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On Functional Relations for Witten Multiple Zeta-functions
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(Communicated by M. Tsuzuki)

Abstract. In this paper we discuss functional relations for the multi-variable version of Witten zeta-functions
associated with the Lie algebra sl(r) (r = 3, 4, 5).

1. Introduction

Let g be a semisimple Lie algebra and s ∈ C. The Witten zeta-function ζg(s) attached to
g is defined by

ζg(s) =
∑
ρ

(dim ρ)−s ,

where ρ runs over all finite dimensional irreducible representations of g. Zagier defined the
function ζg(s) in [12]. The special values of ζg(s) were introduced and studied by Witten
in [11]. In [5] Matsumoto and Tsumura defined the multi-variable version of Witten zeta-
functions associated with semisimple Lie algebra sl(r + 1) (r = 1, 2, . . . )

ζsl(r+1)(s) =
∞∑

n1,n2,...,nr=1

r∏
j=1

r−j+1∏
k=1

(j+k−1∑
v=k

nv

)−sj,k

, (1.1)

where

s = (sj,k)1≤j≤r,1≤k≤r−j+1 ∈ Cr(r+1)/2 (�sj,k > 1) .

The general definition of the multi-variable version of Witten zeta-functions was given in [4].
Recently, the multi-variable version of Witten zeta-functions are also called the zeta-functions
of root systems (see [3]). Since the values of the Witten zeta-function have applications
for theoretical physics (see [11] and [12]), we may expect that the multi-variable version of
Witten zeta-functions also have some applications. However, as far as the authors know, such
applications have not been found yet.
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Some relations for the special values of certain multiple zeta-functions were studied by
many authors, for example [2, 8, 9]. In [10] Tsumura found the functional relations between
ζsl(3) and the Riemann zeta-function

ζsl(3)(k, l, s) + (−1)lζsl(3)(s, l, k) + (−1)kζsl(3)(s, k, l)

= 2
k∑

j=0
j≡k (mod 2)

(21−k+j − 1)ζ(k − j)

×
[j/2]∑
μ=0

(iπ)2μ

(2μ)!
(

l + j − 2μ − 1

j − 2μ

)
ζ(s + l + j − 2μ)

− 4
k∑

j=0
j≡k (mod 2)

(21−k+j − 1)ζ(k − j)

[(j−1)/2]∑
μ=0

(iπ)2μ

(2μ + 1)!
l∑

ν=0
ν≡l (mod 2)

ζ(l − ν)

×
(

ν + j − 2μ − 1

j − 2μ − 1

)
ζ(s + ν + j − 2μ) .

In [6] Nakamura obtained

ζsl(3)(k, l, s) + (−1)lζsl(3)(s, l, k) + (−1)kζsl(3)(s, k, l)

= 2
[k/2]∑
j=1

(
k + l − 2j − 1

k − 2j

)
ζ(2j)ζ(s + k + l − 2j)

+ 2
[l/2]∑
j=1

(
k + l − 2j − 1

l − 2j

)
ζ(2j)ζ(s + k + l − 2j)

−
((

k + l − 1

k

)
+

(
k + l − 1

l

))
ζ(s + k + l)

(1.2)
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by a method different from that of Tsumura. In [5] Matsumoto and Tsumura obtained

ζsl(4)(s1, 0, s2, 2k + 1, s3, 2l + q) − (−1)qζsl(4)(s1, 0, s2, 2l + q, s3, 2k + 1)

− ζsl(4)(2k + 1, s2, s1, 2l + q, 0, s3) − ζsl(4)(s1, 2l + q, 2k + 1, s2, 0, s3)

= ζsl(3)(s1 + 2k + 1, s2 + 2l + q, s3)

− 2
k∑

j=0

φ(2k − 2j)

j∑
ρ=0

(
2l + q + 2j − 2ρ

2j + 1 − 2ρ

)
(−1)ρπ2ρ

(2ρ)!
× ζsl(3)(s1, s2, s3 + 2l + 2j + q + 1 − 2ρ)

+ 4
l∑

ν=1

ζ(2l − 2ν)

k∑
j=0

φ(2k − 2j)

j∑
ρ=0

(
2ν + q + 2j − 2ρ

2j − 2ρ

)
(−1)ρπ2ρ

(2ρ + 1)!
× ζsl(3)(s1, s2, s3 + 2ν + 2j + q + 1 − 2ρ)

− 2ζ(2l)C−q(2k + 1; s1, s2, s3)

(1.3)

and

ζsl(4)(s1, 0, s2, 2k, s3, 2l + q) + (−1)qζsl(4)(s1, 0, s2, 2l + q, s3, 2k)

+ ζsl(4)(2k, s2, s1, 2l + q, 0, s3) − ζsl(4)(s1, 2l + q, 2k, s2, 0, s3)

= −ζsl(3)(s1 + 2k, s2 + 2l + q, s3)

+ 2
k∑

j=0

φ(2k − 2j)

j∑
ρ=0

(
2l + q + 2j − 2ρ − 1

2j − 2ρ

)
(−1)ρπ2ρ

(2ρ)!
× ζsl(3)(s1, s2, s3 + 2l + 2j + q − 2ρ)

− 4
l∑

ν=1

ζ(2l − 2ν)

k∑
j=1

φ(2k − 2j)

j−1∑
ρ=0

(
2ν + q + 2j − 2ρ − 1

2j − 2ρ − 1

)
(−1)ρπ2ρ

(2ρ + 1)!
× ζsl(3)(s1, s2, s3 + 2ν + 2j + q + 1 − 2ρ)

− 2ζ(2l)C∗−q(2k; s1, s2, s3),

(1.4)

where φ(s) = (21−s − 1)ζ(s),

C−q(2k + 1; s1, s2, s3) =

⎧⎪⎪⎨
⎪⎪⎩

ζsl(3)(s1, s2, s3 + 2k + 1) (if q = 0);∑k
j=0 φ(2k − 2j)

∑j

ρ=0(2j − 2ρ + 1) (−1)ρπ2ρ

(2ρ+1)!
×ζsl(3)(s1, s2, s3 + 2j + 2 − 2ρ) (if q = 1)
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and

C∗−q (2k; s1, s2, s3) =

⎧⎪⎪⎨
⎪⎪⎩

−ζsl(3)(s1, s2, s3 + 2k) (if q = 0);∑k
j=1 φ(2k − 2j)

∑j−1
ρ=0(2j − 2ρ)

(−1)ρπ2ρ

(2ρ+1)!
×ζsl(3)(s1, s2, s3 + 2j + 1 − 2ρ) (if q = 1) .

Komori, Matsumoto and Tsumura mentioned the existence of functional relations for ζsl(5)

in [3, p. 163], but they did not give an explicit formula. Nakamura conjectured that some
functional relations for the multi-variable version of Witten zeta-functions are obtained by
using multiple Lerch value relations (see p. 552 in [7]). We note that Komori, Matsumoto
and Tsumura obtained a functional relation for zeta-functions without any 0 index (see [3,
Theorem 7.1]).

In this paper we study functional relations for ζsl(3), ζsl(4) and ζsl(5). In particular,
we give an elementary proof of functional relations for these functions. Our results include
functional relation (1.2) and a simpler form of (1.3) and (1.4). We guess that we can apply
our method to ζsl(r+1) for all r and zeta-functions without any 0 index.

2. Statement of main results

In this section we show the statement of our main results.
Let k, l ∈ N and s, s1, s2, . . . , s10 be complex variables. Let RS(i1, i2, . . . , iq) :=

�(si1 + si2 + · · · + siq ) for i1, i2, . . . , iq ∈ {1, 2, . . . , 10}. Let

D2 = {s1 ∈ C | RS(1) > 1},
D′

2 = {(s1, s2) ∈ C2 | RS(2) > 1, RS(1, 2) > 2} ,

D3 = {(s1, s2, s3) ∈ C3 | RS(1, 3) > 1, RS(2, 3) > 1, RS(1, 2, 3) > 2} ,

D4 = {(s1, s2, s3, s4, s5, s6) ∈ C6 |
RS(3, 5, 6) > 1, RS(1, 4, 6) > 1, RS(2, 4, 5, 6) > 1 ,

RS(2, 3, 4, 5, 6) > 2, RS(1, 3, 4, 5, 6) > 2, RS(1, 2, 4, 5, 6) > 2 ,

RS(1, 2, 3, 4, 5, 6) > 3} ,

D5 = {(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10) ∈ C10 |
RS(4, 7, 9, 10) > 1, RS(3, 6, 7, 8, 9, 10) > 1, RS(2, 5, 6, 8, 9, 10) > 1,

RS(1, 5, 8, 10) > 1, RS(3, 4, 6, 7, 8, 9, 10) > 2, RS(1, 2, 5, 6, 8, 9, 10) > 2 ,

RS(2, 4, 5, 6, 7, 8, 9, 10) > 2, RS(2, 3, 5, 6, 7, 8, 9, 10) > 2 ,

RS(1, 4, 5, 7, 8, 9, 10) > 2, RS(1, 3, 5, 6, 7, 8, 9, 10) > 2 ,

RS(2, 3, 4, 5, 6, 7, 8, 9, 10) > 3, RS(1, 3, 4, 5, 6, 7, 8, 9, 10) > 3 ,
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RS(1, 2, 4, 5, 6, 7, 8, 9, 10) > 3, RS(1, 2, 3, 5, 6, 7, 8, 9, 10) > 3 ,

RS(1, 2, 3, 4, 5, 6, 7, 8, 9, 10) > 4} .

Let

Kj = K(k, l, j) :=
(

k + l − j − 1

k − j

)

Lj = L(k, l, j) :=
(

k + l − j − 1

l − j

)
.

The following theorems are our main results.

THEOREM 2.1. Let f3(s1, s2, s3) be a complex function in the region D3. Let g(s) be
a complex function in the region D2 and h(s1, s2) be a complex function in the region D′

2.
Assume that the following relations hold.

(a) f3(s1, s2, s3) = f3(s2, s1, s3).
(b) f3(s1, s2, 0) = g(s1)g(s2).
(c) f3(s1, 0, s2) = h(s1, s2).
(d)

f3(s, k, l) =
k∑

j=2

(−1)k−jKj g(j)g(s + k + l − j)

+
l∑

j=2

(−1)kLjh(s + k + l − j, j)

+ (−1)k−1K1(h(1, s + k + l − 1) + g(s + k + l)) .

(e)

f3(k, l, s) =
k∑

j=1

Kjh(j, s + k + l − j) +
l∑

j=1

Ljh(j, s + k + l − j) .

(f) h(s1, s2) + h(s2, s1) = g(s1)g(s2) − g(s1 + s2).
Then we have

(−1)kf3(s, k, l) + (−1)lf3(s, l, k) + f3(k, l, s)

= 2
[k/2]∑
j=1

(
k + l − 2j − 1

k − 2j

)
g(2j)g(s + k + l − 2j)

+ 2
[l/2]∑
j=1

(
k + l − 2j − 1

l − 2j

)
g(2j)g(s + k + l − 2j)

−
((

k + l − 1

k

)
+

(
k + l − 1

l

))
g(s + k + l) .

(2.1)
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In particular, we can take f3 = ζsl(3), g = ζ , h = ζ2, where the function ζ2 is Euler double
zeta-function

ζ2(s1, s2) =
∑

1≤m<n

1

ms1ns2
.

In this case relation (2.1) holds for all s ∈ C except for the singularities of each side of (2.1).

Note that we can obtain functional relation (1.2) by Theorem 2.1.

THEOREM 2.2. Let f4(s1, s2, s3, s4, s5, s6) be a complex function in the region D4.
Let g(s) be a complex function in the region D2 and f3(s1, s2, s3) be a complex function in
the region D3. Assume that the following relations hold.

(a) f3(s1, s2, s3) = f3(s2, s1, s3).
(b) f4(s1, s2, s3, s4, s5, s6) = f4(s3, s2, s1, s5, s4, s6).
(c) f4(s1, s2, s3, s4, 0, 0) = g(s3)f3(s1, s2, s3).
(d) f4(s1, s2, s4, s3, 0, s5) = f4(s2, s1, s4, s3, 0, s5).
(e)

f4(s1, s2, k, s3, 0, l) =
k∑

j=2

(−1)k−jKjg(j)f3(s1, s2, s3 + k + l − j)

+
l∑

j=2

(−1)kLjf4(s1, s2, 0, s3 + k + l − j, 0, j)

+ (−1)k−1K1f4(s1, s2, 1, s3 + k + l − 2, 0, 1) .

(f)

f4(k, 0, s2, s1, l, s3) =
k∑

j=1

Kjf4(j, 0, s2, s1, 0, s3 + k + l − j)

+
l∑

j=1

Ljf4(0, 0, s2, s1, j, s3 + k + l − j) .

(g)

g(s)f3(s1, s2, s3)

= f4(s1, s2, 0, s3, 0, s) + f4(s1, 0, 0, s, s2, s3) + f4(s, 0, s2, s1, 0, s3)

+ f3(s1, s2, s3 + s) + f3(s1 + s, s2, s3) .

(h)

f4(s1, s2, 1, s3, 0, 1) = f4(s1, 0, 0, 1, s2, s3 + 1) + f4(1, 0, s2, s1, 0, s3 + 1)

+ f3(s1, s2, s3 + 2) + f3(s1 + 1, s2, s3 + 1) .
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Then we have

(−1)kf4(s1, s2, k, s3, 0, l) + (−1)lf4(s1, s2, l, s3, 0, k)

+ f4(k, 0, s2, s1, l, s3) + f4(l, 0, s1, s2, k, s3)

= 2
[k/2]∑
j=1

(
k + l − 2j − 1

k − 2j

)
g(2j)f3(s1, s2, s3 + k + l − 2j)

+ 2
[l/2]∑
j=1

(
k + l − 2j − 1

l − 2j

)
g(2j)f3(s1, s2, s3 + k + l − 2j)

−
k∑

j=1

(
k + l − j − 1

k − j

)
f3(s1 + j, s2, s3 + k + l − j)

−
l∑

j=1

(
k + l − j − 1

l − j

)
f3(s2 + j, s1, s3 + k + l − j)

−
((

k + l − 1

k

)
+

(
k + l − 1

l

))
f3(s1, s2, s3 + k + l) .

(2.2)

In particular, we can take f4 = ζsl(4), f3 = ζsl(3), g = ζ . In this case relation (2.2) holds for

all (s1, s2, s3) ∈ C3 except for the singularities of each side of (2.2).

Note that we can obtain a simpler form of (1.3) and (1.4) by Theorem 2.2.

THEOREM 2.3. Let f5(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10) be a complex function in the
region D5. Let g(s) be a complex function in the region D2 and f4(s1, s2, s3, s4, s5, s6) be a
complex function in the region D4. Assume that the following relations hold.

(a) f4(s1, s2, s3, s4, s5, s6) = f4(s3, s2, s1, s5, s4, s6).
(b) f5(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10) = f5(s4, s3, s2, s1, s7, s6, s5, s9, s8, s10).
(c) f5(s1, s2, s3, s4, s5, s6, 0, s7, 0, 0) = g(s4)f4(s1, s2, s3, s5, s6, s7).
(d) f5(s1, s2, s3, s9, s4, s5, 0, s6, 0, s10) = f5(s3, s2, s1, s9, s5, s4, 0, s6, 0, s10).
(e)

f5(s1, s2, s3, k, s4, s5, 0, s6, 0, l)

=
k∑

j=2

(−1)k−jKjf5(s1, s2, s3, j, s4, s5, 0, s6 + k + l − j, 0, 0)

+
l∑

j=2

(−1)kLjf5(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

+ (−1)k−1K1f5(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1) .
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(f)

f5(k, 0, s2, s3, s1, 0, s5, s4, l, s6)

=
k∑

j=1

Kjf5(j, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l − j)

+
l∑

j=1

Ljf5(0, 0, s2, s3, s1, 0, s5, s4, j, s6 + k + l − j) .

(g)

f5(s1, 0, 0, s3, k, s2, l, s4, s5, s6)

=
k∑

j=1

Kjf5(s1, 0, 0, s3, j, s2, 0, s4, s5, s6 + k + l − j)

+
l∑

j=1

Ljf5(s1, 0, 0, s3, 0, s2, j, s4, s5, s6 + k + l − j) .

(h)

g(s)f4(s1, s2, s3, s4, s5, s6)

= f5(s1, s2, s3, 0, s4, s5, 0, s6, 0, s) + f5(s1, s2, 0, 0, s4, 0, s3, s, s5, s6)

+ f5(s1, 0, 0, s3, s, s2, 0, s4, s5, s6) + f5(s, 0, s2, s3, s1, 0, s5, s4, 0, s6)

+ f4(s1, s2, s3, s4, s5, s6 + s) + f4(s1, s2, s3, s4 + s, s5, s6)

+ f4(s1 + s, s2, s3, s4, s5, s6).

(i)

f5(s1, s2, s3, 1, s4, s5, 0, s6, 0, 1)

= f5(s1, s2, 0, 0, s4, 0, s3, 1, s5, s6 + 1) + f5(s1, 0, 0, s3, 1, s2, 0, s4, s5, s6 + 1)

+ f5(1, 0, s2, s3, s1, 0, s5, s4, 0, s6 + 1) + f4(s1, s2, s3, s4 + 1, s5, s6 + 1)

+ f4(s1 + 1, s2, s3, s4, s5, s6 + 1) + f4(s1, s2, s3, s4, s5, s6 + 2) .
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Then we have

(−1)kf5(s1, s2, s3, k, s4, s5, 0, s6, 0, l) + (−1)lf5(s1, s2, s3, l, s4, s5, 0, s6, 0, k)

+ f5(k, 0, s2, s3, s1, 0, s5, s4, l, s6) + f5(l, 0, s2, s1, s3, 0, s4, s5, k, s6)

+ f5(s1, 0, 0, s3, k, s2, l, s4, s5, s6)

= 2
[k/2]∑
j=1

(
k + l − 2j − 1

k − 2j

)
g(2j)f4(s1, s2, s3, s4, s5, s6 + k + l − 2j)

+ 2
[l/2]∑
j=1

(
k + l − 2j − 1

l − 2j

)
g(2j)f4(s1, s2, s3, s4, s5, s6 + k + l − 2j)

−
k∑

j=1

(
k + l − j − 1

k − j

)(
f4(s1, s2, s3, s4 + j, s5, s6 + k + l − j)

+ f4(s1 + j, s2, s3, s4, s5, s6 + k + l − j)
)

−
l∑

j=1

(
k + l − j − 1

l − j

)(
f4(s3, s2, s1, s5 + j, s4, s6 + k + l − j)

+ f4(s3 + j, s2, s1, s5, s4, s6 + k + l − j)
)

−
((

k + l − 1

l

)
+

(
k + l − 1

k

))
f4(s1, s2, s3, s4, s5, s6 + k + l) .

(2.3)

In particular, we can take f5 = ζsl(5), f4 = ζsl(4), g = ζ . In this case relation (2.3) holds for

all (s1, s2, s3, s4, s5, s6) ∈ C6 except for the singularities of each side of (2.3).

In [1] Bradley, Cai and Zhou stated that

(−1)kζsl(4)(s1, s2, k, s3, 0, l) + (−1)lζsl(4)(s1, s2, l, s3, 0, k)

+ ζsl(4)(k, 0, s2, s1, l, s3) + ζsl(4)(l, 0, s1, s2, k, s3)

=
max(k,l)∑

i=1

((
k + l − i − 1

k − 1

)
+

(
k + l − i − 1

l − 1

))
(−1)iζ(i)

× ζsl(3)(s1, s2, s3 + k + l − i)

+
k∑

i=1

(
k + l − i − 1

l − 1

){
ζ(i)ζsl(3)(s1, s2, s3 + k + l − i)

− ζsl(3)(s1 + i, s2, s3 + k + l − i) − ζsl(3)(s1, s2, s3 + k + l)
}

(2.4)

holds, but the right hand side of (2.4) includes the factor ζ(1). Hence, strictly speaking,
relation (2.4) is not valid. By Theorem 2.2 we obtain a functional relation which does not
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include ζ(1). The proof of our theorems are inspired by [1] and based on some elementary
calculations.

Since we can take

f3(s1, s2, s3) = sin(2πs1) sin(2πs2) sin(2πs3)

as1+s2(2a)s3
, g = h = 0

in Theorem 2.1,

f4(s1, s2, s3, s4, s4, s6) = sin(2πs1) sin(2πs2) . . . sin(2πs6)

as1+s2+s3(2a)s4+s5(3a)s6
, f3 = g = 0

in Theorem 2.2 and

f5(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10) = sin(2πs1) . . . sin(2πs10)

as1+s2+s3+s4(2a)s5+s6+s7(3a)s8+s9(4a)s10
,

f4 = g = 0

in Theorem 2.3, where a > 0, we can not characterize ζsl(3), ζsl(4) and ζsl(5) by the functional
relations (2.1), (2.2) and (2.3), respectively.

3. Lemmas for the proof of Theorems

In this section, we collect some auxiliary results and definitions.
Let N0 = 0. By (1.1) we have

ζsl(r+1)(s) =
∑

1≤N1<···<Nr

r∏
j=1

r−j+1∏
k=1

(Nj+k−1 − Nk−1)
−sj,k .

Note that we have

ζsl(2)(s1) = ζ(s1) ,

ζsl(3)(s1, s2, s3) =
∞∑

n1,n2=1

1

n
s1
1 n

s2
2 (n1 + n2)s3

=
∑

1≤N1<N2

1

N
s1
1 (N2 − N1)s2N

s3
2

, (3.1)

ζsl(4)(s1, s2, s3, s4, s5, s6)

=
∞∑

n1,n2,n3=1

1

n
s1
1 n

s2
2 n

s3
3 (n1 + n2)s4(n2 + n3)s5(n1 + n2 + n3)s6

=
∑

1≤N1<N2<N3

1

N
s1
1 (N2 − N1)s2(N3 − N2)s3N

s4
2 (N3 − N1)s5N

s6
3

(3.2)
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and

ζsl(5)(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10)

=
∞∑

n1,n2,n3,n4=1

1

n
s1
1 n

s2
2 n

s3
3 n

s4
4 (n1 + n2)s5(n2 + n3)s6(n3 + n4)s7

× 1

(n1 + n2 + n3)s8(n2 + n3 + n4)s9(n1 + n2 + n3 + n4)s10

=
∑

1≤N1<N2<N3<N4

1

N
s1
1 (N2 − N1)s2(N3 − N2)s3(N4 − N3)s4N

s5
2

× 1

(N3 − N1)s6(N4 − N2)s7N
s8
3 (N4 − N1)s9N

s10
4

.

(3.3)

By elementary calculations, we can check that the sum (3.1) (resp. (3.2), (3.3)) is abso-
lutely convergent in the region D3 (resp. D4, D5).

The following formulas are similar to the harmonic product formulas for Euler–Zagier
multiple zeta-functions. The method of the proof of lemmas can be used for general cases. For
example, ζ(s)ζsl(5)(s1, s2, s3, s4, s5, s6, s7, s8, s9, s10), ζsl(3)(s1, s2, s3)ζsl(3)(s4, s5, s6), etc.

LEMMA 3.1 (see p. 5 [1]). We have

ζ(s)ζsl(3)(s1, s2, s3)

= ζsl(4)(s1, s2, 0, s3, 0, s) + ζsl(4)(s1, 0, 0, s, s2, s3) + ζsl(4)(s, 0, s2, s1, 0, s3)

+ ζsl(3)(s1, s2, s3 + s) + ζsl(3)(s1 + s, s2, s3) .

PROOF. This lemma was used in p. 5 [1], but we give a new proof. We have

ζ(s)ζsl(3)(s1, s2, s3) =
∞∑

N3=1

1

Ns
3

∑
1≤N1<N2

1

N
s1
1 (N2 − N1)s2N

s3
2

=
( ∑

1≤N1<N2<N3

+
∑

1≤N1<N3<N2

+
∑

1≤N3<N1<N2

+
∑

1≤N1<N2=N3

+
∑

1≤N1=N3<N2

)
1

N
s1
1 (N2 − N1)s2N

s3
2 Ns

3

=
∞∑

n1,n2,n3=1

1

n
s1
1 n

s2
2 (n1 + n2)s3(n1 + n2 + n3)s

+
∞∑

n1,n2,n3=1

1

n
s1
1 (n2 + n3)s2(n1 + n2 + n3)s3(n1 + n2)s
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+
∞∑

n1,n2,n3=1

1

(n1 + n2)s1n
s2
3 (n1 + n2 + n3)s3ns

1

+ ζsl(3)(s1, s2, s3 + s) + ζsl(3)(s1 + s, s2, s3)

= ζsl(4)(s1, s2, 0, s3, 0, s) + ζsl(4)(s1, 0, 0, s, s2, s3) + ζsl(4)(s, 0, s2, s1, 0, s3)

+ ζsl(3)(s1, s2, s3 + s) + ζsl(3)(s1 + s, s2, s3) .

�

LEMMA 3.2. We have

ζ(s)ζsl(4)(s1, s2, s3, s4, s5, s6)

= ζsl(5)(s1, s2, s3, 0, s4, s5, 0, s6, 0, s) + ζsl(5)(s1, s2, 0, 0, s4, 0, s3, s, s5, s6)

+ ζsl(5)(s1, 0, 0, s3, s, s2, 0, s4, s5, s6) + ζsl(5)(s, 0, s2, s3, s1, 0, s5, s4, 0, s6)

+ ζsl(4)(s1, s2, s3, s4, s5, s6 + s) + ζsl(4)(s1, s2, s3, s4 + s, s5, s6)

+ ζsl(4)(s1 + s, s2, s3, s4, s5, s6) .

PROOF. We have

ζ(s)ζsl(4)(s1, s2, s3, s4, s5, s6)

=
∞∑

N4=1

1

Ns
4

∑
1≤N1<N2<N3

1

N
s1
1 (N2 − N1)s2(N3 − N2)s3N

s4
2 (N3 − N1)s5N

s6
3

=
( ∑

1≤N1<N2<N3<N4

+
∑

1≤N1<N2<N4<N3

+
∑

1≤N1<N4<N2<N3

+
∑

1≤N4<N1<N2<N3

+
∑

1≤N1<N2<N3=N4

+
∑

1≤N1<N2=N4<N3

+
∑

1≤N1=N4<N2<N3

)
1

N
s1
1 (N2 − N1)s2(N3 − N2)s3N

s4
2 (N3 − N1)s5N

s6
3 Ns

4

=
∞∑

n1,n2,n3n4=1

1

n
s1
1 n

s2
2 n

s3
3 (n1 + n2)s4(n2 + n3)s5(n1 + n2 + n3)s6(n1 + n2 + n3 + n4)s

+
∞∑

n1,n2,n3n4=1

1

n
s1
1 n

s2
2 (n3 + n4)s3(n1 + n2)s4

× 1

(n2 + n3 + n4)s5(n1 + n2 + n3 + n4)s6(n1 + n2 + n3)s
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+
∞∑

n1,n2,n3n4=1

1

n
s1
1 (n2 + n3)s2n

s3
4 (n1 + n2 + n3)s4

× 1

(n2 + n3 + n4)s5(n1 + n2 + n3 + n4)s6(n1 + n2)s

+
∞∑

n1,n2,n3n4=1

1

(n1 + n2)s1n
s2
3 n

s3
4 (n1 + n2 + n3)s4(n3 + n4)s5(n1 + n2 + n3 + n4)s6ns

1

+ ζsl(4)(s1, s2, s3, s4, s5, s6 + s) + ζsl(4)(s1, s2, s3, s4 + s, s5, s6)

+ ζsl(4)(s1 + s, s2, s3, s4, s5, s6)

= ζsl(5)(s1, s2, s3, 0, s4, s5, 0, s6, 0, s) + ζsl(5)(s1, s2, 0, 0, s4, 0, s3, s, s5, s6)

+ ζsl(5)(s1, 0, 0, s3, s, s2, 0, s4, s5, s6) + ζsl(5)(s, 0, s2, s3, s1, 0, s5, s4, 0, s6)

+ ζsl(4)(s1, s2, s3, s4, s5, s6 + s) + ζsl(4)(s1, s2, s3, s4 + s, s5, s6)

+ ζsl(4)(s1 + s, s2, s3, s4, s5, s6) .

�

The following lemma is a kind of partial fraction decompositions.

LEMMA 3.3. Let k, l ∈ N, a ∈ R \ {0}. Then we have

1

xk(x + a)l
=

k∑
j=1

cj

xj
+

l∑
i=1

di

(x + a)i
,

where

cj = (−1)k−j

(
l + k − j − 1

k − j

)
a−l−k+j

and

dj = (−1)k
(

l + k − j − 1

l − j

)
a−l−k+j .

PROOF. Let f (x) = x−k(x + a)−l . By Lemma 1 we have

cj = 1

(k − j)! lim
x→0

dk−j

dxk−j
xkf (x)

= 1

(k − j)! lim
x→0

(−1)k−j (l + k − j − 1)!
(l − 1)! (x + a)−l−k+j

= (−1)k−j (l + k − j − 1)!
(k − j)!(l − 1)! a

−l−k+j
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= (−1)k−j

(
l + k − j − 1

k − j

)
a−l−k+j

and

dj = 1

(l − j)! lim
x→−a

dl−j

dxl−j
(x + a)lf (x)

= 1

(l − j)! lim
x→−a

(−1)l−j (l + k − j − 1)!
(k − 1)! x−l−k+j

= (−1)k
(l + k − j − 1)!
(l − j)!(k − 1)! a

−l−k+j

= (−1)k
(

l + k − j − 1

l − j

)
a−l−k+j .

�

The following lemmas are important in the proof of Theorem 2.3.

LEMMA 3.4. Let k, l ∈ N. We have

ζsl(5)(s1,s2,s3,k,s4,s5,0,s6,0,l)=
k∑

j=2

(−1)k−jKj ζsl(5)(s1, s2, s3, j, s4, s5, 0, s6+k+l−j,0,0)

+
l∑

j=2

(−1)kLj ζsl(5)(s1, s2, s3, 0, s4, s5, 0, s6+k+l−j,0,j)

+ E5(s1, s2, s3, s4, s5, s6, k, l) ,

where

E5(s1, s2, s3, s4, s5, s6, k, l) = (−1)k−1K1ζsl(5)(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)

= (−1)k−1K1
(
ζsl(5)(s1, s2, 0, 0, s4, 0, s3, 1, s5, s6 + k + l − 1)

+ ζsl(5)(s1,0,0,s3,1,s2,0,s4,s5,s6+k+l−1)+ζsl(5)(1,0,s2,s3,s1,0,s5,s4,0,s6+k + l − 1)

+ ζsl(4)(s1, s2, s3, s4 + 1, s5, s6 + k + l − 1) + ζsl(4)(s1 + 1, s2, s3, s4, s5, s6 + k + l − 1)

+ ζsl(4)(s1, s2, s3, s4, s5, s6 + k + l)
)
.

We have

ζsl(5)(k, 0, s2, s3, s1, 0, s5, s4, l, s6)=
k∑

j=1

Kjζsl(5)(j, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l−j)

+
l∑

j=1

Lj ζsl(5)(0, 0, s2, s3, s1, 0, s5, s4, j, s6 + k + l−j)
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and

ζsl(5)(s1, 0, 0, s3, k, s2, l, s4, s5, s6)=
k∑

j=1

Kjζsl(5)(s1, 0, 0, s3, j, s2, 0, s4, s5, s6 + k + l− j)

+
l∑

j=1

Ljζsl(5)(s1, 0, 0, s3, 0, s2, j, s4, s5, s6 + k + l− j) .

PROOF. Note that
(
k+l−2
k−1

) = (
k+l−2
l−1

)
. By Lemma 3.3 we have

ζsl(5)(s1, s2, s3, k, s4, s5, 0, s6, 0, l)

=
∞∑

n1,n2,n3,n4=1

1

n
s1
1 n

s2
2 n

s3
3 (n1 + n2)s4(n2 + n3)s5(n1 + n2 + n3)s6nk

4(n1 + n2 + n3 + n4)l

=
k∑

j=2

(−1)k−jKj ζsl(5)(s1, s2, s3, j, s4, s5, 0, s6 + k + l − j, 0, 0)

+
l∑

j=2

(−1)kLj ζsl(5)(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

+ (−1)k−1K1ζsl(5)(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1) .

By the method similar to the proof of Lemma 3.2, we have

ζsl(5)(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)

=
∞∑

n1,n2,n3=1

1

n
s1
1 n

s2
2 n

s3
3 (n1 + n2)s4(n2 + n3)s5(n1 + n2 + n3)s6+k+l−2

× 1

n1 + n2 + n3

∞∑
n4=1

(
1

n4
− 1

n1 + n2 + n3 + n4

)

=
∞∑

n1,n2,n3=1

1

n
s1
1 n

s2
2 n

s3
3 (n1 + n2)s4(n2 + n3)s5(n1 + n2 + n3)s6+k+l−1

×
( ∑

1≤n4<n1+n2+n3

1

n4
+ 1

n1 + n2 + n3

)

=
∑

1≤N1<N2<N3

1

N
s1
1 (N2−N1)s2(N3−N2)s3N

s4
2 (N3−N1)s5N

s6+k+l−1
3

×
( ∑

1≤N4<N3

1

N4

)

+ ζsl(4)(s1 + 1, s2, s3, s4, s5, s6 + k + l)
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=
( ∑

1≤N1<N2<N4<N3

+
∑

1≤N1<N4<N2<N3

+
∑

1≤N4<N1<N2<N3

+
∑

1≤N1<N2=N4<N3

+
∑

1≤N1=N4<N2<N3

)
1

N
s1
1 (N2 − N1)s2(N3 − N2)s3N

s4
2 (N3 − N1)s5N

s6+k+l−1
3 N4

+ ζsl(4)(s1, s2, s3, s4, s5, s6 + k + l)

= ζsl(5)(s1,s2,0,0,s4,0,s3,1,s5,s6+k+l−1)+ζsl(5)(s1,0,0,s3,1,s2,0,s4,s5,s6+k+l−1)

+ ζsl(5)(1,0,s2,s3,s1,0,s5,s4,0,s6+k+l−1)+ζsl(4)(s1,s2,s3,s4+1,s5,s6+k+l−1)

+ ζsl(4)(s1 + 1, s2, s3, s4, s5, s6 + k + l − 1) + ζsl(4)(s1, s2, s3, s4, s5, s6 + k + l) .

Similarly we have

ζsl(5)(k, 0, s2, s3, s1, 0, s5, s4, l, s6)

=
∞∑

n1,n2,n3,n4=1

1

n
s2
3 n

s3
4 (n1 + n2)s1(n3 + n4)s5(n1 + n2 + n3)s4(n1 + n2 + n3 + n4)s6

× (−1)l

nk
1(n1 − (n1 + n2 + n3 + n4))l

=
k∑

j=1

Kjζsl(5)(j, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l − j)

+
l∑

j=1

Lj ζsl(5)(0, 0, s2, s3, s1, 0, s5, s4, j, s6 + k + l − j)

and

ζsl(5)(s1, 0, 0, s3, k, s2, l, s4, s5, s6)

=
∞∑

n1,n2,n3,n4=1

1

n
s1
1 n

s3
4 (n2 + n3)s2(n1 + n2 + n3)s4(n2 + n3 + n4)s5(n1 + n2 + n3 + n4)s6

× (−1)l

(n1 + n2)k(n1 + n2 − (n1 + n2 + n3 + n4))l

=
k∑

j=1

Kjζsl(5)(s1, 0, 0, s3, j, s2, 0, s4, s5, s6 + k + l − j)

+
l∑

j=1

Lj ζsl(5)(s1, 0, 0, s3, 0, s2, j, s4, s5, s6 + k + l − j) .

�
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By the method similar to the proof of Lemma 3.4, we can easily obtain the following
lemmas.

LEMMA 3.5. Let k, l ∈ N. We have

ζsl(3)(s, k, l) =
k∑

j=2

(−1)k−jKj ζ(j)ζ(s + k + l − j)

+
l∑

j=2

(−1)kLj ζ2(s + k + l − j, j)

+ (−1)k−1K1(ζ2(1, s + k + l − 1) + ζ(s + k + l))

and

ζsl(3)(k, l, s) =
k∑

j=1

Kjζ2(j, s + k + l − j) +
l∑

j=1

Ljζ2(j, s + k + l − j).

LEMMA 3.6. Let k, l ∈ N. We have

ζsl(4)(s1, s2, k, s3, 0, l) =
k∑

j=2

(−1)k−jKj ζ(j)ζsl(3)(s1, s2, s3 + k + l − j)

+
l∑

j=2

(−1)kLj ζsl(4)(s1, s2, 0, s3 + k + l − j, 0, j)

+ (−1)k−1K1ζsl(4)(s1, s2, 1, s3 + k + l − 2, 0, 1)

and

ζsl(4)(k, 0, s2, s1, l, s3) =
k∑

j=1

Kjζsl(4)(j, 0, s2, s1, 0, s3 + k + l − j)

+
l∑

j=1

Ljζsl(4)(0, 0, s2, s1, j, s3 + k + l − j) .

4. Proof of main theorems

In this section we prove Theorem 2.3. By the method similar to the proof of Theorem
2.3, Lemma 3.1, Lemma 3.5 and Lemma 3.6, we can easily obtain Theorem 2.1 and Theorem
2.2.
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PROOF OF THEOREM 2.3. Let U(s1, s2, s3, s4, s5, s6, k, l) be the left-hand side of
(2.3). Note that we have

f5(s1, s2, s3, 1, s4, s5, 0, s6, 0, 1) = f5(s3, s2, s1, 1, s5, s4, 0, s6, 0, 1)

= f5(s3, s2, 0, 0, s5, 0, s1, 1, s4, s6 + 1) + f5(s3, 0, 0, s1, 1, s2, 0, s5, s4, s6 + 1)

+ f5(1, 0, s2, s1, s3, 0, s4, s5, 0, s6 + 1) + f4(s3, s2, s1, s5 + 1, s4, s6 + 1)

+ f4(s3 + 1, s2, s1, s5, s4, s6 + 1) + f4(s1, s2, s3, s4, s5, s6 + 2)

(4.1)

and

g(s)f4(s1, s2, s3, s4, s5, s6) = g(s)f4(s3, s2, s1, s5, s4, s6)

= f5(s1, s2, s3, 0, s4, s5, 0, s6, 0, s) + f5(s3, s2, 0, 0, s5, 0, s1, s, s4, s6)

+ f5(s3, 0, 0, s1, s, s2, 0, s5, s4, s6) + f5(s, 0, s2, s1, s3, 0, s4, s5, 0, s6)

+ f4(s1, s2, s3, s4, s5, s6 + s) + f4(s3, s2, s1, s5 + s, s4, s6) + f4(s3 + s, s2, s1, s5, s4, s6)

(4.2)

by (a), (d), (h) and (h) in Theorem 2.3. By (b), (e), (f), (g) in Theorem 2.3 we have

U(s1, s2, s3, s4, s5, s6, k, l)

=
k∑

j=2

(−1)jKj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
l∑

j=2

Ljf5(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

− K1f5(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)

+
l∑

j=2

(−1)jLj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
k∑

j=2

Kjf5(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

− L1f5(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)

+
k∑

j=1

Kjf5(j, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l − j)

+
l∑

j=1

Ljf5(0, 0, s2, s3, s1, 0, s5, s4, j, s6 + k + l − j)
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+
l∑

j=1

Ljf5(j, 0, s2, s1, s3, 0, s4, s5, 0, s6 + k + l − j)

+
k∑

j=1

Kjf5(0, 0, s2, s1, s3, 0, s4, s5, j, s6 + k + l − j)

+
k∑

j=1

Kjf5(s1, 0, 0, s3, j, s2, 0, s4, s5, s6 + k + l − j)

+
l∑

j=1

Ljf5(s1, 0, 0, s3, 0, s2, j, s4, s5, s6 + k + l − j)

=
k∑

j=2

(−1)jKj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
l∑

j=2

(−1)jLj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
k∑

j=2

Kj

(
f5(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

+ f5(s1, s2, 0, 0, s4, 0, s3, j, s5, s6 + k + l − j)

+ f5(s1, 0, 0, s3, j, s2, 0, s4, s5, s6 + k + l − j)

+ f5(j, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l − j)
)

+
l∑

j=2

Lj

(
f5(s1, s2, s3, 0, s4, s5, 0, s6 + k + l − j, 0, j)

+ f5(s3, s2, 0, 0, s5, 0, s1, j, s4, s6 + k + l − j)

+ f5(s3, 0, 0, s1, j, s2, 0, s5, s4, s6 + k + l − j)

+ f5(j, 0, s2, s1, s3, 0, s4, s5, 0, s6 + k + l − j)
)

+ K1
(−f5(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)

+ f5(s1, s2, 0, 0, s4, 0, s3, 1, s5, s6 + k + l − 1)

+ f5(s1, 0, 0, s3, 1, s2, 0, s4, s5, s6 + k + l − 1)

+ f5(1, 0, s2, s3, s1, 0, s5, s4, 0, s6 + k + l − 1)
)

+ L1
(−f5(s1, s2, s3, 1, s4, s5, 0, s6 + k + l − 2, 0, 1)



36 SOICHI IKEDA AND KANEAKI MATSUOKA

+ f5(s3, s2, 0, 0, s5, 0, s1, 1, s4, s6 + k + l − 1)

+ f5(s3, 0, 0, s1, 1, s2, 0, s5, s4, s6 + k + l − 1)

+ f5(1, 0, s2, s1, s3, 0, s4, s5, 0, s6 + k + l − 1)
)
.

By (4.1), (4.2), (d), (h) and (i) we have

U(s1, s2, s3, s4, s5, s6, k, l)

=
k∑

j=2

(−1)jKj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
l∑

j=2

(−1)jLj g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

+
k∑

j=2

Kj

(
g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

− f4(s1, s2, s3, s4, s5, s6 + k + l) − f4(s1, s2, s3, s4 + j, s5, s6 + k + l − j)

− f4(s1 + j, s2, s3, s4, s5, s6 + k + l − j)
)

+
k∑

j=2

Lj

(
g(j)f4(s1, s2, s3, s4, s5, s6 + k + l − j)

− f4(s1, s2, s3, s4, s5, s6 + k + l) − f4(s3, s2, s1, s5 + j, s4, s6 + k + l − j)

− f4(s3 + j, s2, s1, s5, s4, s6 + k + l − j)
)

+ K1
(−f4(s1, s2, s3, s4, s5, s6 + k + l) − f4(s1, s2, s3, s4 + 1, s5, s6 + k + l − 1)

− f4(s1 + 1, s2, s3, s4, s5, s6 + k + l − 1)
)

+ L1
(−f4(s1, s2, s3, s4, s5, s6 + k + l) − f4(s3, s2, s1, s5 + 1, s4, s6 + k + l − 1)

− f4(s3 + 1, s2, s1, s5, s4, s6 + k + l − 1)
)

= 2
[k/2]∑
j=1

(
k + l − 2j − 1

k − 2j

)
g(2j)f4(s1, s2, s3, s4, s5, s6 + k + l − 2j)

+ 2
[l/2]∑
j=1

(
k + l − 2j − 1

l − 2j

)
g(2j)f4(s1, s2, s3, s4, s5, s6 + k + l − 2j)

−
k∑

j=1

(
k + l − j − 1

k − j

)(
f4(s1, s2, s3, s4, s5, s6 + k + l)
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+ f4(s1, s2, s3, s4 + j, s5, s6 + k + l − j)+f4(s1 + j, s2, s3, s4, s5, s6+k+l−j)
)

−
l∑

j=1

(
k + l − j − 1

l − j

)(
f4(s1, s2, s3, s4, s5, s6 + k + l)

+ f4(s3, s2, s1, s5 + j, s4, s6 + k + l − j)+f4(s3 + j, s2, s1, s5, s4, s6+k+l−j)
)
.

Since we have

k∑
j=1

(
k + l − j − 1

k − j

)
=

(
k + l − 1

l

)

by
(

k + l − j − 1

l − 1

)
=

(
k + l − j − 1

k − j

)

and (
m

n

)
=

(
m − 1

n

)
+

(
m − 1

n − 1

)
,

we obtain (2.3). By Lemma 3.4, we can easily see that we can take f5 = ζsl(5), f4 = ζsl(4),
g = ζ . �
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