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Some Computations on the Criteria of Kummer
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If 2»+y?+2?°=0 with an odd prime p has any integer solution such
that (xyz, p)=1, then Mirimanoff [1] proved

B, s=B, =B, ;=B, ;=0(mod p)
where B,_, are Bernoulli numbers. In this paper, the author proves that
B, .=B, ;,=B, ,=B, ;,=B, ,,=0(mod p)
are also necessary.
§1. Method.

Let p be an odd prime number and z, ¥, # be rational integers such
that (xyz, p)=1. If z, y, z satisfy the Fermat’s equation:

(1) 2?+y?+2°=0
then using the criteria of Kummer, Mirimanoff [1] proved
(2) Bp—n'Pn(t)EO(mOdp) ’ (n=39 5, Tty p—-2)

where B,=—1/2, B,=1/6, B,=0, B,=—1/30, --- are Bernoulli numbers,
P,(x) are polynomials such that :

(3) P (x)=0,,8— 0y &*+ -+ +(—=1)ap, 02"

- -1__ n . n—1 _n — n=1__ ., - m—1
(4) Cpm=m <1>(m 1) +<2>(m 2) +(—1) <m——1>

and ¢t is an arbitrary element of A={y/x, x/y, z/x, x/z, z/y, y/z}. All roots
of P,(x)=0 are real positive numbers (Krasner [3]). If P,(t)#0(mod p}
for some ¢t ¢ A, then from (2) we get B,_,=0(mod p). These coefficients
a,n satisfy a, .=a, . .. Therefore P,(x) can be divisible by x(1—x):

(3) ‘ . P,(x)=2(1—2x)Q,.(x)
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(6) Qu(2)=b,,+b, x+b, 2>+ -+b,, . 2", (bn.€Z)
(7) - | Dni=bp ns_s -

There a:r‘él ‘th;ree possib:i'liti,ies. .

Case 1. |A|=38, A={1, —2, —1/2(mod p)}.

In this case we get Q,(—2)+#0, because all roots of P,(x)=0 are
positive. If Q,(—2)%#0(mod p), then we get B,_,=0(mod p).

Case 2. |A|=2, A={t, t,}={t|t*+t+1=0(mod p)}.
- If Q.(t)=Q.,(t.)=0(mod p), then Q,(x) must be divisible by 1+x-+
x*(mod p). When we cary out the calculation:

(8) Q.x)=Q+x+x> R, (x)+ S, - x| (S,eZ)
(9) 1 R@=cCuotCa @t 02"
(10) cn,i=cn,n—n—t

then we get S,+#0, because all roots of P,(x)=0 are real. If S,%0(mod p),
then we get B,_,=0(mod p).

Case 3. |A|=6. .
From (1) we get x+y+2=0(mod p). - Therefore .if ¢ is any one of. A,
then A={t,t,,---,t}={¢t,1/t,—(t+1), —1/(t+1),— (¢ +1)/t,—t/(t +1)(mod p)}.

If Q.(t)=---=Q,(t;) =0(mod p), then Q,(x) must be divisible by F(x)(mod p)
where F'(x) is given by
(11) Fx)=(@—t)(@—1/t)- - -(x+t/(t+1))

=1+4+3x+ax’*+(2a —5)x*+ ax* + 32"+ x°
(12) a=(—t"—3t°+5¢2—3t —1)/(t*+2t*+¢%) .
We treat a as a variable and we carry out next calculation:
(13) Q.(r)=F(x)- T, ()+ U, - (x4 L V. (" "2f gn"172)
+ W, -z (U,, V,, W,eZ[a))
(14) Tu@)=CpoHCop+ - +Cppns® ™, (Ca € Zlal))
(15) Cni=Copnoms - |

If we use Krasner’s méthod, we can prove easily that the greatest com-
mon divisor of U,, V,, W, in Q[a] is one. Therefore multiplying suitable
positive integer, we get
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AU, +B,V,+C,W,=D,, (D.eZ, D.,>0, A,, B,, C.cZ[a]) .
We define D, as follows: , | P
(16) D,=min{D,e Z|D,>0, D,=A,U,+B,V,+C,W., A,, B, C,c Z[a]} .

If D,#0(mod-p); then U,#0 or V,#0 or W,,iO(mod p). Therefore we
get B, ,=0(mod p).

§2. Result.
Using a computer, the author gets next results:

Qu(—2)=384082521=11 - 41 . 75571
Qu(—2)=9363855865="5 - 7 - 13 - 20579903
Qu(—2)=8547114323481 = prime
Qu(—2)=1771884893993785 =5 - 17 - 20845704635221
Qu(—2)=1128511554418948441 =7 - 19 - 916933 - 9253728769
S,=1261501=683 - 1847

S,= —151846381= —7 - 13 - 13 - 47 - 2731

S, =25201039501 =11 - 331 - 419 - 16519

S,,= —5515342166891 = — 23 - 401 - 13687 - 43691
S, =1538993024478301="7 - 19 - 7691 - 8609 - 174763
D,=11, D,=18, D =1, D,=17, D,=19.

All above prime factors » do not satisfy the criteria of Wieferich [2]:
(17) 2*"'=1(mod p?) .
Therefore we get next theorem:

THEOREM. Let p be an odd prime number. If x?+y*+2°=0 has
any integer solution such that (xyz, p)=1, then

B, ,=0(modp), (n=3,5,1,09, 11,13, 15, 17, 19).

From the values of D,, we may conjecture that D,=n or one ac-
cording as m=prime or not. If »>19, then Q,(—2) will become very
large. Therefore it will be difficult to decompose Q,(—2) into prime
factors.
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