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Isomorphism Classes of Modules
over Iwasawa Algebra with 1 =4
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Abstract. We classify the isomorphism classes of finitely generated torsion O g[[T ]]-modules which are free
over OF of rank 4, where OF is the ring of the integers of a local field E. We apply this classification to the Iwasawa
module associated to the cyclotomic Zp-extension of an imaginary quadratic field.

1. Introduction

Let p be a fixed prime number. Let E be a finite extension over the field Q, of p-adic
numbers and OF the ring of integers of E. Let & be a prime element of Or. We put Ag =
OE[[T1]] the ring of power series in one variable over Og. For a distinguished polynomial
f(T) € Ofg[T], we consider finitely generated torsion Ag-modules whose characteristic
ideals are (f (7)), and define the set ME(T) by

M is a finitely generated torsion A g-module,
ME =1 [M] (1)
£ . ’
char(M) = (f(T)) and M is free over O

where [M] denotes the isomorphism class of M as a Ag-module. Sumida proved that M?(T)
is a finite set if and only if f(T) is separable [12]. The case of deg(f(T))< 3 was treated
in [2], [6], [7], [8], [12], and [13]. Sumida and Koike classified M?(T) in the case of
deg(f(T))< 2 ([6], Theorem 2.1 and [12], Proposition 10). Kurihara also classified M?(T)
in the case of deg( f(T))= 2, using higher Fitting ideals ([7], Corollary 9.3).

In the previous paper [8], the author classified Ag-modules in the case of A = 3 and

@ = 0 (namely, A g-modules which are free over O of rank 3) and gave numerical examples,
applying Theorem 3.5 in [8] to imaginary quadratic fields. In that case, the distinguished
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polynomial f(T) is of the form
JT) =T —a) (T - )T —y),

where «, 8, y are distinct elements of the maximal ideal of Of. Using a famous structure
theorem of Ag-modules (cf. [14], Chapter 13), we regard such a Ag-module N as a Ag-
submodule of Ag/(T —a) ® Ap/(T — B) ® A/(T — y). We note that Ag/(T — o) &
Ag/(T — B)® Ag /(T — y) is an integral closure of Ag /(T — a)(T — B)(T — y). For each

isomorphism class € € /\/l?(T),

N(m,n,x):=((1,1,1),(0,7",x), 0,0,7") o,

we can take a submodule

of Ag/(T —a) ® Ag/(T — B) & Ag/(T — y) with [N(m,n,x)] = €. Here m and n
are non-negative integers and x is an element of O and (x), denotes the Og-submodule
generated by . The non-negative integers m and n are determined only by [N (m, n, x)] ([8],
Corollary 4.2). Theorem 3.5 in [8] explicitly gives a necessary and sufficient condition for
two Ag-modules N(m, n, x) and N(m, n, x’) to be isomorphic.

In this paper, we consider the case of deg(f (7)) = 4. More precisely, we treat the case
in which

JT) =T —a) (T =BT —y)T =9),

where «, 8, ¥, and § are distinct elements of the maximal ideal of Of. By the same reason for
the case of deg(f(T)) = 3, for each isomorphism class € € M?(T), we can take a submodule

M, m,n;x,y,2) = ((1,1,1,1), (0,7 x,),(0,0,7™, 2), (0,0,0, 7)o,

of Ap/(T—a)® Ap/(T—B)D A /(T —y)® Ag/(T —8) with [M({,m,n; x,y,2)] = C,
where £, m, n are non-negative integers and x, y, z are elements of Og. We can prove that
£, m,n are determined by € (see Proposition 1). In Section 2, we define the notion of “ad-
missibility” (see Definition 1). Let (¢, m,n; x,y, z) be a 6-tuple with £,m,n € Zxo and
x,y,z € Og satisfying the conditions (a), (b), ..., (f) in Lemma 1 in Section 2. We prove
that there is an admissible 6-tuple (¢, m, n; x, y, z) such that [M] = [M (¥, m,n; x,y, 2)]
for each [M] € My (see Proposition 4 (2)). By the definition of admissibility of
&, m,n;x,y,z), we have [M(€,m,n;x,y,z)] € M?(T) if (¢, m,n; x,y, z) is admissible
(see Proposition 4 (1)).

The following is our main theorem, which gives a necessary and sufficient condition for
two Ag-modules M (£, m,n; x,y,z)and M, m, n; x', y’, ') to be isomorphic:

THEOREM 1. Let (¢,m,n;x,y,z)and ({,m,n;x’, Yy, 7") be two admissible 6-tuples.
Suppose that ordg (x) = ordg(x’) and ordg(z) = ordg(z'), where ordg is the normalized
additive valuation on E such that ordg () = 1. Suppose also that ordg (1 —x) = ordg (1 —x")
if £ = 0. Then the following statements are equivalent:

(1) We have M({,m,n; x,y,2) =M, m,n; x',y',7) as Ag-modules.
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(i) (D), (AT), ..., and (XI1) hold for (¢, m,n; x, y, z) and (£, m,n; x', y', 7).
Here the statements (1), (IL), . .., and (XII) are described in Section 3.

We note that our assumptions ordg (x) = ordg(x’), ordg (z) = ordg(z), and ordg (1 — x) =
ordg (1 — x’) are necessary conditions for the two modules to be isomorphic (see Proposition
5, Lemma 2).

In Theorem 1, the number of the quantities we have to check is at most 12, because for
given two 6-tuples (¢, m, n; x, y, z), (¢, m, n; x', y’, '), we have only to apply one statement
among (I), 1), ..., (XID).

We note that the classification in the case of A = 4 is essentially different from that of
A = 3. In fact, we have to investigate three elements x, y, z € Of tostudy M (¢, m, n; x, y, z)
in the case of A = 4, though in that of A = 3, we need only one element x € Of to study
N(m,n, x).

In the end of Section 3, we also give an algorithm to determine the isomorphism classes
of modules (see Remark 1).

Chase Franks [2] also studies the Ag-isomorphism classes. He gave an algorithm to
determine whether two A g-modules are isomorphic or not for any separable polynomial f(7)
of degree . > 0. He determined all the elements of M?(T) for a separable distinguished
polynomial f(7") with deg(f(T)) = 4 satisfying some conditions ([2], Section 5.3). This
algorithm is proceeded by checking whether some matrices he defined belong to GL,(OE),
where & =deg(f(T)). In the case of A = 4, his method is similar to our method in this
paper, but there are some differences, which we will explain here. Let E be a splitting field of
f(T) and OF the ring of integers of E. He got equations ([2], Section 2.1, Section 5) which
are essentially equivalent to our congruence equations in Proposition 3. He did not solve his
equations explicitly. He considered a map

4
9121 (0F)" — GL4(E)

for Ag-modules My = My, my,n1;x1,y1,21) and My = M€y, mp, n2; x2, ¥2, 22).

This map is defined by ¢12(u1,u2,u3, us) = Gz_ldiag(ul,ug,u3,u4)G1, where

diag(uy, us, us, us) is the diagonal matrix with u1, ua, u3, us € OE along its diagonal and

1 0 0 0
1 »% 0 0

Gi 1 x; 7™ 0 ort ’
Iy zi ™M

He proved that M1 = M as Ag-modules if and only if im(¢1,2) N GL4(Of) # ¥ (2],
Section 2, Theorem 2.1.2), which corresponds to finding units ay, az, az, as € OE in our
Proposition 2. In order to check this property im(¢1 2) NGL4(OFE) # @, he took some finite set
S C ((’)]f-)4 and reduced this property to ¢1,2(S) N GL4(OF) # @ ([2], Section 5.2, Theorem
5.2.1). Consequently, he gave an algorithm ([2], Section 5.3) which is proceeded by checking
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the property above for all elements in S. It is a merit of his algorithm to work for arbitrary A
and separable polynomial f(7"). Our algorithm is different from his and more explicit. The
key to get our main theorem is to solve our congruence equations in Proposition 3 completely
and to give a necessary and sufficient condition whether the roots of our congruence equations
exist in O or not. The merit of our method is as follows. First, we reduce the problem to
checking the p-adic valuations of the quantities obtained from modules M (¢, m, n; x, y, 2),
M, m,n;x',y,z) (see (I), D), ..., and (XII) in Section 3). Furthermore, the number
of the quantities we have to check is at most 12 for each statement. On the other hand, the
number of S does not have a good upper bound (at least .5 < ptmHn in the case of E = Q »)-
Thus, we get a complete algorithm, see Table 1 in Remark 1.

The outline of this paper is as follows. In Section 2, we prepare some notation and
introduce the notion of admissibility of a 6-tuple (¢, m, n; x, y, z). In Section 3, we describe
the statements (I), (II), ..., and (XII). In Section 4, we prove our main theorem. Applying
Theorem 1, we determine in Corollary 1 the number of the isomorphism classes of M?(T)
in the case of £ = Q, and ord, (o — B) = ord,(B — y) = ord,(y —§8) = ord, (8 — ) =
ord, (B — &) = ordy(a — y)=1, where we write ord;, for ordg,. In Section 5, we determine
the isomorphism classes of Iwasawa modules associated to the cyclotomic Z3z-extension of

imaginary quadratic fields for Q(+/—12453) and Q(+/—78730).

2. Preliminaries

As in Introduction, let p be a prime number. Let E be a finite extension over the field
Q, of p-adic numbers. Let O, 7, and ordg be the ring of integers in E, a prime element,
and the normalized additive valuation on E such that ordg () = 1, respectively. We put
Afg := OEg[[T]] the ring of power series over OF.

Let M be a finitely generated torsion Ag-module. By the structure theorem of Ag-
modules, there is a A g-homomorphism

oM — (@ As/ <nmf>) o (D ar/ (50")

1

with finite kernel and finite cokernel, where m;, n; are non-negative integers and f;(T) €
Okg[T] is a distinguished irreducible polynomial. We put

char(M) = | [[=" [ £i (1)
i j

which is an ideal in Ag. We denote the A g-isomorphism class of M by [M]g or [M].
For a distinguished polynomial f(7T) € Og[T], we consider finitely generated torsion
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A g-modules whose characteristic ideals are (f (7)), and define the set ./\/lIfE(T) by

M is a finitely generated torsion A g-module,
MGy = Mg ©)
char(M) = (f(T)) and M is free over O
Now we consider
JT) =T —a)(T =BT —y)T —9), 3)

where «, 8, v, and § are distinct elements of 7 Of. We classify all the elements of M? T) in
the next section.
Let [M]g € M?(T). As in Introduction, we may regard the Ag-module M as a A-

submodule of Ag /(T —a) ® Ag/(T — B)® Ag/(T —y) ® Ag/(T — §). Namely, since M
has no non-trivial finite A g-submodule, there exists an injective A g-homomorphism

M Ap/(T —a) DA /(T —B) @ Ag/(T —y)® Ag/(T —8) = &

with finite cokernel. We write £ for the right hand side.
Now we fix notation to express such submodules in €. First, by using the canonical
isomorphism Ag /(T — «) = O (f(T) —> f(a)), we define an isomorphism

L:E=Ap/(T —a)® Ap/(T — B) ® Ap/(T —y) ® Ag/(T —§) — OF*

by (f1(T), f2(T), f5(T), f4(T)) —> (fi(@), £2(B), f3(¥), f2(8)). We identify € with O*

via . Thus an element in £ is expressed as (ay, az, a3, a4) € (’)%4. Since the rank of M is
equal to 4, we can write M of the form

M = ((a1, a2, a3, a4), (b1, b2, b3, bs), (c1, c2, ¢3, c4), (d1, da, d3, da))o, C &,

where (x)©, is the Og-submodule generated by *. Further, using this notation, we can ex-
press the action of T by

T(ai, a2, a3, as) = («ay, Baz, yas, das) .
Let M be an Og-submodule of £ with rank(M) = 4.
M = ((a1, a2, a3, as), (b1, ba, b3, bs), (c1, c2, c3,¢4), (d1, d2, d3,dy)) o, C E.
By the same method as [8], we have
M= (7" a,b,c), (0,7, d,e), (007" f), (000 7x")o,

for some non-negative integers s, f, u, v and a, b, ¢, d, e, f € Og. Further, by Lemma 1 in
[13], we may assume that a A g-module M is of the form

M=((1,1,1,1),0,7"x,y).(0,0,7",2),(0,0,0, 7)o, C &
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for some non-negative integers £, m, n and x, y, z € Og. We define an Og-module M by
MW, m,n;x,y,z) = (1,1,1,1), (0, 7t x, ¥),(0,0,7™,2),(0,0,0,7"))p, C &,

where £, m and n are non-negative integers. We can prove the next lemma by the same method
as Lemma 3.1 in [8].

LEMMA 1. The following two statements are equivalent:
(i) The Og-module M(£, m, n; x, y, z) is a Ag-submodule.
(ii) The integers £,m,n and x, y, z € O satisfy

(@ ¢ <ordg(8—a),

(b) m <orde{(y —a) — (B —a)n'x},

© n <odp[@—a)—(B-—a)yrty—{(y —a) — (B—a)m~‘x}m"z]
(d m <ordg(y —p)+ordg(x),

() n  =ordg{(6—B)y— (v —BPxrn "z},

) n <ordg(d—y)+orde(z).

PROPOSITION 1. Let [M1g, [M'lg € M?(T)’ M= MU m,n;x,y,z),and M' =

MU, m' n';x',y,2). If Mg = [M'g, then we have £ ={',m = m’ andn = n'.

PROOF. For any A-module M and & € Ag, we define a map I1; = HgM M — M

by IT:(y) = &y. Then we have
# (Ker (H(A]/{_a)) /Im (H%_ﬁ))) _ q{ordE(é—a)+0rdE(5—ﬂ)+0rd5(8—y)—n} ’
# (Ker (H(A]/["—y)) /Im (H(%—a)(T—ﬁ)(T—S))) — q{Ode(V—Ol)-i-Ode(V—ﬂ)-i-ordE(V —8)—m}

_ M
We put N =1Im (14

ft (Ker (H(A}_ﬁ)) )/Im (H(A;—a))) — q{ordE(ﬂ—a)—/é} )

Since M = M’, we have Ker (HM ) ~ Ker (H(A}’/_y)) and Im (H(I‘T/{—a)(T—ﬁ)(T—S)) ~

(T-y)
Im (H(A]/{/—a)(T—/S)(T—B)) This implies m = m’. We get £ = ¢’ and n = n’ by the same
method. O

). Then we have

2

For M = M(¢,m,n; x,y,z),wepute; = (1, 1,1, 1), e2 = (0, 7%, x, y), e3 = (0,0, 7™, 2),
eqs = (0,0,0,7™). For M' = M({,m,n;x’,y', 7)), we alsoput e’ = (1,1,1,1), &’ =
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0, 7% x', ¥, 3’ = (0,0, 7™, 2'), e4' = (0,0,0, 7") and

1 0 0 0 1 0 0 0
1 =t 0 0 , 1 =t 0 o0
G= I x =™ 0 |’ G = 1 x 7™ 0
1y z " 1 vy Z "

The matrix G is the transition matrix from the basis ep, e», €3, e4 to the basis
(1,0,0,0),(0,1,0,0), (0,0,1,0), (0,0,0, 1). The matrix G’ is the transition matrix from
the basis e/, ey’, e3’, e4’ to the basis (1,0,0,0), (0, 1,0,0), (0,0, 1,0), (0,0,0,1). Let
g : M — M’ be a Ag-isomorphism. Since we have g(Tx) = Tg(x) forx € M
and 7(1,0,0,0) = («,0,0,0),7(0,1,0,0) = (0,8,0,0),7(0,0,1,0) = (0,0, y,0),
7(0,0,0,1) = (0,0,0, §), we can prove the next proposition by the same method as Propo-
sition 4.3 in [8].

PROPOSITION 2. Let M = M{,m,n; x,y,z) and M' = M€, m,n; x',y’,7) be
Ag-modules satisfying (Mg, [M'g € M?(T). Assume that ¢ : M — M’ is a Ag-
isomorphism. We take {(e1, ez, e3, e4) and {e1’, e2’, e3’, e4’) as a basis of M and that of M’,
respectively. Let A be the matrix corresponding to g with respect to the basis {e1, 2, €3, e4)
and the basis {e1’, ed’, e3’, e4’). Then we have

ag 0 0 O
0 O

A -1 _ a
G AG 0 a3 O
0 0 0 a

for some ay, az, a3, as € OF.

Let A = (a;j), 1 < i, j < 4. Using this proposition, we have a;; = a; fori =1,2,3,4
and a;; = O fori < j. Since we have a;; € Of fori > j, we get the following proposition
(cf. Proposition 4.5 and Lemma 4.6 in [8] and Lemma 2.1.2 in [2]). We note that we write

ay ay az

ai, ap, as for a5 as ay respectively, in the following proposition.

PROPOSITION 3. Lef [M]g,[M']g € M?(T), M =MUm,n;x,y,z), and M' =
M, m,n,x',y, 7). Then the following two statements are equivalent:
(1) We have M = M’ as Ag-modules.
(i1) There exist ay, az, a3 € (’)E satisfying
ay=a; mod 7t 4)
a3 —ay — (az —a)n'x’' =0 mod 7™, 5)
l—a; — (@ —an7 ™y —{a3 —a1 — (a2 — a7~ X }7™"Z =0 mod 7", (6)

a3x = apx’ mod 7™, 7
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y—ay —(azx —axx" )™z’ =0 mod 7", (8)

z=a37 mod 7" . )

Let R be a set of complete representatives in Of of the elements of the residue field
OE /(). Namely, R is a subset of Of and each class of O /() contains a unique element in
R. We assume that R contains 0, 1 and fix this complete representatives R. For non-negative
integers k, we set

k—1
Sk = { Zal’ﬂi
i=0

So=1{0} ifk=0.

ai € R fori:O,l,...,k—l} ifk >0,

DEFINITION 1. Let(¢,m,n;x,y,z)bea6-tuplewithl,m,n € Zspandx, y,z € O
satisfying the conditions (a), (b), ..., (f) in Lemma 1. We call a 6-tuple (¢, m, n; x, y, z)
admissible if x € S,,, and y, z € S,,.

PROPOSITION 4. (1) If a ©6-tuple {,m,n;x,y,z) is admissible, then
M, m,n; x,y,z) becomes a Ag-module and [M (£, m,n; x,y,7)] € M?(T).
(2) Suppose that [M] € M?(T). Then there is an admissible 6-tuple (£, m,n; x,y, z) such
that [ Ml =[M{,m,n; x,y,2)].

PROOF. (1) This follows from Lemma 1.

(2) We suppose that [M] € M?(T). Then, as we explained before Lemma 1, we can
take M({, m,n; x',y', ') such that [M] = [M(¢, m,n; x",y',Z')], where £,m,n > 0 and
x',y',7 € Op. We choose x € Sy, and y, z € S, satisfying x’ = x mod n™, y + (x —
x)r™™7 =y mod " and 77 = z mod m". Then (¢, m,n; x, y, z) is admissible. Put
a; = ap = az = 1. Then equations (4), (5), (6), (7), (8), (9) hold. By Proposition 3, we have
M]=[ME m,n;x",y,z)]=[M® m,n; x,y,z)]. Thus we get (2). O

The next theorem is the main theorem of our previous paper, which will be used in the proof
of our main theorem. We consider

9g(T) = (T —a)(T = )T —y),

where «, 8, y are distinct elements of the maximal ideal of Of . As in Introduction, we write
N@m,n,x)=((1,1,1), 0,7, x), 0,0, 7))o, C Ag/(T—a)®Ap/(T—B)® Ag/(T —
V).

THEOREM 2 (Theorem3.5in [8]). Let [N(m,n,x)] and [N(m,n,x')] € Mg(T)'

Suppose that ordg(x) < n or x = 0 and that ordg(x’) < n or x’ = 0. Then the follow-
ing are equivalent:
(1) We have N(m,n,x) = N(m,n, x') as Ag-modules.
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(ii) Either (1), (I1"), or (III') holds, where (I'), (1), and (1) are

n
I m #0, x’ # 0and min {ordlg(n—/) ordg(m™ — x’)} < ordE(i/ — 1) ,
X X
I x' =0,
(III'Y m = 0 and ordg (1 — x) = ordg (1 — x),
and ordg (x) = ordg (x') holds.

3. The statements (I) - (XII)

In this section, we describe the statements (I), (II), . . ., and (XII) in Theorem 1. For two
6-tuples (¢, m, n; x,y,z), (€, m,n; x’,y',7"), we set the following quantities. If x" £ 0, 7/ #
0, we put

ATIX S gl T

e AR
X

C=-ytgh P=x=v,

E=n" -7, F=ne—x’+(X’—y’)(1_£)’

o
G=—-na"+@xn" —z’)(l - xi)

/

M Ifx" # 0,7 # 0, and ordg(A) < ordg(B), then either the following (I-1), (I-2), or (I-3)
hold.
(I-1) All of the following (I-1-a), (I-1-b), (I-1-c), and (I-1-d) are satisfied.

m

(I-1-a) min {ordE <Z—/> ,ordg (F), ordE(G)} = ordg (Z—T) ,

(I-1-b) ordg(A) <ordg(C),

(I-1-c) x =x',

/ /
(I-1-d) min {ordE <D n x—,A—lBFn"—’"> ,ordg (E n x—/A—lBGn"—m> ,
Z Z

n
ordg <n_/>} < ordg <1 — l/) .
y y

(I-2) All of the following (I-2-a), (I-2-b), (I-2-c), and (I-2-d) are satisfied.

m

(I-2-a) min {ordE (”—) Cordg (F), ordE(G)} = ordg(F)
X
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(I-2-b) ordg(A) <ordg(C),

(I-2-¢) ordg(F) < ordg (1 — xi) ,

/

. -1 7[" 7Tm —1 -1 7'[”
(I-2-d) minjordg (A™ B— + —DF ,ordg(E — DF™"G), ordg
b4 X

>
Z -1 " X -1

sordg (S —1-a7'cZ — (5 1) pF').
Z Z

x/
(I-3) All of the following (I-3-a), (I-3-b), (I-3-c), and (I-3-d) are satisfied.

m
(I-3-a) min {ordE <”—) Cordg (F), ordE(G)} = ordg(G),
X
(I-3-b) ordg(A) < ordg(C),
(I-3-c) ordg(G) < ordg (1 — 1) ,
X
AL "
(I-3-d) min {ordE <A‘IB—, + —,EG—l) ,ordg(D — EFG™"), ordg (—/)}
z X y
2o 4™ (X -1
<ordg (Z/ 1-acT (5 -1) G > .

D If x” # 0,7 # 0, and ordg(A) > ordg(B), then either the following (II-1), (II-2), or
(I1-3) holds.
(IT-1) All of the following (II-1-a), (II-1-b), (II-1-c), and (II-1-d) are satisfied.

(II-1-a) min {ordE (n_t‘) ,ordg (D), ordE(E)} = ordg <nn) ,
z

z
(I1-1-b) ordg(B) < ordg(C),
(II-1-¢) z =17,

/ /
(Il-1-d) min {ordE (F + Z—/AB_IDJT’”_") ,ordg (G + Z—/AB_IEJT’”_"> ,
X X
X 7.["1
ordg (n"(l - —,) + Z/AB_l—/> ,n+m— ordE(Bx’)}
X X
m
< ordg <i/ —1- B—lcn—/> .
X X

(IT-2) All of the following (II-2-a), (II-2-b), (I[-2-c), and (II-2-d) are satisfied.

n

(II-2-a) min {ordE <n—/> ,ordg (D), ordg(E)} = ordg (D),
z

(II-2-b) ordg(B) < ordg(C),
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(I1-2-¢) ordg(D) < ordg (1 - 3/) ,
Z

m

n
(I1-2-d) min {ordE <AB_1n—/ + ”—,D—1F> Lordg(G — D'EF).
X Z

n + ordg (— (1 - f,) + D—lF) n+m— ordE(Bx/)}
X

X -1 ™ Z -1
<ordg (= —1-8'cZ —(X_1)p'F).
X X Z

(I1-3) All of the following (II-3-a), (II-3-b), (II-3-c), and (II-3-d) are satisfied.

n

(II-3-a) min {ordE (n_/) ,ordg (D), ordE(E)} =ordg(E),
z

(II-3-b) ordg(B) < ordg(C),

(I1-3-c) ordg(E) < ordg (1 — i/) ,
Z

m n
(I1-3-d) min {ordE (AB—”;—/ + Z—/E_IG) Lordg(F — DET'G),
n + ordg (— (1 - 1/) + E_lG) n4m— ordE(Bx’)}
X

m
< ordg (ﬁ, —1-cp' T (5/ = 1) E—lG) .
X X 4

(D) If £ # 0, m # 0, and n = 0, then the following (III-a) holds.

m

/

(IlI-a) min {ordE<n—/>, ordg (¢ — x’)} < ordg (i — l) ifx'#£0.
x x

(V) If £ # 0 and m = O, then either the following (IV-1), (IV-2), or (IV-3) holds.
(IV-1) All of the following (IV-1-a), (IV-1-b), and (IV-1-c) are satisfied.

(IV-1-a) y' #0 and 7/ #0,
(IV-1-b) ordg(y) = ordg(y'),

(IV-1-¢) min {n, ordg ((l - z/)n—f) ,ordp(m'(1 —2) — y’)}
y
< ordg <z— 1—(Z - 1)%) .
y

(IV-2) All of the following (IV-2-a), (IV-2-b), and (IV-2-c) are satisfied.
(IV-2-a) ¥y #0 and 7/ =0,

111
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(IV-2-b) ordg(y) = ordg(y’) .
. " ¢ / y
(IV-2-¢) minjordg ( — ),ordg(n” —y) ¢ <ordg | = —1] .
Yy y
(IV-3) All of the following (IV-3-a) and (IV-3-b) are satisfied.
(IV-3-a) y'=y=0,

(IV-3-b) ordg(l —z) = ordg(1 — 7).
(V)If € #0,m # 0,n # 0, and 7 = 0, then either the following (V-1), (V-2), (V-3), (V-4),
or (V-5) holds.
(V-1) All of the following (V-1-a), (V-1-b), and (V-1-c) are satisfied.
’ ’ . " ¢ ’ "
(V-1-a) x" #0,y # 0and min jordg 7 ,ordp(m™ — y'); = ordg 7 ,
(V-1-b) y =1/,
m / / /
(V-1-c) min{ord5<n—>, ordE<7rZ - (nt — y’)(l — x_))} < ordE<l — x_) .
X X X X

(V-2) All of the following (V-2-a), (V-2-b), (V-2-c), and (V-2-d) are satisfied.

(V-2-a) x'#0,y #Oandmln{ordb-(];n) ordE(n —y)} =ordE(nZ—y’),

(V-2-b) ordg(y) = orde(y"),

y

n L nel _ o 1 —1
(V-2-d) mln{ordE <T[ (1 )—n—/H—”),ordE <7T (7 lx /xx )>’
Y y mt—y xt—y
m C_ 7 =1
ordg <T[_)} <ordg (l/ (1 — i/) — (l/ — 1) THZ—X/X) )
X y X y nt—y

(V-3) All of the following (V-3-a), (V-3-b), and (V-3-c) are satisfied.

(V-2-¢) ordE(rr —y) < ordE<l/ — > ,
X
X

(V-3-a) x'#0 and y =0,
(V-3-b) y=0,

(V-3-¢) min{ord5<n—), ordE(rre — x)} < ordE<l — x_) .
X X

(V-4) All of the following (V-4-a), (V-4-b), and (V-4-c) are satisfied.
(V-4-a) x'=0and y #0,
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(V-4-b) ordg (y) = ordg ('),
(V-4-c) min {ordE <n—7> ,ordg ('t — y’)} < ordg (1 — 1/) .
y y

(V-5) The following is satisfied.

/

xX=x=0and y=y =0.
(VD If € #£0,m # 0, x’ =0, and 7' # 0, then either the following (VI-1), (VI-2), (VI-3), or
(VI-4) holds.
(VI-1) All of the following (VI-1-a), (VI-1-b), and (VI-1-c) are satisfied.
" "
(VI-1-a) y’ # 0 and min {ordE (—/) cordg (T8 — ), ordE(z’)} = ordg <—/) ,
y y
(VI-1-b) y =/,

n
(VI-1-¢) min {ordE (n—/) ,ordg (y"), ordg (7™ — z’)} < ordE<1 — 5/) .
z z

(VI-2) All of the following (VI-2-a), (VI-2-b), (VI-2-c), and (VI-2-d) are satisfied.

n
(VI-2-a) y’ # 0 and min {ordE <7;—/) cordg(rf — ), ordE(z’)} =ordg (7t — y'),

(VI2-b) ordg(r’ — y') < ordg (1/ = 1) :
y

n L /
(VI-2-¢) min {ordE <n—/) ,ordg (nm — ; id /)} < ordg (— —1 + — > ,
Z nt—y 7 -y

(VI-2-d) ordg(y) = ordg(y').

(VI-3) All of the following (VI-3-a), (VI-3-b), (VI-3-c), and (VI-3-d) are satisfied.
n
(VI-3-a) y’ # 0 and min {ordE <n_/> ,ordg(rt — '), ordg (z’)} = ordg (7)),
y
(VI-3-b) ordg (7)) < ordg <l — 1) ,
Y

(VI-3-¢) min {ordE <7Z—7> ,ordg (Z—T%(rrm -z )> ordg ( y 4+ @b—y )—(n -z ))}

1
< ordg (——1~|—< 1) —/(nm—zl)) ,
Z v Z

(VI-3-d) ordg(y) = ordg(y’).
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(VI-4) All of the following (VI-4-a) and (VI-4-b) are satisfied.
(VI-4-a) y=y' =0,

n

(VI-4-b) min {ordE <71_/> ,ordg (™ — z’)} < ordg <£/ — 1) .
Z z

(VIDIf ¢ =0,m #0,n #0,x" #0,1,y # 0, and z” = 0, then the following (VII-a) and
(VII-b) hold.

(VII-a) ordg(y) =ordg(y"), ordg(l —y) =ordg(1—y"),
(VII-b)  min {ordE <”_n(1 - y’)) ,ordg (ﬂa - y’)> ,ordg < ™ - y’)> n}
vy X 1—x

/l_
sordE(l—y—ix— x(l—y’>).

yx1—x'
(VIIDIf £ =0,m #0,n 42 0,x’ #0, 1,y =0, and 7 = 0, then the following holds.
(VIII-a) y =0.

IX)If £ =0,m # 0,n # 0, and x’ = 0, then either the following (IX-1), (IX-2), (IX-3), or
(IX-4) holds.
(IX-1) All of the following (IX-1-a), (IX-1-b), and (IX-1-c) are satisfied.

(IX-1-a) y #0andz #0,
(IX-1-b)  ordg(y) = ordg(y'),

(IX-1-¢) min {ordE <n—7(1 - y/)) ,n,ordg (7" (1 —y") — z/)}
z

<ordg (y—l— ;(y’— 1)) .

(IX-2) All of the following (IX-2-a) and (IX-2-b) are satisfied.
(IX-2-a) ¥y #0andz =0,
(IX-2-b) ordg(y) = ordg(y’), ordg(l —y) =ordg(l —y').
(IX-3) All of the following (IX-3-a), (IX-3-b), and (IX-3-c) are satisfied.
(IX-3-a) y =0andz #0,
(IX-3-b) y =0,

n

(IX-3-¢) min {ordE <’T_/> Cordp (7" — Z,)} < ordy <£/ B 1) .
Z Z
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(IX-4) The following is satisfied.
(IX-4-a) y=y =0and z=27 =0.
X)If£=0,m #0,n # 0, and x’ = 1, then either the following (X-1) or (X-2) holds.
(X-1) All of the following (X-1-a), (X-1-b), and (X-1-c) are satisfied.
(X-1-a) 7/ #0,
(X-1-b) ordg(1 —y) = orde(l = y'),

n

(X-1-c) min {ordE (n—/y’) yordg(n™y’ — 7, n} < ordg (ily/ — y) )
z z
(X-2) All of the following (X-2-a) and (X-2-b) are satisfied.
(X-2-a) 7 =0,
(X-2-b) ordg(y) = ordg(y), ordg(l —y)=ordg(1—y").
(XD) If £ = 0 and m = 0, then the following (XI-a) and (XI-b) hold.

(XI—a) ordg(y) = ordg(y'),
(XI—b) ordg(l —y—z)=ordg(1 —y — 7).

(XID) £ =0,m #0,andn = 0.

REMARK 1. We can check the statements (I), (Il), ..., (XII) by calculating p-adic
valuations of quantities described by using (¢, m, n, x, y, z) and (¢, m, n, x’, y’, z’). The fol-
lowing Table 1 is the algorithm of our main Theorem 1. This table can be used when we
check whether two Ag-modules M (€, m, n; x, y,z) and M(£, m, n; x’, y', z') are isomorphic
or not.
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TABLE 1

NO NO
(XID YES n :z\ [@L)(HD
NO NO
(1) ——¥=0 [Z=o}—= )
NO NO
X) YES K =1 E:_O — VD
NO NO
[« #0] e [ordg (4) < ordp (B) | e 0
NO NO
(VI — y :] an
NO
(VII)
7 x 7™
A= Y y and B = - y" — 7/, which is defined before the statement of (I).

4. Proof of Theorem 1

In this section, we prove our main Theorem 1. We fix notation. Let M,,, (E) be the set
of m x n matrices with entries in E and G L,,(OFg) be the group of m x m matrices over Og
that are invertible. For A and B € M,;,,(E), we write A ~ B if thereis P € GL,,(Og) such
that PA = B. This is an equivalence relation on M, (E).

First we give necessary conditions for the two modules M (¢, m,n; x,y,z) and
M, m,n; x',y,z') to be isomorphic.
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PROPOSITION 5. Let ({,m,n;x,y,z)and (£,m,n; x’,y’, 7)) be admissible. Assume
that M({,m,n; x,y,2) = MU, m,n; x',y’,7") as Ag-modules. Then we have ordg(x) =
ordg (x”) and ordg (z) = ordg (7).

PROOF. We assume that M(¢,m,n; x,y,z) = M{,m,n;x’,y’, 7') as Ag-modules.
Then we have (7) and (9) by Proposition 3. If ordg (x) > ordg (x”), we get ordg (azx —azx’) =
ordg(x") > m by (7). Since (£, m,n; x’,y’, 7') is admissible, this implies x’ = 0. This
contradicts ordg (x) > ordg(x’). By the same reason, ordg(x) < ordg(x’) does not hold.
Therefore, we have ordg (x) = ordg(x’). In the same way, we get ordg (z) = ordg (z'). ]

Further in the case of £ = 0, we have the following

LEMMA 2. Let [M]g,[M']g € M?(T). We put M = M(0,m,n;x,y,2), M =
MO, m,n; x',y', 7). Then the following two statements are equivalent:

(1) We have M = M’ as Ag-modules.

(ii) There exist ay, az, a3 € (’)E satisfying (6), (7), (8), (9) in Proposition 3 and

az(1—x)=a;(1 —x) mod n™. (10)
In particular, if (i) holds and (0, m, n; x, y, z), (0,m, n; x', y', ') are admissible, we have
ordg(1 — x) = ordg (1 — x').

PROOF. The conditions (10) and (5) are equivalent under the condition (7). Hence we
get the conclusion. O

PROOF (Proof of Theorem 1). By the Table 1 in Remark 1, for given two 6-tuples
¢,m,n;x,y,z)and (¢,m, n; x’, y’, 7'), we have only to apply one statement among (I), (II),
..., and (XII). Using the following Propositions 6, 7, 8, we can prove Theorem 1 in the case
of (), (IIT), and (VII). By the same method as these Propositions, we can prove for the rest
cases. This implies that our Theorem 1 holds. O

Let[M,m,n; x,y,2)] € /\/l?(T). We fix non-negative integers £, m, and n.

PROPOSITION 6. Let (£, m,n;x,y,z)and (£, m,n; x’,y’, 7)) be admissible. Assume
that x' # 0,7/ # 0if € # 0 and that x' # 0,1,7 # 0if £ = 0. Suppose that ordg(x) =
ordg (x'), ordg(z) = ordg(z'), and ordg(A) < ordg(B), where A, B are defined before the
statement (I). Suppose also that ordg (1 — x) = ordg (1 — x’) if £ = 0. Then the following are
equivalent:

(1) We have M(£, m,n; x,y,2) =M, m,n; x',y',7/) as Ag-modules.

(ii) The statement (1) holds for (¢, m,n; x,y,z) and (€, m,n; x’, y', 7).

PROOF. First we prove (i) = (ii). Let A, B,C, D, E, F,G € Og be the elements
defined before the statement (I). We note that these elements are all in Og. By Proposition 3,
we have units a1, az, a3 € OF satisfying

a» —a; = v, (11)
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az —aj — (@ —a)n x' = 7n"w, (12)
l—a1— (a2 —a)n™ty — [as —a— (a2 — al)ﬂ_le} " =a"y,  (13)
azx —axx' = a"E, (14)
y—ay — &7 =a"§y, (15)
z—a37 = 7§, (16)
for some v, w, 1, &y, &y and &, € Of. By the equations (11), (14) and (16), we have
z n" x "
a1=<;_75z>x, x,é;-x_” v,
z " x "
az = (; - 7&) ; - 7&,
z "
as = ; - 7& .
By the equations (12), (13), (15), we have
" ™
CE-Ne+ St @ - -aw =5 (5 -1), (17)
7 \x X 7/ \x
" x '™ Z X
—,—,&‘f‘—,éx+(7Tl—y/)U—Z/UJ—7Tn77=—,—,— , (18)
7 x X 7' x
" x a™ Z X
—,—,y/éz+<—,y/—z’) Ex—n"Ey ==y —y. (19)
7 x X 7' x
By the equations (17), (18) and (19), we obtain
&
_Z_/” 1_%) r;_’/" e 0 0 &x
n m ¢ v
’;—,% m’i—, nt—y =7z —a" 0
Ty =y =7 0 0 0 —x=" "
&y
~5(1-3)
- zx-1
ZZ.XX /
7Y 7Y
Therefore, the augmented matrix for the system of the equations (17), (18) and (19) is
SB(1-2) T oalox a0 0 —3(1-3)
oL oat—y —Z —m" 0 LL—1 (20)
A B 0 0 0 —n” C
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By elementary row operations, the matrix in (20) is equivalent to

—”—,rl(l—i,) ot —x —gm 0 0 -3(1-%)
Zz n X X Z X
e 0 x'—y a™—-z7 —-a" 0 5-1
A B 0 0 0 —n" C
A B 0 0 0 —n" C
~ z 0 D E -a" 0 -1
D (1-%) Zoxt-x a0 0 —3(1-%)
A B 0 0 0 —1" C
~| Z o D E —" 0 %-11. 21)
0 Z F G —-n"(1-3%) 0 -1

By the matrix (21), we get A&, + B&; — n""&, = C. Since &y, &y, &, € Op and ordg(A) <
ordg (B), we have min {ordg(A), n} < ordg(C). Further we have ordg(A) < ordg(C).
Indeed, if ordg(y") > ordg(z"), we have ordg(B) = ordg(z') < n, since we assume that
U, m,n;x,y,z), €, m,n; x',y, ') are admissible. If ordg (y") < ordg (z), we have ordg (A)
< n. Thus we get ordg(A) < ordg(C). We will prove that the statement (I) holds for
(¢,m,n;x,y,z) and (£, m,n; x’,y’, 7). First we note that either (I-1-a), (I-2-a) or (I-3-a)
holds. We suppose that (I-2-a) holds. By the matrix (21), we have 7;—'75)5 + Fv + Gw —

m
n"(1 — 5)n = & — 1. Since we suppose (I-2-a), min{ordE(n—/), ordg(F), ordg (G)} =
X
ordg (F). This implies ordg (F) < ordE(f — 1). Thus we get the condition (I-2-c). Since
ordg(A) < n,ordg(F) < m, we have A # 0 and F # 0. By elementary row operations for

(21), we have

1  A°'B 0 0 0 —A~ g A-lC
0 -A"'BT. D E —" ATV _ATlem 4 L
mo -1 -1 -1

0 %IF 1 GF' —a"(1-%)F 0 (5 -1)F

1 A7'B 0 0 0 —A~ g A~lc
~f o0 ZF1 1 GF~! " (1 - %) F~! 0 (& -1)F" |,

2n

0 U 0 E-GF'D S AL T
where T = —A7ICL + £ — 1 — (5 = DF7'D, § = =" + x"(1 — £)F~'D and
U= —A_IB”Z—fl — T2 F~' D. By the matrix above, we have

| 1].[2}1
Ut +(E—GF 'Dyw+ Sn+ A~ - £y =T.

This implies that min{ordg (U), ordg(E — DF~1G), ordg(S), ordg (A~} szn)} < ordg(T).

7

Since we have ordg (A™! ”Zz,n) = ordE(”v—T), this is the condition (I-2-d). (I-2-b) was already
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obtained after (21). Therefore (I-2) holds. We can prove the case of (I-1) and that of (I-3) by
the same method. Thus we have obtained (ii).

We next prove (ii) = (i). Then either (I-1), (I-2) or (I-3) holds. We suppose that (I-2)
holds. By the condition (I-2-d), there exist integers &, w, 1, §, € Of satisfying

7.[2}1

Ut +(E—DF 'Gyw+Sp+ A" = £y, =T.

We put

X I -1 n X -1
v:(——l)F - F e —GF wn (1——/)F 7,
X X

x/
E,=A"'C - A7'Bg + A7 0"y

By (I-2-a), (I-2-b), (I-2-c), we have v, &, € Of. By the converse operation of the proof of
(1) = (ii), &, &y, &, w, n and v satisfy (17), (18) and (19). We also set

Then ay, az, a3 satisfy (11), (12), (13), (14), (15), (16). In the case where £ # 0, we can check
ay,a,az € (92 since ordg (x) = ordg(x'), ordg(z) = ordg(z'), and z # 0. In the case of
£ = 0, we have

z1—x a1 —x ™

al:;l_x/—yl_x/gz_‘_

l—x’gx_ W

m
) > O since x € S,,. Thus we have a; € (’)E. By the

We note that we have 01rdE(l
—x

same method, we can show ay, a3 € OE. Then ay, az, a3 satisfy equalities (4), (5), (6), (7),
(8), (9). By Proposition 3, we obtain (i). If (I-1) or (I-3) holds, we can prove (i) by the same
method. O

Next we treat the case where £ # 0 and n = 0. In this case, we have y = z = 0 for any
admissible (¢, m, n; x, y, 2).

PROPOSITION 7. Suppose that (£, m,0; x,0,0) and (£, m, 0; x’, 0, 0) are admissible.
Suppose also that ordg (x) = ordg (x") and £ # 0. Then the following are equivalent:

(1) We have M(£, m,0; x,0,0) = M, m,0; x’,0,0) as Ag-modules.

(ii) The statement (II1) holds for (€, m, 0; x, 0, 0) and (¢, m, 0; x’, 0, 0).



ISOMORPHISM CLASSES OF MODULES OVER IWASAWA ALGEBRA WITH A = 4 121

PROOF. We prove (i) = (ii). By Proposition 3, we have units a1, az, a3 € (’)jE< satisfy-
ing
_ ¢
a=a; mod 7",
l—a;— (@ —a)r“x'=0 mod 7",

x=ax’ mod n™.

By Proposition 4.5 and Lemma 4.6 in [8], this is equivalent to say that N({,n,x) =
N, n,x), where N(¢,n,x) = ((1,1,1), (0, 7%, x), (0,0, ") Yop C Ag/(T —a) @
A /(T — B) ® Ag/(T — y). By Theorem 2, this implies that (I') or (II’) holds. This is the
same as statement (III). Hence we have (ii).

Next we suppose (ii). Then M (x,0,0) = M(x’,0,0) by Theorem 2. Thus we have
@). O

From now on, we treat the case where £ = 0 and 7/ = 0. Let (0, m, n; x, y, z) and
(0,m,n; x’,y’,0) be admissible. If ordg (z) = ordg(z), then we have z = 0.

PROPOSITION 8. Suppose that (0, m, n; x,y,0) and (0, m,n; x’, y', 0) are admissi-
ble. Suppose also that ordg(x) = ordg(x’), ordg(1 — x) = ordg(1 — x'), x’ # 0,1, and
y' # 0. Then the following are equivalent:

(1) We have M (0, m,n; x, y,0) = M0, m, n; x’, y',0) as Ag-modules.

(ii) The statement (VII) holds for (0, m, n; x, y, 0) and (0, m, n; x’, y', 0).

PROOF. First we assume (i). By Lemma 2, we have units aj, az, a3 € (’)Z- satisfying
(10), (6), (7), (8), and (9). By (8), we have ordg(y) = ordg (y’). Further using (6) and (8), we
get

l—-y=a(1—y) modn". (22)
Hence we have (VII-a). We show (VII-b). By (10), (7), (8), we obtain

y a" x' " 1—x ™,
={l=-=—&)—+—&; — — —u, 23
“ {<y/ y’§)>xJr P i e (23)
y ="

022?—75% (24)
y n" x' "

a3=<—/——/§y)—+—5x (25)
y y X X

for some &, &,, w' € Op. By (22), we have | — y —a;(1 — y') = n"n for some n € Of.
This implies that

a" 1—xx' a™ 1—x m
- _1_ / _—1_ /
y’l—x/x( y)€y+xl—x’( y)Ex +

(=)W
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/
1_
—1- —l,x—l -y, (26)
yxl—x

This implies that (VII-b). Conversely, we suppose that (ii) holds. By (VII-b), there ex-
ist &, &y, w’, and n € Of satisfying (26). We put aj, az, and a3 as (23), (24), and (25),
respectively. Since (0, m, n; x, y,0), (0, m, n; x’, y’,0) are admissible and (VII-a) holds,
a»,as € (92. Using ordg (1 — x) = ordg (1 — x’), we have a; € (’)E. It is easy to check that
ai, az, and a3 satisfy (10), (5), (6), (7), (8), and (9). By Lemma 2, we get (i). O

As an example, we classify all the elements of M f(r) in the case of E = Q, and
ord, (¢ —B) = ord, (B —y) = ord,(y —8) = ord, (8 — o) = ord, (B — ) = ordy(a — y)=1,
where we write M ¢(r) for M?é’n and ord), for ordg,. This example was also treated by
C.Franks. We note that there is no distinguished polynomial which has this property in the
case of p = 2 and 3. In the following, we take R = {0, 1,..., p — 1}, which is a set of
complete representatives in Z,, of the elements of the residue field Z, /(p).

COROLLARY 1. Let p > 5. Let f(T) be the same polynomial as (3) in Section 2 and
E = Q. Assume that ord, (o — ) = ord, (8 —y) = ord,(y —8) = ord, (§ —a) = ord , (8 —5)
=ord,(a — y) = L. Then we have M ¢(1y = 2p + 36.

We note that this corollary holds for any totally ramified extensions of Q.

PROOF (Sketch of the proof of Corollary 1). For fixed non-negative integers £, m, and
n, we put

M?(T)(K, m,n) = E[M(ﬁ, m,n; x,y,z)] € ./\/ljf(T) X,y,2 € Zp} .

By Proposition 5, we have
E _ E
MGy =TT LI MFer) €.m.n). @7
l n m

Using the conditions of Lemma 1, we have 0 < £ < 1,0 <m < 2,and 0 < n < 3. Indeed,
by (a), we have 0 < £ < ord,(8 —«a) = 1. If ord,(x) > 2, we have m < 1 by (b). If
ord,(x) < 1, we obtainm < 2 by (d). These imply 0 < m < 2. We can provethat0 <n <3
by Lemma 1. In fact, by (f), we have n < 3 in the case of ord,(z) < 2. We suppose
ord,(z) > 3. In the case of ord,(y) < 1, we have n < 2 by (e). If ord,(y) > 2, we have
n < 1by (¢). Thus we get0 < n < 3. We denote M (£, m,n; x,y,z) by M(x, y, z) for the
fixed triple £, m, and n. Then we get the following:

M 71(0,0,0) = {[M(0,0,0)]} ,

M@©,2,p—DI], [M(O,1, 1)],[M(0,0,0)], [M(0,0, 1)],
ME 0,0, 1) = | P©:27 = DLIM(O. 1, DLIM(©.0,0)], M., )] }

[M(0,0,2)],[M(0,1,0)],[M(0,2,0)]
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M?(T) (05 17 0) = {[M(()’ 07 0)]7 [M(lv 05 O)]a [M(25 07 0)]} ’

[M(2,2,0)],....[M(p—1,2,0)], [M(p — 2, 4,0)],
ME 0.1, 1) = 3 [M(1,1,0)], [M(1,2,0)], [M(2,1,0)], [M(1,0,0)], .
[M(0,0,0)], [M(0, 1,0)], [M(0,2,0)], [M(2,0,0)]

©0,1,2) = <OOM)’M<O’ b ]’[M<1’l+p’ﬁ%/ﬁﬂp)]’
(i) [ (5050 |
M5 1,(1,0,0) = {[M(0,0,0)]},
M5y (1,0, 1) = {[M(0,0,0)], [M(0,0, )], [M(0,0,2)]},

§—a d—a
Min1.0.2={ [ (0.5=Cp0) | w1 (0. 5=50r) ]}

M5y (1,1,0)={[M(0,0,0)]},

2
QYQ

M1 ={ro.0.01 [ (0,222 1) |1,

[ §—a \] §—« B -«
f(T)(l 1,2)= _M(0,0,y_ap)_,[M(O,pu,y_ap<1— 5_au>>i|
ME 7(1,2,0) = M(Z_O’ 0,0) }
. _a -
ME g (1,2,1) = M(;:ZP,0,0) }

[ y—a §—a
s[5 420

[ (v—a §—a (-—a)d—p) 2)“
1,2,3))=3| M , , .
Mia( ) L (ﬁ—ap p—a" -y -p"

The following table is the number of M?(T) (€, m, n) for each (¢, m, n). We pick up the case
of ¢,m,n) = (1,0,0), (0,1, 1) and determine /\/lf(T)(l 0,0) and /\/lf(T)(O, 1, 1), using
our Theorem 1. The rest cases are proved by the same method as the case of (1,0, 0) and
that of (0, 1, 1). First, we consider the former (¢, m, n) = (1, 0, 0). This is the simplest case.
Since we have x, y, z € Sp, we get x = y = z = (. Thus we obtain the conclusion.

Next we consider the case of (¢, m,n) = (0, 1, 1). This is one of the most complicated
cases. In this case, if (0, 1, 1; x, y, z) is admissible, then we have z = 0. Indeed we suppose
that (0, 1, 1; x, y, z) is admissible. Then x, y, z satisfy (a), (b), (c), (d), (e), (f) in Lemma
1. We have ordg(zx) > 1 by (e). We have also ordg(z) > 1 by (¢). Since z € i, we
have z = 0. We classify all the elements of M?(T)(O, 1, 1). We note that (0, 1, 1; x, y, 0) is

u:l,...,p—l},
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(€, m,n) Ij./\/llf;(T)(ﬁ,m,n)
(0,0,0) 1

0,0, 1) 7
0,1,0) 3
©0,1,1) p+7
©,1,2)
(1,0,0)
(1,0, D)
(1,0,2)
(1,1,0)
(1,1,1)
(1,1,2)
(1,2,0)
(1,2, 1)
(1,2,2)
(1,2,3)

W

e et T B (S S I

admissible for any x, y € S;. Let (0, 1, 1; x', ¥/, 0) be admissible. We consider the following
two cases:

() x'€{0,1} or y €{0,1},
() x' ¢1{0,1} and y' ¢ {0, 1}.

(i) We suppose that x” € {0, 1} or y’ € {0, 1}. Then we have
M(x,y,0) = M(x',y',0) & ordg(x) = ordg (x), ordg (1 — x) = ordg (1 — x'),

ordg(y) = ordg(y) and ordg (1 — y) = ordg(1 — ).

Indeed, using the Table 1 in Remark 1, the 6-tuple (0, 1, 1; x, ¥, 0) corresponds to (VII),
(VIID), (XT), or (X). Therefore the isomorphism classes of M (x, y, 0) satisfying (i) are

[M(0,0,0)], [M(0,1,0)], [M(0,2,0)], [M(1,0,0)],
[M(1,1,0)],[M(1,2,0)],[M(2,0,0)], [M(2,1,0)] .

(ii) We suppose that x” & {0, 1} and y” & {0, 1}. Then we have the following
LEMMA 3. We suppose (ii). Then we have

M(x,y,00=M(x',y,00x#0,1,y #0,1 and
l—x y 1-=x"y

|
=)
Q
&
<

x 1—y X
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Further we have

2—%modp
1=x" if (', y) = (k,2),
- -mod p =
x 1—y 2 mod p

if ()C/, y/) = (P _274)

PROOF. Since we suppose (ii), the 6-tuple (0, 1, 1; x’, y’, 0) corresponds to (VII) by
the Table 1. Since we assume that x” # 0, 1 and y’ # 0, 1, the condition (VII-a) says that
x #0,1and y # 0, 1. By the same reason, the condition (VII-b) says that

! /

Il—=x y _1-=x"y
I—y

r l—y: = -mod p.

Thus we get the former. It is easy to show the latter. 0
Using Lemma 3, the isomorphism classes of M (x, y, 0) satisfying (ii) are
{IM(p—2,4,0)],[M*%,2,0)]| 2<k<p—1}.

Therefore we obtain ttM?(T) 0,1,1)=p+17,

(M2,2,0)],....[M(p—1,2,0)],[M(p —2,4,0)],
M?(T)(O, LLD)=4{ [MU,1,0], [M(1,2,0)], [M(2,1,0)],[M(1,0,0)],
[M(0,0,0)],[M(0,1,0)],[M(,2,0)], [M(2,0,0)]
O

As a preparation for the next section, we prove some propositions. First by Proposition 5.1 in
[8], we have

PROPOSITION 9. For a distinguished polynomial f(T) € Z,[T], let E be the splitting
field of f(T) over Qp. Then the natural map

v MPy — MEG (Mg, — M ®a Arlp)

is injective.

In order to determine isomorphism classes of modules, we will use the higher Fitting
ideals in the next section. For a commutative ring R and a finitely presented R-module M, we
consider the following exact sequence

R’”—f>R"—>M—>O,
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where m and n are positive integers. For an integer 0 < i < n, the i-th Fitting ideal Fitt; g (M)
of M is defined to be the ideal of R generated by all (n — i) x (n — i) minors of the matrix
corresponding to f. This definition does not depend on the choice of the exact sequence above
(see [10]).

E

PROPOSITION 10. Let E be the splitting field of f(T') over Q. Let [M]g € ./\/lf(T)
and M = M, m,n; x,y,z). Then we have
Fitt) 4, (M) mod (T —8)=(6—a)( =B —y)m™"),

(v —)y =Py =&zr™"") if z#0,

Fitt,1, (M) mod (T — y) = !
Hagti mo Y !((y—a)(y—ﬁ)(y—&rr"") it z=0.

PROOF. By the action of 7', we have
T(1,1,1,1)=(e, B, y,6)
=a(l, 1,1, )+ (B—a)yr 40,75 x, ) +{y —a — (B —a)r “x}x (0,0, 7™, 2)
+[6—0 =By~ —@) = (B—aym a2 7 7(0.0.0. 7).

T, 7" x, y) = (0, ﬁnl, yXx,8y)
=B, 7", x,y) + (v = Ban (0,0, 7", 2)
H©G =By — (v — Bxr "z}n"(0,0,0,7"),
T(0,0,7™,2)=(0,0,yn™, éz)
=y(0,0,7",2) + (8 — y)zw"(0,0,0,7"),
7(0,0,0,7")=46(0,0,0,7").

Then we get the following matrix

T—a —B-a)yr " —{y—-a—-B-a0)r xjz™" aia
0 T-p —(y = Bxn™™ a4
0 0 T—)/ _(S_J/)Zﬂ_n ’
0 0 0 T -6
where  as4 = -6 — By —  — PBxrx"zx™" and au =

—[6—a)=B-—a)nty —{(y —a) = (B—a)r ‘x}r™z] 7. We prove the for-
mer part. By the definition of Fitting ideals, we obtain

Fitt;, o, (M) mod (T —9)

= (a41, 6 —a)d =P —y)zr ", —)(8 — B)(8 — y)r"y) mod (T —§),
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where
—B-art —{y—a—(B-—a)yr ixlm " ais
azy = det T-p —(y = Bxn ™" a4
0 T—vy (@ —y)zx™"

Since we have
agymod (T —8) =@ —a)@— B —y)r " mod (T —9),
we obtain the conclusion. We can also prove the latter equation by the same method above. [

PROPOSITION 11. Let f(T) = g(T)(T — §), where 5 € pZ, and g(T) € Z,[T]
is an Eisenstein polynomial of degree 3. Let E be the splitting field of g(T') over Qp. Let

[Mlq, € M?é}) and [M @ Agl = [M{,m,n;x,y,z)] € M?(T). Assume that ordg (8 —

o) =ordg(6 — B) =ordg(§ —y) =1, and
M/TMZZ/pZ&L/p’L  (i,jcZ=).
Then we have n = 0.

PROOF.  We have Fitt 1o, (M) # Ag,, since Fitty z,(M/T M) = (p™inti-ity By our
assumption, g(7') is an Eisenstein polynomial. Hence we have Fitt; o, (M®Ag) mod (T —
8) = (%) for some i > 1. Using Proposition 10, we obtain Fitt; 4, (M ® Ag) mod (T —
8) = (w3~™). This implies that 3;i = 3 — n. Thus we have n = 0. ]

5. Numerical Examples

In this section, we introduce numerical examples. Let p = 3. We suppose that k =
Q(+/—12453) or Q(+/—78730). In this case, p does not split in k and we have Ap(k) = 4,
where A, (k) is the Iwasawa A-invariant with respect to the cyclotomic Z,-extension. Let
koo/ k be the cyclotomic Z-extension of k. For each n > 0, we denote by k;, the intermediate
field of ko / k such that k;, is the unique cyclic extension over k of degree p”. Let A, be the p-
Sylow subgroup of the ideal class group of k,,. We put X = l<i£1A,,, where the inverse limit is

taken with respect to the relative norms. Then X becomes a Z,[[Gal(kx/ k)]]-module. Since
there is an isomorphism of rings between A = Z,[[T']] and Z,[[Gal (koo / k)]], which depends
on the choice of a topological generator of Gal(kx,/ k), X becomes a finitely generated torsion
A -module. Let f(T) be the distinguished polynomial which generates char(X). It is known

that X is a free Z,-module, so [X]q, € M?é’n and we can apply our theorem to the Iwasawa
module X.

We can calculate the polynomial f(7") mod p" for small n numerically. Let x be the
Dirichlet character associated to k, w be the Teichimiiler character and fj be the least common
multiple of p and conductor of x. By the Iwasawa main conjecture, there exists a power series
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gx—la,(T) € A such that

char(X) = (g,-1,(T)).

Here, g,-1,(7) is the p-adic L-function constructed by Iwasawa. We can approximate
Iy-10(T) such as

> axo ") +T)"@ mod w, ,
O<a<fop",(a, fop™")=1

Gt = =5

where i, (a) is the unique integer such that aw ™" (a) = (1+ p)"@ mod p"*!' and 0 < i, (a) <
p". By Weierstrass preparation theorem ([14], Theorem 7.3), there exists u € A* such
that g, -1,(T) = f(T)u,-1,(T). Thus we can get f(T') approximately ([14], Proposition
7.2). For the detail about computation of g,-1,,(7T), see [1] and [4]. We computed f(T)
by Mizusawa’s program Iwapoly.ub ([9], Research, Programing, Approximate Computation
of Iwasawa Polynomials by UBASIC), and referred Fukuda’s table for the A-invariants of
imaginary quadratic fields [3].

x o

For a non-negative integer n, we put w, = w,(T) = (1+ T)P" — 1. In order to determine
the structure of X, we use the following fact. In our case, exactly one prime is ramified in
koo/k and it is totally ramified. So there are A-isomorphisms

X/onX = A, (28)

for any non-negative integers ([14], Proposition 13.22). We determine the A-isomorphism
class of X by the information on the structures of A, for some n > 0.

EXAMPLE 1. Letk = Q(+/—12453). In this case, we have Ag = Z/3Z & Z./3Z (cf.
[11]). We have

F(T) = (T 4+ 204T? + 567T + 426)(T + 525) mod 3°.

By Hensel’s Lemma, there exist 6 € Z, and an irreducible polynomial g(T") € Z,[T] such
that

J(T) = g(T)(T =3),

where § = 204 mod 3° and ¢(T) = T3 + 20472 + 81T + 183 mod 3°. Let E be the
minimal splitting field of ¢(7) and ¢(T) = (T — «)(T — B)(T — y), where «, B,y €
E. Then [E : Qp] = 3 and the ramification index is 3 in £/Q,,. Indeed, let d(g) be the
discriminant of ¢(7). Then we have d(g) = (—1)-3*-13-104 = —162 mod 3°. Thus
we have /d(g) € Q. This implies that [E : Q,] = 3 and E/Q,, is a totally ramified
extension. Further we have ordg (o — B) = ordg (B — y) = ordg(y — o) = 2, ordg (@ —§) =
ordg(B —§8) =ordg(y —§) = 1, ordg (o) = ordg(B) = ordg(y) = 1 and ordg (§) = 3. Let
[X®p Ag]=[ME,m,n; x,y,2)] € M?(T). By Proposition 11, we have n = 0. Therefore
we may assume that [X ® 4 Ag] = [M (¥, m,0;x,0,0)] = [N¥,m, x) & ((0,0,0, 1))Zp],
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where N (£, m, x) are defined before Theorem 2. Since we have X/ TX Q O = Ao Q O =
Op/(@®) ® Og/(73), N(¢,m,x)/ TN, m, x) is a cyclic module. Then N becomes a Ag-
cyclic module by Nakayama’s Lemma. Using Proposition 5.2 in [8], we have N({, m, x) =

N(Q2,4,un?), where u = g;a. Hence we obtain X @4 Arp = M(2,4,0; un?,0,0).
—«a

EXAMPLE 2. Letk = Q(+/—78730). In this case, we have Ag = Z/9Z & Z./3Z (cf.
[11]). We have

F(T) = (T? + 4068T + 5817)(T + 3189)(T + 888) mod 3°.

By Hensel’s Lemma, there exist y and § € Z,, and an irreducible polynomial g(T') € Z,[T]
such that

J(T) = g(T)(T —y)(T =9),

where y = 84 mod 3°, § = 213 mod 3° and ¢(T) = T? + 180T + 228 mod 3°. Let
E be the minimal splitting field of ¢(7') and g(T) = (T — «)(T — B), where o, 8 € E.
Since g(T') is an Eisenstein polynomial, the extension E£/Q) is a totally ramified extension.
Therefore, we have ordg («) = ordg(B) = 1, ordg(y) = ordg () = 2, ordg(y — §) = 2,
ordg(¢—pB) = ordg(B—y) =ordg(B—35) = ordg (¢ —38) = ordg(y —«) = 1. By Proposition
10, we obtain Fitt) 4, (X®Ag) mod (T —§) = (r*™). Since we have Ay = Z/9Z8Z/3Z,
we obtain Fitt; 4(X) mod (7T —§) # A. We putFitt; 4(X) mod (T —§) = (pi) for some
i > 1. Then we have (n4_") = (nZi). This implies 4 — n = 2i. Clearly, we have n = 0 or
n = 2. Using Proposition 10, we get

(n,ordE(z)+4—m—n) if z # 0 ,

Fitt) 4, (X ® Ag) mod (T —y)=
b £ Y {(n4_’”) it z=0.

Therefore we may consider the only three cases

n=2 and m = ordg(z),
(M in=2and 7=0,
n=0.

The isomorphism classes of Ag-module M (¢, m, n; x, y, z) satisfying (fj)are

[M(©,1,2;0,0,7)],[M(0,1,2;0, 7, )], [M(0,1,2; 1,1, 7)],
[M©,1,2; 1,14+ 7, )], [M@,1,2;2,2,7)],[M(0,1,2;2,24+m,7)],
[M(0,1,2;2,24 2, 7)],[M(1,0,2;0,0, 1)], [M(1,0,2;0,x,2)],
[M(1,0,2;0,0,14+m)],[M(1,1,2;0,m,27)], [M(1,1,2;0,0,7)],
[M(1,0,2;0,2m,0)], [M(1,2,2; 2r, 27, 0)]

U {IN® Ap/(T =8 AF] [ INT € ME_ o ir_py 7))
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U {[M(0,0,2;0,y,2)]|ordeg(z) =0}. (29
It is easy to see that M = N @ Ag/(T — §)Ag does not satisfy M/TM = Op /7*0r @
OE/TL’ZOE if N % N(,2,ur), where u = ;;a' We note that N(1, 2, urw) = Ag /(T —

a)(T — B)(T — y) A by Proposition 5.2 in [8]. We can also check M/TM % Og /n*Of &
Op /7?0 for [M] € {[M(0,0,2;0,y,2)] | ordg(z) = 0} and [M(0,1,2;0,0,7)],
(M(0,1,2;1,1,7)]and [M (1, 1,2; 0,0, 7)].
Now we investigate the structure of Aj as a Gal(k;/k)-module. We have an isomorphism
Al =Z/2TZ2&Z/9Z.$Z/9Z & Z/3Z. Furthermore, Pari-Gp gives explicit generators which
give this isomorphism. Let aj, a2, az and a4 be the generators Pari-Gp computed. (We do
not write down aj, as, a3 and a4 because they are complicated.) Let o be a generator of
Gal(ky/ k). By Pari-Gp, we compute

(0 — Da;=6a; —ax + a3,

(0 — 1ay=3ar +4a3,

(0 — a3 =9a; + 6a; + 6a3,

(0 —Dag=06ay.
There is a topological generator ¢ € Gal(koo/k) such that ¢ is an extension of . By this
topological generator, we have an isomorphism

Z,[[Gal(koo/ k)11 = A =Z,[[T]] suchthats < 1 +T.
We regard X as a A-module by this isomorphism. Because Z ,[Gal(k1/k)] = A/w1 A, we get
Tay=6a; —a+a3,
Taz =3ap + 4as,

Taz =9a; + 6a, + 6a3,
Tay =6ay,

where T = T mod ;. Now we have

(T? = 12T)a; + (T — 12)a, =0,
4Tt —24)a1 — (T —Tay =0,
6a; — Tay =0,
27a; =0, 30)
9T a; =0,
9a, =0,
3a4 =0.
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Therefore, we can calculate the 1-st Fitting ideal of A} ® OF;
Fitty Ag /0, A (A1 @ Of) mod9 = (T, 3) mod (wy,9), 31

where Fitt| Ao, A (A1 ® OF) is the 1-st Fitting ideal of A} ® O as a Ag/w| Ap-module.
Then M (0, 1,2;0, 7, m), M(1,0,2;0,0,1),M(1,0,2,0,0,1 +m), M(1,1,2;0,m,2m)do
not satisfy (31). Therefore we get

X®A1Ap=M©O,1,2;2,24m,7), MO,1,2;1,14+m,7), M(1,0,2;0,7,2),
M@©,1,2;2,2,7),M(0,1,2;2,24+2m,7), M(1,0,2;0,2m,0),
M(,2,2;2r,2x,0),or M(1,2,0; um,0,0).

Further, using the relations above (30), we get

Fitt; Ag /oA (T — y)A1 ® Op) mod 9= (T, 3) mod (w1,9), (32)
Fitt; A, oy 4y (T — 8)A1 ® Op) mod 9= (T, 3) mod (w;,9). (33)

Then only M(1,0,2;0, r,2) satisfies (32) and (33). Hence we obtain X ®, A =
M((,0,2;0,m,2).
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