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Let p be a prime with p=1 (mod 4) and & the class number of ﬂne
real quadratic field Q1 p). Let ¢>1 be a fundamental unit of Q1 p).
As well-known, the Dirichlet’s class number formula is stated in the

form
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where a and b runs over quadratic residues and quadratic non-residues
between 0 and p/2 respectively. As h is a positive integer, the right-
hand side of (1) is a unit in Q1 p). So &' is written in the form
u+vV p, u,veQ. The explicit formula of u and v is given by H.
Hasse. (See [1].) In this paper we shall prove an alternative form of
Hasse’s theorem, which is slightly simpler in structure.

Let g be a fixed positive quadratic non-residue mod »p and let a=

(a, -+, a,) and b=(b,, ---, b,) be systems of n=(p—1)/4 quadratic residues
a, and quadratic non-residues b, with 0<a,, b,<p/2. Furthermore let
x=(x, +--, %,), where —(g—1)<x,<g—1 and any x, is odd or even, ac-

cording as g is even or odd, be a solution of the congruence, respectively,

ax=a,%,+ - +a,x,=a, (modp),
ax=a2,+ - +a,x,=b, (mod p),

and
ax=a,%,+-++a,x,=0 (mod p) .

We write
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A= > 1
ax=a, (mod p)
B= > 1

azsb,(modp)
and
C= 3> 1,
ax=0 (mod p)
which denotes the number of solutions of ax=a, (mod p), ax=>b, (mod p)

and ax=0 (mod p) respectively. For discribing our main theorem we
need the following

LEMMA. A, and B, do not depend on.

PrOOF. It is enough to prove 4,=A4,, v, ¢, =1, ---, n. For two fixed
quadratic residues a,, a, there exists a quadratic residue »=7(v, ¢) such
that a,=ra, (mod p). Then for each i=1, ..., n there exists one and
only one j (j=1, ---, n) such that ra,=+a; (mod p). If x is a solution
of ax=a, (mod p), then

rax =73, rax,=3, a;(xx,) (mod p)
1 7
=ra,=a, (mod p) .

Put x'=(a3, - -+, x.), ;= +x,, then x’ is a solution of ax= a, (mod p). In
other words We are able to obtain x’ from x if we rearrenge z, takmg
suitable signs. Therefore we conclude A4,=A,.

From Lemma it follows that A, and B, can be written A and B
respectively, taking off suffices. Our main theorem is now stated as
follow.

THEOREM. Let

[tg+1)/2]
b b8 2 ()
2 k=1 seTy \p

where I, 18 an open interval ((k—1)p/2g, kp/2g9), N, denotes the number
of kg 1=k=(p—1)/2), whose smallest positive residue mod p is greater

then p/2, (—i) 18 Legendre symbol, finally [w] i3 Gauss’s symbol for a
D .

real number w.
If p=5 (mod 8), then e*=(—1){C—(A+B)/2—((A—B)/2V p}.
If p=1 (mod 8), then &*=—(—1)*{C—(A+B)/2+(A—B)/2V ).

ProOOF. By Corollary 2 and Lemma 2 of [8], it holds that
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(2) gh=—(—1)" [[ (89" 499971 ... +0—(g—3)r+0-—(g—1)r)(-12,—) ,

where 6 is a primitive p-th root of unity and r ranges over the quadratic .
residues mod p between 0 and p/2. The right-hand side of (2) can be
written in the form

=
On the other hand, it holds that
| 30543 07+ 3 0+ 3 0= —1
and
S0t S o —(3 043 07)=VD .
Therefore we have

gh= —(—1)”v<C- A;-B + A;B 1/—z—o—)(%) .

Together with the fact that Ne=—1 and & is odd, this concludes the
proof.

If we take g=2 in case p=5 (mod 8), then we get the result of
P. Chowla. (See [2].) As an application of the theorem, we can prove
the result of [3], which is a generalization of [2], in the same manner
as the paper of P. Chowla.
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