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Abstract. This paper is concerned with semilinear Volterra diffusion equations with spatial inhomogeneity
and advection. We intend to study the effects of interaction among diffusion, advection and Volterra integral under
spatially inhomogeneous environments. Since the existence and uniqueness result of global-in-time solutions can
be proved in the standard manner, our main interest is to study their asymptotic behavior as t — oo. For this
purpose, we study the related stationary problem by the monotone method and establish some sufficient conditions
on the existence of a unique positive solution. Its global attractivity is also studied with use of a suitable Lyapunov
functional.

1. Introduction

In the present paper we consider a spatially inhomogeneous logistic equation with diffu-
sion, advection and continuous delay represented in the form of a Volterra integral. Let £2 be
a bounded domain in RY with smooth boundary 9£2. Letu = u(x,t) forx € 2 andt > 0
satisfy

uy =divid(x)Vu —ul' (x)} + u{a(x) — b(x)u — c(x)k * u(t)}

in £2 x (0,00), (1)
Bu=0 on 382 x (0,00), '
u(-,0) = ug in 2,

where a, b and ¢ are functions of class L*°(§£2) with b > 0 and ¢ > 0 in £2. A diffusion
coefficient d is a positive function of class C 4o (2) with o € (0, 1) and I is a function of
the form

I'(x) =d(x)Vy(x) (1.2)
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with y € C?T¥(£2). Moreover, k * u is defined by
t
kxu(t) = / k(t — s)u(s)ds ,
0
where k is a nonnegative function of class C 1(0, 00) N L1(0, 00) satisfying

/00 k(tydt =1. (1.3)
0

Boundary operator B represents the following boundary condition
Bu=u or Bu=o0du/on+{B(x)— (dy/on)}lu,

where d/dn denotes the outward normal derivative to d§2 and B is a nonnegative function of
class C112(32).

Our problem (1.1) appears in population biology and u denotes the population density of
a biological species. When I" is given by (1.2), flux duVy describes the movement of each
individual species toward more favorable habitat where y is large. Throughout this paper, we
always assume that

(A.1) ug is a nonnegative (not identically zero) function of class L°°(§2),
(A.2) infycp{b(x) +c(x)} > 0.

If ¢ = 0 and y is a constant function, then (1.1) is an initial boundary value problem for
a spatially inhomogeneous logistic diffusion equation and the dynamics of solutions of (1.1)
is well known (see the papers and the monograph of Cantrell-Cosner [8, 9, 10]). Furthermore,
for the case y = ea withe > Qanda € C2+°‘(§), see, e.g., [3, 5, 10, 11, 15, 16]. However,
it is more realistic to take account of effects of time delay in the study of population biology.
The term k * u is introduced to describe effects from the past to the present. The following
two functions k are typical delay kernels in mathematical biology:

k(t) = (1/T)e /T, (K.1)
k() = (t/THe /T . (K.2)

Here (K.1) and (K.2) are called a weak delay kernel and a strong delay kernel, respectively.
For instance, they appear in the bacteria model (for details, see lida [14]).
Our purpose of the present paper is to study

(a) Existence and uniqueness of global solutions of (1.1),
(b) Asymptotic behavior of solutions as t — 00,
(c) Existence, uniqueness and stability of positive stationary solutions.

When a, b, ¢, d and y are constants, (a)—(c) have been studied by many authors and lots of
results have been obtained (see [14, 19, 23, 26, 27] with homogeneous Neumann boundary
condition and [24, 29] with homogeneous Dirichlet boundary condition). In addition, some
systems of Volterra diffusion equations have been also studied in [1, 28]. However, it seems
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that there are few works for Volterra diffusion equations under inhomogeneous environment.
So we intend to study Volterra diffusion equations with spatial inhomogeneity.

Before studying (1.1), we will use a change of variables v = e~V®y, which allows to
rewrite (1.1) with (1.2) as follows:

v = div{d(x) Vo) + d(x)Vy - Vo + v{a(x) — b(x)e? v — c(x)e" Dk x v(1)}

in 2 x (0,00), )
Bv=0 on 082 x (0, 00),
‘U(-’O) =10 in 2 5

where vg = e ¥ ®ug and
Bv=v or B'v=290v/dn+ B(x)v.

Hereafter we will study (P) instead of (1.1). A stationary problem associated with (P) is given
by

(SP)

div{d )V} +d(x)Vy - Vo +gla(x) = {b(x) + c(x)}e’ Vo] =0 in 2,
Bop=0 on 952,

(note (1.3)).

Our first task is to show the existence and uniqueness of a global solution of (P). We
will discuss it in the framework of L?(§2) theory. The next step is to study the asymptotic
behavior of the solution as + — oco. The asymptotic behavior is very closely related with the
stationary problem (SP). Since (SP) is a semilinear elliptic problem with logistic term, the
standard monotone method enables us to show the existence and uniqueness result of positive
solution ¢. Here it should be noted that a is not necessarily a positive function. So we will
give sufficient conditions on a and d which assure the existence of a unique positive solution
®.

Once the existence of a positive solution of (SP) is established, the subsequent problem
is to study its stability. If there is no delay term, then the analytic procedure to discuss the
stability of ¢ is well established. However, in case of the presence of the delay term, one
cannot apply such a method because the comparison principle does not hold for (P). So we
will introduce a suitable Lyapunov functional to study the global stability of ¢ (see (4.5)).
Then we will show some sufficient conditions for the global attractivity of ¢ with use of the
Laplace transform of k.

The plan of this paper is as follows. In Section 2 we will give the existence and unique-
ness of global solutions of (P). In Section 3 we will show the existence and uniqueness of a
positive solution of (SP) and some sufficient conditions for the existence. Our main results
are concerned with asymptotic behavior of solutions for (P) as ¢+ — oo and they are con-
tained in Sections 4 and 5. In these sections we will show some sufficient conditions for the
global attractivity of the positive stationary solution by separating arguments into two cases:
infyco b(x) > 0 and inf,c b(x) = 0.
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Notation. For p € [1, 00), L (£2) denotes the usual Banach space with norm || - || », 2
and L°°(£2) denotes the space of essentially bounded and measurable functions with norm
Il - lloo,2- If there is no confusion, we will omit the subscript £2. For each p € [1, c0)
and integer k € [1, 00), WK-P(§2) denotes the usual Sobolev space of measurable functions
u : 2 — R such that # and its distributional derivatives up to order k belong to L”(£2). Its
norm is defined by

1/p
luelle,p.2 = (Z ||D“u||§) :

o<k

where o denotes a multi-index for derivatives. If there is no confusion, then we will also
omit the subscript £2. We sometimes write H k(£2) instead of W52(£2). Moreover, W(I; P (£2)
denotes the closure of C§°(§2) with respect to WK-P(£2)-norm. In the same way as H k(§2)

we sometimes write Hé‘ (£2) instead of Wg ’2(.(2).

2. Existence and uniqueness of global solutions

In this section we will study (P) in the framework of L”(£2)-space with p > 1. Define a
closed linear operator A with dense domain D(A) by

Av = —div{d(x)Vv} — d(x)Vy - Vv
and

W,y (2) N W2P(£2) if Buv=v,

D(A) =
{{v e WP () | Bv=00n 02} if B'v=20v/dn+ B(x)v.

For each u € [0, 1], we introduce the fractional power space D(A*) equipped with the graph
norm of A* in the standard manner. If p > max{1, N/2}, then it is known that

D(A") C C"(82) withv €[0,2u — (N/p)), 2.1)

(see [12] or [17]). It is also well known that — A generates an analytic semigroup {e™’ A}zzo
in L7 (£2).
We will write (P) as

{vt_;_AU:F(x,v,k*U(f)), (22)

v(0) = vo,
where
Flx,v,w) = v{a(x) — b(x)e" Wy — c(x)ey(x)w} .

Let v be a local solution of (P) in £2 x [0, Tp] with some Ty > 0. In order to extend such a
local solution of (P), we are led to consider the existence of solutions of the following initial
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value problem:
wr + Aw = w{&(x, 1) — b(x)e” Pw — c(x)e? Pk * u)(t)} ,
w(0) = v(To)

with
Ty
alx, 1) =a(x)— c(x)ey(x)/ k(t + Ty — s)v(s)ds .
0

Hence it will be better to study the local existence problem in the following more general form
in place of (2.2):

2.3
v(0) =, @3

{v, + Av = F*(x,t,v, k% v(t)),
where
F*(x,t,v,w) = v{&(x, 1) — b(x)e? Py — c(x)e”(x)w} .

We can prove the following local existence result:

PROPOSITION 2.1. Let p > max{l, N/2} and assume a € C? ([0, T]; L°(£2)) with
¥ € (0, 1) and vg € LP(82). Then there exists a positive number Ty < T such that (2.3) has
a unique solution v in the class

v € C([0, Tol; LP(£2)) N C'((0, Tol; L7 (£2)) N C((0, Tyl; D(A)).

PROOF. By variation of constant formula, (2.3) can be rewritten in the form of an
integral equation

t
v(t) = e Mg + / e UTOAR* (5 v(s), k % v(s))ds . (2.4)
0

Applying Banach’s fixed point theorem to (2.4), we can prove the local existence of a solution
of (2.3). For details, see for instance [13]. d
We can also establish the global existence theorem.
THEOREM 2.1. Let p > max{l, N/2}. Then (P) has a unique solution v in the class
v € C([0, 00); LP(£2)) N C'((0, 00); L7 (£2)) N C((0, 00); D(A));
which satisfies
v>0 in £2 x(0,00) and dv/on <0 on 0982 x (0,00) 2.5)
if B'v =v, and

v>0 in £ x(0,00) (2.6)
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if B'v = dv/0n + B(x)v. Moreover, if infyco b(x) > 0, then
v<m in 2 x(0,00),

where

max ] [vo o0, sup —2°)
m = max ||v ,sup ————— ¢ .
Olloe: 20D b(x)er®

PROOF. Since vg > 0, it is easy to show by the maximum principle ([18]) that v(-, ¢) >
0. By virtue of the nonnegativity of k, v satisfies

v < div{d(x) Vo) +d(x)Vy - Vv +v]a(x) — b(x)e? ©v} .

If inf,c b(x) > 0, then the comparison theorem (see, e.g., [25]) implies v < m. Finally, the
strong maximum principle [18] shows (2.5) and (2.6). Hence in view of Proposition 2.1, we
can obtain the existence and uniqueness of a global solution of (P). O

3. Positive stationary solutions

In this section we will look for positive solutions of (SP). Consider the following eigen-
value problem:

{—div{d(x)Vi/f} —d(x)Vy -V —a(x)y =AY in 2, EP)

By =0 on 982.
Note that the first equation of (EP) can be rewritten by multiplying ¥ ) to both sides as
—div{d(x)e? OV} — a(x)e? Dy = re? Py 3.1

Let A1 = A1(a, d, y) denote the principal eigenvalue of (EP). Then it is given by the following
variational characterization:

/d(x)ey<x>|w|2dx+/ d(x)ﬂ(x)ey(x)wzda—/ a(x)e’ Oy ldx
)\1 — inf 2 082 2
Ve (@) /ey(x)w2dx
2

Y #0
if B'Y = 0y /0n + B(x)y, while
/ d(x)e? V|V |dx — / a(x)e? Oyldx
A= inf £ $2

YeH} (2) / e’ @y 2dx
y#0 o

if B’y = . Then we are ready to give the existence, nonexistence and uniqueness results of
a positive solution of (SP).
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THEOREM 3.1. Problem (SP) has a positive solution ¢ if and only if .1 < 0, where
M1 is the principal eigenvalue of (EP). Moreover, when ¢ exists, it is uniquely determined and
it satisfies

O<o<M in $2 (3.2)
and
{aqa/an <0 on dQif Bo=og, 33)
O<p<M ond2if Bp=20¢p/on+ B(x)¢,
where
a(x
[ T i(a)o}eﬂx) '
REMARK 3.1. Since A1 < 0 requires sup, . a(x) > 0, M is a positive number.
PROOF. Recall (3.1). Then the first equation of (SP) can be rewritten as
div{d(x)e” PV} + " Dpla(x) — {b(x) + c(x)}e? Vo] = 0. (3.4)

Take ¢ = M with positive number M > M and ¢ = ey with small positive number &, where
Y is an eigenfunction corresponding to A1 such that sup, .o ¥1(x) = 1. It is easy to prove
that @ and ¢ become a pair of upper and lower solutions to (3.4). Therefore, the monotone
method (see Amann [2] or Sattinger [22]) assures the existence of a positive solution ¢ of
(SP) satisfying ¢ < ¢ < @. For the uniqueness of ¢, see for instance the paper of Berestycki
[4]. Finally, note that (3.3) comes from the strong maximum principle [18]. O

We can show the following result on the asymptotic behavior of solutions for (P) in case
A1 > 0, where (SP) has no positive solution:

THEOREM 3.2. Assume

inf b(x) >0 and X1 >0 or infb(x)=0 and A >0. (3.5)
xesf? xesf?
Then every solution v of (P) satisfies
lim v(t) =0 uniformly in 2.
—>00
PROOF. Since c and k are nonnegative, the positivity of v implies

v < divid(x)Vo) +d(x)Vy - Vv +v]a(x) — b(x)e? Pv} .
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Consider the following problem:

w; = div{d(x)Vw} + d(x)Vy - Vo + w{a(x) — b(x)ey(x)w} in 2 x (0,00,
B'w=0 on 082 x (0, 00),
w(-, 0) = [lvolleo in 2.

Owing to (3.5), the theory of dynamical systems enables us to yield
tlim w(t) =0 uniformlyin £2.
— 00
Since v < w by the comparison theorem, the conclusion easily follows. a

By virtue of Theorem 3.1 we will search some sufficient conditions on a, d for A1 < 0,
which assures the existence of a positive stationary solution of (SP). Set

Rt ={xeRalk) >0}, 3.6)
and assume 27 # ) in this section. Consider the following eigenvalue problem:

{—div{d(x)Vp} —d(x)Vy - Vp = pa(x)p in 2, (3.7)

Bp=0 on 3052.

Similarly as in (EP), the first equation of (3.7) can be rewritten as
—divid(x)e”(x)Vp} = pa(x)e’®p.

Let ,ufr = ,ufr(a, d, y) denote the positive principal eigenvalue of (3.7). It is given by the
following variational characterization (see the monograph of Cantrell-Cosner [10, Theorem
2.47):

1 /a(x)ey(x)pzdx
— = sup 2 (3.8)
My peH1<9>/ d(x)ey(x)IVplzdx+/ d(x)B(x)e" ¥ pdo
p#0 Jo a0
if B’y = 0y/dn + B(x)y, while

! /a(x)e”(x)pzdx

— = sup 2 (3.9)

Ky peH(}m)/ d(x)e" DV p|*dx

p#0 Q

if B’y = . In (3.8) and (3.9), [, a(x)e? ™ p2dx > 0 for suitable p € H'(£2) because 2T
is non-empty. So MT > 0 can be defined in case B’y = v or B'yy = dvy/don + By with
B =0 (B # 0). Incase B = 0 the denominator in the right-hand side of (3.8) vanishes if



SEMILINEAR VOLTERRA DIFFUSION EQUATIONS 279

p is a constant function. Therefore, in case B’y = 91//dn, the existence of positive | is a
delicate problem. Actually, we can show that /LT exists if and only if

/ a(x)e?Mdx <0, (3.10)
2

(see Proposition A in Appendix). The relation between A; and “T is given by the following
proposition (see [3, Proposition 2.2] or [10, Theorem 2.6]):

PROPOSITION 3.1. Let A1 be the principal eigenvalue of (EP) and let /L-f_ be the posi-
tive principal eigenvalue of (3.7).
(1) Let B’y = v or B’y = 0v/0n + B(x)y with B # 0. Then A is negative if and only
if pLii_ < 1.
(ii) Let B'vy = 0y /0n. When (3.10) holds, A\ is negative if and only if,uiIr < 1; while 1
is always negative when

/ a(x)e?"Mdx > 0. 3.11)
2

Making use of Proposition 3.1 we will prove the following result:

PROPOSITION 3.2. Define 2% by (3.6). Let B’y = v or B'Yy = 3v/dn with (3.10)
or By = 3y/on + B(x)y with B # 0. Then there exists a positive constant d* such that
A1 < O for any d satisfying ||d||oo. o+ < d*.

PROOF. We will only discuss the case B’y = 1. The other case can be handled
similarly. Take any connected set 2* C 7. Take any function p € HO1 (£2*) and let
p : 2% — R be the natural extension of p. It follows from (3.9) that

| /a(x)e)/(x)l‘o‘zdx
— = sup <
My peH&(Q*)/ d(x)e? |V j|dx
p#0 Q
/ a(x)ey(x)pzdx
Q*

> |ldlo - sup :
peHq (2%) / eV p|2dx
070 2

Define d* by

/ a(x)e’ ¥ p’dx
Q*

d* = sup

N T
p#0 *
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Then MT < 1 for any d satisfying ||d||co, 2+ < d*. Therefore, Proposition 3.1 yields the
conclusion. O

Propositions 3.1 and 3.2 imply that a positive stationary solution exists if a diffusion
coefficient is sufficiently small in a favorable habitat 2 or (3.11) is achieved with homoge-
neous Neumann boundary condition. In ecology, this fact asserts that there is a chance for a
species to survive if the species stays in a favorable habitat 2.

REMARK 3.2. Assume a € C2t%(2) and y = Ca. Then we can easily obtain (3.11)
if C is sufficiently large. This implies that a sufficiently strong advection toward more favor-
able habitat gives a chance for the species to survive. For details, see Belgacem-Cosner [3,
Theorem 2.4].

4. Global attractivity of ¢ in case infyco b(x) > 0

In this section we consider the case infycp b(x) > 0 and A; < 0, which assures that
there exists a unique positive solution ¢ of (SP). Denote by k the Laplace transform of &:

k() = / - e Mk@t)dt .
0

Then we can prove the global attractivity of ¢ in the following manner:

THEOREM 4.1. Assume infyepo b(x) > 0, A < 0 and tk € L'(0, 00). Furthermore,
assume that there exists a positive constant ko such that

b(x) + Re k(in)c(x) > ko forx € 2andn e R. 4.1
Then every solution v of (P) satisfies
lim v(t) = ¢ uniformlyin 2. 4.2)
t—00

REMARK 4.1. Both kernels (K.1) and (K.2) satisfy tk € L' (0, 00). Moreover, for
(K.D),

N 1
inf Re k(in) = inf R =0, 4.3
;;ER e k(im) ;relR e(l—l—inT) .3)
and for (K.2),
1

. 1 2
inf Re k(in) = infRe] — | =—-. 4.4
Jog Re k= g e(l—i—inT) 8 “@4)

From (4.3) and (4.4), ¢ is always globally attractive for (K.1), while it is globally attractive
for (K.2) if

. c(x)
;25{”@‘) - T} >0
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When we consider (P) with spatially homogeneous coefficients, constant function y and
homogeneous Neumann boundary condition, it follows from the result of Yamada [27] that,
if k is given by (K.2), then ¢ loses its stability and periodic solutions bifurcate from ¢ under
a suitable situation.

To prove Theorem 4.1, we will follow the arguments used in [29]. Let ¢ be a positive
solution of (SP). We introduce the following nonnegative functional:

E(v) = / e" @ (x)g(v(x) /p(x))dx
2 (4.5)
[ v(x)
-3/e w@ﬂv@)—w@)—w@»mg——}dm
Q p(x)

where
gv) =v—1—logv. (4.6)
When y is a constant, this functional has been used in [1] and [29].
REMARK 4.2. It should be noted that (4.5) is well defined on 92 under homogeneous

Dirichlet boundary condition. Indeed, we see from (2.5) and (3.3)

lim =
x—=x0 @(x) on

1) dv(xo.1) [0 -
vix, 1) _ Jvlxo, 1) { “"a(xO) } >0 for (xo, 1) € 882 x (0, 00) .
n
Hence it is possible to define v/¢ on 952 in this sense.
We will prepare the following key lemma:
LEMMA 4.1 (cf. [29, Lemma 3.1]). Define E(v) by (4.5). Then any solution v of (P)
satisfies

2

iE(v(z)):—/ d(x)e” M p? dx
dt I?)

V{logﬂ}
@

- / b0 Dpfu(r) — p)idx
2

“4.7)
- / () Dglu(t) — gl x (v — 9)(1)dx
2

+/oo k(s)ds/ c()e? P2 (v(t) — p}dx .
t 2

PROOF. We will only prove the case B'v = v because the proof of the other case is
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essentially the same. Differentiation of (4.5) with respect to ¢ yields

%E(v(t)) =erV<X>{1 - %}v,(t)q)dx

=/ eﬂ%{l - L}[div{d(x)Vv(t)}de(x)Vy-Vv]dx
2 v(r)

+ / e ov@) — pla(x) — bx)e? Dv(r) — c(x)e? Dk * v(1)}dx .
2

Similarly to (3.1), note
e I[div{d (x)Vo(1)} + d(x)Vy - Vu] = div{d(x)e? O V()] .
In view of (1.3),
a(x) — b(x)e? P — c(x)e” Ok x v(r)

=a(x) — {b(x) + c(x)}e? Vg — b(x)e? (v — @) — c(x)e” Yk % (v — ) (1)
+ c(x)e? Py /00 k(s)ds .
t

Since ¢ is a solution of (SP), it follows that

%E(v(t)):/ggo{l ()}le[d(x)e”(x)Vv(t)}dx
—/{v(t)—go}div[d(x)ey(x)Vgo}dx—/ b(x)e* Pop{v(t) — ¢}’dx
2 2
= [ e ptun) — gk (- )01
2
+/Ook(s)ds/ c(x)e?’ P2 {v(t) — p}dx .
t 9}

Moreover, the integration by parts yields

/ ¢{1 — ﬁ}chv{d(x)eﬂx)vl)(t) dx—/ {v(t) — p}div{d(x)e? Ve }dx
2

(x) 2 2¢ ‘/’2
=—/ d(x)e” {IWI = 29 Vo) = H Vo) }
2

v(t) 2()
= —/ d(x)e? M ?
o)

t
\% {log ) }
@
Therefore, (4.7) follows.

We will also prepare some regularity results.
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LEMMA 4.2. Let v be a bounded solution of (P) and let § be any positive number.
Then there exist positive constants K1, K> and K3 such that for p > 1 and u € [0, 1),

sup [[A*v(®) ], < K1, (4.8)
t>8
and for any h > 0,
sup [|A*{u(t +h) — v} < Kah” + K3h'™H (4.9)

t>45
with 9 € (0,1 — p).

For the proof of (4.8), see [27, Theorem 3.1], and for (4.9), see the monograph of Rothe
[21, Lemma 21].

PROOF OF THEOREM 4.1. We may assume vp > 0 in £2 without loss of generality.
Indeed, we can retake vyp = v(T') > O for 7 > 0 and prove this theorem with slight modifica-
tion. Integrating (4.7) over [0,T] for arbitrary number 7' > 0, we have

V{logﬂ}
@

T
+ / / b(x)e? Pp{v(r) — ¢)dxdt
0 2

T 2
E(w(T)) + / / d(x)e” M yp? dxdt
0 22

. (4.10)
+ / / ()X Dplv(t) — pk * (v — @) (t)dxdt
0 2
T 00
= E(v) + / / k(s)ds / c()e? P (v(t) — pldxdr .
0 t 2

By virtue of (2.6) and (3.2), the second term in the right hand side of (4.10) is estimated as
T oo
/ / k(s)ds / c(x)e?’ P2 {v(t) — p)dxdt
0 t 2
o0
< |ce* || M*m + M)|R2| f sk(s)ds .
0

Since tk € L(0, 00), it follows from (4.10) and the above inequality that

T
/ / b(x)e* Poplv(r) — ¢} dxdt
0 Je .11

T
+/ /c@k””ﬂﬂﬂ—w%*@—wWﬂmﬁsK%
0 2
where

o0
K4 = E(vo) + | ce® | M*(m + M)|Q|/ th(r)dt .
0
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For w : [0, T] — R, define wr by

w(t) if re0,T],

wrin) = {o if 1 € (=00, c0)\[0, T1,

and for k : [0, 0c0) — R, define k by

%(I):{k(t) if £ €[0,00),
0 iffe(—00,0).

Then we can derive the following relation (cf. [27, Lemma 2.2]):

Fkwwr)m = kanFuwr o, *.12)

where Fw denotes the Fourier transform of w:

o]

Fw(n) = (27{)_1/2/ e Mwt)dt .

—00

Then we obtain

T
./o [b@) (@) — @F + c){v() — g}k * (v — @) (1)]dt

= / {b)W = @)F(0) + c() (v — @) Tk x (v — @)1 (1) }dr .

—00
It follows from (4.12) and Parseval-Plancherel’s equality that

/ (b)) =97 + c(x) (v — @) Tk % (v — )7 (1) }d1

—00

= / {bOIF@® — @) 7>+ c()F (0 — @)1 F (k * (v — @)7) () }dn

o]

_ / [b(x) + Re R(ime ()} F @ — o)r (n)dn.

—00

Therefore, making use of (4.1), Fubini’s theorem and Parseval-Plancherel’s equality again,
we can obtain

T
/ / b(x)e? Pp{v(t) — ¢} dxdt
0 2

T
+ / / c(x)e? Dplv(t) — gtk x (v — @) (1)dxdt (4.13)
0 2

T
>ko inf {e* ™} / / lv(r) — ¢|>pdxdt .
xeR 0 I?)
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Since T is arbitrary and K4 is independent of 7', (4.11) and (4.13) yield
9'?(v — p) € L'((0, 00); L*(2)). (4.14)
On the other hand, (4.9) shows that t — (pl/ 2{v(t) — @} is uniformly continuous in (0, co)

with respect to L2(£2). The fact, together with (4.14) implies

lim / lv(t) — ¢>pdx = 0. (4.15)
—>00 0
Then we can prove (4.2) from (4.15). Its proof is exactly the same as in [29] with A replaced
by A + 1; so we omit it. ]
REMARK 4.3. Take p > Nand u € ((p + N)/(2p), 1). Then (2.1) implies

lim v(r) = ¢ in C}(2).
11— 00

5. Global attractivity of ¢ in case infyco b(x) =0

In this section we consider (P) in the case infyc b(x) = 0, where one of the difficulties
is to derive L®°(£2) estimate of v.

THEOREM 5.1. Assume infyeo b(x) =0, A1 < Oand tk € L'(0, 00). IfRe k(in) > 0
forn € R, then every solution v of (P) satisfies

sup [[v(1)[loo < 0.
t>0

PROOF. We will prove this theorem along the arguments used in [29, Proposition 3.3].
We can assume vp > 0 in £2. Since A1 < 0, there exists a unique positive stationary solution
@ of (SP). Then integrating (4.7) over [0, T] with any T > 0, we see

T 00
EW(T)) < E(v) + ||ceVHOOM/ / k(s)ds/ e’ Dpv(r)dxdt (5.1
0 t 2

as in the proof of Theorem 4.1. Since g is a convex function (see (4.6)), it is possible to apply
Jensen’s inequality (see, e.g., [6]) to E(v(T)) to get

g<”ey/2¢||2—2/ ey(x)wv(T)dx) < ||eV/2<p||2_2/ eV(x)(ng(@>dx
2 2

¢ (5.2)

= e"0| 3 EQ(T)) .

Put V(1) := [le"2¢l|5? [, ¢ ©pu(t)dx. Then from (5.1) and (5.2)

_ T poo
gV < || *Ewo) + [ce” ||OOM/ / k(s)dsV (t)dt . (5.3)
0 Jt
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By using the idea in [29], it can be shown that for sufficiently large Tp,
o o
K¢ := ||cey HOOM/ / k(s)dsdt < 1.
To t

Then (5.3) implies that for every T > Ty,
) To 00
g(V(D) = ||, "E(vo) + |[ce” | M / / k(s)dsV(t)dt + Ko sup V(t).
0 Jr 1€[Tp,T]
Recall that g is given by (4.6). Since K¢ < 1, it follows from the above inequality that

sup V() < K7 5.4
1€l T]

with some K7 independent of 7. Hence it is easy to prove from (5.4) that
sup/ pv(t)dx < Kg (5.5)
t>0J 82

with some Kg.
Letr € (0, 1/2). Then we can obtain from (5.5) that

sup/ vV ()dx < Ky,
Q

>0

where Ky is a suitable positive constant independent of ¢ (for details, see [29]). Therefore, the
result of Rothe [20, Proposition 2] allows us to derive the conclusion. O

Repeating the arguments in the proof of Theorem 4.1, we can also obtain the following
result:

THEOREM 5.2. [In addition to the assumptions of Theorem 5.1, assume (4.1). Then
every solution v of (P) satisfies

lim v(t) = ¢ uniformlyin £ .
1—00

Recall that if k is defined by (K.1) (resp. (K.2)), it satisfies (4.3) (resp. (4.4)). Then
neither (K.1) nor (K.2) satisfies (4.1). This implies that Theorem 5.2 is inconvenient from the
viewpoint of applications. By putting additional assumptions, we can improve Theorem 5.2
as follows.

THEOREM 5.3. [In addition to the assumptions of Theorem 5.1, assume k(0) # 0 and
k' (= dk/dr) € LY(0, 00). Furthermore, assume that there exist positive constants cy and ki
such that c(x) > cq for x € 2 and

Re {lé(in)}_l >k forneR. (5.6)
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Then every solution v of (P) satisfies
tlim v(t) = ¢ uniformlyin 2.
—00
PROOF. We will prove this theorem by the same idea as in [29, Theorem 3.5]. We may

assume vg > 0 in £2. Let ¢ be a unique positive stationary solution of (SP) and define a new
function w as

wx,t) =kx(—g¢)x,t).

Similarly to the proof of Theorem 4.1, integrate (4.7) over [0, T'] with an arbitrary T > 0;
then there exists a positive constant K¢, independent of T, such that

T ) ) ?
E(v(T))—i—/ /d(x)e”(x)q)ZV{log—} dxdt
0 Jo @
T
+/ /b(x)ez”(x)go{v(t)—w}zdxdt (5.7)
0 2

T
+/ / c(x)e? Dolv(t) — p}w(t)dxdt < K19 .
0 2

Since w satisfies
w; (1) = k(0){v(1) — ¢} + k' (v —@)(1), (5.8)

it follows that

1d

—— | c(x)e?’Ppw?(t)dx =/ c(x)e? Dpw(t)w, (t)dx
2dt Jo 2

_ f (e Ppun [ (v(1) — g} +K % (v — 9)(D)]dx .
2

Integrate this identity over [0, T]:

l/Ti/ C(x)ez)/(x)gou)z(l)dxdt
2 Jo dt Jo

(5.9)
T
= / f c(0)e Dow @) [kO){v(t) — ¢} + k' * (v — ¢)(1) |dxdt .
0 2

In view of w(0) = 0,

T a
/ —/ c(x)e? Pow? (t)dxdt =/ c(x)e?Y Ppw?(Tydx > 0.
o dt Jg 2
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Therefore, we can see from (5.9)

T
- / / c(X)e? Pow)k’ x (v — @) (t)dxdt
0 2

T
<k(0) / / () Dlu(t) — phw(n)dxds ©.10)
0 2
<k(0)Ko,
where we have used (5.7).
Note
@) in) = f e (ydi
0
= —k(0) + ink(in)
and F(wr) () = k(i) F((w — ¢)7)(n). Then
~, ~ ~ —1
F(&x =) = {—k©@ +imkan}{kim | Fenm. 610

Similarly to the proof of Theorem 4.1, we can use (5.11) and Parseval-Plancherel’s equality
to show

T
— / / c(x)e?’ Ppw )k’ x (v — @) (t)dxdt
0 22

= _/ c(x)e?’ Wy /oo wr Ok * (v — )7 (1)dtdx
2

—00

—— [ ey [ FanmF(E « o = orr) ndndx

=) [ ey [ refkan] 17w Pandsx.
2 —00

Therefore, (5.10) implies

T
coki inf{e2V<x>}/ / pw?(t)dxdt < K)o,
xesf2 0 Q

where we have used (5.6). Since T is arbitrary and K¢ is independent of T, this estimate
implies

@'?w e L'((0, 00); L*(2)) . (5.12)

One can prove the uniformly continuity of w(¢) with respect to ¢ from (5.8) (see [29]). Hence
it follows from (5.12) that

lim ¢'?w(@) =0 in L%(£2).
=00
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In the same manner as [29] (replace A by A + 1),
[lim w(r) =0 uniformly in 2.
The rest of the proof is essentially the same as [29]; so we omit it. O
Appendix

PROPOSITION A. Let pLi" denote the positive principal eigenvalue of (3.7) with
dp/on =0on d82. Then MT exists if and only if (3.10) holds true.

PROOF. We will show this proposition by using the arguments developed in the paper
of Brown and Lin [7]. Note that, by virtue of (3.8), /“LT is given by

| /a(x)e”(x)pzdx
— = sup §2

peH‘m)/ d(x)e" DV p|*dx
p#0 2]

(A.1)
ny

in case B(x) = 0.
1st step. We begin with the proof of the sufficiency of (3.10). If (3.10) is satisfied, then
there exists a positive constant gg such that

/ d(x)e? O|Vp|*dx > 80/ "™ p2dx (A.2)
o) 2

for all p € H'(£2) satisfying f_Q a(x)e?™®p2dx > 0. We will prove this result by contradic-

tion. If the assertion is false, then there exists a sequence {p,} C H 1(£2) such that

1

/eﬂ”p,%dx:L /d(x)ey(x)IVp,,Izdxﬁ— and /a(x)eﬂx>p,%dx>o
2 22 n 22

for all n € N. Since d is positive in 2, {p,} is bounded in H'(£2). From Rellich’s theorem,
one can choose a subsequence {0,/} such that

lim py = p* weaklyin H'(£2) and strongly in L?(£2)

n’—o00

with p* € H'(£2). From [, d(x)e” ®|V p,|?dx < 1/n, we see lim,—o0 Vo, = 0in L*(R2).
Therefore, lim,/_, o0 oy = p* in H'(£2) and p* satisfies

/ "™ (p*)dx = 1, / |Vo*|?dx =0 and / a(x)e?®(p*)2dx > 0.
2 2 Q
Hence, p*(x) = pg with ,og =1/ fQ e?®dx. This fact implies

/ a(x)e’ P (p*)2dx = ,03/ a(x)e’Vdx > 0,
2 22
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which is a contradiction to (3.10). Thus we have shown (A.2).
We next take any p € H'(£2) satisfying [, a(x)e? ™ p*dx > 0. Then it follows from
(A.2) that

/ a(x)e’®p’dx / a(x)e’ ¥ p’dx
2 2

3 _ supepla)

< < (A.3)
/ d)e? D\ Vplkdx & / e’ ™ p2dx €0
2 2

Recalling (A.1) we see from (A.3) that 1/u| < sup,co{a(x)}/eo. Thus u] is a positive
principal eigenvalue.
2nd step. We will prove the necessity of (3.10). Let ,u;r be defined by (A.1). Assuming

/ a(x)e?Pdx >0,
2

we will derive a contradiction. If f o a(x)e?Wdx > 0, then taking p(x) = 1 leads us to
conclude that the right-hand side of (A.1) is infinite. This fact implies the nonexistence of
MT, which is a contradiction.

In case |, o a(x)e?®dx = 0, consider the following functional

0u(p) = / d(x)e’ O\ Vp*dx — / a(x)e’ ¥ pdx (A4)
22 22

for each v > 0. We take pg € H'(£2) satistying [, a(x)e? ™ podx > 0 (note py % constant).
Then, for any § > 0,

Qu (1 + 8p0) = 8% Qpu(po) — 261 /Q a(x)e’ ™ podx .

Therefore, if 6 > 0 is sufficiently small, then p,, := 1+ dpg € H'(R2) satisfies Qu(py) <0.
This fact implies that, for any p > 0, there exists p, € H 1(£2) such that

/ a(x)ey(x)ﬁidx
- o)

T~

/ d(x)e? |V, |2 dx
2

So we see that the right-hand side of (A.1) is infinite, which is also a contradiction to the
existence of positive ,ufr. Thus we have shown that (3.10) holds true. d
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