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It has known that the Riemann zeta function {(s) satisfies the
relations

,‘5:;1.7%(1+—;-+ e+ d)=at@),

25 L1+ Lo L) = nlt - (L@~ Dt -+ L —1E)
yv=2 ) 2 l)’—'l
(n=3, 4, 5’ .o .)
(see [1], [2]). In this paper we prove the following

THEOREM. Let f(s) be the function defined by the Dirichlet series_as

(1) f(s)=%n" Sk (Res=0>1).

<n

Then f(8) 8 regular in the whole s-plane except at simple poles s=0 and
8=1—2a (a=1, 2,8, --+) with residues

Res (f(&)=—3

Res (f(8)=— 129: (a=1,2,8, ---),

s=1—2a

where B, are Bernoulli numbers defined by x/(e*—1)=23.7x (B,/n)x", and
a double pole s=1 with residue

Res (f(8))=" (Euler’s constant) .

Further we have
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fi-2a)=2(1+-L)B.  (a=1,2,3,--).
2 2a

PROOF OF THEOREM. The series (1) is absolutely convergent for
0>1, so that we can change the order of summation, that is,

(2) | f(s)=gn“k§dk“ (@>1).
Noticing
dq —8) F(l_s) —8—¢q
d_x’(x )= T(—s—g+1) T (¢=0),

we have, from the Euler-MacLaurin sum formula,

N

2 ) k= S:r x*dx + g (_ l)r Br F(l _8) (N—c—'r+1 — n—-n—r+1)

k=n+ ’r! F(—s—r+2)
- 1 i - F(l_s) —8—2a
(2a)! Sn Bu(z—[2]) T'(—3—2a+1) R (e>1),

where a is an arbitrary positive integer and B,(x) are Bernoulli poly-
nomials defined by ze*/(e*—1)=3=, B,(x)z"/n!. Thus

k_iﬂ L= n_*t + 2zj (—1)t B, I'1—s) et

s—1 r! I'(—s—r+2)
_ 1 I'(1—3s)
(2a)! I'(—8—2a+1)

rBM(x—[x])w“‘*“dm (6>1) .

The last integral is absolutely convergent not only in ¢>1, but also in
0>—2a+1, since By,(x—[x]) is bounded. Using the Fourier expansion
of B,,(z—[x]), namely,

B.(z—[z])=2(—1)"*(2a)! 3, 0S8 27ks

=1 (2mk)*
we have
—e —s+1 2a _ B I"(l_s) —e—rt1
k =n —1)y1=x r+
k=zn‘+1 s—1 +1§1( ) r! I'(—s—r+2) *
e I'(1—s) “ < COS2MKX . s

2(—1 _ d >1
+2 )F(—s—2a+1) Snkgi 2rk)* v v (e>1)

nttt 38 B I'(1—s) —o—rt1
— __1 r—1 Dy n
s—1 +§L( ) r! I'(—s—r+2)
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1\ F(I_S) —2a |\~ g2
R z @rk) S cos 2rkxda

(e>1).

The inversion of the order of integration and summation can be justified

by the uniform convergence. Substituting y=2rwkx in the last integral,
we get

S e Y : R (¢ ) p—

W g—1 = rl I'(—s—r+2)
v L(Q—s8) )t —e—ta
e 3, 2nk) S g cos ydy
(6>1).
Thus (2) shows
_&® & _qy1 B, I'(1—s)
%) Aoy T LS il § e A

—1\e F(I—S)
M S~ sy R..(8)  (0>1),

where

R,.(8)= 2:‘, ,2 n~'(2rnk)* ! r x7°"% cos xdx .

2nnk

Now, by partial integration, we have

R
S 2" cos xdx l <R °*4|s+2a]

2rnk

S " gin xdx
2nnk
SR %4 |s+2a| R~ '+ |8+ 2a| @rnk)~ %!
o 4
+|8+2al|s+2a+1]| S . ) /7

— 2al(2rnk)—° 2! |3+2a[s+2a +1] 2nnk)~ ot G>—2a
|8 +2a|(2znk) + Sy ( ) ( )

as R— -, and so we obtain

[ &7 cos adu| <Clak) >~ [s+20|(L+ls+2a+1) (0> —2a) ,

2znk

where C is a constant independent of =, k, and s. Hence we get

-]

i i l'rf‘(zrclc)'"1 S 2% cos xdx

n=1 k=1 2znk
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o

<3 3, n(2mk) " C(nk) ™~ |s+ 2| (1 + |s + 20+ 1))
n=1

=1

=C(@2r)"'{(0+2a+2);(2a+2) |s+2a| (1+|s+2a+1]|)
=C(@2r)*'¢(2)(2a+2)2a+ A)(2a+2+ A) (6> —2a, |8|<A),

where A is any positive constant, so that the series R,,(s) is absolutely
and uniformly convergent in > —2a, |8|{<A. Thus (3) furnishes an
analytic continuation of f(s) into the half plane 6> —2a. The function
Sf(8) has only a pole of order 2 at s=1 and has simple poles at s=0 and
at negative odd integers in 6> —2a. Since a is an arbitrary positive
integer, the function f(s) defined by (1) can be continued analytically to
the whole s-plane. Now by (8) we have

Rgs (f&)=7,

Res (f(s)=Res ((—11PK(s+1)=~1,

— _1)2-1 Bza F(l—s)
JRes (f(8))= Res (( 1) 2a)! T(—8—2a+2) C(8+2“))

Bza
2a

And, since R,,(s) is regular in 6> —2a and lim,__,, I'(1—38)/["(—s—2a+1)=0
(1=b<a), we obtain

_opy e (_1yw-1. Bl (2b+1) _ =B T(2b+1) »q
S(—2b)=(—-1) e T Q) LO)+ (=17 @11 §(1—2b)

=%(1+—1—)sz (1<b<a).

REMARK. Let g,(8) be the Dirichlet series defined by
0)=3n" Sk (0>a+2),

where a is an integer = —1. Then we get

a+1 =0 k

1 i<a+1>BkC(s+k-a—1) if a>1,
9.(8)=
C(s—1)—-L&(s) if a=0,

so that we can prove, using the functional equation for (s),



DIRICHLET SERIES 403

2 cos (w(s—a—1)/2)['(s—a—1)

g.(2a+3—8)— ey g.(8)
1 & /a+1 oy 2cos(n(s—a—1)/2)[(s—a—1)
13 ( : )B,,{c(a+2+k 8) s
= ><C(s+k-—a——1)} if az21,
1 ( pra_ o 2c08 (m(s—1)/2)[(s—1) : —
— { E(8—38)+ orer C(s)} if a=0.

In the case a= —1 we have the function f(s)=g_,(s), for which no cor-
responding result seems to be known.
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