (Koo /K)I" + V(Ko /K)
foralln > ny.

The integers A(Koo/K), n(Kso/K) and v(Ks/K) are called Iwasawa invariants of
K. In particular, if Ko /K is the cyclotomic Z;-extension, we denote Iwasawa invariants of
Koo/K by A1(K), ui(K) and vy (K).

Greenberg [4] conjectured that if K is a totally real number field, then A;(K) = u;(K) =
0. This is often called Greenberg’s conjecture. If K is an abelian field, it is known that
w1 (K) = 0 by Ferrero and Washington [2]. Ozaki and Taya [9] constructed infinitely many
real quadratic fields with 12 (K) = u2(K) = 0 as follows:

THEOREM 1.2 (Ozaki and Taya). Let K = Q(/m) or Q(+~/2m). Suppose that m is
one of the the following:
(1) m=p, p=3 (mod 4),
(2) m=p, p=5 (mod 8),
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B)m=p, p=9 (mod 16),
@ m=p, p=1 (mod 16), 2"7 = —1 (mod p),
(5) m=pg, p=qg=3 (mod 8),
6) m=pg, p=3, g=5 (mod 8),
(7) m=pq, p=5, g =7 (mod 8),
@®) m=pg, p=g=5 (mod 8),
where p and q are distinct prime numbers. Then My (K) = u2(K) = 0.

After the work of Ozaki and Taya, Fukuda and Komatsu gave the following criteria for
2QG/P))-

THEOREM 1.3 (Fukuda and Komatsu [3]). Let p be any prime number with p = 1
(mod 16), &g the fundamental unit of Q(/p), and &, = a + b/2p the fundamental unit of

Q(/2p), where a is a positive rational integer and b € Z. Let 2° be the highest power of 2
which divides p — 1. Then we have the following criteria concerning the Iwasawa A-invariant

22(Q(/p)):

(1) Ifa=1 (mod p), then 2(Q(\/p)) <2° 7% —3.
() Ifa® = —1 (mod p) and &2 # 1 (mod 32), then 22(Q(/P)) = 0.

In this paper, we show the following theorem using the method for proving Theorem 1.3.

THEOREM 1.4. Let K be a totally real abelian number field satisfying the following
conditions:

(1) The prime number 2 splits completely in K.
(2) Ay (K(v=1) =[K : Q] — 1, where we put A, (K(v/—1)) := A2(K(v/—1)) — 22(K).
Then, we have Ay (K) = u2(K) = 0.

The purpose of this paper is to construct infinite families of real abelian 2-extensions
K /Q with 12(K) = p2(K) = 0 and v2(K) > 0 by using Theorem 1.4. Our main theorem is
the following.

THEOREM 1.5. Let p, q and r be distinct prime numbers with p = g = r = 5
(mod 8).

(1) Let K/Q be a real cyclic extension of degree four such that the conductor of K/Q is
pq and the prime number 2 splits completely in K. Then we have My (K) = u2(K) =0
and v (K) > 0.

(2) Let K = Q(/pq, /Pr). Then we have A2(K) = u2(K) = 0 and v2(K) > 0.

Here we note that Taya and Yamamoto [10] determined all real abelian 2-extensions K /Q
with A2(K) = u2(K) = va(K) = 0. These fields are classified by the biquadratic residue
character (cf. [10, Theorem 2.4]). Then we classify all real abelian extensions of degree four
satisfying all conditions of Theorem 1.4 and have the above result not contained in [10]. We
note that it holds that v»(K) > 0 for the above extensions K /Q if and only if these extensions
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satisfy one of the two conditions of Theorem 1.5. There arises the following question: Is the
degree of a real abelian extension K /Q satisfying all conditions of Theorem 1.4 bounded,
independent of K'? The answer is partially given by the following proposition.

PROPOSITION 1.6. Let K/Q be a real abelian 2-extension such that the prime number
2 splits completely in K. If 8 | [K : Q], then we have 1, (K (v/—1)) > [K : Q] + 1.

Therefore, if K/Q is a real abelian 2-extension with 8 | [K : Q], our criterion Theo-
rem 1.4 does not work to verify Greenberg’s conjecture.

2. The proof of Theorem 1.4

In this section, we will give a proof of Theorem 1.4. Throughout this section, let K be a
totally real abelian number field such that the prime number 2 splits completely in K. Let K
be the cyclotomic Z,-extension of K. Let L, be the maximal unramified abelian 2-extension
of Ko and L¢ the maximal unramified abelian 2-extension of K. Let My, be the maximal
abelian 2-extension of K, unramified outside 2 and M( the maximal abelian 2-extension of
K unramified outside 2.

LEMMA 2.1. The Galois group Gal(Moo/ K oo) is a free Zy-module of rank
Ay (K(+/=D)).
PROOF. See [9, p.442] and [1, Proposition 2.9]. O

Throughout this section, we denote by ¢ the degree of K/Q and by {py, ..., p;} the set
of all prime ideals of K dividing 2. For i € {1,...,t}, we also denote a prime ideal of M
dividing p; by *33;. By [11, Corollary 5.32] and [4, p.266], we have the following lemma.

LEMMA 2.2. The extension My/ K is finite.
We denote by I,/ k., (Bi) the inertia group of °B3; in Gal(Mo/K ).

LEMMA 2.3. Forany integeri with 1 <i < t, it holds that

Inty koo (Bi) C Gal(Mo/Mo N Log) .

PROOF. This follows from the definition of Ijs,/k Bi). O
Fori € {1,...,t}, we consider the completion K, of K with respect to p;. Fori €
{1,...,t}, we denote the local unit group of Ky, by Up, and denote the local principal unit

group of Ky, by Uy ;. We put

' ¢
UZZHUp,-, Ui 321—[[]1,43,-‘
i=1 i=1

We may embed the global units £ in U:

E—>U,er(e,...,¢).



4 NAOKI KUMAKAWA
Let E denote the topological closure of E in U.
By class field theory, we have the following lemma.

LEMMA 2.4 ([8, Chapter 4, Theorem 7.8]). The Artin map induces the following
topological isomorphism:

Ui/Uy N E ~ Gal(My/Ly) .

Throughout the following, we denote by f the above isomorphism from Uy /U; N E to
Gal(My/Lg). Since U is a finitely generated Z,-module of rank [K : Q], Gal(My/Lg) is
also a finitely generated Z,-module.

LEMMA 2.5. Let Tz,(Gal(My/Lo)) be the torsion part of Gal(Mo/Lo) .
Then

Tz,(Gal(Mo/Lo)) = Gal(Mo/LoKco) -

PROOF.  Since Tz, (Gal(My/ L)) is a finite group and Gal(My/ Lo) is a profinite group,
T7,(Gal(My/Lo)) is a closed subgroup of Gal(My/Lo). By Galois theory, there exists a
subfield F of Mg such that F O Lg and Tz,(Gal(My/Lo)) = Gal(My/F). By Lemma 2.2,
Gal(My/LoK ) is a finite group. Therefore,

Gal(My/LoK~) C Tz,(Gal(Mp/Lo)) .
By Galois theory, Lo C F C LoKso - Since LoN Koo = K,
Gal(LoKoo/Lo) =~ Gal(Koo/K) = Z> .
Since [LoK : F] < +o00, F is equal to LoKo(see [11, Proposition 13.1]). O

Let A be the subgroup of U;/U; N E generated by (ki, k2, ..., k) mod Uj N E (ki €
{£1}).

LEMMA 2.6. f(A) C Gal(Mp/Mp N Lo).

PROOF. We denote by I,,k (B;) the inertia group of 3; in Gal(My/K). By the defi-
nition of f, f((—1,1,...,1) mod U; N E) belongs to Ip/x (B1). By Lemma 2.5,

f((=1,1,...,1) mod U NE) € Gal(My/LoKo) C Gal(My/K o) .
Consequently,
F((=1,1,...,1) mod Uy NE) € Iny k.. (B1).
By Lemma 2.3,
f((=1,1,...,1) mod U; NE) e Gal(My/MyN L) .
We obtain similarly that

F((1,=1,1,...,1) mod U NE) € Iy (Pa) C Gal(Mo/Mo N L) .
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Consequently, it follows that

f(A) C Gal(Mop/Mp N L) .

LEMMA 2.7. Defineamap vy : (Z)22)®'" "' — A by
Z/22)% 7" — A, (Ixl [xal..... [x1]) — (DY, (=D, (=D, D]
Then  is an injective group homomorphism.
PROOF. Put
Ey:==UNE, E:=UNE.

We denote the torsion part of E, by (E Drors- Leopoldt’s conjecture holds for K since K
is an abelian number field (see [11, Corollary 5.32]). Therefore, it follows the following
isomorphism as Z,-modules:

E_'12E1®ZZ2.

Since K is a totally real number field and [E : E1] < +o0o, we have E| ~ Z /27 & yAZSES
Hence E1 ®z Zo ~ 7,/27> & Zgy—l. It follows that (El)m” = {x1}. For any
(lx1], [x2], ..., [x—1]) € Kery, we have (D)™, (=1)*2, ..., (=D*1,1) € (EDiors-
Therefore, we have that x; =0 (mod 2) (i = 1,2, ...,t — 1). This completes the proof. O

By Lemma 2.6 and Lemma 2.7, we have the following key lemma.
LEMMA 2.8.

rankyz, >z (Gal(Mo/ Mo N Loo)/Gal(Mo/ Mo N Loo)?) >1—1.
Now, we prove Theorem 1.4.

PROOF OF THEOREM 1.4. By Lemma 2.1, the Galois group Gal(M/K o) is a free
Z,-module of rank A, (K (+/—1)). Since A, (K(+~/—1)) is equal to [K : Q] — 1, the rank of
Gal(Ms/K~) is equal to [K : Q] — 1. We have the following exact sequence of Z;-modules:

inc. res.

1 — Gal(Mx/Lso) — Gal(Moo/Koo) — Gal(Loo/Kso) —> 1.
Therefore, it follows the following equation:
rankz, Gal(My/ K) = rankz,Gal(Myo /L) + rankz, Gal(Loo / Koo)

Since Gal(M o/ K o) is a free Zp-module, Gal(M, /L) is also a free Z;-module.
By Lemma 2.8, we have the following inequality:

rankz,27(Gal(MoLoo / Loo) /Gal(MoLoo /L)) = [K : Q1 — 1.

We have rankz,Gal(Moo/Loo) = [K : Q] — 1 and also have rankz,Gal(Loo/Ks) = 0.
Therefore Gal(Ls/Koo) is a finite group. This completes the proof. d
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We also have the following corollary.

COROLLARY 2.9. Let K be a totally real abelian number field such that the prime
number 2 splits completely in K. Then, we have A, (K(v/—1)) > [K : Q] — 1.

3. Applications of Theorem 1.4

We prepare the following notations to prove Theorem 1.5 and Proposition 1.6. For a finite
Galois extension F'/K of number fields and a prime ideal ‘33 of F, we denote by Dr,x (F)
the decomposition subgroup of Gal(F/K) for ‘B and by I,k () the inertia subgroup of
Gal(F/K) for *B. We also denote by fr,/x () the inertial degree of F//K with respect to ‘B
and by er,x (B) the ramification index. In particular, if F'/K is an abelian extension, we put
er/k (p) := ep/x (P), where p = PN K. For a natural number n, we denote by ¢, a primitive
n-th root of unity.

For a number field F, we denote by F, the cyclotomic Z;-extension of F' and by F), the
unique intermediate field of F/F with degree 2" over F. We also denote by % the class
number of F' and by d(F) the discriminant of F. For an odd prime number p, we denote by
Sp (F) the set of all prime ideals of F' dividing p. We denote by T (F') the set of all prime
numbers dividing d (F). For a finite set X, we denote the order of X by #X. For an odd prime
number p, let e, be a non-negative integer satisfying the following conditions:

o If p=1 (mod 4), then 2¢+2 || p — 1.
o If p=—1 (mod 4), then 2¢7*2 || p + 1.
The following theorem is often called Kida’s formula.

LEMMA 3.1 (Kida[7, Theorem 3]). Let F and K be CM-fields such that K/F is a
finite Galois 2-extension and p, (F) = 0. Then

35 (K) = 8(K) = [Koo : Fool - (15 (F) = 8(F)} + Y _(e(P) — 1) = Y (e(Py) — 1),

where e(R) (resp. e(B+)) is the ramification index in Koo/ Fso (resp. KL /FY) of a finite
prime B of Koo (resp. B of K), the sums are taken over all ¥ and B+ which do not divide
2 respectively and §(K) (resp. 6(F)) is 1 or 0 according to whether or not Koo (resp. Fo)
contains a primitive 4-th root of unity.

Throughout this section, let m be a non-negative integer and L /Q a real abelian extension
of degree 2™ such that the prime number 2 splits completely in L. We prepare some lemmas
for proving Theorem 1.5 and Proposition 1.6.

LEMMA 3.2. For any odd prime number p and integer n > e, + 1, it follows the
following equation:

#S,(Ly(v/—=1)) — #S,(Ly) = #Sp(Ly) .
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PROOF. For any element P of S,(Qe,+1(~/—1)), put p := P N Q,,+1. By the
definition of e,, we have th,p +1/Qep (p) = 2. We also have #Der+|( J=D/Q., P) # 1.

Since *B is unramified in Q,,+1(v'—1)/Qc,,, Dg HWTD/Q, (P) is a cyclic subgroup of
e'p e
Gal(Qe,+1(v=T)/Qc, ). Since Gal(Qe, +1(v=1)/Qe,) = (Z/22)%2, we have

#Derﬂ(«/—_l)/er (P) # 4. Hence #DQePH(«/—_l)/er (P) = 2. Since fQ"P+|/Q"P () =2,
we have #DerJrl(*/?l)/erH (B) = 1. Let n be a natural number n > ¢, + 1 and Q an el-

ement of S,(L,(v—1)). Putq := QN er_H(\/—l). Since #Der+1(~/—_l)/Qe,,+1(q) =1,

we have #Dq, (/=1)/Q, QN Qu+v/—=1) = 1. We also have #Dy /=1L, Q) =

since #DQn(«/—_l)/Qn (Q N Qu(v/—=1)) = 1. Therefore it follows that #S,(L,(v/—1)) =
2#S,(Ly). O

LEMMA 3.3. We assume that an odd prime number p is unramified in L/Q. Then for
any natural number n > e, +m, we have #S,(L,) = 2eptm,

PROOF. We show that the statement of Lemma 3.3 is true by induction on m. If
m = 0, then it follows easily that #5,(Q,) = 2° for any n > e,. We assume that
the statement is true for any i € {0,...,m}. Let L/Q be a real abelian extension of de-
gree 2"+1 such that the prime number 2 splits completely in L and an odd prime num-
ber p is unramified in L/Q. Let K/Q be a subfield of L/Q with [K : Q] = 2™.
Since the prime number 2 also splits completely in K, by the assumption it follows that
#S,(K,) = 207" for any n > e, + m. We also have #5,(Q,) = 2%. Let P
be any element of S)(Le,+m+1). put p = P N Kepymy1 and po = P N Qeptm+1-
By the definition of e,, we have erp+m+1/er+m (po) = 2. Since #S,(Ke,4m) =

267+ and #S,(Qc,+m) = 2°7, it follows that TKepim/Qepim® N Kepim) = 1. Hence

prl,+m+1/Q¢;1,+m+|(p) = 1 Since ngp+m+|/er+m(p) = 2’ we haVe fKep+m+1/Kep+m(p) =
2.  Therefore we have #DLep+m+1/Kep+m (B) # 1. Since Gal(Lep+m+1/Kep+m) ~

(Z./27)%?% and DLep+m+1/Kep+m () is a cyclic subgroup of Gal(Le,+m+1/Ke,+m), we have
#DL, it /Kepen (B) # 4. We also have fr, .. 1/K.,m(B) = 1. It follows that
#Sp(Le,+m+1) = 2#Sp(Kep4mt1) = 26T+l We also have #S,(L,) = 2#S,(K,) =

2¢rTm+1 for any n > e, + m + 1. The statement of Lemma 3.3 is true for m + 1. This
completes the proof. O

By Lemma 3.3, we have the following lemma.

LEMMA 3.4. Suppose p is an odd prime number and n is a natural number satisfying
n > ey, +m. Then,

#Sp(Ln) = 274" (eL/(pZ) ™" .
PROOF. Let B be any element of S,(L). Let F be the subfield of L such that
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I ,(B) = Gal(L/F). Since #11,Q(B) = er,Q(pZ), [F : Q] = 2m(eL/Q(pZ))_1. Let
n be a natural number satisfying n > e, 4+ m and p any element of S, (F;). Since B is totally
ramified in L/ F, p is also totally ramified in L, / F;,. Therefore we have #S,(L,) = #S,(Fy).
Since pZ is unramified in /Q, we have #S,(F,) = 2eptm (eL/Q(pZ))_1 by Lemma 3.3.
The proof is complete. O

LEMMA 3.5.
Ay (Q(v—1)) =0.
PRrROOF. This follows from [11, Corollary 10.5]. a

Now, we prove Theorem 1.5.

PROOF OF THEOREM 1.5. Proof of (1): Let p and ¢ be distinct prime numbers with
p =gq =5 (mod 8). Let F,, be the subfield of Q(¢,) satisfying [F, : Q] = 4 and F, the
subfield of Q(¢g,) satisfying [F, : Q] = 4. We note that since Q(¢,)/Q is a cyclic extension
of degree p — 1, an extension F),/Q is a unique cyclic subextension of Q(¢,)/Q such that
[F, : Q] = 4. We also note that since p = 5 (mod 8), F), is a totally imaginary number
field. We denote the composite field of F, and F, by F. We denote by ‘33 a prime ideal of F
dividing 2. Put p := ‘B N F,. We note that since p =5 (mod 8), fQ(ﬁ)/Q(ZZ) = 2. Since
Fp,/Q is a cyclic extension and Q(,/p) is a subfield of F),, we have fr,,Q(p) = 4. Let k be
the subfield of F such that Dr,q () = Gal(F/k). Since 2Z is unramified in F, Dr;o(P)
is a cyclic subgroup of Gal(F/Q). Since Gal(F/Q) =~ (Z/4Z)®2, we have #Dr/o(P) = 4.
Therefore K is an abelian number field of degree four. By the definition of k, the prime
number 2 splits completely in k. We show that k is a totally real number field. Let H/k be
the subextension of F/k satisfying [H : k] = 2. Let H,/F), be the subextension of F/F),
satisfying [H, : F),] = 2 and H,/F, the subextension of F'/ F satisfying [H, : F;] =2. We
note that H and H, and H, are distinct subfields of F. Since 4 || p — 1, we have F, ¢ R.
Therefore it follows that H, ¢ R. Similarly we also have H, ¢ R. Since the number of
subgroups of order 2 in (Z/4Z)®? is equal to 3, it follows that H = F N R. Therefore k
is a totally real number field. Q(,/p) and Q(,/q) and Q(,/pq) are all quadratic subfields
of F. Since the prime number 2 splits completely in k and p = ¢ = 5 (mod 8), it follows
that Q(,/p) ¢ k and Q(,/q) ¢ k. Therefore k/Q is a real cyclic extension of degree four.
Consequently, k/Q is a real cyclic extension of degree four such that the conductor of k/Q
is pg and the prime number 2 splits completely in k. Since p = ¢ = 5 (mod 8), we have
e, = e; = 0. We apply Kida’s formula to an extension k(v/—1)/Q(+~/—1) of CM-fields and
it holds that

2 k(V=1) = 1 =405 QW=1) = ) +27@ = 1) +2%(4 - 1).
Hence it follows that

MUkW-1))=1-4+(@-D+@-1)=3.
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By Theorem 1.4, we have A2 (k) = ua(k) = 0. Finally, we show vp(k) > 0. Since p = 1
(mod 4) and ¢ = 1 (mod 4), Q(/p, /9)/Q(/Pq) is an unramified quadratic extension.
Since Q(,/pg) C k and p is totally ramified in k, we have Q(,/p, /) Nk = Q(/pq).
Therefore Q(,/p, \/q)k/k is an unramified quadratic extension. We have 2 | h;. Hence it
follows that vr (k) > 0.

Proof of (2): Let p, g and r be distinct prime numbers with p = ¢ =r =5 (mod 8).
Putk := Q(/pq, \/pr). Since pq = pr =1 (mod 8), the prime number 2 splits completely
in Q(,/pq) and Q(,/pr). Therefore the prime number 2 splits completely in k. Since p =
g =r =5 (mod 8), we have e, = ¢, = e, = 0. We apply Kida’s formula to an extension

k(+/—=1)/Q(+/—1) of CM-fields and it holds that
A k(V=1) =1 =405 QW=1) = D +22T 2 -+ 292 -1 +20T 2 -1).
Hence 2, (k(~/—=1)) = 3. By Theorem 1.4, we have A, (k) = pa(k) = 0. It also follows that
vy (k) > 0 easily. |
We will give a proof of Proposition 1.6.
PROPOSITION 3.6. We assume that Gal(L/Q) ~ Z/8Z. Then, 15 (L(~/—1)) > 9.

PROOF. Let K/Q be the subextension of L/Q with [K : Q] = 2. We note that since
L/Q is a cyclic extension any element s of 7(K) is totally ramified in L. We prove this
proposition by splitting into 5 cases.

(1) Suppose that #7'(K) > 3. Let p, g and r be distinct elements of 7 (K). We apply
Kida’s formula to an extension L(v/—1)/Q(+/—1) of CM-fields and it holds that

A (L(V=1) -1

==8+ Y 29B-D+ > 2°T(erGZ)  (eL/Q(sZ) — 1)
seT(K) seT(L)\T(K)

>—-842@—1)+2%@—-1)+2(8—1)
>8+@-D+B-1D+@—-1).
Hence we have A, (L(v—1)) > 14 > 9.

(2) Suppose that #T(K) = 2 and T (L) \ T(K) # #. Let p and ¢ be distinct ele-
ments of 7(K) and r an element of 7 (L) \ T(K). We apply Kida’s formula to an extension

L(\/—_l)/Q(\/—_l) of CM-fields and it holds that
A (L(V=1) -1
—8 4278 — 1) +2%(8 — 1) + 2 (er )Q(rZ)) (e Q(rZ) — 1)
—84+7+7+27 (e o(rZ)) ™!
> 64201,

v

v
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Hence we have A, (L(V/-1)) = 09.

(3) Suppose that #7(K) = 2 and T(L) = T(K). Let p and g be distinct elements
of T(K). By Kronecker—Weber’s theorem, there exist natural numbers e and r such that
L C Q(&peqr). Since p and g are odd prime numbers and L/Q is a 2-extension, it follows

that L C Q(¢pq). Since Gal(Q(£pq)/Q) =~ (Z/(p—1)Z) D (Z/(q —1)Z) and L/Q is a cyclic
extension of degree 8, we have 8 | p — 1 or8 | ¢ — 1. Hence e, > 1 ore; > 1. We apply

Kida’s formula to an extension L(+/—1)/Q(+/—1) of CM-fields and it holds that
MLW-1)—-1=-84+27@-1)+2%8-1)>-8+2@8-1)+(8—-1)=13.

Hence we have 25 (L(+/—1)) > 14 > 9.

(4) Suppose that #7(K) = 1 and T (L) \ T(K) # @. Let p be an element of 7(K) and
q an element of T (L) \ T(K). Since d(K) = p and the prime number 2 splits completely
in K, we have p = 1 (mod 8). Hence e, > 1. We apply Kida’s formula to an extension

L(+/—=1)/Q(+~/—1) of CM-fields and it holds that
A (L(V=1) -1
> —8 4278 — 1)+ 2% (eL/Q(qZ)) " (eL/Q(qgZ) — 1)
> —8+ 14+ 2473 (e (g Z)) !
> 64 2t

Hence we have A5 (L(+/—1)) > 9.

(5) Suppose that #7(K) = 1 and T(L) = T(K). Let p be an element of T(K). By
Kronecker—Weber’s theorem, we have L C Q(¢p). We denote by Q(;“p)Jr the maximal real
subfield of Q(¢,). Since L is a totally real number field, we have L C Q(¢,)™. Since
[L: Q] =8and [Q(;,,)Jr Q] = pT_l, we have 8 | pT_l. Hence ¢, > 2. We apply Kida’s
formula to an extension L(+~/—1)/Q(+/—1) of CM-fields and it holds that

MALW=-1)—-1=-84+27@8—-1)>-8+408—-1).
Hence we have A, (L(+v/—1)) > 9. The proof is complete. O

PROPOSITION 3.7. We assume Gal(L/Q) ~ (Z/2Z)®3. Then, A;(L(«/—_l)) >0,

PROOF. For any odd prime number ¢, we denote by ¢ a prime ideal of L dividing gq.
We note that d(L) # £1. Let p be a prime number dividing d(L). Since p { [L : Q], I1,Q(p)
is a cyclic subgroup of Gal(L/Q). Since Gal(L/Q) =~ (Z/27)®3, we have #1,0(p) = 2.
By Galois theory, there exists a subfield K of L of degree four over Q such that I7 /qo(p) =
Gal(L/K). Since the prime number 2 splits completely in K, We have A, (K (v/—1)) > 3 by
Corollary 2.9. We apply Kida’s formula to an extension L(y/—1)/K (+/—1) of CM-fields and
it holds that

A LE-1) -1
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=205 (K(W=D) =D+ > #S(Le3)(er/x () — 1)

seT(L)

>2B3—1)+2922-1).
Hence we have A, (L(v—1)) > 9. d

PROPOSITION 3.8. We assume that Gal(L/Q) =~ (Z/2Z) & (Z/4Z). Then,
A5 (L(/=T)) 2 9.

PROOF. If there exists an element p of T'(L) such that e; o(pZ) = 2, by a similar

argument in Proposition 3.7 we have A5 (L(+/—1)) > 9. We give a proof in the case that
er/Q(pZ) is not equal to 2 for any element p of T(L). For any element p of T(L), let p
be a prime ideal of L dividing p. We have e;,Q(p) # 8 since I1,qg(p) is a cyclic group.
Therefore we have ey ,g(pZ) = 4. We assume that #7°(L) = 1. Let p be the element of
T(L). There exists a subfield K of L of degree 2 over Q such that I ;o(p) = Gal(L/K).
Since #T'(L) = 1, K/Q is an unramified extension. This contradicts g = 1. Therefore we
have #7 (L) > 2. Here we prove this proposition by splitting into two cases.

(1) Suppose that #7 (L) = 2. Let p and ¢ be distinct elements of 7' (L). There exists a
subfield K of L of degree 2 over Q such that Iy ,o(p) = Gal(L/K). Since p is unramified
in K/Q and d(L) # +£1, we have d(K) = ¢. Since the prime number 2 splits completely
in K, we have ¢ = 1 (mod 8). Hence ¢, > 1. We apply Kida’s formula to an extension

L(+v/—=1)/Q(+~/—1) of CM-fields and it holds that
A (L(V=1) -1
=842t 4 -1 4+20t 4 -1
>-84+6+12.

Hence we have A5 (L(v/—1)) > 11 > 9.
(2) Suppose that #7 (L) > 3. Let p, ¢ and r be distinct elements of 7(L). We apply
Kida’s formula to an extension L(+/—1)/Q(+/—1) of CM-fields and it holds that

A (L(V=1) -1
=842 @4 — 1)+ 2% @4 —1)+20T @4 - 1)
>—-8+6+6+6.
Hence we have A, (L(+/=1)) > 11 > 9. The proof is complete. a
From the above propositions, we have the following proposition.

PROPOSITION 3.9. If[L : Q] =38, then A, (L(~+—1)) > 9.

Using Proposition 3.9, we prove Proposition 1.6.
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PROOF OF PROPOSITION 1.6. Let K/Q be a real abelian extension of degree 2" such
that the prime number 2 splits completely in K. We assume that 8 | [K : Q]. Let F be a
subfield of K of degree 8 over Q. By Proposition 3.9, we have )»Z_(F(\/—_l)) >[F:Q]+ 1.
For any odd prime number p, we denote by p a prime ideal of K dividing p. We apply Kida’s
formula to an extension K (v/—1)/F (+/—1) of CM-fields and it holds that

A (K(/=1) —1
=[K:FI0,(FWV=D) =D+ Y #Sp(Kepim)(ex/r(p) — 1)

peT(K)

>[K:FI[F:Ql+1-1).
Hence we have 5 (K (v/—1)) > [K : Q] + 1. O

We classify all real abelian extensions of degree four satisfying all conditions of Theo-
rem 1.4.

PROPOSITION 3.10. We assume Gal(L/Q) ~ (Z/2Z)®? and #T (L) > 4. Then, we
have A5 (L(v/—1)) > 5.
PROOF. We note that for any element / of T (L), e; o(IZ) = 2. Let p, g, r and s be

distinct elements of 7'(L). We apply Kida’s formula to an extension L(+/—1)/Q(+/—1) of
CM-fields and it holds that

Ay (L(V=1)) =1
> 4420t Q29— D20t Q- +25T 2 -1
> —44+242+242.
Hence we have A, (L(v—1)) > 5. d
PROPOSITION 3.11. We assume Gal(L/Q) ~ (Z/2Z)692 and #T (L) = 2. Then, we
have A5 (L(+/—1)) > 5.

PROOF. Let p and ¢ be distinct elements of 7(L). We denote by p a prime ideal
of L dividing p. Let K be the subfield of L such that I;,o(p) = Gal(L/K). Since
#11,/9(p) = 2, K is a quadratic field. Since p is unramified in K/Q and d(K) # *£1,
we have d(K) = ¢q. Since the prime number 2 splits completely in K, we have g = 1
(mod 8). Hence ¢; > 1. By a similar argument, we have e, > 1. We apply Kida’s formula to

an extension L(+/—1) / Q(+/—1) of CM-fields and it holds that
A5 (L(/=T) — 1
> 4420142421
>—4+4+4.
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Hence we have A, (L(v—1)) = 5. O

LEMMA 3.12. We assume Gal(L/Q) ~ (Z/2Z)ﬂ92 and #T (L) = 3. Let p and q and
r be distinct elements of T (L). If A, (L(v/—1)) = 3, then it follows e, = ¢; = ¢, = 0.

PROOF. We assume e, > 1. We apply Kida’s formula to L(+~/—1)/Q(+~/—1) and it
holds that
Ay (L(vV=1)) =1

—44 20t -+t +2oH 2 -1

v

v

—4444242.

We have A, (L(+/—1)) > 5. This contradicts to our assumption that A, (L(v~/—1)) = 3.
Therefore we have e, = 0. By a similar argument, we also have e; = e, = 0. O

PROPOSITION 3.13. We assume Gal(L/Q) ~ (Z/2Z)%? and #T (L) = 3. Let p and

q and r be distinct elements of T (L). If A, (L(~/—1)) = 3, then the following statements are
true:

(1 L =Q(/pq, /qr).
2) p=gq=r=5 (mod8 orp=qg=r=3 (mod 8).

PROOF. Let ‘B be a prime ideal of L dividing p. We denote by K the subfield of L
such that I ,(B) = Gal(L/K). We note that K is a quadratic field. Since hg = 1, we
have #7 (K) > 1. We assume #7 (K) = 1. We denote by s the element of 7'(K). It follows
that d(K) = s. Since the prime number 2 splits completely in K, we have e, > 1. This
contradicts Lemma 3.12. Hence we have #7T(K) = 2 and d(K) = gqr. Since the prime
number 2 splits completely in K, it follows that gr = 1 (mod 8). Since ¢; = ¢, = 0 by
Lemma 3.12, it follows that g = r = 5 (mod 8) or ¢ = r = 3 (mod 8). By a similar
argument, we have p =r =5 (mod 8) or p =r =3 (mod 8). If r = 5 (mod 8), we have
p=qg=r=5 (mod38). Ifr =3 (mod 8), we have p = g =r = 3 (mod 8). We also
have L = Q(,/pq, \/qr) easily. This completes the proof. O

PROPOSITION 3.14. We assume Gal(L/Q) ~ Z/4Z. Let K be the quadratic subfield
of L. Then, the following statements are true:

() If#T(K) = 3, then 15 (L(~/=1)) = 5.

) If#T(K) =2and T(L) \ T(K) # @, then AZ_(L(\/—_I)) > 5.

(3) We assume #T (K) = 2 and T (L) = T(K). Let p and q be distinct elements of T (L).
If A5 (L(~/—1)) = 3, then it follows that L C Q({pg) and p =g =5 (mod 8).

@) If#T(K) =1and T(L) \ T(K) # @, then )LZ_(L(\/—_I)) > 5.

(5) We assume #T(K) = 1 and T(L) = T(K). Let p be the element of T(L). If
AZ_(L(\/—_l)) = 3, then it follows that L C Q(¢p) and p =9 (mod 16) and 2% =1
(mod p).
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PROOF. We note that for any s € T(K), s is totally ramified in L/Q.
(1) We apply Kida’s formulato L(+/—1)/Q(+/—1) and it holds that

AW LW=T) = 1> 4434 —1)> —4+9.

Hence we have A, (L(v/—1)) 26 >5.
(2) We apply Kida’s formulato L(+/—1)/Q(+/—1) and it holds that

AMALEW-1)—1>-442-1)+2Q2—-1)>-4+6+2.

Hence we have A, (L(v/—1)) > 5.
(3) We assume e, > 1. We apply Kida’s formula to L(+/—1)/Q(+/—1) and it holds that

AMLW=D)—1=—4+22@ -1 +2%@4 —1)> —4+6+3.

We have A, (L(+/—1)) > 6. This contradicts to our assumption that Ay (L(V/-1)) = 3.
Therefore we have e, = 0. Similarly, we have ¢, = 0. Since d(K) = pq and the prime
number 2 splits completely in K, we have pg = 1 (mod 8). Since e¢; = ¢, = 0, it follows
that p =g =5 (mod 8) or p =g =3 (mod 8). By Kronecker—Weber’s theorem, it follows
that L C Q(&pq). Since Gal(Q(¢pg)/Q) = (Z/(p—1Z)®(Z/(g — 1)Z) and L/Q is a cyclic
extension of degree four, it follows that4 | p — 1 or4 | ¢ — 1. Hence we have p = g = 5
(mod 8).

(4) Let p be the element of T(K) and g an element T (L) \ T(K). We have p = 1 (mod 8)
as usual. Hence e, > 1. We apply Kida’s formula to L(+/—1)/Q(+~/—1) and it holds that

MALE-1)) =12 4424 -1)+2Q—-1) > —4+6+2.

Hence we have A, (L(v/—1)) > 5.
(5) We have p = 1 (mod 8) as usual. We assume ¢, > 2. We apply Kida’s formula to

L(~/—1)/Q(+~/—1) and it holds that

AMALW-1))—1=—-442°4—-1)> -4 +12.
This contradicts to our assumption that A, (L(+/—1)) = 3. Therefore we have e, = 1. We
also have p = 9 (mod 16). By Kronecker—Weber’s theorem, it follows that L C Q(¢p).

Since the prime number 2 splits completely in L, we have 2]%1 = 1 (mod p) easily. The
proof is complete. O
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